ISSN 2077-9879

Eurasian
Mathematical
Journal

2016, Volume 7, Number 3

Founded in 2010 by
the L.N. Gumilyov Eurasian National University
in cooperation with
the M.V. Lomonosov Moscow State University
the Peoples’ Friendship University of Russia
the University of Padua

Supported by the ISAAC
(International Society for Analysis, its Applications and Computation)
and
by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University
Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL
Editorial Board

Editors—in—Chief
V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (China), O.V. Besov (Rus-
sia), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bourdaud (France),
A. Caetano (Portugal), M. Carro (Spain), A.D.R. Choudary (Pakistan), V.N. Chubarikov
(Russia), A.S. Dzumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Arme-
nia), M.L. Goldman (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske
(Germany), A. Hasanoglu (Turkey), M. Huxley (Great Britain), M. Imanaliev (Kyrgyzstan),
P. Jain (India), T.Sh. Kalmenov (Kazakhstan), B.E. Kangyzhin (Kazakhstan), K.K. Ken-
zhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin (Great Britain), V. Koki-
lashvili (Georgia), V.I. Korzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kussainova
(Kazakhstan), P.D. Lamberti (Italy), M. Lanza de Cristoforis (Italy), V.G. Maz’ya (Swe-
den), E.D. Nursultanov (Kazakhstan), R. Oinarov (Kazakhstan), K.N. Ospanov (Kaza-
khstan), I.N. Parasidis (Greece), J. Pecari¢ (Croatia), S.A. Plaksa (Ukraine), L.-E. Pers-
son (Sweden), E.L. Presman (Russia), M.A. Ragusa (Italy), M.D. Ramazanov (Russia),
M. Reissig (Germany), M. Ruzhansky (Great Britain), S. Sagitov (Sweden), T.O. Sha-
poshnikova (Sweden), A.A. Shkalikov (Russia), V.A. Skvortsov (Poland), G. Sinnamon
(Canada), E.S. Smailov (Kazakhstan), V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia),
[.A. Taimanov (Russia), T.V. Tararykova (Great Britain), J.A. Tussupov (Kazakhstan),
U.U. Umirbaev (Kazakhstan), Z.D. Usmanov (Tajikistan), N. Vasilevski (Mexico), Dachun
Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor
A .M. Temirkhanova

(© The Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research
papers in all areas of mathematics written by mathematicians, principally from Europe and
Asia. However papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.

The EMJ publishes 4 issues in a year.

The language of the paper must be English only.

The contents of EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical
Reviews, MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal — Matematika,
Math-Net.Ru.

The EMJ is included in the list of journals recommended by the Committee for Control
of Education and Science (Ministry of Education and Science of the Republic of Kazakhstan)
and in the list of journals recommended by the Higher Attestation Commission (Ministry of
Education and Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted elec-
tronically in DVI, PostScript or PDF format to the EMJ Editorial Office via e-mail
(eurasianmj@yandex.kz).

When the paper is accepted, the authors will be asked to send the tex-file of the paper
to the Editorial Office.

The author who submitted an article for publication will be considered as a correspond-
ing author. Authors may nominate a member of the Editorial Board whom they consider
appropriate for the article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the
EMJ. Manuscripts are accepted for review on the understanding that the same work has not
been already published (except in the form of an abstract), that it is not under consideration
for publication elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors’ names (no
degrees). It should contain the Keywords (no more than 10), the Subject Classification (AMS
Mathematics Subject Classification (2010) with primary (and secondary) subject classifica-
tion codes), and the Abstract (no more than 150 words with minimal use of mathematical
symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct repro-
duction.

References. Bibliographical references should be listed alphabetically at the end of the
article. The authors should consult the Mathematical Reviews for the standard abbreviations
of journals’ names.

Authors’ data. The authors’ affiliations, addresses and e-mail addresses should be placed
after the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result
in the paper being published in a later issue.

Offprints. The authors will receive offprints in electronic form.




Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publica-
tion see http://www.elsevier.com/publishingethics and http://www.elsevier.com /journal-
authors/ethics.

Submission of an article to the EMJ implies that the work described has not been pub-
lished previously (except in the form of an abstract or as part of a published lecture or
academic thesis or as an electronic preprint, see http://www.elsevier.com/postingpolicy),
that it is not under consideration for publication elsewhere, that its publication is approved
by all authors and tacitly or explicitly by the responsible authorities where the work was
carried out, and that, if accepted, it will not be published elsewhere in the same form, in
English or in any other language, including electronically without the written consent of
the copyright-holder. In particular, translations into English of papers already published in
another language are not accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsifi-
cation, fraudulent data, incorrect interpretation of other works, incorrect citations,
etc. The EMJ follows the Code of Conduct of the Committee on Publication
Ethics (COPE), and follows the COPE Flowcharts for Resolving Cases of Suspected
Misconduct (http : //publicationethics.org/files/u2/Newcode.pdf).  To verify origi-
nality, your article may be checked by the originality detection service CrossCheck
http://www.elsevier.com /editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide
corrections, clarifications, retractions and apologies when needed. All authors of a paper
should have significantly contributed to the research.

The reviewers should provide objective judgments and should point out relevant published
works which are not yet cited. Reviewed articles should be treated confidentially. The
reviewers will be chosen in such a way that there is no conflict of interests with respect to
the research, the authors and/or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and
they will only accept a paper when reasonably certain. They will preserve anonymity of
reviewers and promote publication of corrections, clarifications, retractions and apologies
when needed. The acceptance of a paper automatically implies the copyright transfer to the
EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



Web-page

The web-page of EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-
page contains all papers published in EMJ (free access).

Subscription
For Institutions

e US$ 200 (or equivalent) for one volume (4 issues)
e US$ 60 (or equivalent) for one issue

For Individuals

e US$ 160 (or equivalent) for one volume (4 issues)
e US$ 50 (or equivalent) for one issue.

The price includes handling and postage.
The Subscription Form for subscribers can be obtained by e-mail:

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EM.J)

The Editorial Office

The L.N. Gumilyov Eurasian National University
Building no. 3

Room 306a

Tel.: +7-7172-709500 extension 33312

13 Kazhymukan St

010008 Astana

Kazakhstan



EMJ: from Scopus Q4 to Scopus Q3 in two years?!

Recently the list was published of all mathematical journals included in 2015 Scopus
quartiles Q1 (334 journals), Q2 (318 journals), Q3 (315 journals), and Q4 (285 journals).
Altogether 1252 journals.

With great pleasure we inform our readers that the Eurasian Mathematical Journal was
included in this list, currently the only mathematical journal in the Republic of Kazakhstan
and Central Asia.

It was included in Q4 with the SCImago Journal & Country Rank (SJR) indicator equal
to 0,101, and is somewhere at the bottom of the Q4 list. With this indicator the journal shares
places from 1240 to 1248 in the list of all 2015 Scopus mathematical journals. Nevertheless,
this may be considered to be a good achievement, because Scopus uses information about
journals for the three previous years, i. e. for years 2013-2015, and the EMJ is in Scopus
only from the first quarter of year 2015.

The SJR indicator is calculated by using a sophisticated formula, taking into account
various characteristics of journals and journals publications, in particular the average number
of weighted citations received in the selected year by the documents published in the selected
journal in the three previous years. This formula and related comments can be viewed on
the web-page

http : | Jwww.scimagojr.com/journalrank.php?category = 2601&area = 2600&page =
1&totalgize = 373

(Help/Journals/Understand tables and charts/Detailed description of SJR.)

In order to enter Q3 the SJR indicator should be greater than 0,250. It looks like the
ambitious aim of entering Q3 in year 2017 is nevertheless realistic due to recognized high
level of the EMJ.

We hope that all respected members of the international Editorial Board, reviewers,
authors of our journal, representing more than 35 countries, and future authors will provide
high quality publications in the EMJ which will allow to achieve this aim.

On behalf of the Editorial Board of the EMJ
V.I. Burenkov, E.D. Nursultanov, T.Sh. Kalmenov,
R. Oinarov, M. Otelbaev, T.V. Tararykova, A.M. Temirkhanova



VICTOR IVANOVICH BURENKOV
(to the 75th birthday)

On July 15, 2016 was the 75th birthday of Victor Ivanovich Bu-

renkov, editor-in-chief of the Eurasian Mathematical Journal (together

& & with V.A. Sadovnichy and M. Otelbaev), director of the S.M. Nikol’skii

~ Institute of Mathematics, head of the Department of Mathematical

‘? . Analysis and Theory of Functions, chairman of Dissertation Coun-

) cil at the RUDN University (Moscow), research fellow (part-time) at

the Steklov Institute of Mathematics (Moscow), scientific supervisor

of the Laboratory of Mathematical Analysis at the Russian-Armenian

(Slavonic) University (Yerevan, Armenia), doctor of physical and mathematical sciences

(1983), professor (1986), honorary professor of the L.N. Gumilyov Eurasian National Uni-

versity (Astana, Kazakhstan, 2006), honorary doctor of the Russian-Armenian (Slavonic)

University (Yerevan, Armenia, 2007), honorary member of staff of the University of Padua

(Italy, 2011), honorary distinguished professor of the Cardiff School of Mathematics (UK,
2014), honorary professor of the Aktobe Regional State University (Kazakhstan, 2015).

V.I. Burenkov graduated from the Moscow Institute of Physics and Technology (1963)
and completed his postgraduate studies there in 1966 under supervision of the famous Rus-
sian mathematician academician S.M. Nikol’skii.

He worked at several universities, in particular for more than 10 years at the Moscow
Institute of Electronics, Radio-engineering, and Automation, the RUDN University, and the
Cardiff University. He also worked at the Moscow Institute of Physics and Technology, the
University of Padua, and the L.N. Gumilyov Eurasian National University.

He obtained seminal scientific results in several areas of functional analysis and the theory
of partial differential and integral equations. Some of his results and methods are named
after him: Burenkov’s theorem of composition of absolutely continuous functions, Burenkov’s
theorem on conditional hypoellipticity, Burenkov’s method of mollifiers with variable step,
Burenkov’s method of extending functions, the Burenkov-Lamberti method of transition
operators in the problem of spectral stability of differential operators, the Burenkov-Guliyevs
conditions for boundedness of operators in Morrey-type spaces. On the whole, the results
obtained by V.I. Burenkov have laid the groundwork for new perspective scientific directions
in the theory of functions spaces and its applications to partial differential equations, the
spectral theory in particular.

More than 30 postgraduate students from more than 10 countries gained candidate of
sciences or PhD degrees under his supervision. He has published more than 170 scientific
papers. The lists of his publications can be viewed on the portals MathSciNet and Math-
Net.Ru. His monograph “Sobolev spaces on domains" became a popular text for both experts
in the theory of function spaces and a wide range of mathematicians interested in applying
the theory of Sobolev spaces.

In 2011 the conference “Operators in Morrey-type Spaces and Applications”, dedicated
to his 70th birthday was held at the Ahi Evran University (Kirsehir, Turkey). Proceedings
of that conference were published in the EMJ 3-3 and EMJ 4-1.

The Editorial Board of the Eurasian Mathematical Journal congratulates Victor
Ivanovich Burenkov on the occasion of his 75th birthday and wishes him good health and
new achievements in science and teaching!
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USE OF BUNDLES OF LOCALLY CONVEX SPACES
IN PROBLEMS OF CONVERGENCE
OF SEMIGROUPS OF OPERATORS. I
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Abstract. In this work we construct certain general bundles (9, p, X) and (8,7, X) of
Hausdorff locally convex spaces associated with a given Banach bundle (&, 7, X). Then we
present conditions ensuring the existence of bounded sections U € I'*>(p) and P € I'*>(n)
both continuous at a point x,, € X, such that U(z) is a Cy—semigroup of contractions on
¢, and P(x) is a spectral projector of the infinitesimal generator of the semigroup U(x), for
every r € X.

1 Introduction

This work consists of three parts of which the present represents the first one. We construct
certain general bundles (9, p, X') and (B, 7, X') of Hausdorff locally convex spaces associated
with a given Banach bundle (&, 7, X). Then we present conditions ensuring the existence
of bounded sections U € I'*(p) and P € I'">(n) both continuous at a point z,, € X, such
that U(z) is a Cy—semigroup of contractions on €, and P(z) is a spectral projector of the
infinitesimal generator of the semigroup U(z), for every = € X.

Here 20 = (M, p, X) and (B, n, X) are special kind of bundles of Hausdorff locally
convex spaces (bundle of Q—spaces [10]) while U = (& x, X) is a suitable Banach bundle
such that the common base space X is a completely regular topological space and the filter
of neighbourhoods of z., admits a countable basis'. Moreover for all x € X the stalk
m, = 701(30) is a topological subspace of the space C.(R™, Lg, (€,)) with the topology of
compact convergence, of all continuous maps defined on Rt and with values in Lg, (€&, ), and

the stalk B, = ﬂl(x) is a topological subspace of Lg, (€,). Here &, = ;Tl(a:), while Lg, (&,),
is the space, of all linear bounded maps on €&, with the topology of uniform convergence
over the subsets of S, C Bounded(€,) which depends, for all z € X, on the same subspace
ECT(m). Here p: M — X, n: B — X, and 7 : € — X are the projection maps of the
respecive bundles, I'*=(p) is the set of all bounded sections of 20 continuous at ., with
respect to the topology on the bundle space 9t and I'() is the set of all bounded continuous
sections of U.

lin particular X a metric space and z., any point of X.
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An essential factor is that the continuity at xo of U and P derives by a sort of con-
tinuity at the same point of the section T of the graphs of the infinitesimal generators of
the semigroups in the range of U, where the sort of continuity has to be understood in the
following sense. For every x € X let 7 (z) be the graph of the infinitesimal generator T of
the semigroup U(x), then

T (200) = {9(7c0) | ¢ € O}
d C I (mge) (1.1)
(Vz € X)(Vo € @)(¢(2) € T(z)),

where ['*> (7ge ) is the set of all bounded sections of the direct sum of bundles U & U which
are continuous at ..
Hence for any v € Dom(T,_) there exists a bounded section ¢ of U & U such that

{(v, Ty v) = limg s (¢1(2), Po(x)) (1.2)

(¢1(x), pa(x)) € Graph(T,),Ve € X — {z},

where the limit is with respect to the topology on the bundle space of 0 & 2.

The main strateqy for obtaining the continuity at roo of U and P, it is to correlate the
topologies on M and B, with the topology on €. Thus it is clear that the construction of the
right structures has a prominent role.

It is well-known the relative freedom of choice of the topology on the bundle space of any
bundle of 2—spaces. More exactly fixed a suitable linear space say G of bounded sections
there exists always a topology on the bundle space such that all the maps in G are continuous.
Moreover if X is compact one can find a topology such that G is the whole space of bounded
continuous sections [10, Theorem 5.9]. This freedom of choice allows the construction of
examples of the above-mentioned correlations of topologies.

From the following simple result Corollary 3.1 and without entering in the definition of
the topology of a bundle of {2—space, we can recognize the power of determining the right
set T'(¢) of continuous sections of a general bundle (9, {, X) of Q—space. Let f € HZE x 2z
be any bounded section and z., € X such that there exists a section ¢ € I'(¢) such that
0(Tx) = f(Zs). Then

feT™(() & (vje J)(lim vi(f(z) —o(z)) =0), (1.3)

Z2—Too

where J is a set such that {v7|j € J} is a directed fundamental set of seminorms of the
-1
locally convex space Q, = ( (z) for all z € X. About the problem of establishing if there

are continuous bounded sections intersecting f in z.,, we can use an important result of the
theory of Banach bundles, stating that any Banach bundle over a locally compact base space
is full, namely for any point of the bundle space there exists a section passing on it. While
for more general bundles of {2—spaces we can use the above described freedom.

2Later we shall see that the topology on the bundle space of % @ U will be constructed in order to ensure
that the limit in (1.2) is equivalent to say that v = lim,_,,__ ¢1(z) and T, v = lim,_,__ ¢2(z), both limits
with respect to the topology on the bundle space €.
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The criterium we used for determining the correlations between M (resp.B) and € is
that of extending to a general bundle of Q2—spaces two properties of the topology of the space
Ce (Y, Ls(2)).

Here Z is a normed space, S is a set of bounded subsets of Z, L,(Z) is the space of all
linear continuous maps on Z with the pointwise topology, finally C. (Y, Ls(Z)) is the space
of all continuous maps on a topological space Y with values in £,(Z) with the topology of
uniform convergence over the compact subsets of Y.

In order to simplify the notation we here shall consider Z as a Banach space and take
Ls(Z) = Bs(Z), i.e. the space of all bounded linear operators on Z with the strong operator
topology.

Let X be a compact space

M ={F € Gy (X,C. (Y, By(2))) | (VK € Comp(Y))
(C(FK) = sup  [[F(2)(s)|lpz) < o)}

(z,5)eX XK

M, = {F(z)| F € M}

Let U = (€, 1, X) denote the trivial bundle with constant stalk Z so I'(r) ~ C, (X, Z), set

A, = {,u{im) | K € Comp(Y),v € T'(m)},

fym) : Ma 3 G = supeg [|G(s)v(2)]], (1.4)

M = {<Ma:7 Am)}zEX‘
Then by using Lemma 5.2 and [10, Theorem 5.9] we can construct a bundle of 2—spaces say
U (M, M) whose stalk at z is the locally convex space (M, A,) and whose space of bounded
continuous sections I'(my) is such that I'(my) ~ M.

Let f € [[,c x M. be such that (VK € Comp(Y))(sup(, sexxx [1f(7)(8)|B(z) < 00) then
according to Theorem 5.1 we obtain that (1) < (2) < (3) with

1. (VK € Comp(Y))(Yv € I'(n))

( lim sup [[f(z)(s)v(x) = f(z0)(s)v(2)] = 0);

T—%Too ge K

2. feTlr=(mw);
3. [: X — C.(Y,Bs(Z)) continuous at Z.
Moreover if Y is locally compact for all t € Y
[(mm)e o I'(m) C (). (1.5)

Therefore we constructed two bundles B and B(M, M) whose topologies are (I) stalkwise
related by { A, }zex in (1.4) and for which hold (1) < (2) and (II) globally related by (1.5).
Finally T'*>=(my) coincides with the subset of all maps f : X — C.(Y,Bs(Z)) continuous
at T such that (VK € Comp(Y))(sup, sexxx | f(7)(s)lBz) < o0). The extension at
general bundles of the property (/) leads to the concept of (©,&) —structure, provided
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in Definition 6 see Lemma 5.1, while the generalization of the property (/1) leads to the
concept of compatible (0, &) —structure, given in Definition 6.

A similar and more important global correlation between 9t and €&, this time for the
case in which the topology on each stalk 91, is that of the pointwise convergence instead
of the compact convergence, is that encoded in [19, eq (4.12)] in the definition of invariant
(0, &, 1) —structures provided in [19, Definition 10|. This closes the discussion about the
relationship between the topologies on 91 and €, in particular between those on B and & 3

Briefly we recall what here has to be understood as a classical stability problem in order
to understand how to generalize it through the language of bundles. The classical stability
problem could be so described. Fixed a Banach space Z find a sequence {S,, : D,, C Z — Z}
of possibly unbounded linear operators in Z and a sequence {P,} C B(Z) where P, is a
spectral projector of S, for n € N, such that

(A) whenever there exists an operator S : D C Z — Z such that S = lim,_. S, with
respect to a suitable topology or in any other generalized sense,

(B) then there exists a spectral projector P € B(Z) of S such that P = lim,,_, P, with
respect to the strong operator topology.

Here a spectral projector of an operator S in a Banach space is a continuous projector
associated with a closed S—invariant subspace Z such that o(S [ Zy) C o(S), where o(7T)
is the spectrum of the operator T'.

In [12, Ch IV] one finds many stability theorems in which the limit in (A) has to be
understood with respect to the metric induced by the so called gap between the corresponding
closed graphs.

Additional stability theorems, even for operators defined in different spaces, are available.
They have been obtained by using the concept of Transition Operators introduced by Victor
I. Burenkov, see for expample [4], [5] and [6]. Instead to their stability theorems Massimo
Lanza de Cristoforis and Pier Domenico Lamberti employed functional analytic approaches,
see for examples [15], [16], [14].

If we try to generalize the classical stability problem to the case in which Z is replaced
by any sequence {Z,} of Banach spaces and S, is defined in Z,, for all n, then we would face
the following difficulty. How can we adapt the definition of the gap given by Kato to the
case of a sequence of different spaces? More in general in which sense has to be understood
the convergence of operators defined in different spaces.

A first step toward the generalization to the case of different spaces of the classical
stability problem is the following result of Thomas G. Kurtz [13].

Theorem 1.1 (2.1. of [13]). For each n, let U,(t) be a strongly continuous contraction
semigroup defined on L, with the infinitesimal operator A,. Let A = ex —lim,,_ A,. Then
there exists a strongly continuous semigroup U(t) on L such that lim, ., U,(t)Qnf = U(t)f
forall f € L and t € RT if and only if the domain D(A) is dense and the range R(\g — A)
of Ao — A is dense in L for some \g > 0. If the above conditions hold A is the infinitesimal
generator of U and we have

lim sup [|Un(s)Qnf — @uU(8)flln =0, (1.6)

n—=00 0<s<t

3Indeed it is sufficient to take Y = {pt} i.e. one point space.



Use of bundles of locally convex spaces in problems of convergence of semigroups of operators. I ~ 57

for every f € L andt € RT.

Here (L, || - ||) is a Banach space, {(Ly, || - ||») }nen is a sequence of Banach spaces, {Q,, €
B(L, Ly,) }nen such that lim,_, [|@Qnf|ln = || f]| for all f € L. Let f € L and {f,}nen such
that f, € L, for every n € N, thus he set *

Moreover if A, : Dom(A,) C L, — L, he defined

Graph(ex — lim, ... A,) = {lim,en so(n) | so € $o}
Do = {(fas Anfu)uen € (Z x Z)V| (Gr)
(vn € N)(fu € Dom(A,)) A (3 im(fr, Anfu))},

where (f,g) = limuen(fn, Anfn)) if and only if f = lim,ey f,, and g = lim,ey A, f, and all
these limits are those defined in (1.7). Whenever Graph(ex — lim, . A,) is a graph in L
Kurtz denoted by ex — lim,,_,o, A, the corresponding operator in L.

The Kurtz’s approach did not make use of the bundle theory, and, except when imposing
stronger assumptions, it cannot be implemented in terms of bundles of (2—spaces.

What follows results fundamental for understanding the strategy behind this work. (1.3)
essentially generalizes (1.7). More importantly if the topology on I and that on € are
related by a (©,E) —structure (for a very simple model see (1.9)) then the convergence (1.3)
essentially generalizes the convergence (1.6) of the sequence of semigroups {U,}nen to the
semigroup U .

4Notice the strong similarity of (1.7) with (1.3).
®Indeed if we set assume that there exists for every n € N S,, € B(Ly, L) such that S,,Q,, = Id then (1.6)
would become

(vt € RT)(Vf € L)( lim sup [[(Un(s) — @uU(5)Sn)Quflln = 0). (1.8)

n—00 0<s<

Moreover let (9, p, X) and (€ 7, X) be set as in the beginning and assume that {vf [(K,v) €
Comp(Y),v € £} is a fundamental set of seminorms on M, for every z € X, where & C I'(w). Finally
assume that for all K € Comp(Y), v € £ and for all z € X and f* € M,

Vi) (F7) = sup [|F*(s)v(2)]-- (1.9)
seK

Thus (1.3) would read: if there exists o € I'(p) such that o(x«) = F(2s) then

F eT*(p) < (VK € Comp(Y))(Vv € E)( lim sup ||(F(z) — a(z))v(2)|l. = 0). (1.10)

2 oToo s K
Therefore by setting X the Alexandroff compactification of N, xo, = oo and for all n € N

M, =C. (R",Bs(Ly))

Moo = Ce (RT, By(L)) (1
E={Qf|felLj,
if there exist conditions under which we can obtain that
{@f1f €L} CT() 12
{QVS|V e U(L)} CT(p),
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We used the word “essentially” due to the difficulty to build a couple of Kurtz’ bundles,
namely two bundles of )—spaces (€, m, X) and (9, p, X') such that X is the Alexandroff
compactification of N and (1.11), (1.12) hold. In any case it is possible under strong as-
sumptions, see [19, Section 5|. Despite the difficulty of constructing Kurtz’s bundles, since
the above remark we opted to investigate to which extent the Kurtz’s Theorem 1.1 can be
extended in the framework of bundles of 2—spaces, by using the concept of (0, £) —structure.

It is now clear that, in the way of extending the Kurtz’s Theorem, we replace the sequence
of Banach spaces { Ly }nenufoc} Where Lo = L, with a Banach bundle €, while we replace
the sequence {C. (R+, Bs(Ln))}neNu{oo} by the bundle of Q2—spaces 9. Hence the Kurtz’
convergences (1.6) and (1.7) will be replaced by the convergences of sections on the bundles
spaces M and € respectively. In this view definition (Gr) has to be replaced by that of Pre-
Graph section Definition 9 (essentially (1.1)), while the case in which Graph(ex—lim, . A,)
is a graph in L with that of Graph section Definition 8. Hence it arises as a natural question
which topology has to be selected for the bundle space of U ¢ 0.

An essential tool used in the definition of Graph(ex — lim, _A,) in (Gr) is that of
convergence of a sequence (f,, A,f,) in the direct sum of the spaces L, & L,, given by
construction as the convergence of both the sequences in L,, in the meaning of (1.7).

It is exactly this factorization the property which we want to preserve when selecting the
right topology on the bundle space of U & 0.

It is a well-known result the solution of this problem in the special case of Banach
bundles. We generalize this result for a finite direct sum of general bundles of {2—spaces, by
constructing in Theorem 4.1 a directed family of seminorms on the direct sum of Hausdorff
locally convex spaces that generates the product topology.

This result along with Lemma 4.1 allow to define the direct sum of (full) bundles of
()—spaces as given in Definition 2

The result that the topology on each stalk is the product topology, encoded in (4.6), the
choice provided in (4.7) of a set that will become a subset of bounded continuous sections
of the direct sum of bundles and the general convergence criterium in (1.3), allow to show
the claimed factorization property in Corollary 4.1. Namely any continuous map from X at
values in the direct sum @)_, €; of bundles is continuous at a point if and only if all its n
components are continuous at the same point.

In [18, Theorem 2.1 we resolve the claim of extending the Kurtz’s result to the setting of
bundles of Q—spaces. More exacly we construct an element of the set Ag (0,20, &, X, RT)
Definition 11. Roughly and limited to singletons we have that the singleton {(7, z, ®)}
belongs to Ag (0,20, &, X, RT) if and only if 7 (z) is the graph of the infinitesimal generator
T, of a Cy—semigroup U(z) on &,, for all z € X, (1.1) holds true and

U e 1% (p). (1.13)

Thus, according to the discussed way of extending the Kurtz’ theorem, to find an element
in the set Ag (0,20, &, X, RT) means to find an extension of Theorem 1.1.

where (Qf)(n) = Qnf, (Qf)(c0) = f, while (QVS)(n) = Q,V Sp, (QVS)(c0) =V, for all n € N and U(L),
is the set of all Cp—semigroup on L, then by (1.10) and (1.8) follows that

Uel>(p),

where U(n) = U,, and U(c0) = U.



Use of bundles of locally convex spaces in problems of convergence of semigroups of operators. I 59

Finally let us outline how the main result of the entire work [19, Theorem 4.2| ex-
tends the classical stability problem at operators defined in different spaces. It provides the
existence of an element (7, ®, z.,) whose singleton belongs to the intersection of the set
Ap (U, 20,E, X, RT) with the set A (U, D,0,E) which ammounts to what follows. There
exists U satisfying (1.13) and there exists a section

P e I*=(n), (1.14)

satisfying (1.15) with T}, the infinitesimal generator of the Cy—semigroup U(x) for all z € X.
Actually the result is stronger since it establishes that P(z) is a spectral projector of T, for
all x € X.

Roughly speaking and limited to singletons we have what follows, see Definition 10 for
the precise and general definition. Given a (0, &) —structure (0,0, X, {pt}) and denoted
D = (B, n, X), we have that the singleton of (7, ®, x,) belongs to A (U, D, 0, ) if and only
if for all x € X the set 7 (z) is a graph in &,, (1.1) holds true and there exists P € I'*>(n)
such that P(z) is a projector on &, for all z € X and

P(x)T, C T, P(x), (1.15)

where T, is the operator in €, whose graph is 7 (z).

In others words (7, ®,x) € A (Y, D,0,E) if and only if 7 is a section of graphs in &
continuous at ., in the sense of (1.2) and such that there exists a section P of projectors
on € continuous at x such that P commutes with 7 in the meaning of (1.15).

Notice that (1.15) is satisfied by any element of the resolution of the identity of a spectral
operator [8, Definition 18.2.1|. Moreover whenever T, is the infinitesimal generator of a
Co—semigroup Wr(z) of contractions on &,, the most important case in this work, it results
that (1.15) is the property satisfied by all the spectral projectors of the form

P) = 5 [ R-TQdc,
T Jr

where R(—T};() is the resolvent map of the operator —7}, and I' is a suitable closed curve
on the complex plane. Hence we can consider the commutation in (1.15) as the defining
property of what we here consider as the interesting bundle P of projectors associated with
7. Therefore as (1.13) represents the extension of the Kurtz’s theorem so (1.14) realizes
our initial claim to extend in the framework of bundles of Q2—spaces the classical stability
problem. Moreover the two solutions U and P are correlated since P(x) is a spectral projector
of the infinitesimal generator T, of the semigroup U(x) for all x € X, in particular (1.15)
holds true.
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The main results of this work are the following ones

1.

10.

11.

12.

13.

14.

15.

Construction of a suitable directed fundamental set of seminorms of the topological
direct sum of a finite family of Hausdorff locally convex spaces, and construction of £%
satisfying F'M (3) — F M (4) with respect to E® (Theorem 4.1 and Lemma 4.1);

Factorization property of the convergence in any direct sum of bundles of (2—spaces
(Corollary 4.1);

Characterization of sections of 20 continuous at a point when (0,20, X)Y) is a
(0, &) —structure, (Lemma 5.1);

. Construction of a (0,€&) —structure (U, W, X,Y) and characterization of a subset of

['">(p) when U is trivial, (Theorem 5.1);

Construction of an element in the set Ag (0,20, &, X, R*), ([18, Theorem 2.1, Corol-
lary 3.1, Corollary 4.3, Theorem 4.4]);

Conditions yielding the bounded equicontinuity of which in hypothesis (i7) of [18,
Theorem 2.1] ([18, Corollary 3.1]);

Conditions yielding the [18, eq. (2.14)] (|18, Proposition 4.2|);
[18, Lemma 4.4, Theorem 4.1, Theorem 4.2, Theorem 4.3, Corollary 4.1];
Laplace duality property [18, Corollary 4.2|;

Consequence of being an (v, n, E, Z, T) invariant set V' with respect to F (|19, Propo-
sition 2.1]);

Construction of a set Ag (U, 0,2, &, X, R*) by using an (v, 7, &, K(I'), RT) invariant
set V' with respect to {F'r} (|19, Corollary 3.1));

A bundle version of the Lebesgue theorem for a y—related couple (U, 3) (|19, Theorem
4.1]);

[19, Lemma 4.1, Lemma 4.2, Corollary 4.1]

Construction of a section of spectral projectors continuous at a point, given a section
of semigroups continuous at the same point ([19, Corollary 4.2|)

The Main result of the entire work namely the construction of an element in the set
A(0,9,0,E) (|19, Theorem 4.2]).

The main structures defined in this work are the following ones

1.
2.

3.

Direct sum of full bundles of Q—spaces (Definition 2);
(Invariant) (O, ) —structure (B, W, X,Y), (Definition 6);

Graph section (7, 2., @), (Definition 8);
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4. A{0,9,0,E), (Definition 10);

5. Ae (U0, 20,E, X,RT), (Definition 11);

6. Ao (U, D,2,&, X, RT); (Definition 12);

7. (0,20, X,R*") with the Laplace duality property, (|18, Definition 2|);
8. U—Spaces ([18, Definition 7]);

9. The locally convex space & (|18, Definition 9]);
10. (v,n, E, Z,T) invariant set V with respect to F (|19, Definition 2]);
11. p—related couple (U, 3) ([19, Definition 9]);

12. (Invariant) (©, &, u) — structure (B, Q, X, Y) (|19, Definition 10]);

(
13. (©,&) — structure (U, B(M,I'(€)),X,Y) underlying a (0,E,u)— structure
(0,09, X,Y) (|19, Definition 12]).

2 Notation

For any two sets X,Y we let YX denote the set of maps defined on X and at values in
Y. Let Graph(X x Y') denote the set of subsets of X X Y which are graphs, while for any
map [ let Graph(f) denote its graph. If B is a base of a filter on X, we let 5 denote
the filter on X generated by the base B. If S is any set then P, (S) denotes the set of all
finite subsets of S. If 7 is any topology on X and x € X, then Z] denotes the filter of
neighbourhoods of x of the topological space (X, 7). Let u.s.c. mean upper semicontinuous.
All vector spaces are assumed to be over K € {R,C}, Hles stands for Hausdorff locally
convex spaces. We say that V = {(V,, A;)}.ex is a nice family of Hles if {V,},ex is a
family of Hlcs and there exists a set J for which Vz € X the set A, = {4} }jes is a directed
6 family of seminorms on V, generating the locally convex topology on it. For any family
of seminorms K on a vector space V we call the directed family of seminorms associated
with K the set {sup F'| FF € P,(T")} with the order relation of pointwise order on RY. fss
stands for “fundamental set of seminorms”. Given two locally convex spaces (lcs) F and F
we denote by L(E, F') the linear space of all linear and continuous maps on E with values
in F', and set L(E) = L(FE, E), moreover let Pr(E) = {P € L(F)|Po P = P} denote the set
of all continuous projectors on E. Let S be a set of bounded subsets of a lcs F, thus Lg(E)
denotes the lcs whose underlining linear space is L(E) and whose locally convex topology
is that of uniform convergence over the subsets in .S. When £ is a normed space and S is
the set of all finite parts of F, then Lg(E) will be denoted by By(FE), while B(E) denotes
L(E) with the usual norm topology. Let {E;};cr a family of les. Then we denote by 7, 7,
71, Tt the topology on @, ; E; induced by the product topology on [], ., E;, that induced by
the box topology on [[,.; £; (see [11]), the direct sum topology, Ch. 4, §3 of [11] and the
le-direct sum topology Ch. 6, §6 of [11] respectively.

fLe. (Vj1,52 € J)(3j € J)(uF,, 15, < pf) with the order relation of pointwise order on RV=.
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Let X,Y be two topological spaces then Comp(X) is the set of all compact subsets
of X, while C(X,Y) is the set of all continuous maps on X valued in Y, while C.(X,Y)
is the topological space of all continuous maps on X valued in Y with the topology of
uniform convergence over the compact subsets of Y. If Y is a uniform space then C°(X,Y)
is the space of all bounded maps in C (X,Y), while C°(X,Y) = C.(X,Y)NC*(X,Y). If
FE is a lcs then C. (X, E) is a lcs, while if E is a Hles and Comp(X) is a covering of X,
for example if X is a locally compact space, then C. (X, F) is a Hles. Let Y be a locally
compact space, 1 € Radon(Y) and E € Hlcs, then £,(Y, E, 1) denotes the linear space
of all scalarly essentially p—integrable maps f : Y — E such that its integral belongs to
E, see [3, Ch. 6], while Meas(Y, E, 1) denotes the linear space of all y—measurable maps
f:Y — E. Let E be a topological vector space, and (L(E), ) the topological vector space
whose underlying linear space is £(FE) provided by the topology 7. Thus U((L(E), 7)) is
the set of all continuous semigroup morphisms defined on R* and with values in (L(E), 7).
Moreover if ||-|| is any seminorm on £(E) (not necessarly continuous with respect to 7) we set
U ((L(E), 7)) as the subset of all U € U((L(F), 7)) such that ||U(s)|| < 1, for all s € R,
Let Uis((L(E), 7)) be the subset of all U € U((L(E), 7)) such that there exists a fundamental
set of seminorms K on E such that U(s) is an isometry with respect to any element in K,
for all s € RT. We use throughout this work the notation of [10] and often when referring to
Banach bundles those of [9]. In particular ((&,7),p, X,0) or simply (&, p, X), whenever 7
and 2N are known, is a bundle of Q—spaces (1.5. of [10]), where we denote by 7 the topology
on & while with M = {v; | j € J} the directed set of seminorms on €& (1.3. of [10]). Thus we

set M, = {vf|j € J} withvf =v; [ € and €, = }91(93), for all x € X and j € J. Moreover

for any U C X we call I'y(p) the space of bounded continuous sections of ((&,7),p, X, 9N)
on U defined by

Lu(p) =C (U, &) ]] (€ M)

where
b

H (€, MN,) = {0 € H ¢, | (Vj € J)(sup v} (o(x)) < c0)}.
zelU zelU zel
Let U C X and z € U set

b
I'i(p)={fe H (€,,M,) | f is continuous at z}.

zelU

So I'u(p) = Nyer TE(p). We set I'(p) = I'x(p) and I'*(p) = I'5(p) for any x € X. The
definition of trivial bundle of Q—spaces is given in 1.8. of [10]. Whenever we mention
the properties FM(3), FM(4) we always mean those provided in [10, §5] and recalled in
Definition 13. If 20 = ({(B, 1), £, X, M) is a bundle of Q—spaces, x € X and @, S are subsets
of [[,ex B, we set

Qs={HeQ|3BFeS)(H(zx)=F(x))},
Qs = Qre)

['5(6) = (I'(€))s
§) = (I'(

r s
(&) = (I*(9)s-
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3 Continuous sections of bundles of (2—spaces

In this section we provide simple but helpful results concerning convergence in bundles of
)—spaces and more specifically characterizations of the continuity of sections at a certain
point.

Proposition 3.1. Let U = ((€, 1) ,m, X, M) be a bundle of Q—spaces where N = {v; |j € J}.
Moreover let b € € and {by}acp a net in €. Then (1) < (2) < (3) & (4) where

]. limaeD ba - b;

2. (3U € Op(X)|U 2 «w(b))(Fo € T'y(w))(o o w(b) = b) such that lim,ep w(b,) = 7(b)
and (Vj € J)(limaep v;(by — o(7(bs))) = 0);

3. (AU € Op(X)|U" > w(b))(Fo" € T'y(r)|o" onw(b) = b) and (YU € Op(X)|U >
(b)) Vo € Ty(n)|o o w(b) = b) we have limaepm(b,) = 7(b) and (¥Vj €
J)(limpep v;(be — 0(m(ba))) = 0);

4. U € Op(X)|U >7(b))(Fo" € Ty(n))(o’ ow(b) =b) and limyep by = b.
Moreover if B is locally full then (1) < (4).

Proof. Clearly (3) = (2). (2) is equivalent to say that (3U € Op(X)|U > =n(b))(3o €
I'y(m))(o o w(b) = b) such that (VV € Op(X)|n(b) € V C U)Fa(V) € D)(Va >
a(V))(m(ba) € V) and (Vj € J)(Ve > 0)Ba(V) € D)(Va = a(j, €)) (¥ (ba — o(n(ba))) < €).
Set a(V,j,e) € D such that a(V,j,e) > a(V),a(j,e) which there exists D being directed,
thus we have (VV € Op(X)|n(b) € V C U)(Vj € J)(Ve > 0)(Fa(V,j,e) € D) such
that (Vo > a(V,j,¢))(vj(by — o(m(bs))) < €) and 7(by) € V. Thus (1) follows by ap-
plying 1.5.VII of [10]. Finally by applying 1.5.VII of [10] (4) (respectively (1) if U is
locally full) is equivalent to (3U’ € Op(X)|U’" 5 w(b))(Fo’ € T'y(m))(¢’ o w(b) = b) and
(Vo € Ty(m)|oom(b) = b)(Vj € J)(Ve > 0)(VV € Op(X) |n(b) € V C U)(3a@ € D)(Va > @)
we have 7(b,) € V and v;(b, — o(m(b,))) < € which is (3). O

Theorem 3.1. Let U = (&, 1), 7, X, N) be a bundle of Q—spaces, W C X and indicate
N ={v;|jeJ}. Moreoverlet f € €W ., € W. Then (1) <= (2) & (3) « (4) & (5) < (6)
where

1. f is continuous in Too;

2. (AU € Op(X)|U 3 xs)(30 €Ty(1))(0(r0) = f(20)) sSuch that v;o (f —oomo f):
WnNU —=Rand 7o f: W — X are continuous in x. for all j € J;

3. mo f W — X is continuous in T and (AU € Op(X)|U 3 xo)(Fo €
Ly(m))(0(r) = f(Too)) such that
(G €D Timy(fy) ~ o omo fy) = 0)
4. (U € Op(X)|U" 3 25)(F0" € Ty(n)(0'(2) = f(2x)) and (VU € Op(X)|U >
Too) (Vo € T'y(m) |0(2) = f(2x0)) we have vio(f—o) : WNU — R androf : W — X
are continuous in T, for all j € J;
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5. mof W — X is continuous in zo and (3U" € Op(X)|U" > z)(3o’ €
Ly(m)(0'(2s0) = f(2s0)) and (VU € Op(X)|U 3 x)(Vo € Ty(n) |0(2) = f(T0))

we have

(Vje)(  lim _ v;(f(y) —oomo fy)) =0);

Y—Too,yeWNU
6. (U € Op(X)|U' 2 25)(F0" € Ty(m))(0'(200) = f(20)) and f is continuous at Tn.

Moreover if G is locally full then (1) < (6) and if it is full we can choose U = X and
U =X.

Proof. (1) is equivalent to say that for each net {z,}aep C W such that lim,ep x4 = 2o in
W, we have lim,ep f(z4) = f(2s) in €. Similarly (2) is equivalent to say that for each net
{Zo}aep € W such that limyep o = Too in W, we have lim,ep 7o f(z,) = o f(2) and
(Vj e J)(limpeprvjo(f —oomo f)(za) =vjo(f —oomo f)(xx)). Thus (1) < (2) follows
by the corresponding one in Proposition 3.1 with the positions (Vo € D)(b, = f(z4))
and b = f(zo). Similarly (1) < (5) follows by (1) < (3) of Proposition 3.1. Finally
(5) = (6) follows by (5) = (1), while if (6) is true then m o f is continuous at ., indeed
7 is continuous, then (5) follows by the implication (4) = (3) of Proposition 3.1 with the
positions (Voo € D)(by = f(2,)) and b = f(2). O

Corollary 3.1. Let U = ((&,7), 7, X, M) be a bundle of Q—spaces, W C X and indicate
N={v;|je J}. Moreoverlet f € [[,cpy €z and 2o € W. Then (1) < (2) & (3) <« (4) &
(5) < (6) where

1. f is continuous in Too;

2. (AU € Op(X)|U 3 25)(Fo € T'y(7))(0(2s0) = f(2)) such that vjo(f—o) : WNU —
R is continuous in xs for all j € J;

3. (AU € Op(X)|U 3 2)(Fo € Ty(m))(0(2) = f(2s)) such that

(Vje ) lim  v;(f(y) —a(y)) =0);

Y—Too,yeWNU

4. (U € Op(X)|U' 3 25)(F0" € Ty(n))(0'(2s0) = f(2)) and (VU € Op(X)|U >
Too)(Vo € Ty(m) |0(250) = f(2s)) we have that v;o(f —o) : WNU — R is continuous
N Too for all j € J;

5. (U € Op(X)|U" 3 x5)(F0" € Ty(m))(0'(20) = f(2)) and (VU € Op(X)|U >
Too) (Vo €Ty(m) | 0(2) = f(2o0)) we have

(Vje ) lim vi(f(y) —o(y) =0).

Y—Too,yeWNU

6. (3U € Op(X)|U' 2 25)(F0" €Ty(m))(0(2) = f(To)) and f is continuous at T
If 50 is locally full then (1) < (6) and if it is full we can choose U =X and U’ = X.

Proof. By Theorem 3.1 and wo f = Id. [
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Proposition 3.2. Let U be full and such that there exists a linear space E such that for all
x € X there exists a linear subspace E, C E such that €, = {z} x E,, and that 7

{t,: X3z (x,v) €& |veE ﬂEI}CF(ﬂ),

zeX

If fo € [l,ex B and f € [],cx € such that f(x) = (z, fo(x)) for all z € X and fo(rs) €
Niex Bz, then (1) < (2) < (3), where

1. f s continuous at o

2. (AU € Op(X)|U 3 20)(Fo € Co (U, E))(0(2a0) = f(T0)) such that for all j € J

lim  vi(f(2) —o(2)) =0;

Zz—%oo,2€WNU J

3. foralljeJ
lim — vi((z, fo(2)) — (2, f(2))) = 0.

2—Too,2EWNU J

Proof. By Corollary 3.1 (1) < (2). Let (3) hold then (2) is true by setting o = ty,.y [ U.

Let (2) hold then v7((z, fo(2)) — (2, f(2))) < ¥ ((z, fo(2)) — 0(2)) + v} (0(2) =ty (2)),
thus (3) follows by (2) and by Corollary 3.1 applied to the continuous map ty,. ) [U. O

Corollary 3.2. Let U = ((&,7),7, X, M) be a bundle of Q—spaces, W C X and indicate
N ={v;|j € J}. Moreoverlet f,g € [[,e €= and 2o € W. Then if T locally full or v; is
continuous Vj € J, then (1) — (2) where

1. f(2s) = g(T0) and f and g are continuous in T.;

2. (AU € Op(X) | 2 € U) such that

(Vje ) lim _vi(f(y) —g(y)) =0).

Y—Too,yEWNU

Moreover if U is full we can choose U = X.

Proof. The statement is trivial in the case of continuiuty of all the v;. Whereas if U is locally
full by (1) — (5) of Corollary 3.1 we have (U € Op(X))(Fo € I'y(7))(0(2x) = f(2) =
g(xs)) such that

(Vje ) lm  vi(f(y) —o(y) = lim _ vi(g(y) —o(y)) =0).

Y—ZToo,yeWNU Y—Too,yeWNU

Therefore

Cdm v(f@)—g) < lim o v(f@) —o@)+  lim e vi(e() - o(y) = 0.

"An example is when % is the trivial bundle.
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Corollary 3.3. Let ((& 1), m, X, M) be a bundle of Q—spaces, W € Op(X) and indicate
N ={v;|je J}. Moreover let f € HZGW ¢,. Then (1) <= (2) & (3) < (4) < (5) where

1. fe Fw(ﬂ'),’

2.
(Vz € W)U, € Op(X)|U, 3 2)(30, € Ty, (7)) (0s(2) = f())

such that vj o (f — 0,) is continuous in x, Vj € J;

(Vo € W)3U, € Op(X)|U, 2 x)(30, € Ty, (7)) (0.(2) = f())
such that (V5 € J)(limy . yewnru, v5(f(y) — 02(y)) = 0);

(Vo € W)@EU, € Op(X)|U; 5 x)(3a;, € Ly, (7))(03,(x) = f(x))

and

(VU. € Op(X) | Uy 3 x)(Vo, € Ty, () | 0u(z) = f(x))

we have that v; o (f — 0,) is continuous in x for allx € W and j € J;

(Vz e W)3U, € Op(X)|U,; 3 x)(30, € L'y, (7)) (0, (x) = f(x))
and

(Ve e W)(VU, € Op(X)|U, 3 2)VNo, € Ty, (7)|ox(z) = f(x))
we have (Vj € J)(limy_, yewru, vj(f(y) — 0.(y)) = 0).

Proof. By Corollary 3.1. ]

4 Direct Sum of Bundles of {)—spaces

The aim of this section is to extend in Definition 2 the standard construction of direct sum of
Banach bundles to bundles of 2—spaces. In order to do this in Theorem 4.1 we find a suitable
directed set of seminorms inducing the product topology on the direct sum of a finite family
of locally convex spaces. Then since Lemma 4.1 we can apply the general construction given
in Definition 15 to the objects defined in Definition 1. Finally the factorization property of
the convergence in any direct sum of bundles of {2—spaces presented in Corollary 4.1, shows
that our definition extends the product topology and more in general it extends the usual
definition of direct sum of Banach bundles.

Theorem 4.1. Let {(E;, v;) }1, be a family of lcs where v; = {v;y, | l; € L;} is a fundamental
directed set of seminorms of E;. Let us set for alli=1,...,n,l; € L; and p € [}, L

Vil = Vi, © Pry
A~ n ~
fip = D p1 Vropys

where Pr; : [[,_, Ex 2 © — z; € E;.
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Then [ = {,|p € [1;_, Li} is a directed set of seminorms on @;_, E;. Moreover by
setting

{B(O) = (Wele,peln, L}
We = {z e @, Bilj(z) <el,

we have that B(0) is a base of the filter of the neighbourhoods of O with respect to the unique
locally convex topology T on €D;_, E; generated by fi. In other words

@i Ei _ g
8:B(o)l =1.
Finally we have T =19 =1, =7 = T1.

Proof. Only in this proof we set I = {1,...,n}, L =]],., L; and E® = @, | E;. Due to the
fact that n < oo we know that [}, E; = E so by [11] §4.3. the set {[[_, U; |U; € 4;} is a
0—basis for the box topology on E® if {{; is a 0—basis for the topology on E;. Moreover v;
is directed so by I1.3 of [2] we can choose

ili = {V(Vi,l“g) | e > O,ZZ € Ll},

4.1
V(Vi,liag) = {ZBl € EZ | Vi,li(xi) < E}. ( )
Thus if we set
Bu(0) = (U} In < (B g € L) "
Up = {xr € E®| (Vi € I)(D;,(x) <mi) };

then B;(0) is a 0—basis for the topology 75. Moreover U? = (., V(#; ,m:) so if we set

G(0) = { () V(Dsem(s)) | M € Po(| J{i} x Li), ens : M — R},

seM i€l

then by (4.2) B1(0) C G(0). Moreover by applying /1.3 of [2], G(0) is a basis of a filter thus
52] S2]
85,0) < So(o)-

Now for all M € P, (U, {i} X L;) we have M = J,.; M; with M; = MN({i}xL;) = {i} xQ;
for some Q; € P, (L;). Hence VM € P, (UZGI{'L} X Li) and Vey - M — RS

T= (\V(0eeul(s) =()[) V(s euml(s))

seM el seM,
= () {z € E® |z € V(vi,,em(i, 1))
i€l 1;€Q;
= m{x & E1EB | ZT; € ﬂ V(Vi,li,EM(i,li))}-
i€l LieQ;

Moreover we know that ; is a basis of a filter on F; thus for any ¢ € I there exists A\; > 0
and k; € L; such that
V (Vi i) C ﬂ V(vig,em(3, 1)),
Li€Q;
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hence
G0)>T 2 [z € E®|x; € V(v M)}
el
- ﬂ V(ﬁi,kia )\z) € 81(0)
el

Therefore by a well-known property of filters Sg(%) C SgiO) then

D @D
35(0) = 351(0)‘ (4.3)

By applying /7.3 of [2] we know that 35(%) is the 0—neighbourhood’s filter with respect to

the locally convex topology generated by the family of seminorms {v;|s € |J,c,;{i} x L}
thus by (4.2) and (4.3)

{vs|s e U{z} x L;} is a fss for 7. (4.4)
i€l
Now [i is a set of seminorms on E®. Let p',p? € L then by the hypothesis that v; is
directed, for all ¢ € I there exists p; € L; such that p; > p', p* thus fi, > fi,1, fi,2, hence fi is
directed. Therefore setting

B0)={W¢f|e>0,pe L}
We = {w € B° |iy(2) <)

by applying 1.3 of [2]
B(0) is the 0—basis for the topology generated by fi. (4.5)

Now (V(k, k) € U;e i} x Li)(3p € L)(Dry, < afi,) indeed keep any p s.t. p(k) = [. While
(VpeI)(m € N)(Is1,...,5m € U {4} X Li)(Fa > 0)(f1, < asup, s, ) indeed it is sufficient
to set m =n, a =n and s; = (i, p;) for all i € I. Therefore by applying Corollary 1 1.7 of
[2] and by (4.5) and (4.4) we have that /1 is a directed fss for the topology 7y hence the part of
the statement concerning 7y follows. By Prop. 2, §3, Ch 4 of [11] we know that 7o = 7, = 7;.
Finally 77 = 7; by the fact that 7 is the finest locally convex topology among those which
are coarser than 7;, §6, Ch 6 of [11], and the just now shown fact that 7; is locally convex
being equal to 7y which is generated by fi. O

Notation 1. In the remaining of the present Section 4 we let {;}? , be a family of full
bundles of Q—spaces. Here U, = ((&;, ), m, X, ), N = {viy, | i € L;} moreover N¥ =

(v, |l € L}, with v, = vy, | (&), and (€;), = m;(z) for all i = 1,...,n and « € X.

xT

Definition 1. Define
2. ng = {5 | p € [[;2, Li}, where

= 0 (4.6)
=1
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T X

3. B® = {(BY i) boex

. €9 is the linear subspace of [ ],y EY generated by the following set

Uf‘(m) (4.7)

Here Pr : EY > v — (i) € (&), while o7, = v, oPri and I} : (&;), — E? is the canonical

inclusion, i.e. Prj ol = §;; Id®, finally ( D ={f|fel(m)}, with f(z) = I*(f(z)).

Notice that {((&;), , N7}, for all x € X is a family of Hlcs where M7 is a directed
family of seminorms defining the topology on (¢&;)_, foralli=1,...,n

Lemma 4.1. £% satisfies FM(3) — FM(4) with respect to E®.

Proof. IF is a bijective map onto its range whose inverse is Pr{ [ Range(I7). Moreover
by definition of the product topology Pr{ is continuous with respect to the topology 7 on
Range(I?) induced by 7 [1, Ch.1], while I? is continuous with respect to ¢ by [11, § 4.3 Pr.1]
and the definition of 7;. Hence by Theorem 4.1 I7 is an isomorphism of the tvs’s ((&;)_,97)
and I7 ((€;),) as subspace of (E¥,n?). Since [10, 1.5.III] and [10, 1.6.viii|* we deduce that

T

{o(z)|o € I'(m;)} is dense in ((&;),,N7). Therefore Vi =1,...,n and Vo € X
{I7(o(z))|o € I'(m;)} is dense in I ((&;),). (4.8)

where I ((&;),) has to be intended as topological vector subspace of (EY,n?). So by the

T )T

continuity of the sum on (E¥, nf) and the fact that E? is generated as linear space by the
set Ui, I¥ ((€;),) we can state Vo € X that

{F(z)| F € €%} is dense in (EZ, n?). (4.9)

Namely by (4.8)
(Vv € €%)(Vi=1,...,n)(3{0u; }a,en, net C (7))

such that . .
v = 21] (Pr(v)) = 2 Jim I? (0a; (7))
= Ben[l)w (x) = ileng w' (7)
=1 =1
= ilerg > I (0a@) (),

where D =[], D; while w),(z) = I?(04(;)(z)) for all & € D. Moreover Voo € D

(X320 ) IF(0am(1) € ¥

i=1

8which ensures that the locally convex topology on (€;),, generated by the set of seminorms M7 is exactly
the topology induced on it by the topology ; on &, for all ¢ and =z € X.
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then (4.9) and FM(3) follow.
Finally F'M(4) follows by [10, 1.6.iii] applied to any o; € T'(m;) for all i = 1,...,n indeed
Vo, € F(?TZ)

ny’

xT
i,pi(a-i(x)) =v’ o lizr olf ooy(x) = v

i ; o O'Z<£C>

p

]

Now we are able to extend to bundles of {2—spaces, the standard construction of direct
sum of Banach bundles. Namely by Theorem 4.1 we know that n? is a directed set of
seminorms on E¥ inducing on EY the product topology, thus since Lemma 4.1 we can apply
Definition 15 and set the following

Definition 2. We call bundle direct sum of the family {%,}? , the following bundle of
()—spaces

T U, = V(E®, £9).
D

1=1

Remark 1. By Definition 15 and Definition 2
@ U; = <<€(E@)> T(E@v 5@)> ) ﬂ-E@’X? n®>
i=1

where
1. €(E®) = U,cx{z} X EL, mee : €(E®) 2 (z,v) m 2z € X.
2. 0% = (i, | p € [Ty Lik, with i, : €(E9) 3 (2,0) il 0);
3. 7(E®,£?) is the topology on &(E?) such that for all (z,v) € E(E?)

E(ET) . E(ED)
Liawy” = SBo((@w)):

Here we recall that ggg(fg ) is the filter on E(E®) generated by the following base of
filters

B((z,v)) = {Tes(U,0,6,p) | U € Open(X),0 € €%, > 0,p € HLZ'
i=1
|I S U)ﬂﬁ(v - O'(LU)) < 6})

where
Tea (U,0,¢,p) = {(y,w) € €(E®) |y € U, il (w — a(y)) <} .

In what follows we state the factorization property of convergence which proves that our
construction of bundle direct sum of a family of bundles of 2—spaces, extends the standard
definition provided in the Banach bundle case.
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Corollary 4.1. Let f : X — E(E®) and x € X. Thus f is continuous in x if and only
if fo+ X — € is continuous in x for all i = 1,...,n, where fo : X — |J,cx EY such that
Vze X f(z) = (z, fo(2)) and
4 meo (f(2))
fi) = Pr ofy(z).
In particular f € T(mgs) if and only if (X 2 z— Priofo(z) € (&),) € I'(m), for all i =
1,...,n.

Proof. Since the definition of £, the request that all the bundles in the family {%,}? , are
full and the fact that €% is linearly isomorphic to a subspace of I'(7gs ) we obtain that, when
applied to the bundle direct sum of the family {U;}? ,, the first part of (6) in Theorem 3.1 is
satisfied by global sections belonging to £%. Therefore the statement follows since (5) < (6)
in Theorem 3.1. O]

Convention 1. By construction we have that I'(mge) C [[,.y{2} x EY. In what follows,
except contrary mention, we convein to consider with abuse of language in the obvious

I(res) € [ €D (&), -

rzeX i=1

Similarly for I'*(7ge) for any x € X. Moreover in the case in which for any ¢ = 1,...,n we
have U; = U(E;, &;), with obvious meaning of the symbols we consider

I(res) € [ €D (Ea), -

rzeX =1

5 (0,&)—structure

In Definition 6 we define the concept of (©,E&) —structure. In Lemma 5.1 and Corol-
lary 5.1 we characterize basic properties of this structure. In Theorem 5.1 we construct the
(0, &) —structure described in Introduction and provide a set of continuous sections which
serves as a model to build the general definition. Finally in Proposition 5.1 we provide a
characterization of continuous sections related to a suitable (0, &) —structure. In order to
construct the structure provided in Definition 6 we need a sequence of steps starting with
the following

Definition 3. (X,E,S) is a map system if
1. X is a set;
2. E = {(E;,My) }sex is a nice family of Hles with M, = {v7 |j € J} for all v € X;

3. (3L # 0)(S = {Sz}aex) where S, = {Bf |l € L} C Bounded(E,) and |J,., B} is total
in E, for all x € X.

Definition 4. We say that M is a map pre-bundle relative to (X, Y, E,S) if

1. (X,E,S) is a map system;
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2. M= {(M,,R,)}.cx is a nice family of Hlcs;
3. Y is a Hausdorff topological space and Vo € X

R, ={ sup A(xjp | M| O € Py (Comp(Y) x J x L)}.
(K.5,l)eO

Here we recall that P,(A) is the set of all finite parts of the set A, Lg, (E,), for all z € X, is
the les of all continuous linear maps L£(E,) on E, with the topology of uniform convergence
over the sets in S,, hence its topology is generated by the following set of seminorms

{pﬁl 1 L(Ey) > ¢ sup vi(d(v)) [l € L,j€ J}. (5.1)

veB}

Thus by the totality hypothesis and by [2, Prop. 3, I11.15] Lg,(E,) is Hausdorff. Finally
for all (K, j,1) € Comp(Y) x J x L we set

Gy Ce (Y L, (B2)) 3 = sup i (f(2)). (5.2)

Remark 2. By the fact that {t} is compact for all ¢ € ¥ we have that Uyccompn) K =
Y thus by the shown fact that Lg (E,) is Hausdorff we deduce by [1, Proposi-
tion (1), §1.2, Ch 10| that C. (Y, Ls,(E;)) is Hausdorff. Moreover by [1, Definition (1),
§1.1, Ch 10] and by the fact that (5.1) is a fss on Lg,(E.), we can deduce that

{Sup(Ku}l)e(’J (x| O € Pu (Comp(Y) x J X L)} is a directed fss on C. (Y, Ls, (E.)). Hence

(M., R,) is a topological vector subspace of C. (Y, Lg, (E.)) so it is Hausdorff, hence by the
construction of R, we can state that {(M,,R.)}.cx is a nice family of Hles in agreement
with request (2) in Definition 4.

Next we provide the explicit form of B(M, M).
Remark 3. Let M = {(M;,R,)}.ex be a map pre-bundle relative to
<X,Y,E: (Ex,mx>zex,8>, moreover let M satisfy FM(3) — FM(4) with respect to
M. Let us denote M, = {vf|j € J} for all x € X and use the notation in Definition 4.
Thus for the bundle B(M, M) generated by the couple (M, M) we have

L B(M, M) = ((&M), 7(M, M)) , mm, X, R);

2. €M) = U,ex iz} x My, my 2 €M) o (2, f) — 2 € X;

3. R= {Sup(K,j,l)eO Ak, | O € Py (Comp(Y) x J x L)}, with ¢k : €M) 3 (, f) —
q(xK,j,l)(f)S

4. 7(M, M) is the topology on &(M) such that for all (z, f) € (M)

EM) . ~E(M)
Liarf) = SBu((a.p)
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€M)

(1) is the filter on

is the neighbourhood’s filter of (x, f) with respect to it. Here SB
¢(M) generated by the following filter’s base

Bu((z, ) ={Tm (U,0,e,0) |U € Open(X),o0 € M,e > 0,

O € P, (Comp(Y) x JxL)[zelU, sup qix;p(f—o(x)) <e}l,
(K,j,l)eO

where YU € Open(X),o € M,e >0 and YO € P, (Comp(Y) x J x L)

Tw(U,0,6,0) = {(y,9) € EM) [y €U, sup qlyc;p(9—0(y)) <e}.

(K.j,l)eO

Remark 4. Let M = {(M,,R.)}.ex be a map pre-bundle relative to
(X,Y,E=(E;,M,),cx.S), moreover let M satisfy FM(3) — FM(4) with respect to
M. Thus by Remark 12 YU € Open(X),0 € M,e > 0 and YO € P, (Comp(Y') x J x L)

Tu(U,0.2,0) = | ] Bu,.0.(0(

yeU

where for all s € M,

Bu,0:(5) = {(y,f) € €M), | sup ¢, (f—s) <e}.

(K.5,1)€e0
By applying Remark 11 we have the following

Remark 5. Let M be a map pre-bundle relative to (X,Y,E,S), moreover let M satisfy
FM(3) — FM(4) with respect to M. Thus

U(M, M) is a bundle of QQ—spaces;
2. with the notation of Definition 3 (M, M) is such that

(a) (&(M),, (M, M)) as topological vector space is isomorphic to (M,,®R,) for all
r € X,
(b) M is canonically isomorphic to a linear subspace of I'(my) and if X is compact

and M is a function module, then M ~ I'(my).

In Definition 6 we generalize the topology of uniform convergence to bundles (I, p, X') of
Q—spaces, where {9, }.cx is a map pre-bundle relative to (X, Y, {€,}.cx,S) and (&, m, X)
is a bundle of (2—spaces. The aim is to correlate the topology on 91 with that on € in order
to extend the correlation established in the introduction for the trivial bundle case.

(o : JJe)® x [] ¢ — ][] ¢

zeX zeX rzeX

such that for all F € [[,.(€,)%, v € [[,cx € we have

(F e w)(z) = F(z)(w(z)).

Definition 5.
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Definition 6 ( (0,€&) —structures). We say that (0,20, X|Y) is a (©, ) —structure if
1. 0= ((&7),m,X,9) is a bundle of Q—spaces;
2. £ CI'(m);
3. © C]],cx Bounded(€&,);
4. VB € ©

(a) D(B,&) # 0
(b) Upee B% is total in €, for all z € X;

5. W = ((M,~),p, X,R) is a bundle of Q—spaces such that {(M,,R,)}.ex is a map
pre-bundle relative to (X, Y, {(&,,MN,) }.ex, S).

Here S = {S,}.ex and (VB € 0)(Vx € X)

D(B,€) = &N ([Lex B:)
B, = {v(z) |v € D(B,E)}} (5.3)
S, = {B%|B € O}

Moreover (0,20, X,Y') is an invariant (©, &) —structure if it is a (6, £) —structure such that

{Fe][Mm.|(vteY)(Fe&®) CT(n)} =T(p). (5.4)

zeX

Finally (0,20, X,Y) is a compatible (©, E) —structure if it is a (O, &) —structure such that
forallteY
I'(p) @ £(O) CI'(m). (5.5)

Here

£©) = | D(B,E),

Beo

and Sy = {F|F € S} and F, € [],.¢ £(€;) such that Fi(z) = F(x)(t), for all S C
[loex £(€:)" t €Y, and F € S.

Remark 6. Let (0,20, X,Y) be a (0, ) —structure. Then for all z € X

R, = {( SUD 4k jm) | M |O € P,(Comp(Y) x J x0O)} (5.6)

K,j,B)eO

where by using the notation of Definition 6 we set 9 = {v7]j € J} and for all K €
Comp(Y),jeJ, Be©O

U )t Ce(Y:Ls,(€:)) 3 fo = sup sup vf (fo(t)v(2)). (5.7)
teK veD(B,E)
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Remark 7. Let U = ((¢,7), 7, X,M) be a bundle, M = {(M,,R,)}.ex a map pre-bundle
relative to (X, Y, {(&,,M,) }zex, S) and M satisfy F'M(3)— F M (4) with respect to M. Then
Remark 3 allows us to construct 20 satisfying the condition (5) in Definition 6.

The following characterization of U € I';7(p) will be basic in the sequel.

Lemma 5.1. Let (0,20, X,Y) be a (0,&) —structure, o, € W C X and U € HZGW m,.
By wusing the notation in Definition 6 we have (1) < (2) < (3) < (4) moreover if W is
locally full (1) < (2) < (3) < (4), finally if 2 is full we can choose U = X in (2) and
U' =X in (3) and (4). Here

2. (AU € Op(X)|U 3 2o0)3F € Tu(p)(F(reo) = U(2x)) such that (V5 € J)(VK €
Comp(Y))(VB € 9)

lim  sup sup v; (U(2)(t)v(z) — F(2)(t)v(z)) = 0; (5.8)

2—Too,2EWNU teK UED(B,g)

3. (AU € Op(X)|U" 3 20)(3F € Tyi(p))(F2e) = U(xs)) and (VU € Op(X)|U >
éo)o)(VF € lu(p) | F(rso) = U(xs)) we have (5.8) (V5 € J)(VK € Comp(Y))(VB €

4. QU € Op(X)|U' 2 25)3F € Tpp(p)(F(200) =U(20)) and U € T (p).

Proof. Since Corollary 3.1 and Definition 4. ]

Corollary 5.1. Let us assume the hypotheses of Lemma 5.1 and that 20 is full. Moreover
let B€© andv € D(B,E). Then (1) = (2), where

1. U € T (p) and IF € [(p) such that F(xs) = U(zs) and (Yt € YV)(F(-)(t) o v €
L(m));

2. (Vte X)(U(-)(t) v e I (n)).
Proof. By the position (1) and by the implication (1) = (3) of Lemma 5.1 and by the fact

that the union of all compact subsets of Y is Y, being locally compact, we deduce that
(FF €T (p)(F(re) =U(rx)) such that (Vj € J)(Vt € Y)(VB € ©) and Yv € D(B, )

{limz—»xm,zew v U(2)()v(z) = F(2)()o(2)) = 0,
F()(t)ev e T'(m).

Thus the statement follows by implication (3) = (1) of Corollary 3.1. O

Let us conclude this section with two results constructing a (0, ) —structure and de-
scribing I'">(p) when U is trivial.
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Lemma 5.2. Let Z be a normed space X,Y be two topological spaces. Set for all x € X and
v el (X, Z)
(M ={F €C(X,C (Y, Ls(2))) | (VK € Comp(Y'))

(CFK) = sup  [[F(x)(s)llsz) < o)},

(z,5)eX XK
M, = {F(z)| F € M},
gy Ma 2 G = sup e [G(s)u(@)]],
A, = {lu{fu,x) | K € Comp(Y),w € Cy (X, 2)},
\ M = {<M:L“7 Ax>}x€X-
closure in C. (Y, Bs(Z)). Then M satisfies FM3 — FM4 with respect to M

Proof. FM(3) is true by construction, let v € C, (X, Z), K € Comp(Y), F' € M, then

SUD f1(y 0 (F(2)) < sup  [|F(2)(s)]| 5z sup [Ju(=)]| < 0.
zeX (z,8)EX XK zeX

For all x, 2y € X
o) (F(2)) < Cllv(x) = v(zo)|| + Sup [1F' () (s)v(wo)]|, (5.9)

where C' = sup gexxx [F(2)(s)]|Bz). Moreover the map C.(Y,Bs(Z)) > f +
sup,ex If(s)w]] € R, for all w € Z is a continuous seminorm, hence by the continu-
ity of F also the map X > x — sup,g [|F(z)(s)w| € RY is continuous. So by (5.9)
0y (F0)) = 50Dk [P0l = iy (Pl and by [, 13), 5] we
ave

lim M{gz)(F(x)) = ufim)(F(xo)).

Tr—T0

Therefore by [1, (13), §5.6], [1, Proposition 3, §6.2], and the fact that any map ¢ is u.s.c. at

a point if and only if —g¢ is [.s.c., we can state that X > x +— ,u(KM)(F(x)) is u.s.c. at xq for

all zo € X, hence it is u.s.c., which is the F'M(4) condition. O
Remark 8. Let U = ((&,7),7, X,MN) be a bundle of {2—spaces and & C ] .y &,. Set for
all v € [[,ex €

B,: X 3>z~ {v(x)},

©={B,|wec&}
Thus © C [[,.y Bounded(€&,) and Vv € £

EN] Bu(z) = {v}.

zeX

Therefore for all v € £, and for all x € X with the notation of Definition 6

D(B.,€) = {v},

By, = {v(x)},

Se = {{w(@)} |w € &},
£(O) =¢&.
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By Lemma 5.2 and Definition 15 we can construct the bundle B(M, M) generated by

the couple (M, M). In the following result we construct a (0, ) —structure and describe a
subset of T*>=(p).

Theorem 5.1. Let us assume the notation and hypotheses of Lemma 5.2, let U be the trivial
Banach bundle with constant stalk Z and set © = {B,|v € C, (X, Z)}. Then
1. (B, BM,M), X\ Y) is a (0,C (X, Z))— structure, moreover if X is compact and Y
1s locally compact then it is compatible;

2. Let f € [,e x Mz be such that sup(, gexxx ||.f(2)(8)|lBz) < 0o for all K € Comp(Y')
then (a) < (b) < (¢) & (d), where

(a) f € D% (my);
(b) (VK € Comp(Y)) (Vv € Gy (X, Z))
lim sup || f(z)(s)v(z) — f(2)(s)v(z)| =0

(c) f:X —C.(Y,Bs(Z)) continuous at To;
(d) (VK € Comp(Y))(VYw € Z)
lim sup |1£()(s)w — (o) (s}l = 0.

T—Too SGK

Proof. By Remark 7 and Lemma 5.2 we have that (5) of Definition 6 follows. I'(m) o~
Cy (X, Z) hence by Remark 8 the other requests of Definition 6 follow. Thus the first sentence
of statement (1). If X is compact by Lemma 5.2 and Remark 11 follows that M ~ T'(my),
moreover by Remark 8 we have £(0) = £ and finally € = I'(r) ~ C, (X, Z). Hence the
second sentence of statement (1) follows if we show that M, eC, (X, Z) C C, (X, Z). To this
end fix v € G (X, Z), F € M, s € Y and K, a compact neighbourhood of s, which there
exists by the hypothesis that Y is locally compact. Then we have for all x,zo € X

[1F(z)(s)v(z) — F(zs0)(s)v(zo)|| <

C(F, Ky)|lv(@) — v(wo) || + || (F'(2)(s) — F(z0)(s)) v(zo)|
By considering that F € C,(X,C.(Y,Bs(Z))) and that s € K, we have that
limg ., |[(F(2)(s) — F(x0)(s))v(zo)|| = 0. Hence by (5.10) we deduce that F; e v is con-

tinuous at xy, so continuous on X, in particular X being compact it is also || - || z—bounded.
Thus Fs; e v € C, (X, Z) and the second sentence of the statement follows.

Fix [ € [T, x M, such that (VK € Comp(Y))(CUJ, K) = sup(yyex e |F(2)(3)]l ) <
00). (a) & (b) follows by Lemma 5.1, the fact that M C I'(my) by Remark 11, and by
(H: X 32— f(zs) € C.(Y,Bs(Z))) € M, indeed H it is bounded and continuous
being constant, moreover sup(, gexxx [[H(7)(8)|Bz) = suPser | f(Too)(8)|lB(2) < 00, for all
K € Comp(Y). (b) = (d) follows by the fact that (X 3 z — w € Z) € (X, Z), and
(c) © (d) is trivial. For all K € Comp(Y), vz € X and s € K

I(f(2)(s) = f(zo0)(8))v(2)

1f (@) (s)v(@) = f(2oo) (s)0(zoo) | + [[f (wo0) (s)0(200) = f(2o0)(s)0(2)

1f () (s)(v(z) = v(zo)) | + | (f(2)(5) = [(#eo) (8))0(2oo)[| + [ f (7e0) (8) (0(700) = v(2))
@)+ 1 (o) () ) [[0(200) = w(@)]| + [ (F(2)(5) = f(2e0)(s)) (7o)

20(f, K)|lv(wee) = v(@)]| + [[(f () (s) = f(2oo)(8))v(2e0) -

(5.10)

VAN VAN VAN VAN
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Hence (d) implies (b). O
Definition 7. Let (0,20, X,Y) be a (0, &) —structure, Yo C Y and V € [], . M,. We say
that V is equicontinuous on Yj if and only if (V5 € J)(Ja > 0)(F 51 € J)(Vz € X)(Vvu, € €,)

supv; (V(2)(t)v.) < avy, (v,). (5.11)

t€Yo

Y is equicontinuous if and only if it is equicontinuous on Y. V is pointwise equicontinuous
if and only if it is equicontinuous on every point of Y and compactly equicontinuous if and
only if it is equicontinuous on every compact of Y.

Note that in case U is trivial with costant stalk E then )V is equicontinuous on Yj if
and only if it is equicontinuous in the standard sense® the following set of maps {V(z)(t) €

L(E)|(z,t) € X x Yo}, where V) € (ﬁ(E)Y)X such that V(2) = (2, Vy(2)) for all z € X.
Proposition 5.1. Let U be trivial with costant stalk E, A° € Bounded(E), 1o € X and
E CGC (X, E)

Eo equicontinuous set at T, (5.12)
{(X2>x—aekE)|ac A%} C &.

Moreover let (0,20, X,Y) be a (©,E) —structure such that for all x € X
M, =C.(Y,Ls,{z} X E)).

and

{s = [Lex{z} x &
@ - {BAO}

where Byo(x) = {x} x A°, then

Sy ={x} x A" Vre X

M, ~ {x} X C. (Y, La0(F)).

M = Upex Mo = Uyex e} X Ce (Y, Lao(E))

[Loex Mo = [Lex{z} x Cc (Y, Lao(E)) = Ce (Y. Lao(E))™ .
If 95 is full and

(5.13)

{(X 2z tp(x) = (2, f) €M | f € C. (Y, Lao(E))} C T(p),
then for all V € [[2cx M., (1) = (2) and (3) < (4), where
1.V eI'*=(p)
2. Vo € C(X,Ce (Y, Lao(E))),

3.V is compactly equicontinuous and V € I'">=(p)

9See for instance |1, Def 1, §2.1, Ch. 10].
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4.V is compactly equicontinuous and Vy € C (X, C. (Y, Lao(E))).

Here in (2) — (4) we consider the isomorphism [], .y M, =~ Co (Y, Lao (E))Y, and set V, €
Co (Y, Lao(E))Y such that V(z) = (z,V(z)) for all z € X

Proof. For all z € X by (5.3) By | = {(z,v0(z))|vo € &, vo(X) C A%} s0 By € A
Moreover by construction (X 3z + a € E) € & for all @ € A, thus B} | = A%. Thus the
first equality in (5.13) follows, the others are trivial. By Proposition 3.2

(1) & lim sup sup v; (Vo(2)(t) = Vo(zao)(t))vo(2)) = 0. (5.14)

F %o te K voe€oNB 40

Moreover by construction we deduce that {(X > x +— a € E)|a € A’} C & N By, so (2)
follows by (1) and (5.14). Let vy € & then for all z € X and t € YV

(V(2)(1) = V(@) (1)) vo(2) = V(2)(1)(v0(2) — vo(o0))+
V(2)(1) = V(o) (1)) v0(To) + V(o) (1) (v0(2) = v0(7c))- (5.15)

Moreover by the hypothesis of equicontinuity at x., of the set &), for all j € J

lim sup vj(vo(2) — vo(2s)) = 0. (5.16)

2% yyeéy

By (5.15) and (5.11) for all j € J there exists j; € J and a > 0 such that for all z € X

sup  sup v (Vo(2)(1) = Volweo) (t))vo(2)) <

te K vge&y QBAQ

2a  sup vy (vo(2) — vo(rs0)) +

Vo EgoﬂBAo

sup  sup v (V(2)(t) — V(To)(t)) vo(Ts0)- (5.17)

te K voe& ﬁBAO

Therefore by (5.17), (5.16) and by (4) follows

lim sup —sup v (Vo(2)(t) = Vo(2e) (t))v0(2)) = 0.

F %o te K vo€€oNB 40

Hence (1) follows by (5.14). O

6 Main claim

In this section we state in a precise way the claims outlined in Introduction. The main
Claim 6.1 which essentially establishes the existence of 7 and P satisfying (1.1), (1.14)
and (1.15). The auxiliary Claim 6.2 which provides U satisfying (1.13) and then Claim 6.3.
Proposition 6.1 provides the main properties of those realizations of the main claim obtained
combining realizations of the two auxiliary ones. We anticipate that [19, Theorem 4.2]
resolves the main claim in this fashion. In what follows when dealing with bundle direct
sums we use the notation provided in Remark 1.
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Definition 8. Let U; = ((&;, 1), m, X, ;) be a full bundle of Q—spaces for any ¢ = 1, 2.
Then we call set of graph sections relative to U; and U, the set Gr(U;,Vy) of the elements
(T, 2o, P) such that

L. T € [[,ex Graph((€1), x (€2),);
2. oo € X

3. @ is a linear subspace of I'*>(7ge );
4. Vx € X)(Vo € @)(op(x) € T(x))

5. Asymptotic Graph

{¢(rs) [ € P} = T (7). (6.1)

Definition 9. Let U; = ((&;, 7;),m, X,M;) be a full bundle of Q2—spaces for any i = 1, 2.
Then we call set of pregraph sections relative to U; and U, the set Pregraph (Ui, Us) of
the elements (7, o, P) such that

1. 2o € X;

2. 7o € [uex— (o) Graph((€1), x (€,),);

3. @ is a linear subspace of I'**(7gs );

4. (Vz € X —{z}) (Vo € )(¢(z) € To(x)).

We shall see in [18, Lemma 2.1] that it is possible to construct from any suitable pregraph
section (7, To, D) a corresponding graph section (7, z,, @) such that 7 extends 7y, while
7T () is defined by (6.1). To this end it is sufficient to show that 7 (z) € Graph((€y).,, X

Remark 9. The request that any ¢ € ® is a section continuous in x., implies that
{lim, ., &(z)|¢ € P} =T (v) € Graph((€;)
with
d(2) € T(2) € Graph((&1), x (&),), Vz € X — {2},

x (&)

oo o)

which justifies the name of asymptotic graph given to (6.1). Moreover by setting X > z —
¢i(z) = Pri(¢(z)) we have by Corollary 4.1 for all i = 1,2

{lim. .o, 9i(2) | ¢ € D} = Pri>= (T (2))
with (6.2)
d(2) € T(2) € Graph((€1), x (&),), Vz € X —{z}.

Finally for i = 1,2 by Corollary 4.1 and Corollary 3.1 we have (1;) < (2;)

(1;) (Foel'(m))(0(rs) = ¢i(s)) such that

(Vj € J)( lim v;(¢i(2) —o(z2)) = 0);

Z2—Too



Use of bundles of locally convex spaces in problems of convergence of semigroups of operators. I 81

(2;) (Vo el'(n)]0(2s) = ¢i(s)) we have

(Vj € J)( im v;(¢i(2) —o(z2)) = 0).

2—Too

Definition 10. Let (0,9, X, {pt}) be a (6,&) —structure such that U is full and let us
denote © = ((®B,~),n, X, £). Thus Q € AL, D,0,¢) if

1. Q C Gr(7,9);

2. Section of projectors associated with (7, 2o, ®): V(7 , 2, P) € Q

3P e n [] Pr(€.)) (Va € X) (P(2)T., € T.P(x)). (6.3)

Here T, : D, C €, — €&, is the map such that 7 (x) = Graph(T,), for all x € X.

Claim 6.1 (MAIN). Under the assumptions in Definition 10, possibly with (0,9, X, {pt})
invariant, find elements in the set

A(D,D,0,8).

Definition 11. Let (,20, X, R*) be a (0,&)—structure.  Let us denote U =
(&), m X, M) and W = (M, 7),p, X,R). We require that U is full, {&,},cx is
a family of sequentially complete Hles and U(Lg,(€,)) C M, for all z € X. Then
Qe Ao (0,20,&, X,R") if and only if

1. Q C Gr(T,9);

2. Section of semigroups associated with (7,2, ®): V(7T , 2, D) €

B U(T’mm,@ € [Peo (p)

such that Vo € X

(a) Uit 20,0y (2) is an equicontinuous (Cp)—semigroup on &,;
(b) (Vz € X)(7 (z) = Graph(R,)).
Here R, is the infinitesimal generator of the semigroup U, o) (x) € C. (RT, Lg, (€,)).

Claim 6.2 (S). Under the assumptions in Definition 11, possibly with (0,20, X, R") com-
patible, find elements in the set

Ao (0,20, X,R").

Remark 10. Notice that V (7, z,,, ®) € 2 there exists only one semigroup section associated
with it. Moreover Uz, &) is characterized by any of the equivalent conditions in Lemma
5.1 with U = X and Y = R™T.
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Definition 12. Let (0,20, X,R") be a (0,&)—structure and (U, D, X, {pt}) be a
(0,€&) —structure.  Let us denote ¥ = (& 1), 7, X,N), © = ((B,v),n, X, L) and
W = (M,v),p, X,R). We require that U is full, {€,},cx is a family of sequentially
complete Hles and U(Lg, (€,)) € M, for all z € X. Then ¥ € Ag (U, 0,20, &, X,RY) if
and only if

2. (VU € V)(Vz € X) (U(zx) is an equicontinuous (Cp)—semigroup on €, );

3. Section of projectors associated with U: (Vz € X)(VU € Y NT*(p))

3P er(n) N [ Pr(€,) (Ve € X)(P(x)H, C H,P(x)). (6.4)

yeX

Here H, is the infinitesimal generator of the semigroup U(z) € C.(R", Lg (€,)) for all
reX.

Claim 6.3 (S-P). Under the assumptions in Definition 12, possibly with (0,20, X, R") com-
patible and (0,9, X, {pt}) invariant, find elements in the set Ag (U, D,20,&, X,RT).

Claims 6.2 and 6.3 can be used to solve the main claim 6.1 indeed
Proposition 6.1. Under the notation and request in Definition 12 assume that

1. Q€ Ao (T, 20,E, X, RT);

2. U eAe(U,D,2,E X,RT);

3. (V (T, 2000, ®) € Q)(UiT o0y € V).
Thus Q € A{B,9,0,E), namely Q satisfies the claim 6.1. Moreover

(V(T, 200, @) € Q) 3P € "> (n)) (3U € T*(p))

1. U(x) is an equicontinuous (Cy)—semigroup on &, for all v € X;

2. (Vo € X) (P(z) € Pr(&,));

3. (Vo € X)(T(z) = Graph(R,));

4. Vr e X
P(x)R, € R,/P(x).

Here R, is the infinitesimal generator of the semigroup U(x) € C.(RT, Lg,(€,)), for all
reX.

We conclude this chapter by anticipating that [18, Theorem 2.1] resolves Claim 6.2 while
[19, Theorem 4.2] resolves Claims 6.1 and 6.3.
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7 Appendix

Excluding Definition 14 which is ours, in this appendix we provide some of those definitions
essentially present in [10] we need in the work and some simple results concerning them. In
this section X is a topological space.

Definition 13 (F'M(3) — FM(4) in §5 of [10]). Let V = {(V,, A,)}.ex be a nice family
of Hles with A, = {uf}jes for all z € X. We say that G satisfies FFM(3) — FM(4) with

respect to V if G is a linear subspace of HZG x (Va, Ay) and
FM@3) {f(z)| f € G} is dense in V,, for all z € X
FM(4) X >z pi(f(z)) isusc VjeJand Vf €G.

We introduce a stronger condition namely we say that G satisfies F'M (3*) — FM (4) with
respect to V if F'M(3*) and F'M(4) hold where

(Vo e X)({f(z)| f € G} =Va). FM(37)

Definition 14. Let V' = {(V,, A})}.cx be a family of Hles where A, = {yf }j,c, is a
directed family of seminorms on V, generating the locally convex topology on it, for all
x € X. Then we set

J : H:vEX Jx’
1 = Wy, Vo € X, j € J;
A, = {,Uf'}jej, Ve € X.

Clearly the range of A, equals that of A’ and A, is directed. Thus V = {(V,, A,) }rex
is a nice family of Hles, called the nice family of Hlcs associated with V'.

Definition 15 (Essentially §5.2, §5.3 and Proposition 5.8 of [10]). Let E =
{(Es, M) fzex be a nice family of Hles with 9, = {v§|j € J} for all ¥ € X. Moreover
let &€ satisty FM(3) — FM(4) with respect to E. Since [10, Proposition 5.8] we can define

B(E,E)
to be the bundle generated by (E, &), if
1. U(E, &) = ((&(E),7(E, &), e, X, N);
2. €(E) = U,cx{z} xEp, me : €(E) 3 (z,v) — 2 € X.
3. N={y;|j € J}, with v; : €(E) > (z,v) — v§(v);

4. 7(E, &) is the topology on €(E)! such that for all (z,v) € E(E)

7(E,€) . ~€(E)
:Z- - SBE((xﬂv))

(zv)

0By applying [10, §5.3.] and [1, Ch.1] we know that this topology exists.
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Here we recall that I(Tx(i’)g) is the filter of neighbourhoods of (z,v) with respect to the

topology 7(E, £), while gg@,v)) is the filter on &(E) generated by the following base of
filters

Be((z,v)) = {Te(U,0,¢,5) |U € Open(X),0 € £,e > 0,j € J,
U>suaz,vj(v—o(r)) <e},

where

Te(U,0,¢,j) = {(y,w) € €(E) |y € U, vf(w — a(y)) <e}. (7.1)
€ is canonically isomorphic to a linear subspace of I'(7g) indeed

Remark 11. Let E = {(E;, M) }zex be a nice family of Hles with N, = {v7|;j € J} for
all x € X. Moreover let € satisfy FM(3) — F'M(4) with respect to E, and B(E,£) be the
bundle generated by the couple (E,£). Thus according to [10, Prps. 5.8, 5.9] we have that

1. U(E, ) is a bundle of Q2—spaces;
2. U(E, ) is such that

(a) (&(E),, 7(E,&)) as topological vector space is isomorphic to (E,,I,) for all z € X;

(b) & is canonically isomorphic ! to a linear subspace of I'(mg) and if X is compact
and & is a function module see [10, § 5.1], then € ~ I'(7g).

Remark 12. Let E be a nice family of Hlcs and let € satisfy F'M (3 — 4) with respect to E.
Thus for all U € Open(X),c € E,e>0,5€ J

UO'é] UBEUJ5

yeU
where for all s € E,
Be, je(s) = {(y, w) € €(E), | ij (w—3s) < e} )

Definition 16 (Essentially §1.5(/) and §1.5(vii) of [10]). Let P = ((&,7),p, X, N) be
a locally full bundle of Q2—spaces, and let us denote M = {v; |j € J}. Set

{]CZOC = Haeelcé({)c
K¢ ={(U,o0) U € Op(X), 00 € Tu(p) | pla) € U,ou(p(a)) = a} .

Moreover Yo € € and VI € K¢ set,

Biec(ar) = {T"(V, ly(),e,5) |V € Op(X),e > 0,5 € J|pla) €V C ()},
T“’C(U, UU,&J) ={Bee|pB) e Uv(B—ou(pp))) <e},

(VU € Op(X))(vj € J)(Ve > 0)(Vou € T'y(p))-

Hle. o « fif and only if o(x) = (z, f(x))
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If B is a full bundle then we can set
K = HaEGICa
Ko ={(U,0)|U € Op(X),0 € T'(p)|p(a) € U,o(p()) = a}.
Moreover Vo € € and VI € I set

Bi(a) = {T(V, o(a),&,)) |V € Op(X),e > 0,j € J[p(a) € V C h(a)},
T(Uv 0757j) = TZOC(U?O— [ U7€7j)a

(VU € Op(X))(Vj € J)(Ve > 0)(Vo € T'(p)). Any set T"(U,o | U, ¢, j) for a fixed ¢ > 0 is
called e—tube.

Remark 13. Notice that (VU € Op(X))(Vj € J)(Ve > 0)(Voy € I'y(p))

loc
T UO'U,éj UBGy]sUU
yeU

where for all v € €,
Be, () ={Be ¢, (B—7) <e}.

Corollary 7.1 (Neighbourhood’s filter Z] ). Let P = ((&,7),p, X, N) be a bundle of
Q—spaces

1. if B is locally full Vo € € and VI € K¢ the set Bi°°(a) is a basis of a filter moreover

‘SBloc(a) IT

2. if P is full or locally full over a completely reqular space then Yo € € and VI € KC the
set Bi(a) is a basis of a filter moreover

k() = Za-

Here T is the neighbourhood’s filter of a in the topological space (&, T).

Proof. Statement (1) follows by applying [10, §1.5.(vii)|, while statement (2) follows by
statement (1) and the fact that for all U € Op(X) and 0 € I'(p) we have o [ U € I'y(p). O

In what follows let E = {(E,,M.) }zex be a nice family of Hles with N, = {v{};e; for all
z € X. Let € satisty FM(3*) — FM(4) with respect to E.

Definition 17. Set

ICg = H(z U)EGIC((S:E v)
Kooy ={U. 1)U € Op(X), f € €|z €U, f(x) =v}.

Moreover V(z,v) € €(E) and VI € K¢ define

B[g((x,v)) ={Te(V,((z,v)),e,5) e > 0,7 € J,V € Op(X),z € V C l1((z,v))}. (7.2)
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Corollary 7.2 (Neighbourhood’s filter Z/\oy) ). Then B(E,€) is a full bundle of

Q—spaces and ¥(z,v) € E(E)
EE)  _ r(EE)
13'Blg((:(:,v)) o I(zf”) )

Proof. By Theorem 5.9. of [10] £ and I'(p;) are canonically isomorphic as linear spaces, so
B(E, E) is full by F'M (3*). The statement hence follows by statement (2) of Corollary 7.1. [

The following corollaries provide conditions under which the topologies over two bundle
spaces are equal.

Corollary 7.3. Let ((&, %), pr, X, Nk) be a full bundle of Q1—spaces or a locally full bundle
over a completely reqular space X, for k =1,2. If py = ps and I'(p1) = ['(p2) then 1 = 7.

Proof. By statement (2) of Corollary 7.1. O

Corollary 7.4. Let Bo = ((E,72),p2, X, N) be a bundle of Q—spaces such that g = po.
Thus if the following conditions are satisfied

1. X 1is compact,
2. € and T'(ps) are canonically isomorphic as linear spaces,
then 7(E, &) = 7.

Proof. By Theorem 5.9. of [10] £ and I'(7g) are canonically isomorphic as linear spaces if X
is compact, so I'(mg) = I'(p2). Moreover F'M(3*) and the shown fact that £ and I'(mg) are
canonically isomorphic ensure that U(E, £) is a full bundle, thus it is so Py by the equality
['(mg) = ['(p2). Hence the statement follows by Corollary 7.3. O
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