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RYSKUL OINAROV
(to the 70th birthday)

On February 26, 2017 was the 70th birthday of Ryskul Oinarov, mem-
ber of the Editorial Board of the Eurasian Mathematical Journal, pro-
fessor of the Department Fundamental Mathematics of the L.N. Gumi-
lyov Eurasian National University, doctor of physical and mathematical
sciences (1994), professor (1997), honoured worker of education of the
Republic of Kazakhstan (2007), corresponding member of the National
Academy of Sciences of the Republic of Kazakhstan (2012). In 2005 he
was awarded the breastplate “For the merits in the development of science
in the Republic of Kazakhstan”, in 2007 and 2014 the state grant “The
best university teacher”, in 2016 the Order “Kurmet” (= “Honour”).

R. Oinarov was born in the village Kul’Aryk, Kazalinsk district, Kyzy-
lorda region. In 1969 he graduated from the S.M. Kirov Kazakh State University (Almaty).
Starting with 1972 he worked at the Institute of Mathematics and Mechanics of the Academy of
Sciences of the Kazakh SSR (senior engineer, junior researcher, senior researcher, head of a lab-
oratory). In 1981 he defended of the candidate of sciences thesis “Continuity and Lipschitzness
of nonlinear integral operators of Uryson’s type” at the Tashkent State University of the Uzbek
SSR and in 1994 the doctor of sciences thesis “Weighted estimates of integral and differential
operators” at the Institute of Mathematics and Mechanics of the Academy of Sciences of the
Kazakh SSR.

Starting from 2000 he has been working as a professor at the L.N. Gumilyov Eurasian
National University

Scientific works of R. Oinarov are devoted to investigation of linear and non-linear integral
and discrete operators in weighted spaces; to studying problems of the well-posedness of dif-
ferential equations; to weighted inequalities; to embedding theorems for the weighted function
spaces of Sobolev type and their applications to the qualitative theory of linear and quasilin-
ear differential equations. A certain class of integral operators is named after him - integral
operators with Oinarov’s kernels or Oinarov condition. On the whole, the results obtained by
R. Oinarov have laid the groundwork for new perspective directions in the theory of function
spaces and its applications to the theory of differential equations.

R. Oinarov has published more than 100 scientific papers. The list of his most important
publications may be seen on the web-page

https : //scholar.google.com/citations?user = Nz XY MS4AAAAJThl = ruoi = ao

Under his supervision 26 theses have been defended: 1 doctor of sciences thesis, 15 candidate
of sciences theses and 10 PhD theses. The Editorial Board of the Eurasian Mathematical
Journal congratulates Ryskul Oinarov on the occasion of his 70th birthday and wishes him
good health and new achievements in mathematics and mathematical education.
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SOME NEW INEQUALITIES FOR THE FOURIER TRANSFORM
FOR FUNCTIONS IN GENERALIZED LORENTZ SPACES
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Communicated by L.-E. Persson
Dedicated to the 70" birthday of Professor Ryskul Oinarov

Key words: Fourier transform, Hausdorff-Young’s inequality, generalized Lorentz spaces,
weight function, generalized monotone function.
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Abstract. The classical Hausdorff-Young and Hardy-Littlewood-Stein inequalities, relating
functions on R and their Fourier transforms, are extended and complemented in various ways.
In particular, a variant of the Hardy-Littlewood-Stein inequality covering the case p > 2 is
proved and two-sided estimates are derived.

1 Introduction

Let -
Ft) = \/% / . fla)e ™ dz, t € R,

be the Fourier transform of a function f € L;(R).

The following well-known inequalities relate some integral properties of functions and their
Fourier transforms.

Let 1l <p<2,p = z%’ and 0 < ¢ < oo. Then we have the following inequalities

1z, @) < callfllz,® (1.1)

1Ny @) < c2ll fllzyqm), (1.2)

where L, ,(R) is the classical Lorentz space. These inequalities are called the Hausdorff-Young
inequality and the Hardy-Littlewood-Stein inequality, respectively (see e.g. [5], [13] and [14]).
There are similar inequalities for Fourier transform f = fn} on the interval [0, 1], where fn
are the Fourier coefficients of functions with respect to a bounded orthonormal systems (see
[5], [15] and some new developments related to this paper in [6] and [10]).

In [11] and [12] the authors introduced new function spaces, which they called net spaces.
Using their properties, Hausdorff-Young type inequalities and its reverse inequalities in Lorentz
spaces were obtained.

Let 1 < p < 2and 0 < q < oco. Then for the Fourier transform the following inequalities

a® O H |z, waz) < 1 fllz, @) < c2(, Q|| fll1, 0@ a0 (1.3)
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hold, where H f(z) is the following Hardy-type operator

1 ||
Hiw) = o [ s
|| — ||
Note that the left-hand side of inequality (1.3) holds for 1 < p < co. In particular, the following
holds.
Let 1 <p<2and 0 <qg< oo If|f(z)] <c|Hf(x)|, then

1Nz, ®odzy ~ | fl Ly (Rode)-

~ -~

Let 2 <p<ooand 0 <¢q<oo. If |[f(x)] < c|Hf(x)], then

1fllz,  @az) ~ | fllL,q®.dz)-

The aim of this paper is to derive both upper and lower estimates of the norm of the Fourier
transform in generalized Lorentz spaces. This means that also the reversed inequalities to (1.1)
and (1.2) are obtained for the Fourier transform on R.

The main results are formulated in Section 3. The proofs can be found in Section 4 and in
Section 2 we have presented some necessary preliminaries.

Conventions The letter c(cy, co, etc.) means a constant which does not dependent on the
involved functions and it can be different in different occurences. Moreover, for A, B > 0 the
notation A ~ B means that there exists positive constants a; and as such that ;A < B < asA.

2 Preliminaries

Let f be a measurable function on R and p is the Lebesgue measure. The distribution function
m(o, f) and the nonincreasing rearrangement f* of a function f are defined as follows:

(o, f) = p{e €R: |f(z)] > o},
f5(@t) :=1inf{o : m(o, f) < t}.

Let w be a nonnegative function on [0, 00). The generalized Lorentz space A,(w) consists of
all functions f on R such that || f||a,w) < oo, where

_ ) U (Frw@) ) for 0<g < oo,
HfHAq(UJ,R) = sup f*(t)W(t) for g = oo,
t>0

Q=

where f* is the nonincreasing rearrangement of the function f and w denotes a positive and
measurable function on (0,00). These spaces A (w) coincide with the classical Lorentz spaces
L,, in the case w(t) = t%, 1 <p < oo (see [9] and also e.g. [2]).

Let 9 be the class of all Lebesgue measurable functions on (0, +00) and
MT = {g € M: g > 0}). M denotes the cone of all nonincreasing functions from M.
Suppose that u,v,w € M. Let
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e o (:fo (zog(s)u(s)ds)qw(t)dt) 3.

1
geEM+ P
(f lg(t)[Po(t) )

The constants Gll)q and Ggq are obviously closely related (as operator norms) to the modern
theory of Hardy type inequalities (see e.g. the books 7] and [8] and references therein).

In [1], [3], [8] and [7] the characterizations of these functionals in terms of weight functions
were proved.

and

3 Main results

For our first main result we need to define the function f as follows

70 = | [ ras

Theorem 3.1. Let 0 < p < 00, 0 < ¢ < o0. Let v, i be weight functions such that

Gl (qu),l,&(t); imi) < 00

s|, t,y > 0.

Then, for all f € Ay(1n,R), the following inequality

~

1,y < cill Fllapcum) (3.1)
holds.

Inequality (3.1) (and similar ones futher on) is understood in the sense that if the right-
hand side of the inequality is finite, then the left-hand side is also finite and the corresponding
inequality holds.

1
Remark 1. For the case v(t) = t*', u(t) = t%, 1 <p<oo,0<q< oo, the inequality (3.1)
implies the following inequality

£z, < callfllL,, (3.2)

e.g. an estimate from below is obtained for the norm || f||,, by the Fourier transform of the
function f. We especially emphasize that Hardy-Littlewood-Stein inequality (1.2) does not cover
the case 2 < p < co. Inequality (3.2) was obtained in [11].

Our next main result is a generalization of inequality (1.2).

Theorem 3.2. Let 0 < p < o0, 0 < g < 00. Let v, be the weight functions such that

q (1 P
<m(”mﬂﬂ“%mﬁ<w

t t



Some new inequalities for the Fourier transform for functions in generalized Lorentz spaces 61

tav (1 !
%q( () RTAC e R

t T4t
Then, for all f € Ay(u, R), the following inequality
1 llagwr) < csllfllapum
holds.
Corollary 3.1. Let 0 < p < 0o. Let v, u be the weight functions such that

@<WG{Lw@ﬂm><w

b t t

1 1 P
(D) 1w
P t ’t%’ t )

< 00.

Then, for all f € Ay(1,R), the following two-sided estimates
call Fllay ey < 1 F 1) < esllfllaygum)
holds.
Remark 2. In particular, if v(t) = ti', pu(t) = t%, 0<qg<oo,1<p<2, then we have
sllF Ny, < N, < crllf iy (3:3)

We note that the left-hand side inequality in (3.3) follows by the results in [11] and [12],
where the net spaces are used.

Definition 1. We say that a function f on R is generalized monotone if there exists some
constant M > 0 such that

1
Fa)l < M-

—T

/x f(t)dt’ ., x>0.

This condition is a more general condition than monotonicity, quasi-monotonicity and GM
conditions of generalized monotonicity in [4].

Corollary 3.2. Let f or f be a generalized monotone function, 0 < p < co. Let v, u be weight
functions such that

and

Then, for all f € Ay(p,R), the following equivalence

1A, ) ~ AR
holds.
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4 Proofs of the main results

Proof of Theorem 3.1: Let f € Ay(p,R). Let y > 0 and note that

I :=sup — ‘/ f(s)ds| = / / f(x)e *dxds
—yJ o

y>t 2y
1 +oo L
< su x e ds| dx
y?lz:t) 2y\/ 27 /oo |f( )| ’/y

. +OO
sin yx 2
—|dx <su / ) min ( > dz.
h y>sz) yv2r f

Consider E, C {z € R: |f(z)| = f* (1) } such that | E,| = t. Moreover, we define the functions
fo and f; as follows:

= sup

1
y=t 2y\ 2T

= sup

1
y=t Yv2m

X

fx) = f*(3), if zeE{t),
folw) = { 0. it o ¢ (), (4.1
and
L), i e B,
i) —{ F@), iz ¢ B (4.2)

Let f = fo+ f1 and by using the inequality (for z > 0) f*(z) < f§ (%) + ff (%) , we obtain
the following estimate from above:

I < sup

up y\/ﬁ +f1 ( ))mln( Q)drlr

—W/ s < o

Now, by considering (4.1) and (4.2), we find that

i | (=7 (7)) i (v3)
+/0 < ) min ( é) dx + oo @) min (y é) dx]
e [ 1o 1) e r [ remin(u )

4 < f*(x
< su )dx + su /
y>It) V2T / [ y>1tD yv2m J1 x
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—%(/jf*(@dw%fof%@dx).

< ([ o [T ).
Flse = ([ (Fown)’ %)
< ([ ([ et 120)o0) 5)
< ([ (o o) )
AL re) )
S (T CE) [rom)'s)
U@ e

G, (Vq(%) L, up(t>; fmi) < o0, G2, <(ty(%))q’ %’ Mp;t); imi) -

Thus, we get that

t t

we obtain that

Q=

= 1+( _1) q(1
N 2 + v (_) up t
e < =5 (Géq( 2y 0, s.w) +

()" 1 pP(t)
+G§q(( t)vp O )| 1 sy < call fllap (um-

t

63
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Proof of Theorem 3.2: Let f € Ay(u,R). Let f = fo+ f1 and for t € [0, 00), by using the
obvious inequalities

[ zs e < crllfllzsss
[fllze < c2ll £z,

and f* (t) < f (L) + fl (L), we can estimate 7 (t) from above as follows:

< f (%) + (%) (%)f (%)

—+00 —+00

<3 fo(z)dx + ;—3 x_%ff(ac)da:.
0 2 Jo

Consider By C {z € R: |f(z)| = f* (3)} such that |E,| = t. We define the functions f and

fi by (). it ()
? I rc ,
:{, it 2 ¢ E(1), (4.3)

[, i e e B,
*M@_{fu) it x ¢ B(1). (4.4)

Now, by using (4.3) and (4.4) we obtain that

om fi(x)dz = / (f(x) - f G)) dr < / riate- L8 (49)

Similary, for the second integral we have that
1 [ 1 ([t 1 oo
- zo2 ff(x)de = — / za g (—) dx +/ w_%f*(x)dx
tz Jo tz \Jo t 1

+ 1 ﬁﬁo x_%f*(a:)da:. (4.6)

By combinig (4.5) and (4.6) we find that

% x(1 9 f£* 1 1 400 L
/0 f*(x)dx—fit)nL ft(t)+t_§/1 x 2 f*(x)dx

% (1 +o0 L
-/ f*(czz)dﬁfit)+i1/1 v (o) de
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According to (4.7), we get that

N +o0 1 too g ¢
I Fllagm < e ( / (u(t) | @ vo | a:’?f*(x)dx> %) |

Hence, by using Minkowski’s inequality and by making a change of variables in the outer
integrals, we get that

~ 400 1 t ) q dt %
I fllAgr) < Ca (/0 (1/ (z) /O f (;p)dx) ?)
S A AP A
()

By using the fact that

and

we have that

N
HJ?HAq(u,R) <oy (Géq <(V () 1k <t>; SUH)

téy 1 !
+G2, ( (t)> L0, op

t } t%7 t ) ||f||Ap(N7R)
< ol f llapum)-
O
Proof of Corollaries: The proofs of Corollaries 3.1 and 3.2 follow directly from our Theo-
rems 3.1 and 3.2 and the results in the papers [11] and [12]. O
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