
ISSN 2077�9879

Eurasian

Mathematical

Journal

2017, Volume 8, Number 1

Founded in 2010 by

the L.N. Gumilyov Eurasian National University

in cooperation with

the M.V. Lomonosov Moscow State University

the Peoples' Friendship University of Russia

the University of Padua

Supported by the ISAAC

(International Society for Analysis, its Applications and Computation)

and

by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University

Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL

Editorial Board

Editors�in�Chief

V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (China), O.V. Besov (Russia),
N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bourdaud (France), A. Cae-
tano (Portugal), M. Carro (Spain), A.D.R. Choudary (Pakistan), V.N. Chubarikov (Rus-
sia), A.S. Dzumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia),
M.L. Goldman (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Ger-
many), A. Hasanoglu (Turkey), M. Huxley (Great Britain), M. Imanaliev (Kyrgyzstan),
P. Jain (India), T.Sh. Kalmenov (Kazakhstan), B.E. Kangyzhin (Kazakhstan), K.K. Ken-
zhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin (Great Britain), V. Kokilashvili
(Georgia), V.I. Korzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kussainova (Kazakhstan),
P.D. Lamberti (Italy), M. Lanza de Cristoforis (Italy), V.G. Maz'ya (Sweden), E.D. Nursul-
tanov (Kazakhstan), R. Oinarov (Kazakhstan), K.N. Ospanov (Kazakhstan), I.N. Parasidis
(Greece), J. Pe�cari�c (Croatia), S.A. Plaksa (Ukraine), L.-E. Persson (Sweden), E.L. Pres-
man (Russia), M.A. Ragusa (Italy), M.D. Ramazanov (Russia), M. Reissig (Germany), M.
Ruzhansky (Great Britain), S. Sagitov (Sweden), T.O. Shaposhnikova (Sweden), A.A. Shka-
likov (Russia), V.A. Skvortsov (Poland), G. Sinnamon (Canada), E.S. Smailov (Kazakhstan),
V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia), I.A. Taimanov (Russia), T.V. Tararykova
(Great Britain), J.A. Tussupov (Kazakhstan), U.U. Umirbaev (Kazakhstan), Z.D. Usmanov
(Tajikistan), N. Vasilevski (Mexico), Dachun Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor

A.M. Temirkhanova

c© The Eurasian National University



Aims and Scope
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Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publi-
cation see http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-
authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic
thesis or as an electronic preprint, see http://www.elsevier.com/postingpolicy), that it is not
under consideration for publication elsewhere, that its publication is approved by all authors
and tacitly or explicitly by the responsible authorities where the work was carried out, and
that, if accepted, it will not be published elsewhere in the same form, in English or in any
other language, including electronically without the written consent of the copyright-holder. In
particular, translations into English of papers already published in another language are not
accepted.

No other forms of scienti�c misconduct are allowed, such as plagiarism, falsi�-
cation, fraudulent data, incorrect interpretation of other works, incorrect citations,
etc. The EMJ follows the Code of Conduct of the Committee on Publication
Ethics (COPE), and follows the COPE Flowcharts for Resolving Cases of Suspected
Misconduct (http : //publicationethics.org/files/u2/NewCode.pdf). To verify origi-
nality, your article may be checked by the originality detection service CrossCheck
http://www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide
corrections, clari�cations, retractions and apologies when needed. All authors of a paper should
have signi�cantly contributed to the research.

The reviewers should provide objective judgments and should point out relevant published
works which are not yet cited. Reviewed articles should be treated con�dentially. The reviewers
will be chosen in such a way that there is no con�ict of interests with respect to the research,
the authors and/or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they
will only accept a paper when reasonably certain. They will preserve anonymity of reviewers
and promote publication of corrections, clari�cations, retractions and apologies when needed.
The acceptance of a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.
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The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure
1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject

to mandatory reviewing.
1.2. The Managing Editor of the journal determines whether a paper �ts to the scope of

the EMJ and satis�es the rules of writing papers for the EMJ, and directs it for a preliminary
review to one of the Editors-in-chief who checks the scienti�c content of the manuscript and
assigns a specialist for reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly quali�ed scientists and specialists
of the L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other
universities of the Republic of Kazakhstan and foreign countries. An author of a paper cannot
be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at
creating conditions for the most rapid publication of the paper.

1.5. Reviewing is con�dential. Information about a reviewer is anonymous to the authors
and is available only for the Editorial Board and the Control Committee in the Field of Ed-
ucation and Science of the Ministry of Education and Science of the Republic of Kazakhstan
(CCFES). The author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.
1.7. A positive review is not a su�cient basis for publication of the paper.
1.8. If a reviewer overall approves the paper, but has observations, the review is con�den-

tially sent to the author. A revised version of the paper in which the comments of the reviewer
are taken into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is con�dentially sent to the
author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The �nal decision on publication of the paper is made by the Editorial Board and is
recorded in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing
Editor informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial O�ce for three years from the date of
publication and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review
2.1. In the title of a review there should be indicated the author(s) and the title of a paper.
2.2. A review should include a quali�ed analysis of the material of a paper, objective

assessment and reasoned recommendations.
2.3. A review should cover the following topics:
- compliance of the paper with the scope of the EMJ;
- compliance of the title of the paper to its content;
- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words

and phrases, bibliography etc.);
- a general description and assessment of the content of the paper (subject, focus, actuality

of the topic, importance and actuality of the obtained results, possible applications);
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- content of the paper (the originality of the material, survey of previously published studies
on the topic of the paper, erroneous statements (if any), controversial issues (if any), and so
on);

- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of bib-
liographic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and under-
standing of the presented scienti�c results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The �nal part of the review should contain an overall opinion of a reviewer on the
paper and a clear recommendation on whether the paper can be published in the Eurasian
Mathematical Journal, should be sent back to the author for revision or cannot be published.
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RYSKUL OINAROV

(to the 70th birthday)

On February 26, 2017 was the 70th birthday of Ryskul Oinarov, mem-
ber of the Editorial Board of the Eurasian Mathematical Journal, pro-
fessor of the Department Fundamental Mathematics of the L.N. Gumi-
lyov Eurasian National University, doctor of physical and mathematical
sciences (1994), professor (1997), honoured worker of education of the
Republic of Kazakhstan (2007), corresponding member of the National
Academy of Sciences of the Republic of Kazakhstan (2012). In 2005 he
was awarded the breastplate �For the merits in the development of science
in the Republic of Kazakhstan�, in 2007 and 2014 the state grant �The
best university teacher�, in 2016 the Order �Kurmet� (= �Honour�).

R. Oinarov was born in the village Kul'Aryk, Kazalinsk district, Kyzy-
lorda region. In 1969 he graduated from the S.M. Kirov Kazakh State University (Almaty).
Starting with 1972 he worked at the Institute of Mathematics and Mechanics of the Academy of
Sciences of the Kazakh SSR (senior engineer, junior researcher, senior researcher, head of a lab-
oratory). In 1981 he defended of the candidate of sciences thesis �Continuity and Lipschitzness
of nonlinear integral operators of Uryson's type� at the Tashkent State University of the Uzbek
SSR and in 1994 the doctor of sciences thesis �Weighted estimates of integral and di�erential
operators� at the Institute of Mathematics and Mechanics of the Academy of Sciences of the
Kazakh SSR.

Starting from 2000 he has been working as a professor at the L.N. Gumilyov Eurasian
National University

Scienti�c works of R. Oinarov are devoted to investigation of linear and non-linear integral
and discrete operators in weighted spaces; to studying problems of the well-posedness of dif-
ferential equations; to weighted inequalities; to embedding theorems for the weighted function
spaces of Sobolev type and their applications to the qualitative theory of linear and quasilin-
ear di�erential equations. A certain class of integral operators is named after him - integral
operators with Oinarov's kernels or Oinarov condition. On the whole, the results obtained by
R. Oinarov have laid the groundwork for new perspective directions in the theory of function
spaces and its applications to the theory of di�erential equations.

R. Oinarov has published more than 100 scienti�c papers. The list of his most important
publications may be seen on the web-page

https : //scholar.google.com/citations?user = NzXYMS4AAAAJhl = ruoi = ao

Under his supervision 26 theses have been defended: 1 doctor of sciences thesis, 15 candidate
of sciences theses and 10 PhD theses. The Editorial Board of the Eurasian Mathematical
Journal congratulates Ryskul Oinarov on the occasion of his 70th birthday and wishes him
good health and new achievements in mathematics and mathematical education.
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Abstract. In this paper embedding relations between weighted complementary local Morrey-
type spaces

c
LMpθ,ω(Rn, v) and weighted local Morrey-type spaces LMpθ,ω(Rn, v) are charac-

terized. In particular, two-sided estimates of the optimal constant c in the inequality(∫ ∞
0

(∫
B(0,t)

f(x)p2v2(x) dx

) q2
p2

u2(t) dt

) 1
q2

≤ c

(∫ ∞
0

(∫
cB(0,t)

f(x)p1v1(x) dx

) q1
p1

u1(t) dt

) 1
q1

, f ≥ 0

are obtained, where p1, p2, q1, q2 ∈ (0,∞), p2 ≤ q2 and u1, u2 and v1, v2 are weights on (0,∞)
and Rn, respectively. The proof is based on the combination of the duality techniques with
estimates of optimal constants of the embedding relations between weighted local Morrey-type
and complementary local Morrey-type spaces and weighted Lebesgue spaces, which allows to
reduce the problem to using of the known Hardy-type inequalities.

1 Introduction

The classical Morrey spacesMp,λ ≡ Mp,λ(Rn), were introduced by C. Morrey in [26] in order
to study regularity questions which appear in the Calculus of Variations, and de�ned as follows:
for 0 ≤ λ ≤ n and 1 ≤ p ≤ ∞,

Mp,λ :=

{
f ∈ Lloc

p (Rn) : ‖f‖Mp,λ
:= sup

x∈Rn, r>0
r
λ−n
p ‖f‖Lp(B(x,r)) <∞

}
,

where B(x, r) is the open ball centered at x of radius r.
Note thatMp,0(Rn) = L∞(Rn) andMp,n(Rn) = Lp(Rn).
These spaces describe local regularity more precisely than Lebesgue spaces and appeared to

be quite useful in the study of the local behavior of solutions to partial di�erential equations,
a priori estimates and other topics in the theory of partial di�erential equations (cf. [16]).
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The classical Morrey spaces were widely investigated during the last decades, including the
study of classical operators of Harmonic and Real Analysis - maximal, singular and potential
operators - in generalizations of these spaces (the so-called Morrey-type spaces). The local
Morrey-type spaces and the complementary local Morrey-type spaces introduced by Guliyev in
his doctoral thesis [23].

The research on local Morrey-type spaces mainly includes the study of the boundedness of
classical operators in these spaces (see, for instance, [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 13, 14, 24]),
and the investigation of the functional-analytic properties of them and relation of these spaces
with other known function spaces (see, for instance, [12, 1, 27, 17, 18]). We refer the reader to
the surveys [2] and [3] for a comprehensive discussion of the history of LMpθ,ω and

c
LMpθ,ω.

Let A be any measurable subset of Rn, n ≥ 1. By M(A) we denote the set of all measurable
functions on A. The symbol M+(A) stands for the collection of all f ∈ M(A) which are
non-negative on A. The family of all weight functions (also called just weights) on A, that is,
measurable, positive and �nite a.e. on A, is given by W(A).

For p ∈ (0,∞], we de�ne the functional ‖ · ‖p,A on M(A) by

‖f‖p,A :=

{ (∫
A
|f(x)|p dx

)1/p
if p <∞

ess supA |f(x)| if p =∞
.

If w ∈ W(A), then the weighted Lebesgue space Lp(w,A) is given by

Lp(w,A) ≡ Lp,w(A) := {f ∈M(A) : ‖f‖p,w,A := ‖fw‖p,A <∞}.

When A = Rn, we often write simply Lp,w and Lp(w) instead of Lp,w(A) and Lp(w,A), respec-
tively.

Throughout the paper, we always denote by c and C positive constants, which are indepen-
dent of main parameters but it may vary from line to line. However a constant with subscript
such as c1 does not change in di�erent occurrences. By a . b, (b & a) we mean that a ≤ λb,
where λ > 0 depends on inessential parameters. If a . b and b . a, we write a ≈ b and say
that a and b are equivalent. We will denote by 1 the function 1(x) = 1, x ∈ R.

Given two quasi-normed vector spaces X and Y , we write X = Y if X and Y are equal in
the algebraic and the topological sense (their quasi-norms are equivalent). The symbol X ↪→ Y
(Y ←↩ X) means that X ⊂ Y and the natural embedding I of X in Y is continuous, that is,
there exist a constant c > 0 such that ‖z‖Y ≤ c‖z‖X for all z ∈ X. The best constant of the
embedding X ↪→ Y is ‖ I ‖X→Y .

The weighted local Morrey-type spaces LMpθ,ω(Rn, v) and weighted complementary local
Morrey-type spaces LMpθ,ω(Rn, v) are de�ned as follows: Let 0 < p, θ ≤ ∞. Assume that
ω ∈M+(0,∞) and v ∈ W(Rn).

LMpθ,ω(Rn, v) :=

{
f ∈ Lloc

p,v(Rn) : ‖f‖LMpθ,ω(Rn,v) <∞
}
,

where
‖f‖LMpθ,ω(Rn,v) :=

∥∥‖f‖p,v,B(0,r)

∥∥
θ,ω,(0,∞)

,

and
c

LMpθ,ω(Rn, v) :=

{
f ∈ ∩t>0Lp,v(

c

B(0, t)) : ‖f‖ cLMpθ,ω(Rn,v) <∞
}
,

where
‖f‖ cLMpθ,ω(Rn,v) :=

∥∥‖f‖p,v, cB(0,r)

∥∥
θ,ω,(0,∞)

.
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Remark 1. In [5] and [7] it was proved that the spaces LMpθ,ω(Rn) := LMpθ,ω(Rn,1) and
c
LMpθ,ω(Rn) :=

c
LMpθ,ω(Rn,1) are non-trivial, i.e. consists not only of functions equivalent to

0 on Rn, if and only if
‖ω‖θ,(t,∞) <∞, for some t > 0, (1.1)

and
‖ω‖θ,(0,t) <∞, for some t > 0, (1.2)

respectively. The same conclusion is true for LMpθ,ω(Rn, v) and
c
LMpθ,ω(Rn, v) for any v ∈

W(Rn).

The proof of the following statement is straightforward.

Lemma 1.1. (i) If ‖ω‖θ,(t1,∞) =∞ for some t1 > 0, then

f ∈ LMpθ,ω(Rn, v)⇒ f = 0 a.e. on B(0, t1).

(ii) If ‖ω‖θ,(0,t2) =∞ for some t2 > 0, then

f ∈ c

LMpθ,ω(Rn, v)⇒ f = 0 a.e. on
c

B(0, t2).

Let 0 < θ ≤ ∞. We denote by

Ωθ : =
{
ω ∈M+(0,∞) : 0 < ‖ω‖θ,(t,∞) <∞, t > 0

}
,

c

Ωθ : =
{
ω ∈M+(0,∞) : 0 < ‖ω‖θ,(0,t) <∞, t > 0

}
.

Let v ∈ W(Rn). It is easy to see that LMpθ,ω(Rn, v) and
c
LMpθ,ω(Rn, v) are quasi-normed

vector spaces when ω ∈ Ωθ and ω ∈
c
Ωθ, respectively.

The following statements are immediate consequences of Fubini's Theorem and were ob-
served in [5] and [7], for v = 1, respectively.

Lemma 1.2. Let 0 < p ≤ ∞ and v ∈ W(Rn). Then
(i) LMpp,ω(Rn, v) = Lp(w), where w(x) := v(x)‖ω‖p,(|x|,∞), x ∈ Rn.
(ii)

c
LMpp,ω(Rn, v) = Lp(w), where w(x) := v(x)‖ω‖p,(0,|x|), x ∈ Rn.

Recall that the embedding relations between weighted local Morrey-type spaces and
weighted Lebesgue spaces, that is, the embeddings

Lp1(v1) ↪→ LMp2θ,ω(Rn, v2), (1.3)

Lp1(v1) ↪→ c

LMp2θ,ω(Rn, v2), (1.4)

Lp1(v1)←↩ LMp2θ,ω(Rn, v2), (1.5)

Lp1(v1)←↩ c

LMp2θ,ω(Rn, v2) (1.6)

are completely characterized in [27].
Our principal goal in this paper is to investigate the embedding relations between weighted

complementary local Morrey�type spaces and weighted local Morrey type spaces and vice versa,
that is, the embeddings

c

LMp1θ1,ω1(Rn, v1) ↪→ LMp2θ2,ω2(Rn, v2), (1.7)

LMp1θ1,ω1(Rn, v1) ↪→ c

LMp2θ2,ω2(Rn, v2). (1.8)
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The approach used in this paper consists of a the duality argument combined with estimates of
optimal constants of embeddings (1.3) - (1.6), which allows us to reduce the problem to using
the following Hardy-type inequalities∥∥‖H∗f‖p,u,(0,·)∥∥q,w,(0,∞)

≤ c ‖f‖θ,v,(0,∞), f ∈M+(0,∞), (1.9)

with

(H∗f)(t) :=

∫ ∞
t

f(τ) dτ, t > 0,

where u, v, w are weights on (0,∞) and 0 < p, q ≤ ∞, 1 < θ < ∞. There exists di�erent
criteria for the validity of these inequalities (for more detailed information see, for instance,
[19] and [20]). We will use characterizations from [21] and [22].

Note that in view of Lemma 1.2, embeddings (1.7) - (1.8) contain embeddings (1.3) - (1.6)
as a special case. Moreover, by the change of variables x = y/|y|2 and t = 1/τ , it is easy to see
that (1.8) is equivalent to the embedding

c

LMp1θ1,ω̃1(Rn, ṽ1) ↪→ LMp2θ2,ω̃2(Rn, ṽ2),

where ṽi(y) = vi(y/|y|2)|y|−2n/pi and ω̃i(τ) = τ−2/θiωi
(
1/τ
)
, i = 1, 2. This abservation allows

us to concentrate our attention on characterization of (1.7). On the negative side of things
we have to admit that the duality approach works only in the case when, in (1.7) - (1.8), one
has p2 ≤ θ2. Unfortunately, in the case when p2 > θ2 the problem of characterization of these
embeddings remains open.

In particular, we obtain two-sided estimates of the optimal constant c in the inequality(∫ ∞
0

(∫
B(0,t)

f(x)p2v2(x) dx

) q2
p2

u2(t) dt

) 1
q2

≤ c

(∫ ∞
0

(∫
cB(0,t)

f(x)p1v1(x) dx

) q1
p1

u1(t) dt

) 1
q1

,

where p1, p2, q1, q2 ∈ (0,∞), p2 ≤ q2 and u1, u2 and v1, v2 are weights on (0,∞) and Rn,
respectively.

The paper is organized as follows. We start with formulations of our main results in Sec-
tion 2. The proofs of the main results are presented in Section 3.

2 Statement of the main results

We adopt the following usual conventions.

Convention 1. (i) Throughout the paper we put 0/0 = 0, 0 · (±∞) = 0 and 1/(±∞) = 0.
(ii) We put

p′ :=


p

1−p if 0 < p < 1,

∞ if p = 1,
p
p−1

if 1 < p <∞,
1 if p =∞.

(iii) To state our results we use the notation p→ q for 0 < p, q ≤ ∞ de�ned by

1

p→ q
=

1

q
− 1

p
if q < p,
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and p→ q =∞ if q ≥ p.
(iv) If I = (a, b) ⊆ R and g is a monotone function on I, then by g(a) and g(b) we mean

the limits limt→a+ g(t) and limt→b− g(t), respectively.

Our main results are the following theorems. Throughout the paper we will denote

Ṽ (x) := ‖v−1
1 v2‖p1→p2,B(0,x), and V(t, x) :=

Ṽ (t)

Ṽ (t) + Ṽ (x)
(t > 0, x > 0).

Theorem 2.1. Let 0 < θ2 = p2 ≤ p1 = θ1 < ∞. Assume that v1, v2 ∈ W(Rn), ω1 ∈
c
Ωθ1 and

ω2 ∈ Ωθ2. Then

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2) ≈
∥∥‖ω1‖−1

p1,(0,|·|) ‖ω2‖p2,(|·|,∞)

∥∥
p1→p2,v−1

1 v2,Rn
.

Theorem 2.2. Let 0 < p1, p2, θ1, θ2 <∞ and θ2 6= p2 ≤ p1 = θ1. Assume that v1, v2 ∈ W(Rn),
ω1 ∈

c
Ωθ1 and ω2 ∈ Ωθ2.

(i) If p1 ≤ θ2, then

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2) ≈ sup
t∈(0,∞)

∥∥‖ω1‖−1
p1,(0,|·|)

∥∥
p1→p2,v−1

1 v2,B(0,t)
‖ω2‖θ2,(t,∞);

(ii) If θ2 < p1, then

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

≈
(∫ ∞

0

∥∥‖ω1‖−1
p1,(0,|·|)

∥∥p1→θ2
p1→p2,v−1

1 v2,B(0,t)
d

(
− ‖ω2‖p1→θ2θ2,(t,∞)

)) 1
p1→θ2

.

Theorem 2.3. Let 0 < p1, p2, θ1, θ2 <∞ and θ2 = p2 ≤ p1 6= θ1. Assume that v1, v2 ∈ W(Rn),
ω1 ∈

c
Ωθ1 and ω2 ∈ Ωθ2.

(i) If θ1 ≤ p2, then

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2) ≈ sup
t∈(0,∞)

‖ω1‖−1
θ1,(0,t)

∥∥‖ω2‖p2,(|·|,∞)

∥∥
p1→p2,v−1

1 v2,B(0,t)
;

(ii) If p2 < θ1, then

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

≈
(∫ ∞

0

∥∥‖ω2‖p2,(|·|,∞)

∥∥θ1→p2
p1→p2,v−1

1 v2,B(0,t)
d

(
− ‖ω1‖−θ1→p2θ1,(0,t)

)) 1
θ1→p2

+ ‖ω1‖−1
θ1,(0,∞)

∥∥‖ω2‖p2,(|·|,∞)

∥∥
p1→p2,v−1

1 v2,Rn
.

In view of Lemma 1.2, Theorems 2.1 - 2.3 are straightforward corrolaries of [27, Theorem 3.1]
and [27, Theorem 4.2].

To state further results we need the following de�nitions.

De�nition 1. Let U be a continuous, strictly increasing function on [0,∞) such that U(0) = 0
and limt→∞ U(t) =∞. Then we say that U is admissible.
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Let U be an admissible function. We say that a function ϕ is U -quasiconcave if ϕ is
equivalent to an increasing function on (0,∞) and ϕ/U is equivalent to a decreasing function
on (0,∞). We say that a U -quasiconcave function ϕ is non-degenerate if

lim
t→0+

ϕ(t) = lim
t→∞

1

ϕ(t)
= lim

t→∞

ϕ(t)

U(t)
= lim

t→0+

U(t)

ϕ(t)
= 0.

The family of non-degenerate U -quasiconcave functions is denoted by QU .

De�nition 2. Let U be an admissible function, and let w be a non-negative measurable function
on (0,∞). We say that the function ϕ, de�ned by

ϕ(t) = U(t)

∫ ∞
0

w(τ) dτ

U(τ) + U(t)
, t ∈ (0,∞),

is a fundamental function of w with respect to U . One will also say that w(τ) dτ is a represen-
tation measure of ϕ with respect to U .

Remark 2. Let ϕ be the fundamental function of w with respect to U . Assume that∫ ∞
0

w(τ) dτ

U(τ) + U(t)
<∞, t > 0,

∫ 1

0

w(τ) dτ

U(τ)
=

∫ ∞
1

w(τ) dτ =∞.

Then ϕ ∈ QU .

Remark 3. Suppose that ϕ(x) <∞ for all x ∈ (0,∞), where ϕ is de�ned by

ϕ(x) = ess sup
t∈(0,x)

U(t) ess sup
τ∈(t,∞)

w(τ)

U(τ)
, t ∈ (0,∞).

If

lim sup
t→0+

w(t) = lim sup
t→+∞

1

w(t)
= lim sup

t→0+

U(t)

w(t)
= lim sup

t→+∞

w(t)

U(t)
= 0,

then ϕ ∈ QU .

Theorem 2.4. Let 0 < p1, p2, θ1, θ2 <∞, p2 < p1, θ1 ≤ p2 < θ2. Assume that v1, v2 ∈ W(Rn),

ω1 ∈
c
Ωθ1 and ω2 ∈ Ωθ2. Suppose that Ṽ is admissible and

ϕ1(x) := sup
t∈(0,∞)

Ṽ (t)V(x, t) ‖ω1‖−1
θ1,(0,t)

∈ Q
Ṽ

1
p1→p2

.

(i) If p1 ≤ θ2, then

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2) ≈ sup
x∈(0,∞)

ϕ1(x) sup
t∈(0,∞)

V(t, x) ‖ω2‖θ2,(t,∞).

(ii) If θ2 < p1, then

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

≈ sup
x∈(0,∞)

ϕ1(x)

(∫ ∞
0

V(t, x)p1→θ2 d

(
− ‖ω2‖p1→θ2θ2,(t,∞)

)) 1
p1→θ2

.
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Theorem 2.5. Let 0 < p1, p2, θ1, θ2 < ∞, p2 < p1 and p2 < min{θ1, θ2}. Assume that

v1, v2 ∈ W(Rn), ω1 ∈
c
Ωθ1 and ω2 ∈ Ωθ2. Suppose that Ṽ is admissible and

ϕ2(x) :=

(∫ ∞
0

[Ṽ (t)V(x, t)]θ1→p2 d

(
− ‖ω1‖−θ1→p2θ1,(0,t)

)) 1
θ1→p2

∈ Q
Ṽ

1
p1→p2

.

(i) If max{p1, θ1} ≤ θ2, then

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2) ≈ sup
x∈(0,∞)

ϕ2(x) sup
t∈(0,∞)

V(t, x)‖ω2‖θ2,(t,∞)

+ ‖ω1‖−1
θ1,(0,∞) sup

t∈(0,∞)

Ṽ (t)‖ω2‖θ2,(t,∞);

(ii) If p1 ≤ θ2 < θ1, then

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

≈
(∫ ∞

0

ϕ2(x)
θ1→θ2·θ1→p2

θ2→p2 Ṽ (x)θ1→p2
(

sup
t∈(0,∞)

V(t, x)‖ω2‖θ2,(t,∞)

)θ1→θ2
× d
(
− ‖ω1‖−θ1→p2θ1,(0,x)

)) 1
θ1→θ2

+ ‖ω1‖−1
θ1,(0,∞) sup

t∈(0,∞)

Ṽ (t)‖ω2‖θ2,(t,∞);

(iii) If θ1 ≤ θ2 < p1, then

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

≈ sup
x∈(0,∞)

ϕ2(x)

(∫ ∞
0

V(t, x)p1→θ2d

(
− ‖ω2‖p1→θ2θ2,(t,∞)

)) 1
p1→θ2

+ ‖ω1‖−1
θ1,(0,∞)

(∫ ∞
0

Ṽ (t)p1→θ2d

(
− ‖ω2‖p1→θ2θ2,(t,∞)

)) 1
p1→θ2

;

(iv) If θ2 < min{p1, θ1}, then

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

≈
(∫ ∞

0

ϕ2(x)
θ1→θ2·θ1→p2

θ2→p2 Ṽ (x)θ1→p2
(∫ ∞

0

V(t, x)p1→θ2d

(
− ‖ω2‖p1→θ2θ2,(t,∞)

)) θ1→θ2
p1→θ2

× d
(
− ‖ω1‖−θ1→p2θ1,(0,x)

)) 1
θ1→θ2

+ ‖ω1‖−1
θ1,(0,∞)

(∫ ∞
0

Ṽ (t)p1→θ2d

(
− ‖ω2‖p1→θ2θ2,(t,∞)

)) 1
p1→θ2

.

Theorem 2.6. Let 0 < θ1 < p < θ2 < ∞. Assume that v1, v2 ∈ W(Rn) ∩ C(Rn), ω1 ∈
c
Ωθ1

and ω2 ∈ Ωθ2.

‖ I ‖ cLMpθ1,ω1
(Rn,v1)→LMpθ2,ω2

(Rn,v2) ≈ sup
t∈(0,∞)

∥∥‖ω1‖−1
θ1,(0,|·|)

∥∥
∞,v−1

1 v2,B(0,t)
‖ω2‖θ2,(t,∞).
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Theorem 2.7. Let 0 < θ1, θ2 < ∞ and 0 < p < min{θ1, θ2}. Assume that v1, v2 ∈ W(Rn)
such that v−1

1 v2 ∈ C(Rn). Suppose that ω1 ∈
c
Ωθ1, ω2 ∈ Ωθ2 and

0 < ‖ω−1
2 ‖θ2→p,(x,∞) <∞

holds for all x > 0.
(i) If θ1 ≤ θ2, then

‖ I ‖ cLMpθ1,ω1
(Rn,v1)→LMpθ2,ω2

(Rn,v2)

≈ sup
x∈(0,∞)

(
Ṽ (x)θ1→p

∫ ∞
x

d

(
− ‖ω1‖−θ1→pθ1,(0,t)

)
+

∫ x

0

Ṽ (t)θ1→p d

(
− ‖ω1‖−θ1→pθ1,(0,t)

)) 1
θ1→p

‖ω2‖θ2,(x,∞)

+ ‖ω1‖−1
θ1,(0,∞) sup

t∈(0,∞)

Ṽ (t)‖ω2‖θ2,(t,∞);

(ii) If θ2 < θ1, then

‖ I ‖ cLMpθ1,ω1
(Rn,v1)→LMpθ2,ω2

(Rn,v2)

≈

(∫ ∞
0

(∫ ∞
x

d

(
− ‖ω1‖−θ1→pθ1,(0,t)

)) θ1→θ2
θ2→p

(
sup

0<τ≤x
Ṽ (τ)‖ω2‖θ2,(τ,∞)

)θ1→θ2
×d
(
− ‖ω1‖−θ1→pθ1,(0,x)

)) 1
θ1→θ2

+

(∫ ∞
0

(∫ x

0

Ṽ (t)θ1→pd

(
− ‖ω1‖−θ1→pθ1,(0,t)

)) θ1→θ2
θ2→p

Ṽ (x)θ1→p‖ω2‖θ1→θ2θ2,(t,∞)

×d
(
− ‖ω1‖−θ1→pθ1,(0,x)

)) 1
θ1→θ2

+ ‖ω1‖−1
θ1,(0,∞) sup

t∈(0,∞)

Ṽ (t)‖ω2‖θ2,(t,∞).

3 Proofs of main results

Before proceeding to the proof of our main results we recall the following integration in polar
coordinates formula.

We denote the unit sphere {x ∈ Rn : |x| = 1} in Rn by Sn−1. If x ∈ Rn\{0}, the polar
coordinates of x are

r = |x| ∈ (0,∞), x′ =
x

|x|
∈ Sn−1.

There is a unique Borel measure σ = σn−1 on Sn−1 such that if f is Borel measurable on Rn

and f ≥ 0 or f ∈ L1(Rn), then∫
Rn
f(x) dx =

∫ ∞
0

∫
Sn−1

f(rx′)rn−1dσ(x′)dr

(see, for instance, [15, p. 78]).
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It should be noted that
c
LMp1θ1,ω1(Rn, v1) 6↪→ LMp2θ2,ω2(Rn, v2) when 0 < p1, p2, θ1, θ2 ≤ ∞

and p1 < p2, where v1, v2 ∈ W(Rn), ω1 ∈
c
Ωθ1 and ω2 ∈ Ωθ2 . To see this, assume that

c
LMp1θ1,ω1(Rn, v1) ↪→ LMp2θ2,ω2(Rn, v2) holds. Then there exist c > 0 such that

‖f‖LMp2θ2,ω2
(Rn,v2) ≤ c ‖f‖ cLMp1θ1,ω1

(Rn,v1)

holds for all f ∈M+(Rn). Let τ ∈ (0,∞) and f ∈M(Rn): supp f ⊂ B(0, τ). It is easy to see
that

‖f‖LMp2θ2,ω2
(Rn,v2) =

∥∥‖f‖p2,v2,B(0,t)

∥∥
θ2,ω2,(0,∞)

≥
∥∥‖f‖p2,v2,B(0,t)

∥∥
θ2,ω2,(τ,∞)

≥ ‖ω2‖θ2,(τ,∞) ‖f‖p2,v2,B(0,τ) (3.1)

and

‖f‖ cLMp1θ1,ω1
(Rn,v1) =

∥∥‖f‖p1,v1, cB(0,t)

∥∥
θ1,ω1,(0,∞)

=
∥∥‖f‖p1,v1, cB(0,t)

∥∥
θ1,ω1,(0,τ)

≤ ‖ω1‖θ1,(0,τ) ‖f‖p1,v1,B(0,τ). (3.2)

Combining (3.1) with (3.2), we can assert that

‖ω2‖θ2,(τ,∞) ‖f‖p2,v2,B(0,τ) ≤ c ‖ω1‖θ1,(0,τ) ‖f‖p1,v1,B(0,τ).

Since ω1 ∈
c
Ωθ1 and ω2 ∈ Ωθ2 , we conclude that Lp1(B(0, τ), v1) ↪→ Lp2(B(0, τ), v2), which is a

contradiction.
The following lemma is true.

Lemma 3.1. Let 0 < p1, p2, θ1, θ2 < ∞, p2 ≤ p1 and p2 < θ2. Assume that v1, v2 ∈ W(Rn),
ω1 ∈

c
Ωθ1 and ω2 ∈ Ωθ2. Then

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

=

 sup
g∈M+(0,∞)

‖ I ‖p2
cLMp1θ1,ω1

(Rn,v1)→Lp2
(
v2(·)H∗g(|·|)

1
p2

)
‖g‖ θ2

θ2−p2
,ω
−p2
2 ,(0,∞)


1
p2

.

Proof. By duality, interchanging suprema, we have that

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

= sup
f∈M+(Rn)

‖f‖LMp2θ2,ω2
(Rn,v2)

‖f‖ cLMp1θ1,ω1
(Rn,v1)

= sup
f∈M+(Rn)

1

‖f‖ cLMp1θ1,ω1
(Rn,v1)

sup
g∈M+(0,∞)

(∫ ∞
0

(∫
B(0,τ)

f(x)p2v2(x)p2 dx

)
g(τ) dτ

) 1
p2

‖g‖
1
p2
θ2

θ2−p2
,ω
−p2
2 ,(0,∞)

= sup
g∈M+(0,∞)

1

‖g‖
1
p2
θ2

θ2−p2
,ω
−p2
2 ,(0,∞)

sup
f∈M+(Rn)

(∫ ∞
0

(∫
B(0,τ)

f(x)p2v2(x)p2 dx

)
g(τ) dτ

) 1
p2

‖f‖ cLMp1θ1,ω1
(Rn,v1)

.
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Applying Fubini's Theorem, we get that

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

= sup
g∈M+(0,∞)

1

‖g‖
1
p2
θ2

θ2−p2
,ω
−p2
2 ,(0,∞)

sup
f∈M+(Rn)

(∫
Rn
f(x)p2v2(x)p2

(∫ ∞
|x|

g(τ) dτ

)
dx

) 1
p2

‖f‖ cLMp1θ1,ω1
(Rn,v1)

= sup
g∈M+(0,∞)

1

‖g‖
1
p2
θ2

θ2−p2
,ω
−p2
2 ,(0,∞)

‖ I ‖
cLMp1θ1,ω1

(Rn,v1)→Lp2
(
v2(·)H∗g(|·|)

1
p2

). (3.3)

Proof of Theorem 2.4. By Lemma 3.1, we have that

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

= sup
g∈M+(0,∞)

1

‖g‖
1
p2
θ2

θ2−p2
,ω
−p2
2 ,(0,∞)

‖ I ‖
cLMp1θ1,ω1

(Rn,v1)→Lp2
(
v2(·)H∗g(|·|)

1
p2

).
Since θ1 ≤ p2, applying [27, Theorem 4.2, (a)], we obtain that

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

≈

 sup
g∈M+(0,∞)

sup
t∈(0,∞)

‖ω1‖−p2θ1,(0,t)
‖H∗g(| · |)‖ p1

p1−p2
,(v−1

1 v2)p2 ,B(0,t)

‖g‖ θ2
θ2−p2

,ω
−p2
2 ,(0,∞)


1
p2

.

By using polar coordinates, we have that

‖H∗g(| · |)‖ p1
p1−p2

,(v−1
1 v2)p2 ,B(0,t) = ‖H∗g‖

p1
p1−p2

,ṽ
p1−p2
p1 ,(0,t)

, t > 0,

where

ṽ(r) :=

∫
Sn−1

(v−1
1 v2)(rx′)

p1p2
p1−p2 rn−1dσ(x′), r > 0.

Thus, we obtain that

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

≈

 sup
g∈M+(0,∞)

sup
t∈(0,∞)

‖ω1‖−p2θ1,(0,t)
‖H∗g‖

p1
p1−p2

,ṽ
p1−p2
p1 ,(0,t)

‖g‖ θ2
θ2−p2

,ω
−p2
2 ,(0,∞)


1
p2

.

Taking into account that∫ t

0

ṽ(r) dr =

∫ t

0

∫
Sn−1

(v−1
1 v2)(rx′)

p1p2
p1−p2 dσ(x′)rn−1dr

=

∫
B(0,t)

(v−1
1 v2)

p1p2
p1−p2 (x) dx = Ṽ (t)

p1p2
p1−p2 , (3.4)
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(i) if p1 ≤ θ2, then applying [21, Theorem 3.2, (i)], we arrive at

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2) ≈ sup
x∈(0,∞)

ϕ1(x) sup
t∈(0,∞)

V(t, x)‖ω2‖θ2,(t,∞);

(ii) if θ2 < p1, then applying [21, Theorem 3.2, (ii)], we arrive at

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

≈ sup
x∈(0,∞)

ϕ1(x)

(∫ ∞
0

V(t, x)p1→θ2d

(
− ‖ω2‖p1→θ2θ2,(t,∞)

)) 1
p1→θ2

.

Remark 4. In view of Remark 3, if

lim sup
t→0+

Ṽ (t)‖ω1‖−1
θ1,(0,t)

= lim sup
t→+∞

Ṽ (t)‖ω1‖θ1,(0,t)

= lim sup
t→0+

‖ω1‖θ1,(0,t) = lim sup
t→+∞

‖ω1‖−1
θ1,(0,t)

= 0,

then ϕ1 ∈ Q
Ṽ

1
p1→p2

.

Proof of Theorem 2.5. By Lemma 3.1, applying [27, Theorem 4.2, (c)], we have that

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

≈ ‖ω1‖−1
θ1,(0,∞)

 sup
g∈M+(0,∞)

‖H∗g(| · |)‖ p1
p1−p2

,(v−1
1 v2)p2 ,Rn

‖g‖ θ2
θ2−p2

,ω
−p2
2 ,(0,∞)


1
p2

+

 sup
g∈M+(0,∞)

(∫ ∞
0

‖H∗g(| · |)‖
θ1

θ1−p2
p1

p1−p2
,(v−1

1 v2)p2 ,B(0,t)
d

(
− ‖ω1‖

− θ1p2
θ1−p2

θ1,(0,t)

)) θ1−p2
θ1

‖g‖ θ2
θ2−p2

,ω
−p2
2 ,(0,∞)



1
p2

.

By using polar coordinates, we have that

‖ I ‖ cLMp1θ1,ω1
(Rn,v1)→LMp2θ2,ω2

(Rn,v2)

≈ ‖ω1‖−1
θ1,(0,∞)

 sup
g∈M+(0,∞)

‖H∗g‖
p1

p1−p2
,ṽ
p1−p2
p1 ,(0,∞)

‖g‖ θ2
θ2−p2

,ω
−p2
2 ,(0,∞)


1
p2

+


sup

g∈M+(0,∞)

(∫ ∞
0

‖H∗g‖
θ1

θ1−p2

p1
p1−p2

,ṽ
p1−p2
p1 ,(0,t)

d

(
− ‖ω1‖

− θ1p2
θ1−p2

θ1,(0,t)

)) θ1−p2
θ1

‖g‖ θ2
θ2−p2

,ω
−p2
2 ,(0,∞)



1
p2

:= C1 + C2.
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Assume �rst that p1 ≤ θ2. By using the characterization of the boundedness of the operator
H∗ in weighted Lebesgue spaces (see, for instance, [28, 25]), we arrive at

C1 ≈ ‖ω1‖−1
θ1,(0,∞) sup

t∈(0,∞)

Ṽ (t) ‖ω2‖θ2,(t,∞).

(i) Let θ1 ≤ θ2. By applying [21, Theorem 3.1, (i)], we obtain that

C2 ≈ sup
x∈(0,∞)

ϕ2(x) sup
t∈(0,∞)

V(t, x) ‖ω2‖θ2,(t,∞).

Consequently, the proof is completed in this case.
(ii) Let θ2 < θ1. By using [21, Theorem 3.1, (ii)], we have that

C2 ≈
(∫ ∞

0

ϕ2(x)
θ1→θ2·θ1→p2

θ2→p2 Ṽ (x)θ1→p2
(

sup
t∈(0,∞)

V(t, x)‖ω2‖θ2,(t,∞)

)θ1→θ2
× d
(
− ‖ω1‖−θ1→p2θ1,(0,x)

)) 1
θ1→θ2

,

and the statement follows in this case.
Let us now assume that θ2 < p1. Then, using the characterization of the boundedness of

the operator H∗ in weighted Lebesgue spaces, we have that

C1 ≈ ‖ω1‖−1
θ1,(0,∞)

(∫ ∞
0

Ṽ (t)p1→θ2 d

(
− ‖ω2‖p1→θ2θ2,(t,∞)

)) 1
p1→θ2

.

(iii) Let θ1 ≤ θ2, then [21, Theorem 3.1, (iii)] yields that

C2 ≈ sup
x∈(0,∞)

ϕ2(x)

(∫ ∞
0

V(t, x)p1→θ2d

(
− ‖ω2‖p1→θ2θ2,(t,∞)

)) 1
p1→θ2

,

and these completes the proof in this case.
(iv) If θ2 < θ1, then on using [21, Theorem 3.1, (iv)], we arrive at

C2 ≈
(∫ ∞

0

ϕ2(x)
θ1→θ2·θ1→p2

θ2→p2 Ṽ (x)θ1→p2
(∫ ∞

0

V(t, x)p1→θ2d

(
− ‖ω2‖p1→θ2θ2,(t,∞)

)) θ1→θ2
p1→θ2

× d
(
− ‖ω1‖−θ1→p2θ1,(0,x)

)) 1
θ1→θ2

,

and in this case the proof is completed.

Remark 5. Assume that ϕ2(x) <∞, x > 0. In view of Remark 2, if

∫ 1

0

(∫ t

0

ωθ11

)− θ1
θ1−p2

ωθ11 (t) dt =

∫ ∞
1

Ṽ (t)
θ1p2
θ1−p2

(∫ t

0

ωθ11

)− θ1
θ1−p2

ωθ11 (t) dt =∞,

then ϕ2 ∈ Q
Ṽ

1
p1→p2

.
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Proof of Theorem 2.6. By Lemma 3.1, applying [27, Theorem 4.2, (b)], we get that

‖ I ‖ cLMpθ1,ω1
(Rn,v1)→LMpθ2,ω2

(Rn,v2)

=

 sup
g∈M+(0,∞)

sup
t∈(0,∞)

‖ω1‖−pθ1,(0,t)‖H
∗g(| · |)‖∞,(v−1

1 v2)p,B(0,t)

‖g‖ θ2
θ2−p

,ω−p2 ,(0,∞)


1
p

.

Recall that, whenever F,G are non-negative measurable functions on (0,∞) and F is non-
increasing, then

ess sup
t∈(0,∞)

F (t)G(t) = ess sup
t∈(0,∞)

F (t) ess sup
τ∈(0,t)

G(τ). (3.5)

Observe that

‖H∗g(| · |)‖∞,(v−1
1 v2)p,B(0,t) = sup

τ∈(0,t)

sup
|y|=τ

(
v−1

1 (y)v2(y)
)p
H∗g(|y|) = ‖H∗g‖∞,˜̃v,(0,t) (3.6)

holds for all t > 0, where ˜̃v(τ) :=
(

sup|y|=τ v
−1
1 (y)v2(y)

)p
, τ > 0.

By using (3.5), we get that

‖ I ‖ cLMpθ1,ω1
(Rn,v1)→LMpθ2,ω2

(Rn,v2) =

 sup
g∈M+(0,∞)

sup
t∈(0,∞)

‖ω1‖−pθ1,(0,t)‖H
∗g‖∞,˜̃v,(0,t)

‖g‖ θ2
θ2−p

,ω−p2 ,(0,∞)


1
p

=

 sup
g∈M+(0,∞)

‖H∗g‖∞,‖ω1‖−pθ1,(0,·)
˜̃v(·),(0,∞)

‖g‖ θ2
θ2−p

,ω−p2 ,(0,∞)


1
p

.

By using the characterization of the boundedness of H∗ in weighted Lebesgue spaces, we
obtain that

‖ I ‖ c
LMpθ1,ω1

(Rn,v1)→LMpθ2,ω2
(Rn,v2)

≈ sup
t∈(0,∞)

‖ω2‖θ2,(t,∞)

(
sup
s∈(0,t)

‖ω1‖−1
θ1,(0,s)

˜̃v(s)
1
p

)
= sup

t∈(0,∞)

‖ω2‖θ2,(t,∞)

(
sup
s∈(0,t)

sup
|y|=s
‖ω1‖−1

θ1,(0,|y|)v
−1
1 (y)v2(y)

)
= sup

t∈(0,∞)

‖ω2‖θ2,(t,∞)

(
sup

x∈B(0,t)

‖ω1‖−1
θ1,(0,|x|)v

−1
1 (x)v2(x)

)
= sup

t∈(0,∞)

‖ω2‖θ2,(t,∞)

∥∥∥∥‖ω1‖−1
θ1,(0,|·|)

∥∥∥∥
∞,v−1

1 v2,B(0,t)

.

Proof of Theorem 2.7. By Lemma 3.1, applying [27, Theorem 4.2, (d)], and using (3.6), we get
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that

‖ I ‖ cLMpθ1,ω1
(Rn,v1)→LMpθ2,ω2

(Rn,v2)

≈ ‖ω1‖−1
θ1,(0,∞)

 sup
g∈M+(0,∞)

‖H∗g‖∞,˜̃v,(0,∞)

‖g‖ θ2
θ2−p

,ω−p2 ,(0,∞)


1
p

+

 sup
g∈M+(0,∞)

(∫ ∞
0

‖H∗g‖
θ1
θ1−p

∞,˜̃v,(0,t)d

(
− ‖ω1‖

− θ1p
θ1−p

θ1,(0,t)

)) θ1−p
θ1

‖g‖ θ2
θ2−p

,ω−p2 ,(0,∞)



1
p

:= C3 + C4.

Again, by using the characterization of the boundedness of H∗ in weighted Lebesgue spaces,
we obtain that

C3 ≈ ‖ω1‖−1
θ1,(0,∞) sup

t∈(0,∞)

Ṽ (t)‖ω2‖θ2,(t,∞).

(i) Let θ1 ≤ θ2, then by [22, Theorem 4.1], we have that

C4 ≈ sup
x∈(0,∞)

(
Ṽ (x)θ1→p

∫ ∞
x

d

(
− ‖ω1‖−θ1→pθ1,(0,t)

)
+

∫ x

0

Ṽ (t)θ1→p d

(
− ‖ω1‖−θ1→pθ1,(0,t)

)) 1
θ1→p

‖ω2‖θ2,(x,∞),

and the statement follows in this case.
(ii) Let θ2 < θ1, then [22, Theorem 4.4] yields that

C4 ≈

(∫ ∞
0

(∫ ∞
x

d

(
− ‖ω1‖−θ1→pθ1,(0,t)

)) θ1→θ2
θ2→p

(
sup

0<τ≤x
Ṽ (τ)‖ω2‖θ2,(τ,∞)

)θ1→θ2
×d
(
− ‖ω1‖−θ1→pθ1,(0,x)

)) 1
θ1→θ2

+

(∫ ∞
0

(∫ x

0

Ṽ (t)θ1→pd

(
− ‖ω1‖−θ1→pθ1,(0,t)

)) θ1→θ2
θ2→p

Ṽ (x)θ1→p‖ω2‖θ1→θ2θ2,(t,∞)

×d
(
− ‖ω1‖−θ1→pθ1,(0,x)

)) 1
θ1→θ2

,

and the proof is completed in this case.

Acknowledgments

The authors would like the thank to anonymous referee for his/her valuale comments, which
improved the presentation of the manuscript.

The research of A. Gogatishvili was partially supported by the grant P201-13-14743S of the
Grant Agency of the Czech Republic and RVO: 67985840 and by Shota Rustaveli National Sci-
ence Foundation, grant no. DI/9/5-100/13 (Function spaces, weighted inequalities for integral
operators and problems of summability of Fourier series).



Embeddings relations between complementary local Morrey-type spaces and local Morrey-type spaces 48

References

[1] Ts. Batbold, Y. Sawano, Decompositions for local Morrey spaces, Eurasian Math. J. 5 (2014), no. 3, 9�45.

[2] V.I. Burenkov, Recent progress in studying the boundedness of classical operators of real analysis in general
Morrey-type spaces. I, Eurasian Math. J. 3 (2012), no. 3, 11�32.

[3] V.I. Burenkov, Recent progress in studying the boundedness of classical operators of real analysis in general
Morrey-type spaces. II, Eurasian Math. J. 4 (2013), no. 1, 21�45.

[4] V.I. Burenkov, M.L. Goldman, Necessary and su�cient conditions for the boundedness of the maximal
operator from Lebesgue spaces to Morrey-type spaces, Math. Inequal. Appl. 17 (2014), no. 2, 401�418.

[5] V.I. Burenkov, H.V. Guliyev, Necessary and su�cient conditions for boundedness of the maximal operator
in local Morrey-type spaces, Studia Math. 163 (2004), no. 2, 157�176.

[6] V.I. Burenkov, H.V. Guliyev, V.S. Guliyev, Necessary and su�cient conditions for the boundedness of
fractional maximal operators in local Morrey-type spaces, J. Comput. Appl. Math. 208 (2007), no. 1,
280�301.

[7] V.I. Burenkov, H.V. Guliyev, V.S. Guliyev, On boundedness of the fractional maximal operator from com-
plementary Morrey-type spaces to Morrey-type spaces, The interaction of analysis and geometry, Contemp.
Math. 424 (2007) Amer. Math. Soc. Providence, RI, 17�32.

[8] V.I. Burenkov, V.S. Guliyev, A. Serbetci, T.V. Tararykova, Necessary and su�cient conditions for the
boundedness of genuine singular integral operators in local Morrey-type spaces, Eurasian Math. J. 1 (2010),
no. 1, 32�53.

[9] V.I. Burenkov, A. Gogatishvili, V.S. Guliyev, R.Ch. Mustafayev, Boundedness of the fractional maximal
operator in local Morrey-type spaces, Complex Var. Elliptic Equ. 55 (2010), no. 8�10, 739�758.

[10] V.I. Burenkov, A. Gogatishvili, V.S. Guliyev, R.Ch. Mustafayev, Boundedness of the Riesz potential in
local Morrey-type spaces, Potential Anal. 35 (2011), no. 1, 67�87.

[11] V.I. Burenkov, P. Jain, T.V. Tararykova, On boundedness of the Hardy operator, Eurasian Math. J. 2
(2011), no. 1, 52-80.

[12] V.I. Burenkov, E.D. Nursultanov, Description of interpolation spaces for local Morrey-type spaces, Trudy
Mat. Inst. Steklova RAS 269 (2010), Teoriya Funktsii i Di�erentsialnye Uravneniya, 52�62 (in Russian).
English transl. in Proc. Steklov Inst. Math. 269 (2010), no. 1, 46�56.

[13] V.I. Burenkov, E.D. Nursultanov, D.K. Chiganbaeva, Description of the interpolation spaces for a pair of
local Morrey-type spaces and their generalizations, Trudy Mat. Inst. Steklova RAS 284 (2014), 105�137
(in Russian). English transl. in Proc. Steklov Inst. Math. 284 (2014), 97�128.

[14] V.I. Burenkov, R. Oinarov, Necessary and su�cient conditions for boundedness of the Hardy operator from
a weghted Lebesque space to a Morrey-type space, Math. Inequal. Appl. 16 (2013), no. 1, 1-19.

[15] G.B. Folland, Real analysis, Pure and Applied Mathematics (New York) 2nd ed., Modern techniques and
their applications; A Wiley-Interscience Publication, John Wiley & Sons, Inc., New York, 1999.

[16] D. Gilbarg, N.S. Trudinger, Elliptic partial di�erential equations of second order, 2nd ed., Springer-Verlag,
Berlin, 1983.

[17] A. Gogatishvili, R.Ch. Mustafayev, Dual spaces of local Morrey-type spaces, Czechoslovak Math. J. 61
(136) (2011), no. 3, 609�622.

[18] A. Gogatishvili, R.Ch. Mustafayev, New pre-dual space of Morrey space, J. Math. Anal. Appl. 397 (2013),
no. 2, 678�692.



Embeddings relations between complementary local Morrey-type spaces and local Morrey-type spaces 49

[19] A. Gogatishvili, R.Ch. Mustafayev, Weighted iterated Hardy-type inequalities, accepted in Math. Inequal.
Appl. (2016).

[20] A. Gogatishvili, R.Ch. Mustafayev, Iterated Hardy-type inequalities involving suprema, accepted in Math.
Inequal. Appl. (2016).

[21] A. Gogatishvili, R.Ch. Mustafayev, L.-E. Persson, Some new iterated Hardy-type inequalities, J. Funct.
Spaces Appl. (2012) Art. ID 734194, 30.

[22] A. Gogatishvili, B. Opic, L. Pick, Weighted inequalities for Hardy-type operators involving suprema, Col-
lect. Math. 57 (2006), no. 3, 227�255.

[23] V.S. Guliyev, Integral operators on function spaces on the homogeneous groups and on domains in Rn,
Doctor's degree dissertation. Mat. Inst. Steklov, Moscow, 1994 (in Russian).

[24] V.S. Guliev, R.Ch. Mustafaev, Fractional integrals in spaces of functions de�ned on spaces of homogeneous
type, Russian, with English and Russian summaries, Anal. Math. 24 (1998), no. 3, 181�200.

[25] A. Kufner, L.-E. Persson, Weighted inequalities of Hardy type, World Scienti�c Publishing Co. Inc., River
Edge, NJ, 2003.

[26] C.B. Morrey, On the solutions of quasi-linear elliptic partial di�erential equations, Trans. Amer. Math.
Soc. 43 (1938), no. 1, 126�166.

[27] R.Ch. Mustafayev, T. �Unver, Embeddings between weighted local Morrey-type spaces and weighted Lebesgue
spaces, J. Math. Inequal. 9 (2015), no. 1, 277�296.

[28] B. Opic, A. Kufner, Hardy-type inequalities, Pitman Research Notes in Mathematics Series, 219, Longman
Scienti�c & Technical, Harlow, 1990.

Amiran Gogatishvili
Institute of Mathematics
Academy of Sciences of the Czech Republic
�Zitn�a 25,
115 67 Praha 1, Czech Republic
E-mails: gogatish@math.cas.cz

Rza Mustafayev
Institute of Mathematics and Mechanics
Academy of Sciences of Azerbaijan
B. Vahabzade St. 9,
Baku, AZ 1141, Azerbaijan
Department of Mathematics
Faculty of Science and Arts
Kirikkale University,
71450 Yahsihan, Kirikkale, Turkey
E-mail: rzamustafayev@gmail.com

Tu�g�ce �Unver
Department of Mathematics
Faculty of Science and Arts
Kirikkale University,
71450 Yahsihan, Kirikkale, Turkey
E-mail: tugceunver@gmail.com

Received: 06.12.2016


