ISSN 2077-9879

Eurasian
Mathematical
Journal

2016, Volume 7, Number 2

Founded in 2010 by
the L.N. Gumilyov Eurasian National University
in cooperation with
the M.V. Lomonosov Moscow State University
the Peoples’ Friendship University of Russia
the University of Padua

Supported by the ISAAC
(International Society for Analysis, its Applications and Computation)
and
by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University
Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL
Editorial Board

Editors—in—Chief
V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (China), O.V. Besov (Rus-
sia), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bourdaud (France),
A. Caetano (Portugal), M. Carro (Spain), A.D.R. Choudary (Pakistan), V.N. Chubarikov
(Russia), A.S. Dzumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Arme-
nia), M.L. Goldman (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske
(Germany), A. Hasanoglu (Turkey), M. Huxley (Great Britain), M. Imanaliev (Kyrgyzstan),
P. Jain (India), T.Sh. Kalmenov (Kazakhstan), B.E. Kangyzhin (Kazakhstan), K.K. Ken-
zhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin (Great Britain), V. Koki-
lashvili (Georgia), V.I. Korzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kussainova
(Kazakhstan), P.D. Lamberti (Italy), M. Lanza de Cristoforis (Italy), V.G. Maz’ya (Swe-
den), E.D. Nursultanov (Kazakhstan), R. Oinarov (Kazakhstan), K.N. Ospanov (Kaza-
khstan), I.N. Parasidis (Greece), J. Pecari¢ (Croatia), S.A. Plaksa (Ukraine), L.-E. Pers-
son (Sweden), E.L. Presman (Russia), M.A. Ragusa (Italy), M.D. Ramazanov (Russia),
M. Reissig (Germany), M. Ruzhansky (Great Britain), S. Sagitov (Sweden), T.O. Sha-
poshnikova (Sweden), A.A. Shkalikov (Russia), V.A. Skvortsov (Poland), G. Sinnamon
(Canada), E.S. Smailov (Kazakhstan), V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia),
[.A. Taimanov (Russia), T.V. Tararykova (Great Britain), J.A. Tussupov (Kazakhstan),
U.U. Umirbaev (Kazakhstan), Z.D. Usmanov (Tajikistan), N. Vasilevski (Mexico), Dachun
Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor
A .M. Temirkhanova

(© The Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research
papers in all areas of mathematics written by mathematicians, principally from Europe and
Asia. However papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.

The EMJ publishes 4 issues in a year.

The language of the paper must be English only.

The contents of EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical
Reviews, MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal — Matematika,
Math-Net.Ru.

The EMJ is included in the list of journals recommended by the Committee for Control
of Education and Science (Ministry of Education and Science of the Republic of Kazakhstan)
and in the list of journals recommended by the Higher Attestation Commission (Ministry of
Education and Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted elec-
tronically in DVI, PostScript or PDF format to the EMJ Editorial Office via e-mail
(eurasianmj@yandex.kz).

When the paper is accepted, the authors will be asked to send the tex-file of the paper
to the Editorial Office.

The author who submitted an article for publication will be considered as a correspond-
ing author. Authors may nominate a member of the Editorial Board whom they consider
appropriate for the article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the
EMJ. Manuscripts are accepted for review on the understanding that the same work has not
been already published (except in the form of an abstract), that it is not under consideration
for publication elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors’ names (no
degrees). It should contain the Keywords (no more than 10), the Subject Classification (AMS
Mathematics Subject Classification (2010) with primary (and secondary) subject classifica-
tion codes), and the Abstract (no more than 150 words with minimal use of mathematical
symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct repro-
duction.

References. Bibliographical references should be listed alphabetically at the end of the
article. The authors should consult the Mathematical Reviews for the standard abbreviations
of journals’ names.

Authors’ data. The authors’ affiliations, addresses and e-mail addresses should be placed
after the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result
in the paper being published in a later issue.

Offprints. The authors will receive offprints in electronic form.




Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publica-
tion see http://www.elsevier.com/publishingethics and http://www.elsevier.com /journal-
authors/ethics.

Submission of an article to the EMJ implies that the work described has not been pub-
lished previously (except in the form of an abstract or as part of a published lecture or
academic thesis or as an electronic preprint, see http://www.elsevier.com/postingpolicy),
that it is not under consideration for publication elsewhere, that its publication is approved
by all authors and tacitly or explicitly by the responsible authorities where the work was
carried out, and that, if accepted, it will not be published elsewhere in the same form, in
English or in any other language, including electronically without the written consent of
the copyright-holder. In particular, translations into English of papers already published in
another language are not accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsifi-
cation, fraudulent data, incorrect interpretation of other works, incorrect citations,
etc. The EMJ follows the Code of Conduct of the Committee on Publication
Ethics (COPE), and follows the COPE Flowcharts for Resolving Cases of Suspected
Misconduct (http : //publicationethics.org/files/u2/Newcode.pdf).  To verify origi-
nality, your article may be checked by the originality detection service CrossCheck
http://www.elsevier.com /editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide
corrections, clarifications, retractions and apologies when needed. All authors of a paper
should have significantly contributed to the research.

The reviewers should provide objective judgments and should point out relevant published
works which are not yet cited. Reviewed articles should be treated confidentially. The
reviewers will be chosen in such a way that there is no conflict of interests with respect to
the research, the authors and/or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and
they will only accept a paper when reasonably certain. They will preserve anonymity of
reviewers and promote publication of corrections, clarifications, retractions and apologies
when needed. The acceptance of a paper automatically implies the copyright transfer to the
EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



Web-page

The web-page of EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-
page contains all papers published in EMJ (free access).

Subscription
For Institutions

e US$ 200 (or equivalent) for one volume (4 issues)
e US$ 60 (or equivalent) for one issue

For Individuals

e US$ 160 (or equivalent) for one volume (4 issues)
e US$ 50 (or equivalent) for one issue.

The price includes handling and postage.
The Subscription Form for subscribers can be obtained by e-mail:

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EM.J)

The Editorial Office

The L.N. Gumilyov Eurasian National University
Building no. 3

Room 306a

Tel.: +7-7172-709500 extension 33312

13 Kazhymukan St

010008 Astana

Kazakhstan



TYNYSBEK SHARIPOVICH KAL'MENOV
(to the 70th birthday)

On May 5, 2016 was the 70th birthday of Tynysbek Sharipovich
Kal’'menov, member of the Editorial Board of the Eurasian Math-
ematical Journal, general director of the Institute of Mathematics
and Mathematical Modeling of the Ministry of Education and Sci-
ence of the Republic of Kazakhstan, laureate of the Lenin Komsomol
Prize of the Kazakh SSR (1978), doctor of physical and mathemat-
ical sciences (1983), professor (1986), honoured worker of science
and technology of the Republic of Kazakhstan (1996), academician
of the National Academy of Sciences (2003), laureate of the State
Prize in the field of science and technology (2013).

T.Sh. Kal’'menov was born in the South-Kazakhstan region of
the Kazakh SSR. He graduated from the Novosibirsk State University (1969) and completed
his postgraduate studies there in 1972.

He obtained seminal scientific results in the theory of partial differential equations and
in the spectral theory of differential operators.

For the Lavrentiev-Bitsadze equation T.Sh. Kal’'menov proved the criterion of strong
solvability of the Tricomi problem in the L,-spaces. He described all well-posed boundary
value problems for the wave equation and equations of mixed type within the framework of
the general theory of boundary value problems.

He solved the problem of existence of an eigenvalue of the Tricomi problem for the
Lavrentiev-Bitsadze equation and the general Gellerstedt equation on the basis of the new
extremum principle formulated by him.

T.Sh. Kal’'menov proved the completeness of root vectors of main types of Bitsadze-
Samarskii problems for a general elliptic operator. Green’s function of the Dirichlet problem
for the polyharmonic equation was constructed. He established that the spectrum of general
differential operators, generated by regular boundary conditions, is either an empty or an
infinite set. The boundary conditions characterizing the volume Newton potential were
found. A new criterion of well-posedness of the mixed Cauchy problem for the Poisson
equation was found.

On the whole, the results obtained by T.Sh. Kal’'menov have laid the groundwork for
new perspective scientific directions in the theory of boundary value problems for hyperbolic
equations, equations of the mixed type, as well as in the spectral theory.

More than 50 candidate of sciences and 9 doctor of sciences dissertations have been
defended under his supervision. He has published more than 120 scientific papers. The list
of his basic publications can be viewed on the web-page

https : | /scholar.google.com/citations?user = ZaydfrkAAAAJ&Rl = ru&authuser = 1

The Editorial Board of the Furasian Mathematical Journal congratulates Tynysbek
Sharipovich Kal'menov on the occasion of his 70th birthday and wishes him good health
and new creative achievements!
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CONTINUOUS DEPENDENCE OF SOLUTIONS
TO FUNCTIONAL DIFFERENTIAL EQUATIONS
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Abstract. For a functional differential equation with rescaling, we establish the Garding-
type inequality uniform with respect to the scaling parameter p. This allows us to study the
limit behaviour of solutions to the Dirichlet problem as p — 1.

1 Introduction

The paper is devoted to the functional differential equation with contracted arguments (we
also use the term rescaling)

— > (@i, () + bijua, (z/p) + Cijua,(2/q)), = f(x) (z €), (1.1)
ij=1
supplemented by the Dirichlet boundary condition
uloq = 0. (1.2)
Here ) is a bounded domain in R™, containing the origin, a;;,b;;,¢;; € C (4,5 = 1,...,n),

and f € Lo(£2). Assuming one of the scaling parameters ¢ > 1 fixed and letting the other
one range over some segment [1,pg|, we are interested in the unique solvability of problem
(1.1), (1.2) (by a solution, we mean a generalized solution from the Sobolev space H'((2),
understood in the standard way) for all considered values of p and in the behaviour of the
solution family v = u, as p — 1.

Exact conditions for solvability in terms of the coefficients were earlier found in [10, 11]
in the case where different scaling parameters were all integer powers, positive or negative,
of one parameter. Now, the parameter p changes independently of the parameter q. On the
other hand, the dependence of a solution to a functional differential equation on a parameter
defining the argument transformation, is studied for the first time.

Equation (1.1) has a famous, albeit distant, prototype, the pantograph equation

y = ay(\t) + by(t)

emerging in such diverse areas as astrophysics [1], engineering [9], and biology [3]. For the
first time, this equation was studied extensively in [6].
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2  Uniform Garding-type inequality

As a tool in the study of solvability and behaviour of solutions to problem (1.1), (1.2), we
make use of the well-known Garding-type inequality

Re' [ @@ + b o) + i (w0, o > 2Vl 2)

7.] IQ

(Vu € C°(Q)).

We will find in this section necessary and sufficient conditions guaranteeing the fulfillment
of inequality (2.1) with the same constant v > 0 for all u € C§°(€2) and all p € [1, pg| under
a suitable value of py > 1. These conditions are expressed explicitly via the coefficients of
the equation.

First, we need to note that the Garding-type inequality is usually written in a more
general form,

RGZ/%% ) + bijtie, (/D) + cijua,(2/q)) U, dr = |ulling) — nllull?,@)-  (2:2)
1,7=1

It is readily seen, however, that for equation (1.1) estimate (2.2) on the class C§°(2) implies
stronger estimate (2.1) on the same class.
Indeed, rewriting (2.2) as

Re Z / ijUs, (T) + bijug, (2/p) + cijue,(2/q)) Uy, dv

1,j=1¢

> AVulll @ — (n = Mllull, o

and making the change of variables y = tx, ¢ > 1, we obtain the inequality

Re Z / 0y, () + bijuy, (y/p) + cijvy, (y/q)) vy, dy

L,j=1/0

> AVl 2,00 — (0 = V20T, 00 (2.3)

now valid for an arbitrary function v € C§°(¢€2). Since 2 contains the origin, it follows from
(2.3) that

Re D™ (ot 0) 4 it a/9) + it a0 B, > A9l o
:.] 1Rn

for all uw € C3°(R™). The last inequality becomes (2.1) if suppu C €.

We recall that in the case of a differential operator (put b;; = ¢;; = 0 in (2.2)), inequality
(2.2) is a synonym of strong ellipticity [15, 2|. So differential and functional differential
operators satisfying the Garding-type inequality are usually called strongly elliptic. The
problem of finding an algebraic criterion, i.e. necessary and sufficient conditions for (2.1),
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expressed directly via the coefficients, is called the coercivity problem. The coercivity problem
for differential-difference operators was studied in [13] (see also [14]), and for functional
differential equations with contracted or expanded arguments in [10, 12]. In addition to such
consequences as the Fredholm property, discreteness of the spectrum, and sectorial structure
of the Dirichlet problem, the Garding-type inequality is of great importance in the study of
the well-known T. Kato conjecture on the square root of an m-accretive operator [4, 7, §|.

If p > 1 is a rational power of the parameter ¢, p = ¢™/V, then the previously known
result can be applied. Denoting q; = ¢V, we write p = ¢M and ¢ = ¢V, and make use of
the following necessary and sufficient conditions for the Garding-type inequality, established
in [10]:

Re Y (ay + 0\ + c;AV) &6 >0 (A€ C, A =¢* ¢ eR™, J¢] = 1). (2.4)

ij=1

More precisely, the arguments in [10] show that the constant 7 in inequality (2.1) can be
chosen equal to the infimum of the expression herein (the real part of the symbol of the
functional differential operator). Granting this, introducing the notations

n n

al€) = aiy&&, b =) biy&&, &) =) &l

2,j=1 1,j=1 2,j=1

/

and substituting ¢}/*e® for X in inequality (2.4), we write the latter in the form

Re (a(g) + |b(§)|q?M/2ei(M9+so(€)) + |C(€)|q?N/2€i(N9+w(£))> >y
or

Rea(€) + [b(€)[q"™" ™) cos(MO + p(€)) + [e(€)|q" cos(NO +(€)) = v (0 € R, [¢] =1),

where ¢(§) = argb(§) and ¥ (§) = arge(§). It is convenient to put n = M6 + ¢(¢) and
e = M/N to come to the inequality

n— (&)

€

Rea<s>+|b<§>|q”6/2cosn+|c<s>|qn/2cos( +¢(€))>7 (MeRjg=1) (25

equivalent to estimate (2.1) for a given rational number € = log, p.

Lemma 2.1. The algebraic inequality

[B(E)] +q"[e(€)] < Rea(§) (€ #0). (2.6)

is necessary and sufficient for the existence of a number py > 1 such that estimate (2.1)
holds with a constant -y > 0 independent of p € [1, po].

Proof. Let us prove sufficiency first, assuming that the inequality in (2.6) holds on the unit
sphere || = 1. Fixed &, one can choose a number ¢ = ¢ > 0 so small that Rea(§) —
q"2|b(&)| — q2|e(€)| > 0 at this point ¢ and in some neighborhood of this point as well.
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As & runs through the sphere, such neighborhoods form an open covering of the sphere.
Extracting a finite subcovering, we establish the existence of a number £y > 0 such that

Rea(§) — ¢"*[b(€)] — ¢"*e()] > 0 (|| = 1).

Now inequality (2.5) obviously follows for all € from the interval (0, g9] with v equal to the
infimum of Rea (&) — ¢"/2b(&)| — ¢/2|c(€)| on the unit sphere. But as we have seen before,
the latter is equivalent to (2.1) as soon as ¢ is rational. Thus, inequality (2.1) is obtained
for all values of the parameter p € (1, po] being rational powers of the parameter ¢, where
Po = ¢°°. It remains to note that, fixed a function u € C§°(2), the expression on the left-hand
side in (2.1) depends continuously on the contraction parameter p due to the mean-square
continuity of the derivatives wu,,. Therefore, estimate (2.1) extends to the entire segment
[LpO]'
Let us continue the proof of necessity. Now we know that the inequality

Rea(e) + [HE™cosn + el cos (T2 b u9)) 20 2)

is fulfilled as 1 runs through R, £ ranges within the unit sphere, and ¢ is any rational number
from the interval (0,log, po]. It is also clear that this inequality extends to the whole interval
specified. Choose natural numbers k£ and m to have

m(2k +1) = ¢(§)
m(2m +1) = ¥(§)

and set n =712k +1),e = (m(2k+1) — ¢(§))/(m(2m + 1) — ¢ (§)) in inequality (2.7). Then
we get

<loggpo (€] =1),

Rea(§) — ¢"2[p(&)] — ¢"?|c(&)| =~ (Il = 1),

and (2.6) even more so. O

3 Solvability of boundary value problem and behaviour of solutions
as p— 1

Let H'(Q) denote the Sobolev space of all complex-valued functions in  belonging to L (f2)
together with all their first-order generalized derivatives, where the inner product is defined

as .
(u, V) () = /(u@ + Z uxi@mi>dx,

Q i=1

and H'(Q) the closure of the set C5°(92) of all smooth compactly supported functions in

H'(0), )
(W V) ) = /Zuxﬁxd:v
o =1

Introduce the family

n

ayu, 0] = ) /(aijuxi(l‘) + bijtt, (2/p) + Cijtie, (2/q)) U, d

ij=1%
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of continuous sesquilinear forms on the space H 1(Q). This family depends on the parameter
p running through some segment [1, pgl, po > 1.
By a generalized solution to problem (1.1), (1.2), we understand any function v = u, in

the space H'(Q), satisfying the identity apltp, V] = (f,v)1,(Q) as v runs over HY(Q).

Theorem 3.1. Let condition (2.6) be satisfied. Then there exists a number py > 1 such
that problem (1.1), (1.2) has a unique generalized solution u = u, € HY(Q) for all values of
p € [1,po] with u, — uy in H'(Q) asp — 1.

Proof. The existence of a unique generalized solution u, to problem (1.1), (1.2) for all values
of p € [1, po] follows from the estimate

Reayfu,u] > Y|ull} g (v € HY(Q), p € [1,m)) (3.1)

valid under the hypothesis of the theorem. The corresponding arguments are well-known
(see, e.g., [5, 14]), we do not quote them here.
Consider the difference

aplu, v] — aifu, v] Z b,]/ Uy, (2/p) — Us, (7))Vs, dz,
4,j=1 Q

where each of the integrals on the right-hand side is majorized by (we omit multiplication
by a suitable constant) the expression

1/2

0w lac@) / iy, (2/p) — gy ()| d
Q

Now the mean-square continuity of the derivatives u,, results in the estimate
|ap[u, v] = arfu, ]| < hy(u)][v]] 1) (3.2)

with hy(u) — 0 as p — 1 for any fixed function u € H'(1).
Further, it follows from the relations

ap[upa U] = (f7 U>L2(Q)7 a1 [Ul, U] = <f7 U)LQ(Q)
that a,[u,, v] = a;{uy,v], and so
ap[up —u,v| = arfug,v] — ap[uluv]

for all v € Hl(Q) Setting v = u,, — u; in the last identity and passing to the real parts, we
get
'7||up - ul”%{l(g) < Re ap[up — U, Up — ul]

< Jaafur, up — wi] — aplur, wp — wn]] < () [lup — w1
with the help of (3.1) and (3.2), whence it follows that
hyp(u1)

Hup - ul”ﬁ]l(g) < — 0, p—1.
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O
It should be noted that the equivalent condition for strong ellipticity of the limit equation

(put p = 1) §
=D (@i + by, (@) + cijue, (2/0), = fz) (v €Q)

1,j=1

looks as follows (see [10]):
Re Y (aij +bij + ;N 66 >0 (]A] = ¢"/%,€ #0),
ij=1

which reduces to

¢"|c(€)] < Rea(€) + Reb(§) (£ #0).

The last condition is of course weaker than (2.6). For example, an equation with the operator

- Z ((auq, () + bug, (2/p) + cua (v/q)),, = =A (au(z) + pbu(z/p) + cqu(z/q))

where a and b are positive numbers, and ¢ € C is such that
a—0b<q"?|c] <a+b,

is strongly elliptic only for p = 1 but not for any p > 1. In other words, strong ellipticity of
the limit equation does not mean strong ellipticity of any prelimit equation.
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