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YESMUKHANBET SAIDAKHMETOVICH SMAILOV
(to the 70th birthday)

On October 18, 2016 was the 70th birthday of Yesmukhabet
Saidakhmetovich Smailov, member of the Editorial Board of the
Eurasian Mathematical Journal, director of the Institute of Applied
Mathematics (Karaganda), doctor of physical and mathematical sci-
ences (1997), professor (1993), honoured worker of the E.A. Buketov
Karaganda State University, honorary professor of the Sh. Valikanov
Kokshetau State University, honorary citizen of the Tarbagatai district
of the East-Kazakhstan region. In 2011 he was awarded the Order
“Kurmet” (= “Honour”).

Y.S. Smailov was born in the Kyzyl-Kesek village (the Aksuat dis-
trict of the Semipalatinsk region of the Kazakh SSR). He graduated
from the S.M. Kirov Kazakh State University (Almaty) in 1968 and in 1971 he completed
his postgraduate studies at the Institute of Mathematics and Mechanics of the Academy of
Sciences of the Kazakh SSR (Almaty). Starting with 1972 he worked at the E.A. Buketov
Karaganda State University (senior lecturer, associate professor, professor, head of the De-
partment of Mathematical Analysis, dean of the Mathematical Faculty; from 2004 director
of the Institute of Applied Mathematics).

In 1999 the American Biographical Institute declared professor Smailov “Man of the Year”
and published his biography in the “Biographical encyclopedia of professional leaders of the
Millennium”.

Professor Smailov is one of the leading experts in the theory of functions and functional
analysis and a major organizer of science in the Republic of Kazakhstan. He had a great
influence on the formation of the Mathematical Faculty of the E.A. Buketov Karaganda
State University and he made a significant contribution to the development of mathematics
in Central Kazakhstan. Due to the efforts of Y.S. Smailov, in Karaganda an actively oper-
ating Mathematical School on the function theory was established, which is well known in
Kazakhstan and abroad.

He has published more than 140 scientific papers, two textbooks for students and one
monograph. 10 candidate of sciences and 4 doctor of sciences dissertations have been de-
fended under his supervision.

Research interests of Professor Smailov are quite broad: the embedding theory of function
spaces; approximation of functions of real variables; interpolation of function spaces and
linear operators; Fourier series for general orthogonal systems; Fourier multipliers; difference
embedding theorems.

The Editorial Board of the Eurasian Mathematical Journal congratulates Yesmukhanbet
Saidakhmetovich Smailov on the occasion of his 70th birthday and wishes him good health
and new achievements in mathematics and mathematical education.
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Abstract. In this paper, expressions for the lower and upper bounds on the number of
I A-automorphisms of a finitely generated group have been obtained. Using these bounds a
few results including the one by Yadav and Vermani on Hasse principle have been derived
as simple corollaries. Considering groups of order pg, pgr and p?q the exact number of
[A-automorphisms have been obtained in terms of the distinct primes p, ¢ and r.

1 Introduction

For a group G, we denote the group of all automorphisms on G by Aut(G). Following
Bachmuth [3], we call an automorphism « on G an IA-automorphism if and only if it
preserves all cosets of G’ i.e. x7'a(z) € G', V x € G; here G’ is the derived subgroup of G.
Clearly Inn(G) € Aut.(G)< TA(G)< Aut(G), where Inn(G), Aut.(G) and IA(G) denote the
groups of inner automorphisms, class preserving automorphisms, and I A-automorphisms of
G respectively. In this paper we try to obtain expressions for the bound of IA(G). The
paper is divided into two parts. In the first part we consider a finitely generated group to
obtain expressions for the bounds of IA(G). With the help of these bounds we also obtain
Yadav and Vermani’s result on Hasse Principle as a simple corollary. In the second part we
consider groups G of the types pq, pgr and p?q for distinct primes p, ¢, and r. We obtain
the expression for [/ A(G)| in terms of these primes.

2 |TA(G)| of finitely generated groups

Let G be a finite p-group of order p™. Let {x1, x5 ..., x4} be any minimal generating set for
G. Let a € TA(G). Since a(z;) € G'z; for 1 < i < d, there are at the most |G’| choices for
the image of z; under . Hence,

[TA(G)] < H Gl =1G"T" (2.1)

Let |G'| = p™. Since G’ is contained in ¢(G) ( where ¢(G) is the Frattini subgroup of G),
then by the Burnside Basis Theorem d < n — m. Hence,
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Thus, p™™~™) is an upper bound of I A(G) for the p-group G.
Also, as every inner automorphism is an [ A-automorphism, it follows that |G/Z(G)]| is
a lower bound of |TA(G)|. Thus,

G/Z(G)| < [TA(G)| < p™ ™). (2.3)

Obviously, for an abelian group G, both the lower and upper bounds for IA(G) are the
same, and are given by equal to 1.

Here we consider the examples where one or both of these upper and lower bounds are
attained and also where strict inequality follows at both the ends.

i. For the semidihedral group,
SDi = (z,yla® = y* = Ly oy = 27),
|G/Z(GQ)| =8, |TA(G)| = |G'|*> = 16. Hence, |Inn(G)| < |TA(G)| = |G'|*.

ii. For the dihedral group Dg, |G/Z(G)| = |IA(G)| = |G']* = 4. Hence |Inn(G)| =
[TA(G)] = |G'].

iii. For the group
G = <x,y,z|xp3 = pr =2 =1,yry ' =2 a2 =2, 2y = nyQ),
GJZ(G)| = [IA(G) = 7, |G’ = 1. Hence |Inn(C)| = [IA(G)]| < |G]"

iv. For the group G = Dg x Dyg, where Dg = (z,ylz? = y? = 1,(zy)* = 1) and Dy =
(zyw|z® = w? = LLw 2w = 271, |G/Z(G)| = 25,|TA(G)| = 2%, |G'|* = 2'2. Hence
[Inn(G)| < [TA(G)| < |G'*.

We now prove a result containing the expression for the upper bound in a different form for
the group of I A-automorphisms.

Theorem 2.1. Let G be a non-trivial p-group having order p™. Then

n2

1A <P
p 1 if nis odd.

if n is even

Proof. If G is abelian, then the theorem holds trivially.

Now, consider G to be a non-abelian group and |G'| = p™. Let |¢(G)| = p'. Since G' C
#(G), m < t. By the Basis Theorem of Burnside, it follows that from any generating set
for G one can select n — t elements such that these n — ¢ elements generate G. The number
n — t becomes maximum for ¢t = m.
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But |G| = p™. So we have 1 <m <n — 2.
Thus, all possible values of m(n —m) are

{n—1,2(n-2),3(n—23),...,n°/4} if n is even, and
{n—-1,2(n—-2),3(n—3),...,(n—1)(n+1)/4} if n is odd.

Clearly the maximum value of m(n —m) is %2 when n is even, and % when n is odd.

Putting these values in inequality (2.2), we get

TAG)| < pn{l if n is even
p 1 if nis odd.

]

Using the order inequality (2.1), we can obtain the following finiteness condition of 1 A(G)
for a finitely generated group G.

Theorem 2.2. Let G be a finitely generated group. Then IA(G) is finite if and only if
Inn(G) is finite.

Proof. Since G is a finitely generated group, assume that the number of generators is d.
By inequality (2.1),

[TA(G)] < |G

If Inn(G) is finite, then |G/Z(G)| is finite, and hence by the Schur Theorem G’ is finite.
Therefore, by inequality (2.1), [TA(G)| < |G'|?. The converse is obviously true. O

In [5], Sh. Fouladi proved that, for a non-cyclic p-group G of maximal class and order
p", |Auty(G)| = p*"~* if and only if G is metabelian, where Auty(G) is the collection of
automorphisms which preserve the cosets of ¢(G).

But whenever G is a p-group of maximal class with |G| = p", then G’ = ¢(G), and
|G'| = p"~2. Thus, by inequality (2.2) the upper bound for TA(G) is p*"=2 = p?»~4. Hence,
using this result, we can restate the Fouladi result as follows.

Proposition 2.1. In a p-group G of mazimal class and of order p™, I A(G) attains the upper
bound if and only if G is metabelian.

Consider a p-group G with a cyclic maximal subgroup. Then, by [8], either
(i) If p is odd and G is isomorphic to

n n—1 _ n—2
M©p") = (z,yl2"" =1=y" y oy =2""7""").

(ii) If p = 2 and G is isomorphic to M (2")(n > 4), or the dihedral group Da», or the
generalized quaternion group (Jon, or the quasi-dihedral group Ss» which has the following
representation

Son = (w,yla** =y* =1, ylay = 277

Y
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where a = 272 and n > 4.
Notice that in the groups Daom, Qm, Som, the class of G is m — 1; ¢(G) = G', and G’ is
cyclic. Thus, for this case GG is metabelian.

In |7] Yadav and Vermani proved that every non-abelian finite p-group of order p™ having
a maximal subgroup which is cyclic enjoys “Hasse Principle” i.e. Aut.(G) = Inn(G).

In analogy with Hasse Principle, here we find some conditions on G when I A(G) equals
Inn(G).

Theorem 2.3. Let G be a p-group with a cyclic mazimal subgroup. Then IA(G) coincides
with Inn(G) if and only if G is of the type M(p") or |G| = 23.

Proof. Let G be a (non-abelian) p-group with a cyclic maximal subgroup.

Then G is in one of the following classes:

(1) M(p"),
(2) p=2and G is a 2-group of maximal class.

In case (1), G’ = (z7"") which has order p, and Z(G) = (z?) which has order p"2.

In this case, the maximum order of TA(G) is p* and Inn(G) = G/Z(G) also has order
p?. Hence, TA(G) = Inn(G).

If |G| = 23, then the non abelian group G is isomorphic with Dg or Qg. In both of these
situations, IA(G) = Inn(Q).

Conversely, let [TA(G)| = |Inn(G)|. Hence, in case (2), G is a metabelian 2—group of
maximal class. By Proposition 2.1, [ A(G) attains upper bound. Hence, the order of 1 A(G)
is 22"=2) But, [Inn(G)| = 2"

So, [Inn(G)| = |[TA(G)| implies 2"~! = 22("=2) That is, n = 3.

[

2n+1

Lemma 2.1. [9] If G is an extraspecial p-group, then the order of G is p and G is a

central product of
i. m-groups isomorphic to E(p®), or

. M(p®) and n — 1 groups isomorphic to E(p®), where E(p?) = (x,y|laP = yp = 2P =1 =
2,2) = [2,]) with z = [z, 4], or

1. n dihedral groups of order 8, or

w. n— 1 dihedral groups of order 8 and a quaternion group of order 8.
We can use this characterization to prove the following result.

Theorem 2.4. For every extraspecial p-group G, Inn(G) = TA(G).

Proof. From the above characterization of extraspecial p-group, it is clear that extra-
special p-group is generated by 2n elements say z1,zo, .. .. .. Ty Y1y Y2y e v e e s ,Un, and |G| =
|Z(G)| = p. Thus, the group G/G’ is an elementary abelian p-group of order p*", and gen-
erated by the images z} and y, of the above generators.

Let G’ = (2) = ¢,. Then x; — x;2" and y; — y;2% defines an [ A-automorphism of G
for any r;,s; € {0,1,...p — 1}.

Hence, |[TA(G)| = p> and |Inn(G)| = |G/Z(G)| = p*". Thus, the result holds true. [
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The main result of Yadav and Vermani|7] now follows as a simple corollary.

Corollary 2.1. Fvery extraspecial p-group enjoys “Hasse Principle”.

Proof. By the above theorem, Inn(G) = IA(G). But Inn(G) < Aut.(G) < IA(G). Hence
the result follows directly. O

Proposition 2.2. Let G be a finite 2-generated p-group of class 2. Then IA(G) attains the
upper bound.

Proof. Since G is 2-generated group of class 2, G’ is cyclic.

Let the order of G’ be p°, and hence assume that G/G’ = Cpe x Cpp. Therefore, |G| =
a+b+c

p
By Proposition 5.4 of [2], |Z(G)| = p*™*~¢. Thus,
pa+b+c 2 112
G/Z(G)| = g ()" = |G| = [TA(G)].
Hence, the result follows. ]

For a given = € G, let Cg(z) = {g € G : gv = xg} be the centralizer of x in G.

We now quote two results in [6] without giving their proofs.
Lemma 2.2. Let G be a finite group and N a normal subgroup. Then for any x € G,
[Ca(x)] = [Con(zN)|.
Lemma 2.3. Let G be a p-group of mazimal class with |G| = p™ > p*. Then
1. Z;(G) is the unique normal subgroup of G of order p* (i =1,2,...,n — 2),
2. G has ezactly p + 1 normal subgroups of order p"~! (i.e. maximal subgroups).

As a corollary of Lemma 2.3, in a p-group GG of maximal class, the upper and lower central
series coincide. So, if the upper and lower central series are

1=20(G) < Z1(G) < Zy(G) < ... < Zno(G) < Z,—1(G) < Z, = G,

1= 'Yn-&-l(G) < Wn(G) < Vn—l(G) <...< VQ(G) =G' < G,
then
Zl(G) = PVH(G% ZZ(G) = PYn—l(G% S

Lemma 2.4. If G is a p-group of mazimal class with |G| > p*, then there is a unique
mazimal subgroup whose center is bigger than the center of G, and the centers of other
maximal subgroups coincide with the center of G.
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Proof. As G is of maximal class, its center has order p, and for a maximal subgroup of M,
Z(G) must be contained in Z(M).
In the upper central series of GG, we have

1Z1(G)| = p, |Z:(G)| = p*, |Z5(G)| =p°, ...

For x € Z5(G)\Z1(G) the element 7,(G) will be central in G/Z;(G) (since Z5(G)/Z1(G)
is, by definition, the center of G/Z;(G)). Hence the centralizer of xZ;(G) will be the full
group G/Z;(G) which has order p"~!. By Lemma 2.2, the centralizer of z in G has order
at least p"~!. Since x ¢ Z,(G) = Z(G), the centralizer of x must be a proper subgroup. It
follows that the centralizer of  must be of order p"~!, i.e. it is a maximal subgroup; call
it My. Then, in My, z is a central element, and as noted above Z(G) C Z(My). Thus, the
center of My contains (x, Z(G)), which has order p? (since = ¢ Z(G)).

Note that |Z2(G)| = p?, and = € Zo(G)\Z1(G). Thus, (z,Z1(G)) = Z5(G), and hence
the center of M, contains Z,(G).

If M, is another maximal subgroup such that Z(M;) has order at least p?, then Z (M)
will contain Z5(G) (by Lemma 2.3) i.e. Z(M;) 2 (x,Z1(G)), i.e. x is central in both M,
and M;.

Since My, My are distinct maximal subgroups, (Mg, M;) = G, and z is central in
(Mo, My) = G, ie. x € Z(G) = Z1(G), a contradiction.

Thus, the centers of other maximal subgroups must have order p, and thus, the centers
coincide with the center of G. [

Theorem 2.5. Let G be a p-group of mazximal class, and [ A(G) attain the upper bound
|G'|?. Then TA(G) = Aut.(G) if and only if |G| = p>.

Proof. Let G be a p-group of maximal class.

Let |G| = p?, then |Z(G)| = |G'| = p, and G/Z(G) = C,, x C,. Thus, the p + 1 maximal
subgroups of G have order p?, and so they are abelian. Let My, My, ..., M, be the (abelian)
maximal subgroups, and take z; € M;\Z(G). Then the conjugacy class of z; is x;G’. Thus,
it is easy to see that an automorphism preserves conjugacy classes of G if and only if it
preserves cosets of G/, i.e. Aut.(G) = TA(G).

Consider now the case |G| > p°.

Here G has exactly p + 1 maximal subgroups, say My, M, ..., M,, and one of these
maximal subgroups has the center bigger than the center of G, say M, and the rest having
the centers equal to the center of G. Note that G’ has index p, in all M;. However, for
xg € Mo\G, its conjugacy class is not the whole coset 27G’. This is verified by the following
arguments.

Since the center of My contains at least Z,(G) (which has order p?), the centralizer of x
contains (g, Z5(G)) (note that |G| > p? so Zy(G) is proper subgroup). Thus, the centralizer
of 2o has order at least p*, so the index of the centralizer of z, is at most p"~3 which is
strictly less than the order of G’ (equal to p"~2). This means that the conjugacy class of
xo is not the full coset zoG’. In other words, oG’ is a union of more than one conjugacy
classes.

Since IA(G) attains the upper bound, which means, given any = € G\G', for every
t € G', there is an I A-automorphism of G which takes z to xt, i.e. IA(G) permutes the
elements of the coset G’ transitively.
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However, the coset xqG’ is a union of more than one conjugacy class. Thus, taking t € G’
such that x( is not conjugate to z(t, there exists an I A-automorphism of G which takes z
to xot, and so this I A-automorphism is not preserving the conjugacy class of xy. Hence the
result follows. [

Theorem 2.6. Let G be a p-group and N a normal subgroup such that N < G'. Moreover,
let N be invariant under all the I A-automorphisms of G and G = G/N. If IA(G) attains

the upper bound, then IA(G) also attains the upper bound.

Proof. Let {xy,xs,...,24} be a minimal generating set of G. Then {z, ..., 7,4} is a minimal
generating set for G.

Saying ‘I A(G) attains upper bound’ is equivalent to saying that, given any ti,t, ..., 14
in ', there is an [ A-automorphism of G taking (x1,...,24) to tyzq,. .., tax,.

N is a normal subgroup of G with N < G’. Thus, the derived subgroup of G = G/N is
equal to G'/N.

Now, consider arbitrary fi,...,fs in the derived subgroup of G. Suppose that IA(G)

attains the upper bound. Then for ti,t,,...,tq in G’, there is an [A-automorphism o
of G taking (z1,...,x4) to (t121,...,tqzq). Since N is invariant under o, o induces an
automorphism of G/N, and also it takes (Z1,...,%4) to (Z1t1,...,T4tq). This means that
TA(G) attains the upper bound. O

Definition 1. A group G s called a central product of its normal subgroups H and K if
1. HK =G,
2. HhK C Z(G),
3. every element of H commutes with every element of K.
The following result follows directly by the above definition.
Proposition 2.3. If G is a central product of H and K then,
i. Z(G)=Z(H)Z(K),
in. G = HK'.
If GG is a central product of two groups H and K, then there are some interesting relations
between some natural subgroups of Aut(G) with subgroups of Aut(H) and Aut(K). As
an example, it follows by the Theorem of Yadav and Vermani [7]| that if G is the central

product of H and K, then Aut.(G) = Inn(G) if and only if Aut.(H) = Inn(H) and
Aut(K) = Inn(K).

The question that arises naturally is whether such a relation also holds for IA-
automorphisms. At this stage it seems difficult to get any relation of this kind on IA-
automorphisms. One can, however, show that a one way implication holds for IA?-
automorphisms as stated below where I A*-automorphisms mean those I A-automorphisms
which preserve the center elementwise.

Proposition 2.4. Let G be central product of its subgroups H and K. If IA*(G) = Inn(Q)
then TA*(H) = Inn(H) and IA*(K) = Inn(K).
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Proof. Let f € IA*(H), define F': G — G by F(hk) = f(h)k, h € H and k € K.

We first show that F' is well defined. To this end, let hk = hykq, for h,h, € H, and
k,k; € K. We have to show that F(hk) = F(hiky), i.e. f(R)k = f(h1)ky, i.e. f(h{'h) =
kik™'. But HN K C Z(G) and f € IA*(G)).Thus,

hk = hiky = hi'h = kik™" = hi'h € Z(G) = hy'h € Z(H) = kik™" = hy'h = f(hi'h).

Hence F' is well defined. It is easy to see that F'is an isomorphism, and the extension of f
also.
Further,

F(hkG') = F(hkH'K') = F(hH')F(kK') = hH'kK' = hkH'K' = hkG'.

Therefore, F'is an IA-automorphism of G. Since f is the identity on Z(H ), and, by definition,
it is obvious that F' is the identity on Z(K). Therefore, F' is the identity on Z(H)Z(K) =
Z(@), i.e. Fisin IA*(G). This shows that every f in IA*(H) extends to an F' in [A*(G).

By the hypothesis, F' is an inner automorphism, say by the conjugation by h'k’. k' acts
trivially on H by conjugation. So, F' acts on H as the conjugation by h'.

By the definition of F', it is clear that the restriction of F on H is f. Hence, f is an
inner automorphism, namely conjugation by A’. It means every element of [ A*(H) is inner.
Similarly we can show that JA*(K) = Inn(K). O

The following example shows that the converse of the above proposition is not true.

Example 1. By the definition of the central product, it is clear that the direct product is
a special case of the central product. Consider groups H and K given by

f=w? = Lwaw ™t =271,

H={(ry: 2" =y =lLyzy ' =27, K= {(z,w: 2
Here G' = (22, 2?) and A*(H) = Inn(H) and [A*(K) = Inn(K). Consider the map
f:HxK —HXxXK,
which we define on generators as follows

r— x2%, Yy — y2?, 2 — 22, w — wa’.

Obviously f is an [ A*-automorphism which is not an inner automorphism.

3 |TA(G)] for groups G of order pq, or pqr, or pq

In this section we consider groups G of orders pq, pgr and p2g, where p,q,r are distinct
primes, and try to find the order of the group IA(G) in terms of p, ¢, 7. They are considered
in Subsections 3.1, 3.2, 3.3 respectively.
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3.1 |IA(G)| for groups of order pq

It is well known (see Alperin[l]) that for each pair of primes p, ¢ satisfying the condition
q|p — 1, there is a unique, up to an isomorphism, a non-abelian group of order pq having the
representation:

1

G={(z,ylz? =y! =1,y zy = z"), (3.1)

where u is an element of order ¢ in the multiplicative group Z.

Theorem 3.1. For a non-abelian group of order pq satisfying the condition q|lp—1, |IA(G)| =
p(p—1).

Proof. By representation (3.1), it is clear that G’ = (z). Let o be an IA-automorphism of
G. Then we have a(z) =2 (1 <i<p), aly) =yz’ (0< 7 <p).

On the other hand, for every choice of 7,7 in these equalities, if we denote by z; the
element z° and by y; the element yz7, then it is easy to see that z; and y; generate G and
satisfy the same relations as x,y, i.e.

D __ q __ -1 _ _u
ry=1y =1, yirry, = zy.

Thus any [A-automorphism of G is uniquely determined for every pair of integers i, j satis-
fying the conditions 1 <i < p and 0 < j < p. Thus |TA(G)| =p(p — 1). O

If ¢fp—1 then G is a cyclic group in which case |[[A(G)| = 1.

3.2 |ITA(G)| for groups of order pqr

Let G be a non-abelian group of order pqr, with p > ¢ > r. Then G always has a normal
subgroup P of order p. Since |P| and |G/P| are relatively prime, by the Schur-Zassenhaus
Theorem, P has a complement in G, i.e. there exists a subgroup H of order equal to
|G/P| = qr such that PN H =1 and PH = G.

Let P = (z) for some = € G. The subgroup H acts on P by conjugation, hence it induces
a homomorphism from H to Aut(P):

¢: H — Aut(P); ¢(h) = (x — hah™).
Since ker¢ is a subgroup of H and |H| = gr, the order of ker¢ can be
1, q, r, gr.
Case 1: ker ¢ is trivial. This means that ¢ is injective. Since P is cyclic, Aut(P) is
abelian (cyclic), and thus H must also be cyclic.

Let H = (y) = C,,. Then, G has the representation

G = {(x,y:2° =y" = 1,yzy ' = 2', for some positive integer i, i # 1). (3.2)
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Clearly, yry~! = 2*, implies i = 1(mod p).
It is easy to see that ¢ or " can not be 1 modulo p, otherwise y? or y" € kere.
By (3.2), it is clear that G’ = (x). Hence, any I A-automorphism of G will be of the form

I_>1‘a;y—)xby; With1§a<pand0§b<p—1- <33)

Let 71 = 2% and y; = 2by. It is easy to see that 2¥ = 1 and y{" = 1. Clearly, the order of y,
is neither ¢ nor r. Thus, the order of y; is qr.

So, for the above choices of integers a and b, the elements x; and y; satisfy the same
relations as the ones satisfied by x and y. Hence map (3.3) is an [ A-automorphism of G,
and [TA(G)| = (p — 1)p.

Case 2: ker ¢ is of order ¢. In this case, ker¢ together with P forms an abelian
(cyclic) subgroup of order pq, denote it by H. Clearly, H is normal in G. Therefore, if z is
an element of order pg and y is an element of order 7, then G = (z,y), and yzy~! = 2%, # 1.

So, the following three cases arise:

(A) y centralizes elements of order p but no element of order ¢ in (z).
(B) y centralizes elements of order ¢ but no element of order p in (z).
(C) y does not centralize any element of order p as well as of order ¢ in (z).
In case (A), the subgroup of order p becomes central, hence G is of the form

G=C,x (C;xC,).

Here, Z(G) = C,,G' = C, and any [A-automorphism of G is nothing but an IA-
automorphism of €, x C,. By Theorem 3.1, it is clear that the order of the group of
I' A-automorphisms of C, x C, is given by ¢(¢ — 1). Hence [TA(G)| =q(q —1).

Case (B) is similar to case (A), where G will be of the form C, x (C, x C,), and hence
[LA(G)| =p(p—1).

Now, we consider case (C). Suppose that y does not centralize any element of order p or
q in (z). Hence Z(G) = 1, G has the representation,

G={(zy:2"=y" =1yzy ' =2";and i" = 1(mod pq).

Here G' = (z), and (z) = (27) x (2P) = C, x C,. Hence, an [ A-automorphism of G has the
form

z— 2%y =yt

where 1 < a < pq and a is not divisible by p as well by ¢, and 0 < b < pq. Clearly, every
choice of a, and b gives an [ A-automorphism of G. Hence,

[TA(G)| = (p—1)(q — 1)pg.

Case 3: ker ¢ is of order r. This means that a Sylow-r subgroup acts trivially on
Sylow-p subgroup; hence G contains a cyclic subgroup of order pr. Clearly, this subgroup of
order pr is normal in GG. Thus, G is of the form

G =CpxCy=(C,xC,)xCy.
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Now C, acts on (), by conjugation and since C), is the unique subgroup of order r inside
the cyclic group C,,, C, acts by conjugation on C,. But since r < ¢, the action of C;, on C,
must be trivial, which means that C, commutes with C,. Therefore, the Sylow-r subgroup
in G is central, and hence G is of the form

G=C,x(C,xC).

Here C, is the center of G and C,, is the commutator subgroup of G. Therefore, any IA-
automorphism of G is exactly the I A-automorphism of C), x C,. So,

[TA(G)] = (p— Dp.

Case 4: ker ¢ is of order qr. In this case, the subgroup of order ¢r acts trivially on
the Sylow-p subgroup by conjugation i.e. Sylow-p subgroup is in the center of G. Thus, G
is of the form

G=C,xH,
where H is a subgroup of order ¢r. Since G is non-abelian, H must be non-abelian, and so
H=C,x (CyxC,).

Again as in Case 3, Z(G) = C,,G" = C, and hence an [ A-automorphism of G is nothing
but an [ A-automorphism of C; x C,.. Thus, |IA(G)| = (¢ — 1)g.

By using the arguments of [ A-automorphism of group of order pgr, we can prove the
following important theorem.

Theorem 3.2. If G is a group of square-free order then |[A(G)| = ¢(|G']).|G’| (where ¢ is
FEuler’s phi function).

Proof. 1t is well known that whenever GG is a group of square free order, then G is a split
metacyclic group, i.e. G has following representation

G=0C,xC,,

where, (), is a maximal subgroup among all cyclic normal subgroups. Since, GG is of square
free order this implies the center of GG is inside C,,. Now, consider the conjugation action of
C, on C,,. So, the fixed point set under the conjugation action by C,, is precisely the center
of G. Hence the centre becomes a direct abelian factor of G. Hence, G has the following
representation

G=Ax(C,xCp),

where A is a direct abelian/cyclic factor. Here the action of cyclic group C,, on C, has no
fixed point except the identity. This implies that Z(G) = A, G' = C,.

Since Z(G) N G" = 1, any I A-automorphism fixes Z(G) elementwise. Therefore, IA(G)
is nothing but an I A-automorphisms of the group H = C, x C),.

In the group H, C, acts on C. by conjugation and has no fixed points. This implies that
H' = C,. Thus, H has the representation

H=(z,ylz" =y" =1, yay ' =2"),
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where i" = 1 (mod r). Hence any I A-automorphism of H has the form z — 22, y — 2%y,
where 1 < a < r and is relatively prime tor, 0 < b <r — 1.

It is easy to see that every choice of a,b in above conditions, gives an automorphisms
of G, and it is obviously an [ A-automorphism. Thus, |[[A(G)| = |[[A(H)| = ¢(|H'|),|H'| =
o(1G"))- 16 O

3.3 |IA(G)| for group of order p*q

It is well known that in groups of order p?q, a Sylow-p or a Sylow-¢q subgroup is normal.
Therefore, if H, and H, denote some Sylow-p and Sylow-q subgroups of G, then G is of the
form

G=H,xH,or G=H,x H,.

Here, either H, = C, x C}, or C)2 and H, = C,,.
1. G = sz X Cq.
In this case G has the representation

G= <x,y:x”2 =yl=1lyry ' =2, i1=1mod(p?), i# 1.

One can easily note that the automorphism group of C): is cyclic, hence it has at most one
subgroup of order ¢, hence there is at most one action of C; on C,2 by conjugation (via
automorphism of order ¢).

Here, i cannot be of the form 1 + kp, since for such 7, the automorphism z — x!**P is
of order a power of p, whereas y has order ¢q. Hence, yzy 'z=! = 2'~!, where i — 1 is not
divisible by p. This implies that 2*~! is also a generator of the cyclic group (z) = C2, l.e.
we have G' = (x).

Then, an [ A-automorphism of G is of the form
=1 1<a<p’(a,p) =1, y— a2y 0<b<ph (3.4)

Let x; = 2% and y; = 2y with a, b chosen subject to the above conditions. Clearly, x’f =1,
y? =1, and also y171y; * = 2.

Thus, for the specified choices of a, b, the elments z; = 2% and y; = 2y satisfy the same
relations as z,y. Hence, (3.4) defines an automorphism of G for all possible values of a and

b. So, [TA(G)| = (p* — p)p*.

2. G=(C, xCp) nCy.

The group C, x C, contains p + 1 subgroups of order p. Let C, x C, = (z,y) and
C, = (2). Then z permutes the p 4+ 1 subgroups of order p under conjugation. We should
consider two cases.

Case 1: (C, normalizes some C,. In this case, z must fix one subgroup of order p
under conjugation, say, without loss of generality, (z). Thus, z{x)z~! = (z).

Then 2z permutes remaining p subgroups of order p under conjugation, and again since
g does not divide p, there must be another subgroup of order p which is invariant under
conjugation by z, without loss of generality, we can say that it is (y). Hence,
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Thus, to determine the structure of G, it is sufficient to know the value of zzz~! and zyz~*

(one can easily note that z can not fix both x and y under conjugation, otherwise G will be
abelian). For getting these value, we have to consider following two cases.

z fixes only one of x and y by conjugation. Without loss of generality, consider
zrz~! = z. Then zyz~! = 4 for some ¢ with condition that ¢ # 1 and ¢ = 1 (mod p)
(hence y, z generate C, x C,). Then G has the representation

G=(r,y,2z: 2 =yP =21= 1oy = yz, 202 ' =x,2y2 " =y, i = 1(mod p).

In fact, G has the form
() x ({y) » (2)) = Cp x (Cp % Cy).

Clearly, TA(G) = IA(C, x C,), and hence the number of I A-automorphisms of this group
is p(p—1).
2z does not fix any of x and y by conjugation. Without loss of generality, consider

zxz~' = 2" with condition that i # 1 and ¢ = 1(mod p). Also, the action of z on (y) is given
by

zyz ' =9’ with j # 1 and j = 1(mod p).
Thus, G has the representation

G=(r,y,z:2° =yl =21= 1,0y = yz, 202" = 2", zyz~" = ¢’), where, i? = j7 = 1(mod p).

Here G’ = (z,y), and so any [ A-automorphism of G is of the form
r =z, y — 2%t 2 — 2%yl 2,

where e, f are arbitrary in Z,, whereas a, b, c,d are so chosen that (x,y) = (2%, z°y?), i.e.

the matrix
a b
c d
is invertible.

With a, b, ¢, d satisfying the said conditions and e, f arbitrary in Z,, it is easy to see that
the above map is an automorphism of G. Thus, |[[A(G)| = |GL(2,p)|.p.p.

Here GL(2, p) is the group of automorphisms of CpxC,, = (z,y), and the last contribution
of p.p number of automorphisms is by the automorphisms of the type

Tz, y—y z— ()2

These automorphisms form a group isomorphic to C, x C,, = (z,y); they are just multiplica-
tions of z by elements of (x,y). Further, these automorphisms are the identities on G’ (and
also on G/G’, as these are I A-automorphisms). Hence, these automorphisms form a normal
subgroup of IA(G) of order p?, and the automorphisms

T — :L’“yb, Yy — xcyd, z =z,
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form a subgroup of order |GL(2,p)| in TA(G). Thus, I[A(G) = (Cp x C,) x GL(2,p).

Case 2. (, does not normalize any C,. In this case, (z) does not normalize any
subgroup of order p in (x,y), i.e. z acts faithfully by conjugation on collection of subgroups
of order p in (x,y).

Let us consider C}, x C), as a vector space, and conjugation of z induces an automorphism
or invertible linear map from this vector space to itself. Since z is not normalizing any
subgroup of order p, we have that the transformation has no invariant subspace of dim 1.

Thus, if T, : (x,y) — (z,y) denotes the transformation induced by z, then T, has no
eigenvalue in Z,. If v is any vector in the vector space (z,y), then T,(v) and v should be
linearly independent, so they should span the whole space, i.e. they form a basis. With
respect to this basis, the matrix of T, will be of the form

b

Group theoretically, under conjugation by z this is same as

1 1 b

r—yand y — 2%’ ie zxz ' =y and 2yz ! = 2%’

But there is a unique group of order p?q under such conditions (see [4]), and therefore the
group G has the form

G=(zyz:2P =y =2=1,0y =yz,2a2z ' =y, 2yz~ " = 2%"),
where a,b € Z, are so chosen that the above matrix has no eigenvalues in Z, and it is order
of q. Here G/(x,y) is cyclic, hence G’ C (x,y), and since no subgroup of order p in (z,y) is
normal in G, so G’ must be (z,y).
Therefore, an I A-automorphism of G is of the form

r — 2™y y — 2"y, 2 — (2'y")z, where the matrix {k Z] € GL(2,p), and t,u € Z,.

l
Denoting the members in the right-hand sides of the above map by x1, 1, 21 respectively,
the above map is an automorphism of G if xy,y;, 21 satisfy the same relations as z,y, z, i.e.
a1z =y, ane = 25yl

If 2171271 = 1 then z(z¥y) 2! = 2™y* ie. yF(2%®)! = 27y*. We have, r = al and s =
k + bl. Thus, from the known values of k,[ the values of r, s are automatically determined.
Moreover, with these values of r, s, it is easy to see that the relation zy;2;' = 29! is
satisfied automatically. The order of xz'y*z must be g, since if it is divisible by p, then z'y%z
will commute with some element of order p. Since elements of order p are in the unique
Sylow-p subgroup (z,y), z will also commute, this is a contradiction. Hence, the order of
x'y*z is divisible by ¢ only, and, as it should divide the order of the group also, it must be g.

Thus, for (k,1) # (0,0) we find r, s by the above formula, and taking ¢, u arbitrarily in
Z,, we get an I A-automorphism given by

I'—)xkyl, y_>l,alyk’+bl7 Z—>(a:ty“)z

(k,1) which should be non zero, has p* — 1 choices, and (t,u) has p? choices. Hence

[TA(G)] = (p* = 1)p*.
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3. G = Cy; x Cp Here Cp acts on U, by conjugation. The kernel of this action
is a proper subgroup of Cp2 (if the kernel is whole C)2, then G = C; x C,2). Obviously here
G’ = (), and G has the representation

G=(zy: 2=y =1,yzy ' =2'), where i¥ = 1 (mod q).

Consider the case i = 1 (mod q). In this case, the subgroup (y*) acts trivially on (z),
since yPzy P = 2 = 2% = z. It follows that (y?) C Z(G), and in fact we have equality
(otherwise, the order of the center will be p? or pg, and G/Z(G) will be then cyclic, a
contradiction).

Now, an [ A-automorphism has the form

xr— x?, y—>xby, where 1 <a <gand 0 <b <gq.

Clearly, each choice of a,b gives an automorphism, and hence [IA(G)| = ¢(q¢ — 1). Also,
note that |Z(G)| = [(y?)| = p = Inn(G) = pq.

Now, consider the case i # 1 (mod q) but ##° = 1 (mod ¢). This case is similar to the
previous one, and hence [TA(G)| = q(q —1).

4. G = C, x (C, x Cp). Here C, x C, acts on C, by conjugation, hence we have a
homomorphism

C, x C, — Aut(C,).

Since Aut(Cy) is cyclic, and C), x C,, is non-cyclic, the above homomorphism has a non-trivial
kernel, and also it should be a proper subgroup of C,, x C,,, otherwise G will be abelian.

Let C, = (z) and C, x C, = (y, z). Without loss of generality, we can assume that z is
in the kernel of action of C,, x C}, on Cy, i.e zzz~' = z. This implies that z € Z(G), hence
(z) is a direct abelian factor of GG, and hence

G = ((a) % () x () = (Cy % Cy) x G

Here G' = (z) = C, and Z(G) N G’ = 1. Therefore IA(G) = IA(C, x C,) = q(qg — 1).
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