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Publication Ethics and Publication Malpractice
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that, if accepted, it will not be published elsewhere in the same form, in English or in any
other language, including electronically without the written consent of the copyright-holder. In
particular, translations into English of papers already published in another language are not
accepted.

No other forms of scienti�c misconduct are allowed, such as plagiarism, falsi�-
cation, fraudulent data, incorrect interpretation of other works, incorrect citations,
etc. The EMJ follows the Code of Conduct of the Committee on Publication
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The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure
1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject

to mandatory reviewing.
1.2. The Managing Editor of the journal determines whether a paper �ts to the scope of

the EMJ and satis�es the rules of writing papers for the EMJ, and directs it for a preliminary
review to one of the Editors-in-chief who checks the scienti�c content of the manuscript and
assigns a specialist for reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly quali�ed scientists and specialists
of the L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other
universities of the Republic of Kazakhstan and foreign countries. An author of a paper cannot
be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at
creating conditions for the most rapid publication of the paper.

1.5. Reviewing is con�dential. Information about a reviewer is anonymous to the authors
and is available only for the Editorial Board and the Control Committee in the Field of Ed-
ucation and Science of the Ministry of Education and Science of the Republic of Kazakhstan
(CCFES). The author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.
1.7. A positive review is not a su�cient basis for publication of the paper.
1.8. If a reviewer overall approves the paper, but has observations, the review is con�den-

tially sent to the author. A revised version of the paper in which the comments of the reviewer
are taken into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is con�dentially sent to the
author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The �nal decision on publication of the paper is made by the Editorial Board and is
recorded in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing
Editor informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial O�ce for three years from the date of
publication and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review
2.1. In the title of a review there should be indicated the author(s) and the title of a paper.
2.2. A review should include a quali�ed analysis of the material of a paper, objective

assessment and reasoned recommendations.
2.3. A review should cover the following topics:
- compliance of the paper with the scope of the EMJ;
- compliance of the title of the paper to its content;
- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words

and phrases, bibliography etc.);
- a general description and assessment of the content of the paper (subject, focus, actuality

of the topic, importance and actuality of the obtained results, possible applications);
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- content of the paper (the originality of the material, survey of previously published studies
on the topic of the paper, erroneous statements (if any), controversial issues (if any), and so
on);

- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of bib-
liographic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and under-
standing of the presented scienti�c results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The �nal part of the review should contain an overall opinion of a reviewer on the
paper and a clear recommendation on whether the paper can be published in the Eurasian
Mathematical Journal, should be sent back to the author for revision or cannot be published.
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RYSKUL OINAROV

(to the 70th birthday)

On February 26, 2017 was the 70th birthday of Ryskul Oinarov, mem-
ber of the Editorial Board of the Eurasian Mathematical Journal, pro-
fessor of the Department Fundamental Mathematics of the L.N. Gumi-
lyov Eurasian National University, doctor of physical and mathematical
sciences (1994), professor (1997), honoured worker of education of the
Republic of Kazakhstan (2007), corresponding member of the National
Academy of Sciences of the Republic of Kazakhstan (2012). In 2005 he
was awarded the breastplate �For the merits in the development of science
in the Republic of Kazakhstan�, in 2007 and 2014 the state grant �The
best university teacher�, in 2016 the Order �Kurmet� (= �Honour�).

R. Oinarov was born in the village Kul'Aryk, Kazalinsk district, Kyzy-
lorda region. In 1969 he graduated from the S.M. Kirov Kazakh State University (Almaty).
Starting with 1972 he worked at the Institute of Mathematics and Mechanics of the Academy of
Sciences of the Kazakh SSR (senior engineer, junior researcher, senior researcher, head of a lab-
oratory). In 1981 he defended of the candidate of sciences thesis �Continuity and Lipschitzness
of nonlinear integral operators of Uryson's type� at the Tashkent State University of the Uzbek
SSR and in 1994 the doctor of sciences thesis �Weighted estimates of integral and di�erential
operators� at the Institute of Mathematics and Mechanics of the Academy of Sciences of the
Kazakh SSR.

Starting from 2000 he has been working as a professor at the L.N. Gumilyov Eurasian
National University

Scienti�c works of R. Oinarov are devoted to investigation of linear and non-linear integral
and discrete operators in weighted spaces; to studying problems of the well-posedness of dif-
ferential equations; to weighted inequalities; to embedding theorems for the weighted function
spaces of Sobolev type and their applications to the qualitative theory of linear and quasilin-
ear di�erential equations. A certain class of integral operators is named after him - integral
operators with Oinarov's kernels or Oinarov condition. On the whole, the results obtained by
R. Oinarov have laid the groundwork for new perspective directions in the theory of function
spaces and its applications to the theory of di�erential equations.

R. Oinarov has published more than 100 scienti�c papers. The list of his most important
publications may be seen on the web-page

https : //scholar.google.com/citations?user = NzXYMS4AAAAJhl = ruoi = ao

Under his supervision 26 theses have been defended: 1 doctor of sciences thesis, 15 candidate
of sciences theses and 10 PhD theses. The Editorial Board of the Eurasian Mathematical
Journal congratulates Ryskul Oinarov on the occasion of his 70th birthday and wishes him
good health and new achievements in mathematics and mathematical education.
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Abstract. For the inverse problem of reconstructing the nonself-adjoint di�usion operator
with symmetric functions and general boundary conditions a uniqueness theorem is proved. As
spectral data only one spectrum and six eigenvalues are used. Earlier this inverse problem was
not considered. The inverse problem of reconstructing the self-adjoint di�usion operator with
nonseparated boundary conditions was considered. To uniquely reconstruct this operator two
spectra, some sequence of signs, and some complex number were used as spectral data. We
show that in the symmetric case to uniquely reconstruct the self-adjoint di�usion operator one
can use even less spectral data as compared with the reconstruction of a self-adjoint problem
in earlier papers; more precisely, we need one spectrum and, in addition, �ve eigenvalues. The
special cases of these general inverse problems are considered too. In these special cases less
spectral data are used. Algorithms of reconstructing di�usion operator are given. Moreover, we
show that results obtained in the present paper generalize the results for the inverse problem
of reconstructing the di�usion operator with separated boundary conditions.

1 Introduction

By L we denote the following nonself-ajoint problem for a di�usion equation with nonseparated
boundary conditions

Problem L.
ly = y′′ +

(
λ2 − 2λ p(x)− q(x)

)
y = 0, (1.1)

Ui(y) = ai1 y(0) + ai2 y
′(0) + ai3 y(π) + ai4 y

′(π) = 0, i = 1, 2, (1.2)

where p(x) ∈ W 1
2 (0, π), p(x) = p(π − x); q(x) ∈ L2(0, π) is a real-alued function such that

q(x) = q(π − x) and the aij with i = 1, 2 and j = 1, 2, 3, 4 are complex constants.

Note that if general Problem L is self-adjoint, then Problem L can be reduced to one of the
following Problems G1 and G2:

Problem G1.
ly = y′′ +

(
λ2 − 2λ p(x)− q(x)

)
y = 0,
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V1(y) = a11 y(0) + y′(0) + a13 y(π) = 0, (1.3)

V2(y) = a21 y(0) + a23 y(π) + y′(π) = 0, (1.4)

where a11 and a23 are real numbers, a13 6= 0 is a complex number, and a21 = −a13.

Problem G2.
ly = y′′ +

(
λ2 − 2λ p(x)− q(x)

)
y = 0,

P1(y) = y(0) + ω y(π) = 0 (1.5)

P2(y) = ω y′(0) + y′(π) + α y(π) = 0, (1.6)

where ω 6= 0 is a complex number and α is a real number.

For the inverse problem of reconstructing L in which all coe�cients aij with i = 1, 2 and
j = 1, 2, 3, 4 are arbitrary, no uniqueness theorems have been proved.

Problems G1 and G2 are the special cases of problem L which have been earlier studied (for
details, see [8]). In particular, in [8] to uniquely reconstruct problem G1 two spectra, some
sequence of signs, and some complex number were used as spectral data. We show that, if
p(x) = p(π−x) and q(x) = q(π−x), then to uniquely reconstruct problem G1 one can use even
less spectral data as compared with the reconstruction of a self-adjoint problem in [8]; more
precisely, we need one spectrum and, in addition, �ve eigenvalues. Moreover, in this paper, we
prove a theorem on the unique reconstruction of problem L with a symmetric functions p(x)
and q(x) and general boundary conditions (1.2), which may be nonself-adjoint. As spectral
data only one spectrum and six eigenvalues are used.

The special case of inverse problem of reconstructing G1 and G2 in which p(x) = 0 (inverse
Sturm�Liouville problem) was considered in numerous papers (for details, see [1�30]). The
analysis of the inverse nonself-adjoint problem Sturm�Liouville with nonseparated boundary
conditions was initiated in [21]. It was shown there that three spectra and two sets of weight
numbers and residues of certain functions are su�cient for the unique reconstruction of a
nonself-adjoint Sturm�Liouville problem with nonseparated boundary conditions. Moreover,
these spectral data were used essentially [22]. Later, there were attempts to choose the problem
to be reconstructed or auxiliary problems so as to use less spectral data for the reconstruction
[5, 19, 20, 25, 30]. In particular, in [19, 20] a nonself-adjoint problem was replaced by a self-
adjoint one, and it was shown that, for its unique reconstruction, as spectral data it su�ces to
use three spectra, some sequence of signs, and some real number. In [5], an auxiliary problem
was chosen so as to reduce the number of spectral data required for the reconstruction of a
self-adjoint problem by one spectrum; i.e., only two spectra, some sequence of signs, and some
real number were used as spectral data. The uniqueness theorems for an inverse nonselfadjoint
Sturm-Liouville problem with symmetric potential and general boundary conditions are proved
in [25]. The spectral data used for unique reconstruction of Sturm-Liouville problems are a
spectrum and six eigenvalues. The results obtained in the present paper generalize the results
for an inverse nonself-adjoint Sturm-Liouville problem with a symmetric potential and general
boundary conditions proved in [25].

2 A unique determination of a nonself-adjoint di�usion operator L
by a spectrum and six eigenvalues

In [16] I.M. Nabiev and A.Sh. Shukyurov proved a uniqueness theorem for the following inverse
Sturm-Liouville problem:
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Problem N.

ly = y′′ +
(
λ2 − 2λ p(x)− q(x)

)
y = 0, y(0) = 0, y(π) = 0.

Uniqueness theorem [16]. Problem N is uniquely determined by its spectrum if p(x) =
p(π − x) and q(x) = q(π − x).

In this paper, we generalize this theorem to the case of general boundary conditions (1.2).
In what follows, we denote a problem of type L, but with di�erent coe�cients in the equation

and di�erent parameters in the boundary forms, by L̃. Throughout the paper, we assume that if
some symbol denotes an object from Problem L then the same symbol with the tilde ˜ denotes
the corresponding object from Problem L̃.

Let A be the matrix composed of coe�cients alk of the boundary conditions (1.2), i.e.,

A =

∥∥∥∥ a11 a12 a13 a14

a21 a22 a23 a24

∥∥∥∥ , (2.1)

and let Mij be its minors composed of ith and jth columns:

Mij =

∣∣∣∣ a1i a1j

a2i a2j

∣∣∣∣ , i, j = 1, 2, 3, 4.

Vectors are denoted by boldface letters. The symbol T denotes transposition. Column vectors
are represented by rows with this superscript. For the rank of the matrix A we use the notation
rankA.

Together with Problems L and N we consider the following Problem L1.
Problem L1.

ly = y′′ +
(
λ2 − 2λ p(x)− q(x)

)
y = 0,

U1,1(y) = y(0)− b(λ) y′(0) = 0,

U2,1(y) = y(π) = 0,

where the function b(λ) is a polynomial of the form

b(λ) = M12 + (1−M13)λ+ (M14 −M32)λ2 +M42 λ
3 +M34 λ

4.

Theorem 2.1. If λ0 is an eigenvalue of Problem L, λi (i = 1, 2, 3, 4, 5) are any pairwise
distinct eigenvalues of Problem L1, y1(π, λi) 6= 0, i = 0, 1, 2, 3, 4, 5; p(x) = p(π − x) and
q(x) = q(π − x), then Problems L, N, and L1 are uniquely determined by the spectrum of
Problem N and λi, i = 0, 1, 2, 3, 4, 5, i.e. the function q(x) is uniquely determined and the
matrix (aij)2×4 is determined up to a linear transformation of the rows.

Proof. Applying the uniqueness theorem [16] for the inverse problem N, we see that the func-
tions p(x) and q(x) in (1.1) are uniquely determined by the spectrum of Problem N.

To prove the theorem, it remains to �nd the boundary conditions (1.2).
Since the functions p(x) and q(x) are reconstructed we see that the linearly independent

solutions y1(x, λ) and y2(x, λ) of equation (1.1) satisfying the conditions

y1(0, λ) = 1, y′1(0, λ) = 0, y2(0, λ) = 0, y′2(0, λ) = 1 (2.2)

are known.
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The eigenvalues of Problem L are the roots of the entire function ([15, pp. 33�36], [17,
p. 29])

∆(λ) = M12 +M34 +M32 y1(π, λ) +M42 y
′
1(π, λ)+

+M13 y2(π, λ) +M14 y
′
2(π, λ),

and the eigenvalues of Problem L1 are the roots of the entire function

∆1(λ) = y2(π, λ)− a(λ) y1(π, λ).

Since y1(π, λ0) = y′2(π, λ0) if and only if p(x) = p(π − x) and q(x) = q(π − x)[16, Lemma 3],
it follows that

∆(λ) = M12 +M34 + (M32 +M14) y1(π, λ) +M42 y
′
1(π, λ) +M13 y2(π, λ), (2.3)

The numbers λi (i = 1, 2, 3, 4, 5) are eigenvalues of Problem L1, so ∆1(λi) = 0, i =
1, 2, 3, 4, 5. It now follows that

M12 + (1−M13)λi + (M14 −M32)λ2
i +M42 λ

3
i +M34 λ

4
i =

y2(π, λi)

y1(π, λi)
. (2.4)

The determinant of system (2.4) with respect to the unknowns M12, (1 −M13), (M14 −M32),
M42, M34 is the �fth-order Vandermonde determinant equal to

∏
k1>k2

(λk1 − λk2). Therefore,
system (2.4) has a unique solution, which can be found by the Cramer formulas.

Since λ0 is an eigenvalue of Problem L and y1(π, λ0) 6= 0, it follows from (2.3) that

(M32 +M14) =
(
− (M12 +M34)−M42 y

′
1(π, λ0)−M13 y2(π, λ0)

)
y−1

1 (π, λ0). (2.5)

Combining (2.4) and (2.5), we see that the unknowns M12, M13, M14 M32, M42, M34 are
uniquely determined. It follows (see [2, p. 32]) that the matrix (aij)2×4 is determined up to a
linear transformation of the rows. Hence Problems G1, N, and L1 are uniquely determined by
the spectrum of Problem N and λi, i = 0, 1, 2, 3, 4, 5.

Remark 1. If L=N, then M13 = 1 and all other minors Mij of the matrix A are equal to zero.
So L=N=L1. Therefore, uniqueness theorem [16] is a special case of Theorem 2.1 proved above,
and Theorem 2.1 is a generalization of the uniqueness theorem [16].

On the basis of the proof of Theorem 2.1, one can construct the following

algorithm for the unique identi�cation of Problems L, L1, and N:

Step 1. By the method for reconstructing the di�usion operator with the boundary conditions
y(0) = y(π) = 0 (see [16]), we �nd the functions functions p(x) and q(x).
Step 2. By using functions p(x) and q(x), we �nd the linearly independent solutions y1(x, λ)
and y2(x, λ) of equation (1.1), satisfying conditions (2.2).
Step 3. By using numbers λi, i = 0, 1, 2, 3, 4, 5 satisfying the conditions of Theorem 2.1, we
�nd the solution of systems (2.4) and (2.5) (M12, M13, M14 M32, M42, M34).
Step 4. By using determinants M12, M13, M14 M32, M42, M34, we �nd the matrix (aij)2×4

is determined up to a linear transformation of the rows. The matrix (aij)2×4 determined by
the matrix identi�cation methods (see [2, pp. 33-34])). We thereby completely reconstruct
Problems L, L1, and N.
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3 A unique determination of the self-adjoint di�usion operator G1 by
a spectrum and �ve eigenvalues

I.M. Guseinov, I.M. Nabiev showed in [8] that Problem G1 (with possibly nonsimmetric func-
tions p(x) and q(x)) can be uniquely reconstructed from two spectrum, a sequence of signs and
the number a13.

In what follows, we show that if the functions p(x) and q(x) of Problem G1 are symmetric,
then Problem G1 can be reconstructed from one spectrum and �ve eigenvalues (a sequence of
signs, an in�nite sequence of eigenvalues, and the number a13 are not needed in this case).

Together with Problems L and N we consider the following Problem L2.
Problem L2.

ly = y′′ +
(
λ2 − 2λ p(x)− q(x)

)
y = 0,

U1,1(y) = y(0)− b1(λ) y′(0) = 0,

U2,1(y) = y(π) = 0,

where the function b(λ) is a polynomial of the form

b1(λ) = M12 + (1−M13)λ+ (M14 −M32)λ2 +M34 λ
3.

Theorem 3.1. If λ0 is an eigenvalue of Problem G1, λi (i = 1, 2, 3, 4) are any pairwise distinct
eigenvalues of Problem L2, y1(π, λi) 6= 0, i = 0, 1, 2, 3, 4; p(x) = p(π − x) and q(x) = q(π − x),
then Problems G1, N, and L2 are uniquely determined by the spectrum of Problem N and λi,
i = 0, 1, 2, 3, 4.

Proof. Applying uniqueness theorem [16] for the inverse problem N, we see that the functions
p(x) and q(x) in (1.1) are uniquely determined by the spectrum of Problem N.

To prove the theorem, it remains to �nd the coe�cients a11, a13, a21, and a23.
Let y1(x, λ) and y2(x, λ) be linearly independent solutions of equation (1.1) satisfying the

conditions
y1(0, λ) = 1, y′1(0, λ) = 0, y2(0, λ) = 0, y′2(0, λ) = 1. (3.1)

The eigenvalues of Problem G1 are the roots of the entire function (2.3) with M42 = −1.
The numbers λi (i = 1, 2, 3, 4) are eigenvalues of Problem L2 , so

M12 + (1−M13)λi + (M14 −M32)λ2
i +M34 λ

3
i =

y2(π, λi)

y1(π, λi)
. (3.2)

The determinant of system (3.2) with respect to the unknowns M12, (1 −M13), (M14 −M32),
M34 is the fourth-order Vandermonde determinant equal to

∏
k1>k2

(λk1 − λk2). Therefore,
system (3.2) has a unique solution, which can be found by the Cramer formulas.

Since λ0 is an eigenvalue of Problem G1 and y1(π, λ0) 6= 0, it follows from (2.3) that

(M32 +M14) =
(
− (M12 +M34) + y′1(π, λ0)−M13 y2(π, λ0)

)
y−1

1 (π, λ0). (3.3)

Combining (3.2) and (3.3), we see that the unknowns M12 = a13, M13 = a11 a23 + |a13|2,
M14 = a11, M32 = −a23, M34 = a13 are uniquely determined. It follows from this that the
coe�cints a11, a13, a23, and a21 = −a21 are uniquely determined. Hence Problems G1, N, and
L2 are uniquely determined by the spectrum of Problem N and λi, i = 0, 1, 2, 3, 4, 5.
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Remark 2. If G1=N, then G1=N=L2. Therefore, uniqueness theorem [16] is a special case of
Theorem 3.1 proved above, and Theorem 3.1 is a generalization of the uniqueness theorem [16].

On the basis of the proof of Theorem 2.1, one can construct the following

algorithm for the unique identi�cation of Problems G1, L2, and N:

Step 1. By the method for reconstructing the di�usion operator with the boundary conditions
y(0) = y(π) = 0 (see[16]), we �nd the functions functions p(x) and q(x).
Step 2. By using the functions p(x) and q(x), we �nd the linearly independent solutions
y1(x, λ) and y2(x, λ) of equation (1.1), satisfying conditions (2.2).
Step 3. By using the numbers λi, i = 0, 1, 2, 3, 4 satisfying the conditions of Theorem 3.1, we
�nd the solution of systems (3.2) and (3.3) (M12, M13, M14 M32, M34).
Step 4. By using the minors M12 = a13, M13 = a11 a23 + |a13|2, M14 = a11, M32 = −a23,
M34 = a13 we �nd the coe�cints a11, a13, a23, and a21 = −a21. We thereby completely
reconstruct Problems G1, L2, and N.

4 A unique determination of the self-adjoint di�usion operator G2 by
a spectrum and two eigenvalues

I.M. Guseinov, I.M. Nabiev showed in [8] that Problem G2 (with possibly nonsimmetric func-
tions p(x) and q(x)) can be uniquely reconstructed from two spectrum, a sequence of signs and
the number a13.

In what follows, we show that if the functions p(x) and q(x) of Problem G2 are symmetric,
then Problem G1 can be reconstructed from one spectrum and two eigenvalues (a sequence of
signs, an in�nite sequence of eigenvalues, and the number a13 are not needed in this case).

Together with Problems L and N we consider the following Problem L3.
Problem L3.

ly = y′′ +
(
λ2 − 2λ p(x)− q(x)

)
y = 0,

U1,1(y) = y(0)− ω y′(0) = 0,

U2,1(y) = y(π) = 0.

Theorem 4.1. If p(x) = p(π− x) and q(x) = q(π− x), λ0 is an eigenvalue of Problem G2, λ1

is eigenvalues of Problem L2, such that the following condition

y2(π, λ0) 6= 0, y1(π, λ1) 6= 0; (4.1)

holds, then Problems G2, N, and L3 are uniquely determined by the spectrum of Problem N and
λi, i = 0, 1.

Proof. Applying the uniqueness theorem [16] for the inverse problem N, we see that the func-
tions p(x) and q(x) in (1.1) is uniquely determined by the spectrum of Problem N.

To prove the theorem, it remains to �nd the coe�cients ω and α.
Let y1(x, λ) and y2(x, λ) be linearly independent solutions of equation (1.1) satisfying the

conditions (2.2).
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The eigenvalue λ0 of Problem G2 is the root of the following entire function

∆3(λ) = ω + ω + ω · ω y1(π, λ) + α y′2(π, λ) (4.2)

The number λ1 is eigenvalue of Problem L2 , so

ω =
y2(π, λ1)

y1(π, λ1)
. (4.3)

Since λ0 is an eigenvalue of Problem G2 and y2(π, λ0) 6= 0, it follows from (4.2) that

α = −ω + ω + ω · ω y1(π, λ)

y′2(π, λ0)
. (4.4)

Combining (4.3) and (4.4), we see that the coe�cients ω and α are uniquely determined.
Hence Problems G2, N, and L3 are uniquely determined by the spectrum of Problem N and λi,
i = 0, 1.

On the basis of the proof of Theorem 4.1, one can construct

an algorithm for the unique identi�cation of Problems G2, L3, and N:

Step 1. By the method for reconstructing the di�usion operator with the boundary con-
ditions y(0) = y(π) = 0 (see[16]), we �nd the functions functions p(x) and q(x) from spectrum
of Problem N.

Step 2. By the functions p(x) and q(x), we �nd the linearly independent solutions y1(x, λ)
and y2(x, λ) of equation (1.1), satisfying conditions (2.2).

Step 3. By the numbers λi, i = 0, 1 satisfying the conditions of Theorem 4.1 and formulae
(4.3) and (4.4) we �nd the coe�cients ω and α of the boundary conditions of Problem G2. We
thereby completely reconstruct Problems G2, L3, and N.

5 A unique determination of the self-adjoint di�usion operator G1 by
a spectrum and three (or two) eigenvalues in special cases

Consider the following spectral problem.

Problem Y:

ly = y′′ +
(
λ2 − 2λ p(x)− q(x)

)
y = 0, y,

U1,1(y) = a11 y(0) + y′(0) + a13 y(π) = 0,

U2,1(y) = −a13 y(0) + a23 y(π) + y′(π) = 0, a11, a13, a23 ∈ R.

Problem Y coincides with Problem G1, where a13 are any real numbers and a21 = −a13.
V.A. Yurko showed in [30] that Problem Y in the case p(x) ≡ 0 can be uniquely reconstructed
from two spectra and a sequence of signs, namely, from the spectrum of Problem Y (with
p(x) ≡ 0), the spectrum {zn} of the problem for the Sturm-Liouville equation and the boundary
conditions y′(0) + a11 y(0) = y(π) = 0, and the sequence of signs ωn = sign (|θ′(π, zn)| − |a13|),
where θ(x, λ) is the solution of the Sturm-Liouville equation under the boundary conditions
θ(0, λ) = 1, θ′(0, λ) = −a11.
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In what follows, we show that if the functions p(x) and q(x) are symmetric and the boundary
conditions hold, then Problem Y can be reconstructed from one spectrum and three (or two)
eihenvalues (a sequence of signs and in�nite set of eigenvalues of Problem Y are not needed in
this case).

In [16] is considered the following problem N1.
Problem N1:

ly = y′′ +
(
λ2 − 2λ p(x)− q(x)

)
y = 0, y′(0)− h y(0) = 0, y′(π) + h y(π) = 0, h ∈ R.

Remark [16]. Problem N1 is uniquely determined by its spectrum if p(x) = p(x − π) and
q(x) = q(x− π).

This section contains generalizations of this assertion to the case of nonseparated boundary
conditions.

Theorem 5.1. Suppose λ1, λ2 and λ3 are eigenvalues of Problem Y and satisfy the following
condition: ∣∣∣∣∣∣

1 y1(π, λ1) y2(π, λ1)
1 y1(π, λ2) y2(π, λ2)
1 y1(π, λ3) y2(π, λ3)

∣∣∣∣∣∣ 6= 0. (5.1)

Then Problem Y (the functions p(x), q(x), and coe�cients a11, a13 and a23) are uniquely
determined by the spectrum of Problem N1 and λi, i = 1, 2, 3.

Proof. Applying the method for reconstructing the di�usion operator (see [16]) to problem N1

with h = −a11, we see that the functions p(x) and q(x) and the coe�cient a11 = −h are
uniquely determined by the spectrum of Problem N1.

To prove the theorem, it remains to �nd the coe�cients a21, a13 and a23.
The characteristic determinant ∆2(λ) of Problem G1 as follows

∆2(λ) = 2 a13 − a23 y1(π, λ)− y′1(π, λ)+
+(a11 a23 + a2

13) y2(π, λ) + a11 y
′
2(π, λ).

(5.2)

Since the functions p(x) and q(x) are reconstructed we see that the linearly independent solu-
tions y1(x, λ) and y2(x, λ) of equation (1.1) under conditions (2.2) are known, and the eigen-
values of Problem G1 are the roots of characteristic determinant (5.2). It now follows that

−2 a13 + a23

(
a11 y2(π, λi)− y1(π, λi)

)
+ a2

13 y2(π, λ) =
= −y′1(π, λi) + a11 y

′
2(π, λi), i = 1, 2, 3.

(5.3)

It follows from (5.1) that the determinant∣∣∣∣∣∣
1 a11 y2(π, λ1)− y1(π, λ1) y2(π, λ1)
1 a11 y2(π, λ2)− y1(π, λ2) y2(π, λ2)
1 a11 y2(π, λ3)− y1(π, λ3) y2(π, λ3)

∣∣∣∣∣∣
of system of equations (5.3) with respect to the three unknowns 2 a13, a23, a

2
13 is not equal

to zero. Therefore, system (5.3) has a unique solution, which can be found by the Cramer
formulas. The coe�cient a13 is uniquely determined from 2 a13 and a

2
13. So the coe�cients a13,

a21 = −a13 and a23 are uniquely determined by three eigenvalues λi (i = 1, 2, 3) of Problem Y
such that condition(5.1) holds.
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If condition (5.1) holds on the basis of the proof of Theorem 5.1, one can construct the
following

algorithm for the unique identi�cation of Problem Y:

Step 1. By the method for reconstructing the di�usion operator with the boundary conditions
y′(0) + a11 y(0) = y′(π)− a11 y(π) = 0 (see[16]), we �nd the functions functions p(x), q(x), and
coe�cient a11.
Step 2. By using the function q(x), we �nd the linearly independent solutions y1(x, λ) and
y2(x, λ) of equation (1.1), satisfying conditions (2.2).
Step 3. By using the eigenvalues λi, i = 1, 2, 3 of Problem Y satisfying condition (5.1), we �nd
the solution of system (5.3) (the numbers a13, a23, a

2
13 ). We thereby completely reconstruct

Problem Y.

Theorem 5.2. Suppose the coe�cients a11, a21 and a23 are real, λ1 and λ2 are eigenvalues of
Problem Y and satisfy the following condition:

y2(π, λ1) = y2(π, λ2) = 0, y1(π, λ2)− y1(π, λ1) 6= 0. (5.4)

Then Problem Y (the functions p(x), q(x) and coe�cients a11, a21 and a23) are uniquely deter-
mined by the spectrum of Problem N1 with h = −a11 and eigenvalues λi, i = 1, 2.

Proof. Applying the method for reconstructing the di�usion operator (see [16]) to problem N1

with h = −a11, we see that the functions p(x) and q(x) and the coe�cient a11 = −h is uniquely
determined by the spectrum of Problem N1. To prove the theorem, it remains to �nd the
coe�cients a21 and a23.

Since the functions p(x) and q(x) are reconstructed we see that the linearly independent
solutions y1(x, λ) and y2(x, λ) of equation (1.1) under conditions (2.2) are known. So the
eigenvalues of Problem Y are the roots of the entire function

∆2(λ) = −2 a21 − a23 y1(π, λ)− y′1(π, λ)+
+(a11 a23 + a2

21) y2(π, λ) + a11 y
′
2(π, λ).

(5.5)

It now follows that

2 a21 + a23 y1(π, λi) = −y′1(π, λi) + a11 y
′
2(π, λi), i = 1, 2. (5.6)

The determinant of system (5.6) with respect to the unknowns 2 a21 and a23 is equal to(
y1(π, λ2)− y1(π, λ1)

)
6= 0. Therefore, system (5.6) has a unique solution, which can be found

by the Cramer formulas.
Hence Problems Y and N1 are uniquely determined by the spectrum of Problem N1 and two

eigenvalues of Problem Y.

If condition (5.4) holds on the basis of the proof of Theorem 5.2, one can construct the
following

algorithm for the unique identi�cation of problems Y and N1:

Step 1. By the method for reconstructing the di�usion operator with the boundary conditions
y′(0)− a11 y(0) = y′(π) + a11 y(π) = 0 (see [16]), we �nd the functions functions p(x), q(x), and
coe�cient a11.
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Step 2. By using the function q(x), we �nd the linearly independent solutions y1(x, λ) and
y2(x, λ) of equation (1.1), satisfying conditions (2.2).
Step 3. By using the eigenvalues λi, i = 1, 2 (or i = 1, 2, 3) of Problem Y1 satisfying (5.4),
we �nd the solution of system (5.6) (the coe�cients a21 and a23). We thereby completely
reconstruct Problem Y and N1.

6 A unique determination of the self-adjoint di�usion operators G1

and G2 by a spectrum and one eigenvalue in special cases

Theorem 6.1. Suppose the coe�cients a11, a21are real, and a23 = −a11; the number λ0 an
eigenvalue of Problem Y. Then Problem Y (the functions p(x), q(x) and coe�cients a11 and
a21) are uniquely determined by the spectrum of Problem N1 with h = −a11 = a23 and one
eigenvalue λ0.

Proof. Applying the method for reconstructing the di�usion operator (see [16]) to problem N1

with h = −a11 = a23, we see that the functions p(x) and q(x) and the coe�cients a11 = −h
and a23 = h are uniquely determined by the spectrum of Problem N1. To prove the theorem,
it remains to �nd the coe�cient a21.

Since the functions p(x) and q(x) are reconstructed we see that the linearly independent
solutions y1(x, λ) and y2(x, λ) of equation (1.1) under conditions (2.2) are known. So the
eigenvalue of Problem Y is the root of the entire function (5.2) and we obtain the following
equation:

a21 = 1
2

(
a11

(
y′2(π, λ0) + y1(π, λ0)

)
− y′1(π, λ0)

)
. (6.1)

Therefore, the coe�cient a21 is uniquely determined by formula (6.1).
Hence Problems Y and N1 are uniquely determined by the spectrum of Problem N1 and an

eigenvalue of Problem Y.

Remark 3. If a21 = 0, then Y=N1. Therefore, results [16] on unique reconstruction of Problem
N1 is a special case of Theorem 5.2 proved above, and Theorem 5.2 is a generalization of the
result [16].

On the basis of the proof of Theorem 5.2, one can construct the following

algorithm for the unique identi�cation of Problems Y and N1:

Step 1. By the method for reconstructing the di�usion operator with the boundary conditions
y′(0)− a11 y(0) = y′(π) + a11 y(π) = 0 (see [16]), we �nd the functions functions p(x), q(x), and
coe�cients a11 and a23 = −a11.
Step 2. By using the function q(x), we �nd the linearly independent solutions y1(x, λ) and
y2(x, λ) of equation (1.1), satisfying conditions (2.2).
Step 3. Substituting an eigenvalue of Problem Y for λ1 in (6.1), we get a21. We thereby
completely reconstruct Problems Y and N1.

Theorem 6.2. Suppose that the coe�cient ω is real, the number λ0 is an eigenvalue of Problem
G2 such that y2(π, λ0) 6= 0. Then Problem Y (the functions p(x), q(x) and coe�cients a11 and
a21) are uniquely determined by the spectrum of Problem N1 with h = ω and one eigenvalue λ0.



Inverse problem for the di�usion operator with symmetric functions . . . 20

Proof. Applying the method for reconstructing the di�usion operator (see [16]) to problem N1

with h = ω, we see that the functions p(x) and q(x) and the coe�cient ω = h are uniquely
determined by the spectrum of Problem N1. To prove the theorem, it remains to �nd the
coe�cient α.

Since the functions p(x) and q(x) are reconstructed we see that the linearly independent
solutions y1(x, λ) and y2(x, λ) of equation (1.1) under conditions (2.2) are known. So the
eigenvalue of Problem G2 is the root of the entire function (4.2) with ω = ω and we obtain the
following equation:

α = −2ω + ω2 y1(π, λ)

y′2(π, λ0)
. (6.2)

Hence Problems G2 with real ω and N1 are uniquely determined by the spectrum of Problem
N1 and one eigenvalue of Problem G2.

On the basis of the proof of Theorem 6.2, one can construct the following

algorithm for the unique identi�cation Problems G2 and N1:

Step 1. By the method for reconstructing the di�usion operator with the boundary conditions
y(0) = y(π) = 0 (see[16]), we �nd the functions functions p(x) and q(x) and the real number ω
from spectrum of Problem N1.
Step 2. By using the functions p(x) and q(x), we �nd the linearly independent solutions
y1(x, λ) and y2(x, λ) of equation (1.1), satisfying conditions (2.2).
Step 3. By using the number λ0 satisfying the condition y2(π, λ0) 6= 0 and formula (6.2) we
�nd the coe�cient α of boundary conditions of problem G2. We thereby completely reconstruct
Problems G2 and N1.
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