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From time to time the EMJ publishes survey papers.
The EMJ publishes 4 issues in a year.
The language of the paper must be English only.
The contents of EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,

MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal � Matematika, Math-Net.Ru.
The EMJ is included in the list of journals recommended by the Committee for Control

of Education and Science (Ministry of Education and Science of the Republic of Kazakhstan)
and in the list of journals recommended by the Higher Attestation Commission (Ministry of
Education and Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted elec-
tronically in DVI, PostScript or PDF format to the EMJ Editorial O�ce via e-mail
(eurasianmj@yandex.kz).

When the paper is accepted, the authors will be asked to send the tex-�le of the paper to
the Editorial O�ce.

The author who submitted an article for publication will be considered as a correspond-
ing author. Authors may nominate a member of the Editorial Board whom they consider
appropriate for the article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the
EMJ. Manuscripts are accepted for review on the understanding that the same work has not
been already published (except in the form of an abstract), that it is not under consideration
for publication elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors' names (no
degrees). It should contain the Keywords (no more than 10), the Subject Classi�cation (AMS
Mathematics Subject Classi�cation (2010) with primary (and secondary) subject classi�cation
codes), and the Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduc-
tion.

References. Bibliographical references should be listed alphabetically at the end of the ar-
ticle. The authors should consult the Mathematical Reviews for the standard abbreviations of
journals' names.

Authors' data. The authors' a�liations, addresses and e-mail addresses should be placed
after the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in
the paper being published in a later issue.

O�prints. The authors will receive o�prints in electronic form.



4

Publication Ethics and Publication Malpractice
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under consideration for publication elsewhere, that its publication is approved by all authors
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that, if accepted, it will not be published elsewhere in the same form, in English or in any
other language, including electronically without the written consent of the copyright-holder. In
particular, translations into English of papers already published in another language are not
accepted.

No other forms of scienti�c misconduct are allowed, such as plagiarism, falsi�-
cation, fraudulent data, incorrect interpretation of other works, incorrect citations,
etc. The EMJ follows the Code of Conduct of the Committee on Publication
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The reviewers should provide objective judgments and should point out relevant published
works which are not yet cited. Reviewed articles should be treated con�dentially. The reviewers
will be chosen in such a way that there is no con�ict of interests with respect to the research,
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The acceptance of a paper automatically implies the copyright transfer to the EMJ.
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5

The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure
1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject

to mandatory reviewing.
1.2. The Managing Editor of the journal determines whether a paper �ts to the scope of

the EMJ and satis�es the rules of writing papers for the EMJ, and directs it for a preliminary
review to one of the Editors-in-chief who checks the scienti�c content of the manuscript and
assigns a specialist for reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly quali�ed scientists and specialists
of the L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other
universities of the Republic of Kazakhstan and foreign countries. An author of a paper cannot
be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at
creating conditions for the most rapid publication of the paper.

1.5. Reviewing is con�dential. Information about a reviewer is anonymous to the authors
and is available only for the Editorial Board and the Control Committee in the Field of Ed-
ucation and Science of the Ministry of Education and Science of the Republic of Kazakhstan
(CCFES). The author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.
1.7. A positive review is not a su�cient basis for publication of the paper.
1.8. If a reviewer overall approves the paper, but has observations, the review is con�den-

tially sent to the author. A revised version of the paper in which the comments of the reviewer
are taken into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is con�dentially sent to the
author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The �nal decision on publication of the paper is made by the Editorial Board and is
recorded in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing
Editor informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial O�ce for three years from the date of
publication and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review
2.1. In the title of a review there should be indicated the author(s) and the title of a paper.
2.2. A review should include a quali�ed analysis of the material of a paper, objective

assessment and reasoned recommendations.
2.3. A review should cover the following topics:
- compliance of the paper with the scope of the EMJ;
- compliance of the title of the paper to its content;
- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words

and phrases, bibliography etc.);
- a general description and assessment of the content of the paper (subject, focus, actuality

of the topic, importance and actuality of the obtained results, possible applications);
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- content of the paper (the originality of the material, survey of previously published studies
on the topic of the paper, erroneous statements (if any), controversial issues (if any), and so
on);

- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of bib-
liographic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and under-
standing of the presented scienti�c results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The �nal part of the review should contain an overall opinion of a reviewer on the
paper and a clear recommendation on whether the paper can be published in the Eurasian
Mathematical Journal, should be sent back to the author for revision or cannot be published.
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RYSKUL OINAROV

(to the 70th birthday)

On February 26, 2017 was the 70th birthday of Ryskul Oinarov, mem-
ber of the Editorial Board of the Eurasian Mathematical Journal, pro-
fessor of the Department Fundamental Mathematics of the L.N. Gumi-
lyov Eurasian National University, doctor of physical and mathematical
sciences (1994), professor (1997), honoured worker of education of the
Republic of Kazakhstan (2007), corresponding member of the National
Academy of Sciences of the Republic of Kazakhstan (2012). In 2005 he
was awarded the breastplate �For the merits in the development of science
in the Republic of Kazakhstan�, in 2007 and 2014 the state grant �The
best university teacher�, in 2016 the Order �Kurmet� (= �Honour�).

R. Oinarov was born in the village Kul'Aryk, Kazalinsk district, Kyzy-
lorda region. In 1969 he graduated from the S.M. Kirov Kazakh State University (Almaty).
Starting with 1972 he worked at the Institute of Mathematics and Mechanics of the Academy of
Sciences of the Kazakh SSR (senior engineer, junior researcher, senior researcher, head of a lab-
oratory). In 1981 he defended of the candidate of sciences thesis �Continuity and Lipschitzness
of nonlinear integral operators of Uryson's type� at the Tashkent State University of the Uzbek
SSR and in 1994 the doctor of sciences thesis �Weighted estimates of integral and di�erential
operators� at the Institute of Mathematics and Mechanics of the Academy of Sciences of the
Kazakh SSR.

Starting from 2000 he has been working as a professor at the L.N. Gumilyov Eurasian
National University

Scienti�c works of R. Oinarov are devoted to investigation of linear and non-linear integral
and discrete operators in weighted spaces; to studying problems of the well-posedness of dif-
ferential equations; to weighted inequalities; to embedding theorems for the weighted function
spaces of Sobolev type and their applications to the qualitative theory of linear and quasilin-
ear di�erential equations. A certain class of integral operators is named after him - integral
operators with Oinarov's kernels or Oinarov condition. On the whole, the results obtained by
R. Oinarov have laid the groundwork for new perspective directions in the theory of function
spaces and its applications to the theory of di�erential equations.

R. Oinarov has published more than 100 scienti�c papers. The list of his most important
publications may be seen on the web-page

https : //scholar.google.com/citations?user = NzXYMS4AAAAJhl = ruoi = ao

Under his supervision 26 theses have been defended: 1 doctor of sciences thesis, 15 candidate
of sciences theses and 10 PhD theses. The Editorial Board of the Eurasian Mathematical
Journal congratulates Ryskul Oinarov on the occasion of his 70th birthday and wishes him
good health and new achievements in mathematics and mathematical education.
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Abstract. In this paper a nonlocal problem for the Poisson equation in a rectangular is
considered. It is shown that this problem is ill-posed as well as the Cauchy problem for the
Laplace equation. The method of spectral expansion via eigenfunctions of the nonlocal problem
for equations with deviating argument allows us to establish a criterion of the strong solvability
of the considered nonlocal problem. It is shown that the ill-posedness of the nonlocal problem is
equivalent to the existence of an isolated point of the continuous spectrum for a nonself-adjoint
operator with the deviating argument.

1 Introduction and statement of the main result

As is known, Hadamard [1] constructed an example showing the instability of the solutions of
the Cauchy problem for the Laplace equation. In [2, 3] and other papers, this Cauchy problem is
reduced to integral equations of the �rst kind, various methods of regularization of the problem
are used, and its conditional correctness is established. In contrast to the that results, in this
paper a new criterion of well-posedness (ill-posedness) of nonlocal boundary value problem for
the Poisson equation in a rectangular is proved. The principal distinction of our work from
the works of other authors is the application of spectral problems for equations with deviating
argument in the study of ill-posed nonlocal boundary value problems. This method was �rst
used in [4] for the solution of the Cauchy problem for the two-dimensional Laplace equation.
Further, this method was developed in [5, 6, 7]. Let Π = (0, 1)× (0, 1) be the square. In Π we
consider the nonlocal problem for the Poisson equation

Lu ≡ −∆u (x, t) = f (x, t) , (x, t) ∈ Π, (1.1)

with the Dirichlet condition

u (0, t) = 0, u (1, t) = 0, t ∈ [0, 1] , (1.2)

and with nonlocal conditions

u (x, 0)− αu (x, 1) = 0, ut (x, 0) + αut (x, 1) = 0, x ∈ [0, 1] . (1.3)
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Here ∆ = ∂2

∂t2
+ ∂2

∂x2
is the Laplace operator and α is a real number.

De�nition. A function u ∈ L2 (Π) will be called a strong solution of the nonlocal problem
(1.1)-(1.3), if there exists a sequence of functions un ∈ C2

(
Π̄
)
satisfying conditions (1.2) and

(1.3), such that un and Lun converge in the norm L2 (Π) to u (x, t) and f (x, t) , respectively.
It is easy to show that, if α2 = 1, then the nonlocal problem (1.1)-(1.3) has in�nite number of

linearly independent solutions. Consequently, when α2 = 1 problem (1.1)-(1.3) is not Fredholm.
Therefore, everywhere in what follows, we assume that α2 6= 1.

We construct an example showing that the stability of the solution of problem (1.1)-(1.3)
is disrupted. By direct calculation, it is not di�cult to make sure that if α2 6= 1, then the
function

uk (x, t) =
sinh kπt+ α sinh kπ (1− t)

(1− α2) k2
sin kπx,

is a solution to the Laplace equation with the boundary conditions (2) and

uk (x, 0)− αuk (x, 1) = 0,
∂uk
∂t

(x, 0) + α
∂uk
∂t

(x, 1) =
sin kπx

k
, x ∈ [0, 1] .

It is easy to see that the boundary data tends to zero as k →∞, but the solution uk (x, t) does
not tend to zero in any norm. So the solution of problem (1.1)-(1.3) is unstable. Therefore,
problem (1.1) - (1.3) is ill-posed in the Hadamard sense.

In the sequel, the following eigenvalue problem for an elliptic equation with deviating argu-
ment will play an important role.

Find numerical values of λ (eigenvalues), for which the problem for the di�erential equation
with a deviating argument

Lu ≡ −∆u (x, t) = λu (x, 1− t) , (x, t) ∈ Π, (1.4)

has nonzero solutions (eigenfunctions) satisfying conditions (1.2) and (1.3). It is easy to show
that eigenvalue problem (1.4), (1.2), (1.3) is nonself-adjoint. Obviously, the equivalent repre-
sentation of equation (1.4) has the form

LPu = λu, (t, x) ∈ Π,

where Pu (x, t) = u (x, 1− t) is a unitary operator.
We consider the spectral problem for the Sturm-Liouville operator

−u′′k (x) = µkuk (x) , x ∈ (0, 1) , (1.5)

uk (0) = uk (1) = 0. (1.6)

It is known, that problem (1.5)-(1.6) is self-adjoint and non-negatively de�nite in L2 (0, 1) . All
eigenvalues of problem (1.5) - (1.6) have the form µk = (πk)2 , and the system of eigenfunctions{

1√
2

sin πkx
}∞
k=1

forms a complete orthonormal system in L2 (0, 1).

Theorem 1.1. If α2 6= 1, then spectral problem (1.4), (1.2), (1.3) has a system of eigenvectors
forming a Riesz basis

ukm(x, t) = vkm (t) sin kπx, (1.7)

where k,m ∈ N, vkm(t) are nonzero solutions of the problem

v′′km (t)− (πk)2 vkm (t) = λkmvkm (1− t) , 0 < t < 1, (1.8)
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vkm (0)− αvkm (1) = v′km (0) + αv′km (1) = 0, (1.9)

and λkm are eigenvalues of problem (1.4), (1.2), (1.3). In addition, for large k the smallest
eigenvalue λk1 has the asymptotic behavior

λk1 = 4 (πk)2 e−πk (1 + o(1)) . (1.10)

For the other eigenvalues of problem (1.4), (1.2), (1.3) there is a uniform estimate (separated
from zero and goes to in�nity).

Theorem 1.2. Let α2 6= 1. A strong solution of nonlocal problem (1.1) - (1.3) exists if and
only if f (x, t) satis�es the inequality

∞∑
k=1

∣∣∣∣∣ f̃k1

λk1

∣∣∣∣∣
2

<∞, (1.11)

where f̃km = (f(x, 1− t), wkm(x, t)) , the system wkm(x, t) is orthogonal to ukm (x, t) .
If condition (1.11) holds, then a solution of (1.1)-(1.3) can be written as

u (x, t) =
∞∑
k=1

f̃k1

λk1

vk1 (t) sin kπx+
∞∑
k=1

∞∑
m=2

f̃km
λkm

vkm (t) sin kπx. (1.12)

By L̃2 (Π) we denote a subspace of L2 (Π) , spanned by the {vk1 (t) sin kπx}∞k=p+1 , p ∈ N

and by L̂2 (Π) we denote its orthogonal complement L2 (Π) = L̃2 (Π)⊕ L̂2 (Π) .

Theorem 1.3. Let α2 6= 1. Then for any f ∈ L̂2 (Π) a solution of problem (1.1)-(1.3) exists,
is unique and belongs to L̂2 (Π) . This solution is stable and has the form

u (x, t) =

p∑
k=1

f̃k1

λk1

vk1 (t) sin kπx+
∞∑
k=1

∞∑
m=2

f̃km
λkm

vkm (t) sin kπx. (1.13)

2 Some auxiliary statements

In this section we present some auxiliary results to prove the main results.

Lemma 2.1. Let α2 6= 1. For each �xed value of the index k a system of normalized eigenvectors
vkm (t) ,m = 1, 2, ... of eigenvalue problem (1.8)-(1.9), corresponding to the eigenvalues λkm,
forms a Riesz basis in L2 (0, 1) .

The eigenvalues λkm are roots of the equation√
(kπ)2 + λ√
(kπ)2 − λ

= coth

√
(kπ)2 + λ

2
coth

√
(kπ)2 − λ

2
. (2.1)

For each k the system of eigenvectors of problem (1.8)-(1.9) can be obtained from orthonormal
basis via bounded invertible transformation A. Here the operator A does not depend on the
index k.
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Proof. Applying the operator d2

dt2
− (πk)2 to both sides of equation (1.8), taking into account

nonlocal condition in (1.9), we obtain the following problem for the equation

d4vkm
dt4

(t)− 2 (πk)2 d
2vkm
dt2

(t) =
(
λ2
km + (kπ)4) vkm (t) , 0 < t < 1, (2.2)

with nonlocal conditions
u (0) = αu (1) , u′ (0) = −αu′ (1) ,

u′′ (1)− αu′′ (0) = (1− α2) (kπ)2 u (1) ,

u′′′ (1) + αu′′′ (0) = (1− α2) (kπ)2 u′ (1) .

(2.3)

It is easy to verify that for α2 6= 1 boundary conditions (2.3) are Birkhof regular, and even
strongly regular [8]. Then the system of eigenvectors of spectral problem (2.2)-(2.3) forms a
Riesz basis (see [9, 10, 11]). It is easy to notice that the eigenfunctions of problem (2.2)-(2.3)
are also the eigenfunctions of problem (1.8). Therefore the system of eigenvectors of spectral
problem (1.8)-(1.9) forms a Riesz basis in L2(0, 1).

A system of elements is a Riesz basis if and only if, when this system can be obtained from
orthonormal basis via bounded invertible transformation (see. [12]). Further we need the exact
form of this transformation. Let us consider the operator acting in L2(0, 1) according to the
formula

Aϕ(t) = ϕ(t)− αϕ(1− t).
It is easy to verify that the operator A is bounded and for α2 6= 1 is bounded invertible. The
inverse operator acts by the formula

A−1ϕ(t) =
1

1− α2
(ϕ(t) + αϕ(1− t)) .

Let vkm(t) be eigenvectors of problem (2.2)-(2.3). We denote v̂km(t) = A−1vkm(t). By direct
calculation is not di�cult to make sure that for each k the system of functions v̂km(t) are
eigenfunctions of an operator de�ned by the di�erential expression

`kv̂ =
d4v̂

dt4
(t)− 2(πk)2d

2v̂

dt2
(t), 0 < t < 1,

and boundary conditions{
u (0) = 0, u′ (0) = 0,

u′′ (1) = (kπ)2 u (1) , u′′′ (1) = (kπ)2 u′ (1) .

The operator `k is self-adjoint. Consequently, for each k the system of normalized eigenvectors
of the operator `k forms an orthonormal basis in L2(0, 1). Thus, for each k the system of
eigenvectors of problem (2.2)-(2.3) can be obtained from orthonormal basis v̂km(t) by bounded
invertible transformation A. At the same time, this operator A does not depend on k.

It is easy to show that the general solution of equation (1.8) has the form

v (t) = c1 cosh

√
(kπ)2 + λ

(
t− 1

2

)
+ c2 sinh

√
(kπ)2 − λ

(
t− 1

2

)
,

where c1 and c2 are some constants. Using the nonlocal conditions (1.8), we arrive at the system
of linear homogeneous equations concerning these constants. As we know, this system has a
nontrivial solution if the determinant of the system is equal to zero. Thus, for determining the
parameter λ we get equation (2.1).
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Let

$k (λ) = ln coth

√
(kπ)2 + λ

2
+ ln coth

√
(kπ)2 − λ

2
− ln

√
(kπ)2 + λ

(kπ)2 − λ
= 0. (2.4)

Lemma 2.2. There exists a number λ0 such that for all

0 < λ < λ0 <
(kπ)2

4 (kπ)2 + θ
, k ≥ 1, θ ∈ (0, 1) ,

the following statements are true:
1) the function $′k (λ) is of a �xed sign;
2) for the function $′′k (λ) we have the inequality

∣∣λ (kπ)2$′′k (λ)
∣∣ < 1, k > 1.

Proof. By Lemma 2.1 we have the real eigenvalues of (1.8) - (1.6), that is, real roots λkm of
equation (2.1). It is easy to verify that λkm > 0 . Indeed, let us write the asymptotic behavior
of the smallest eigenvalues λkm at k →∞.

Assuming |λ| < 1 and taking the logarithm of both sides of (2.1), we obtain (2.4). By
calculating the derivative, we get $′k (0) = − 1

(kπ)2
. Then the desired boundary of monotonicity

of $k(λ) can be found from the relation

$′k(λ0) = $′k(0) +$′′k (θλ0)λ0 < 0.

Here 0 < λ0 < 1 and θ ∈ (0, 1) are arbitrary numbers. Thus, for determining λ0, we have the
condition

λ0 (kπ)2$′′k (θλ0) < 1. (2.5)

Then the inequality

$′′k(λ0θ) ≤
1(

(kπ)2 − λ0θ
) 2 +

(
1− e−

√
(kπ)2−λ0θ

)2

(
1− e−

√
(kπ)2−λ0θ

)2

is true. Hence

$′′k (λ0θ) <
1(

(kπ)2 − λ0θ
) 3− 2e−

√
(kπ)2−λ0θ + e−2

√
(kπ)2−λ0θ(

1− e−
√

(kπ)2−λ0θ
)2 (2.6)

Further, for large values k from (2.6) we obtain the validity of the inequality

$′′k (λ0θ) ≤
4

(kπ)2 − λ0θ
.

Applying condition (2.5) to the last inequality, we obtain the desired estimate for λ0 :

λ0 <
(kπ)2

4 (kπ)2 + θ
, k > 1, 0 < θ < 1.
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Consider now the problem of an asymptotic behavior of the eigenvalues of problem (1.8)-
(1.9) for large k.

Lemma 2.3. An asymptotic behavior of eigenvalues of problem (1.8)-(1.9), not exceeding λ0,
for the large values of k has form (1.10).

Proof. According to Lemma 2.2, the monotonic function fk(λ) in the interval (0, λ0) can have
only one zero. By the Taylor formula we have

$k (λ) = $k (0) +
$′k (0)

1!
λ+

$′′k(θλ)

2!
λ2 < 0 , 0 < θ < 1 .

Substituting the calculated values of the function $k and its derivative $′k, we get

$k (λ) = 2 ln

(
coth

kπ

2

)
− λ

(kπ)2 +$′′k (θλ)
λ2

2
.

Then the zero of the linear part of the function

(kπ)2$k (λ) = 2 (kπ)2 ln

(
coth

kπ

2

)
− λ+

(kπ)2 λ2

2
$′′k (θλ)

will be

λk1 = 2 (kπ)2 ln

(
1 + e−kπ

1− e−kπ

)
.

For su�ciently large values k ∈ N, considering the asymptotic formulas, λk1 can be written
as

λk1 = 4 (kπ)2 e−kπ (1 + o (1)) .

Taking into account the result of Lemma 2.2 on a circle |λ| = 4 (kπ)2 e−kπ (1 + ε) , where ε
is a very small positive number, for su�ciently large k ≥ k0(ε) it is easy to check the validity
of the inequality

∣∣$′′k (θλ) (kπλ)2
∣∣
|λ|=4(kπ)2e−kπ(1+ε)

≤ C

∣∣∣∣2 (kπ)2 ln

(
1 + e−kπ

1− e−kπ

)
− λ

∣∣∣∣
|λ|=4(kπ)2e−kπ(1+ε)

.

Then, by Rouche's theorem [13] we have that the quantity of zeros of (kπ)2$k (λ) and its linear
part coincide and are inside the circle |λ| = 4 (kπ)2 e−kπ (1 + ε) . Consequently, the function
(kπ)2$k (λ) for 0 < λ < λ0 has one zero, the asymptotic behavior is given by formula (1.10).

3 Proof of the main results

Proof of Theorem 1.1. The system of eigenfunctions sin kπx, k ∈ N of Sturm-Liouville problem
(1.5) forms a complete orthonormal system in L2 (0, 1) . By Lemma 2.1 for each �xed value of
k and for α2 6= 1 the spectral problem (1.8) has the system of eigenvectors vkm (t) ,m = 1, 2, ...
forming a Riesz basis in L2 (0, 1) . Here the system of eigenvectors vkm(t) of the eigenvalue
problem (1.8)-(1.9) can be obtained from orthonormal basis v̂km(t) by the bounded invertible
transformation A, which does not depend on the index k. Therefore, the system (1.7) also can
be obtained from the orthonormal basis v̂km sin kπx via the bounded invertible transformation
A. Consequently, system (1.7) forms a Riesz basis in L2 (Π) .
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Proof of Theorem 1.2. Let u(x, t) ∈ C2 (Π) be a solution to problem (1.1) - (1.3). Then, by
the basicity of the eigenfunctions ukm(x, t) of problem (1.4), (1.2), (1.3), the function u(x, t) in
L2 (Π) can be expanded in a series [8]

u(x, t) =
∞∑
k=1

∞∑
m=1

akmukm(x, t), (3.1)

where akm are Fourier coe�cients via the system ukm(x, t). Rewriting equation (1.1) in the form

LPu = P (utt(x, t) + uxx(x, t)) = Pf(x, t), (3.2)

and substituting the solution of form (3.1) in equation (3.2) according to representation

P∆ukm(x, t) = λkmukm(x, t),

we have akm = f̃km
λkm

, where f̃km = (f(x, 1− t), wkm(x, t)) .

Thus for solutions u(x, t) we obtain the following explicit representation

u(x, t) =
∞∑
k=1

∞∑
m=1

f̃km
λkm

ukm(x, t). (3.3)

Note that representation (3.3) remains true for any strong solution of problem (1.1) - (1.3).
We have obtained this representation under the assumption that the solution to of nonlocal
problem (1.1) - (1.3) exists.

The question naturally arises, for what subset of the functions f ∈ L2 (Π) there exists a
strong solution? To answer this question, we represent formula (3.3) in form (1.12) from which,
by Bessel's inequality, it follows that

‖u‖2 ≤
∞∑
k=1

∣∣∣∣∣ f̃k1

λk1

∣∣∣∣∣
2

+
∞∑
k=1

∞∑
m=2

∣∣∣∣∣ f̃kmλkm

∣∣∣∣∣
2

. (3.4)

By Lemma 2.3 we have λkm ≥ 1
4
, m > 1. Therefore, the right-hand side of equality (3.4) is

bounded only for those f (x, t) , for which weighted norm (1.11) is �nite. This fact completes
the proof.

Proof of Theorem 1.3. Obviously, the operator L is invariant in L̂2 (Π) . By Theorem 1.2 for
any f ∈ L̂2 (Π) there exists a unique solution of problem (1.1)-(1.3) and it can be represented
in form (1.13). Therefore, the determined in�nite-dimensional space L̂2 (Π) is the space of
well-posedness of nonlocal problem (1.1)-(1.3).
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