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TYNYSBEK SHARIPOVICH KAL'MENOV
(to the 70th birthday)

On May 5, 2016 was the 70th birthday of Tynysbek Sharipovich
Kal’'menov, member of the Editorial Board of the Eurasian Math-
ematical Journal, general director of the Institute of Mathematics
and Mathematical Modeling of the Ministry of Education and Sci-
ence of the Republic of Kazakhstan, laureate of the Lenin Komsomol
Prize of the Kazakh SSR (1978), doctor of physical and mathemat-
ical sciences (1983), professor (1986), honoured worker of science
and technology of the Republic of Kazakhstan (1996), academician
of the National Academy of Sciences (2003), laureate of the State
Prize in the field of science and technology (2013).

T.Sh. Kal’'menov was born in the South-Kazakhstan region of
the Kazakh SSR. He graduated from the Novosibirsk State University (1969) and completed
his postgraduate studies there in 1972.

He obtained seminal scientific results in the theory of partial differential equations and
in the spectral theory of differential operators.

For the Lavrentiev-Bitsadze equation T.Sh. Kal’'menov proved the criterion of strong
solvability of the Tricomi problem in the L,-spaces. He described all well-posed boundary
value problems for the wave equation and equations of mixed type within the framework of
the general theory of boundary value problems.

He solved the problem of existence of an eigenvalue of the Tricomi problem for the
Lavrentiev-Bitsadze equation and the general Gellerstedt equation on the basis of the new
extremum principle formulated by him.

T.Sh. Kal’'menov proved the completeness of root vectors of main types of Bitsadze-
Samarskii problems for a general elliptic operator. Green’s function of the Dirichlet problem
for the polyharmonic equation was constructed. He established that the spectrum of general
differential operators, generated by regular boundary conditions, is either an empty or an
infinite set. The boundary conditions characterizing the volume Newton potential were
found. A new criterion of well-posedness of the mixed Cauchy problem for the Poisson
equation was found.

On the whole, the results obtained by T.Sh. Kal’'menov have laid the groundwork for
new perspective scientific directions in the theory of boundary value problems for hyperbolic
equations, equations of the mixed type, as well as in the spectral theory.

More than 50 candidate of sciences and 9 doctor of sciences dissertations have been
defended under his supervision. He has published more than 120 scientific papers. The list
of his basic publications can be viewed on the web-page

https : | /scholar.google.com/citations?user = ZaydfrkAAAAJ&Rl = ru&authuser = 1

The Editorial Board of the Furasian Mathematical Journal congratulates Tynysbek
Sharipovich Kal'menov on the occasion of his 70th birthday and wishes him good health
and new creative achievements!
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Abstract. In this paper we prove sufficent conditions on a map f from the real line to
itself in order that the composite map f o g belongs to a Sobolev Morrey space of real
valued functions on a domain of the n-dimensional space for all functions ¢ in such a space.
Then we prove sufficient conditions on f in order that the composition operator T} defined
by Ttlg] = f o g for all functions g in the Sobolev Morrey space is continuous, Lipschitz
continuous and differentiable in the Sobolev Morrey space. We confine the attention to
Sobolev Morrey spaces of order up to one.

1 Introduction

In this paper we consider the composition operator in Sobolev Morrey spaces of the first
order. Let 2 be a bounded open subset of R” with the cone property. Let W[}’)‘(Q) be the
Sobolev space of all functions with derivatives up to order 1 in the Morrey space M];\(Q)
with exponents A € [0,n/p], p € [1,+0o0].

Let € be a bounded open subset of R. Let W;-*(€2,€;) denote the set of functions of
WA (€2) which map € to Q.

Let C%1(Q);) denote the space of all Lipschitz continuous functions from Q; to R. Let r
be a natural number. Let C"(Q;) denote the space of all r times continuously differentiable
functions from ; to R.

Then we prove the following results.

(j) We prove that if f € C%'(Q;) and if g € W,*(Q) has values in €y, then the composite
function f o g belongs to Wpl’)‘(Q) and the norm of f o g can be estimated in terms of
the norms of f and of g. We note that in the case A\ = 0, which corresponds to the
classical Sobolev space such a result is well known (see Marcus and Mizel [13]).

(ji) We exploit an abstract scheme of [11] and prove that if 1 + A > n/p, then the compo-
sition map T from C™(Qy) x WA(Q,Q;) which takes a pair (f,g) to the composite
function f o g is r-times continuously Fréchet differentiable. We note that in the case
A = 0 the result of the present paper improves a corresponding result of Valent [16] for
the case r = 1.
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(jii) We prove that if f € Cllo’i (R) and if 1+ A > n/p, then the map which takes g to fog is
Lipschitz continuous on bounded subsets of W !*(Q). For a related result in the Besov
space setting, we refer to the paper [2]| of Bourdaud and the second named author.

We believe that our sufficient conditions on f of (j), (jj), (jjj) are optimal, just as they
have been shown to be optimal in the frame of Sobolev spaces, which corresponds to case
A =0 (see Appell and Zabreiko [1, Ch. 9|, Runst and Sickel [15, Ch. 5|, Bourdaud and the
second named author [2].)

The composition operator has been considered by several authors. For extensive refer-
ences, we refer to the monographs of Appell and Zabreiko [1, Ch. 9], of Runst and Sickel
[15], of Dudley and Norvaisa |7], and to the recent survey paper Bourdaud and Sickel [3]. In
particular, the continuity, the Lipschitz continuity and the higher order differentiability of
f o g as a function of both f and g has long been investigated.

2 Composition operator in Morrey spaces

Throughout the paper, n is a nonzero natural number. Let B,(z,r) be the open ball in R"
of radius r > 0 and with center at the point x € R™.

Definition 1. Let {2 be a Lebesgue measurable subset of R". Let p €]0,+00], A € [0, 7].
Let \ 0.1
_J 7 peEl0 1

We denote by M (€2) the space of all (equivalence classes of ) real-valued measurable functions
g on § for which

l9llayy = sup  wa(r)lgllL,(BErne) < oo
(z,r)€Qx]0,00(

In the above definition and in the sequel, we set % if p = +00. We note that

=0
M) (2) C L,(2), where we retain the standard notation of L,(€2) for the space of all real-
valued p-summable measurable functions on (2.

Lemma 2.1. Let Q2 be an open subset of R™ of finite measure. Let 21 be a Borel subset of R.
Letp € [1,+00]. Let A € [O, ﬂ . Let g € M)(Q) be such that g(x) € Q for almost all z € Q.

Let f be a Borel measurable function from € to R. Assume that there exist a,b €]0,+o0|
such that
|F(O] < algl+b, V€. (2.1)

Then f o g e M)(Q) and
1f o gllany) < allgllan @) + bl o) - (2.2)
Proof. Since 1 € M}(2), we have

1f o gllanyey < llalgl +bllane) < allgllan@ + bl o)
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Remark 1. Let €2, €2 be as in Lemma 2.1. First we note that for a Lipschitz continuous
map f from Q; to R with the Lipschitz constant Lip(f) and for a measurable function ¢
such that g(z) € Q; for almost all = € Q the following inequality

£ (9(x)| < Lip(f)lg(x)| + Lip(f)lyl + £ (y)] (2.3)

holds for almost all x € 2 and for all y € ;.

Moreover, if f is a Lipschitz continuous function on €2; and if y € €24, condition (2.1) is
satisfied with a = Lip(f), b = Lip(f)|y| + |f(v)|. Hence, Lemma 2.1 implies that

11 o gllarz@) < Lip(Hllgllan @) + 1@ @in(Hlyl + [f WD, Vy e Q. (2.4)

Corollary 2.1. Let the assumptions of Lemma 2.1 be satisfied. If also 0 € Q4 and f is a
real-valued Lipschitz continuous function on €y, then

1f e gllap@) < Lip(Hllgllap@) + [FO)] -

Corollary 2.2. Let the assumptions of Lemma 2.1 be satisfied. If also 0 € Q, f(0) =0
and f 1s a real-valued Lipschitz continuous function on §2q, then

|f o gHMg(Q) < Lip(f)”QHMQ(Q)'

For each Borel measurable function f from R to R and measurable function g from €2 to
R we set

Tilgl=fog.

Then we have the following.

Corollary 2.3. Let Q be a bounded open subset of R", p € [1,4+00], \ € [O, %} Let f be a
locally Lipschitz continuous function from R to itself. Then

Ty [IM () N Loo(2)] € M) (2) N Lo ().
(Note that in general M) () € Loo(S2)).

Proof. Let g € M)(2) N Lo (). We set Q1 = [—||gll1.(@): 19]l 2] - Since Qy is a bounded
interval and f is Lipschitz continuous on €2y, Corollary 2.1 implies that

1f o gllany) < +oo.

We also have

1f o gllrw@ < fllLw@) < +o0.
Hence, fog e M)Q) N Lyo(9). O
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3 Composition operator in Sobolev Morrey spaces

Definition 2. Let 2 C R™ be an open set. Let p € [1,+00] and A € [0, ﬂ Then we define
the Sobolev space of order 1 built on the Morrey space M;‘(Q), as the set

WINQ) = {g € M)NQ): Djg e MNQ), Vje{l,...,n}},

where D;g is the distributional derivative of g with respect to the j-th variable. Then we set
HQHW,}A(Q) = ||9HM;(Q) + Z HDjQHMg(Q)y Vge Wpl’A(Q)~
j=1

In particular, WP*(Q) = M) (Q) and W, °(Q) = W}(Q), where W, () denotes the
classical Sobolev space with the exponents 1,p in €. Obviously, WPM‘(Q) C Wpl(Q)

Next we try to understand whether the Lipschitz continuity of a function f of a real
variable is enough to ensure that T;[IW,*(Q2)] € W}*(Q) under suitable conditions on the
exponents. To do so, we face the problem of taking the distributional derivatives of the
composite function f o g, and we expect that

Di(fog)=(fog)Djg, Vje{l,...,n}.

However, it is not clear what f’ o g should mean. Indeed, f’ is defined only up to the set
of measure zero Ny of points where f is not differentiable and ¢ (Ny) may have a positive
measure, and even fill the whole of Q, and f'(g(x)) makes no sense when = € g~ (Ny).
Classically, one circumvents such a difficulty by introducing a result of de la Vallée-Poussin
which states that both D;(fog) and D,g vanish almost everywhere on ¢~ (N¢). Accordingly,
it suffices to define (f’ o g)(z) when z € Q\ g~ (Ny), and to replace (f' o g)(x) by 0 in
g~ (Ny). We find convenient to introduce a symbol for the function which equals (f" o g)(z)
when = € Q\ g~ (Ny) and 0 elsewhere. Then we introduce the following.

Definition 3. Let 2 be an open subset of R". Let €2; be a Borel subset of R. Let g be a
measurable function from € to R. Let the set N, = {z € Q: g(x) ¢ €1} have measure zero.

Let H be a Borel subset of ;. Let h be a Borel measurable function from Q; \ H to R.
Let hog be the function from €2 to R defined by

o 0, ifz € g~ (H)UN,,
hog = { h(g(x)), if 2 € Q\ (g~ (H)UN,).

By definition, the function hog is measurable. Next we note that the following holds.

(3.1)

Lemma 3.1. Let Q, Q, h, H be as in Definition 3. Let g, g1 be measurable functions from
Q2 to R such that g(x), g1(x) € Qy for almost all x € Q. If g(x) = g1(x) for almost all x € 2,
then (hog)(z) = (hdgy)(z) for almost all x € SQ.

Proof. Let N be a measurable subset of measure zero of €2 such that g(x) = ¢1(x) and
g(x), g1(x) € Q for all z € Q\ N. Since N has measure zero, it suffices to show that
(hég)(x) = (hogy)(x) for all z € Q\ N.
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Ifx e (Q\N)Ng—(H), then g;(z) = g(x) € H and z € (2\ N)Ng; (H), and accordingly
(hdg1)(z) = 0 = (hdg)(z). If instead x € (Q\ N)N(Q\ ¢~ (H)), then ¢i(x) = g(z) ¢ H
and accordingly x € (2\ N) N (Q\ gi (H)) and (hog1)(x) = h(gi(x)) = h(g(z)) = (hdg)(z).
Hence, (hogy)(x) = (hog)(x) for all z € @\ N. [ By the previous Lemma, it makes sense
to introduce the following.

Definition 4. Let €2, 21, h, H be as in Definition 3. If GG is an equivalence class of measurable
functions ¢ from 2 to R such that g(x) € ©; for almost all z € Q, then we define hoG to
be the equivalence class of measurable functions from €2 to R which are equal to hog almost
everywhere for at least a g € G.

If © be an open subset of R”. We say that (an equivalence class of functions) g of L¢(Q)
vanishes on a subset A of Q provided that g(x) = 0 for almost all z € A, for at least a
representative g of g (and thus for all representatives of g).

Remark 2. Let g1, go be measurable locally summable functions from €2 to R. Let g; = g
almost everywhere in . If A is a subset of R, then the symmetric difference g; (A)Ags (A)
has measure zero. Indeed, g7 (A)Ags (A) C {x € Q: gi1(x) # g2(2)}.

Then we have the following n-dimensional form of the result of de la Vallée-Poussin |[6].
For a proof, we refer to Marcus and Mizel [12, p. 298|.

Theorem 3.1 ([6]). Let Q be an open subset of R™. Let g € W"'°°(Q). If N is a subset of
R of measure zero, then (D1g,...,Dng) =0 on g~ (N) for any representative g of g.

Here we note that the equalities D1g =0, ..., D,g = 0 on g~ (N) have to be understood
in the sense of Definition 4.

Next we introduce the following form of the chain rule (see Marcus and Mizel [12, p.
300]).

Lemma 3.2 ([12]). Let Q be an open subset of R™. Let €y be an interval of R. Let f be
Lipschitz continuous function from €2y to R. Let

W117IOC(Q’ Ql)
= {g € W) : §(x) € Qy for almost all z € Q for all representatives § of g}.

Let Ny be the subset of Qy such that 1\ Ny is the set of points of Qq where f is differentiable.
Let g € W°>Q,Qy). Let f'3g be defined as in Definition 4 (with h = f', H = N¢). Then
the chain rule

D;(f o g) = (f'29)D;g, (3.2)
holds in the sense of distributions in Q for all j € {1,...,n}.

We note that the set Ny of Lemma 3.2 is a Borel subset of € (of measure zero) and that
f’ is a Borel measurable function on €y \ Ny, and that accordingly it makes sense to apply
Definition 4 to f'6g (cf. Federer [8, p. 211].)

Then we have the following statement, which can be verified by exploiting the definition
of the norm in a Morrey space.
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Theorem 3.2. Let Q be an open subset of R™. Let p € [1,+00]|. Let A € [0, %] Then the
pointwise multiplication is bilinear and continuous from M} Q) x Lso(Q) to M) () and

||UU||MPA(Q) < ||U||M3(Q)HU||LOQ(Q) V(u,v) € M;(Q) X Loo(£2).

Next we recall the following Sobolev-Morrey Embedding Theorem, which is a combination
of results obtained by S.L. Sobolev and C. Morrey. See also Campanato [5, Theorem II.2,
p. 75].

Theorem 3.3. Let p € [1,+o0[, A € [O,

satisfies the cone property. Let 1 + X >
Lo (€2).

I

. Let Q2 be a bounded open subset of R™ which
Then W)AQ) is continuously imbedded into

n
p

n
p

Next we introduce an elementary multiplication lemma which extends to Sobolev Morrey
spaces on domains a well known result for classical Sobolev spaces. Multiplication theorems
in classical Sobolev spaces are well known and we mention Zolesio [18], Valent [16], Runst
and Sickel [15]. For Sobolev Morrey spaces in R", we cite the contribution of Yuan, Sickel
and Yang [17, Theorem 6.3, p. 156].

Lemma 3.3. Let 2 be a bounded open subset of R™ which satisfies the cone property. Let
pe[l,+oo]. Let A e [0, g},
L4+ A> (3.3)
p
Then the pointwise product from WM Q) x WA(Q) to WA () is bilinear and continuous.

Proof. We want to prove that if u,v € Wy*(€2), then uv € W}*(Q). To do so, we observe
that

(uv)g; = U,V + UV,
A A
Uy, € M3 (Q), vy, € MJ(Q),

forall j € {1,...,n}. Since 1+ A > %, Theorem 3.3 implies that WA () is continuously em-
bedded into L (€2). Then by Theorem 3.2 the pointwise product is bilinear and continuous
from M) (Q) x Loo(2) to M) () and from Leo(Q) x M) () to M (). Thus, uv € M, ()
and

Uy, V € M];\(Q), UV, € M];\(Q),

and accordingly (uv),, € M) () for all j € {1,...,n}. Hence, the statement holds true. [J
Next we introduce the following sufficient condition for Sobolev Morrey spaces of order
one.

Lemma 3.4. Let Q) be a bounded open subset of R™ which satisfies the cone property. Let ()4
be an interval of R. Let p € [1,400]. Let \ € [0, %] . Let f be Lipschitz continuous function
from €y to R. Let

W]}7A(Q7 Ql)
={g e Wpl’A(Q): g(x) € Qq for almost all x € Q for all representatives g of g}.
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Then

Ty [W, (92, 20)] € W, ().
Let Ny be the subset of Qy such that 1\ Ny is the set of points of Qq where f is differentiable.
Let g € Wpl”\(Q,Ql). Let f'5g be defined as in Definition 4 (with h = f', H = N¢). Then
1’09 € Loo(R2) and the chain rule formula (3.2) holds in the sense of distributions in Q for
all j € {1,...,n}. Moreover,

1f 0 gllwrrgy < {@ip(Hlyl + 1FW)) + Lin(H)}gllwir @ + @), (34)

for all g € WANQ, Q) and for all y € Q.

Proof. By Remark 1, we know that inequality (2.4) holds for all g € W}*(Q, Q) C M)Q)
and for all y € ;.
Now let g € WpL’\(Q, ;). Let g be a representative of g. Let N; be a subset of measure
0 of 2 such that
g(z) € Yy, Ve Q\N;.

If 2 € Q\ (Nz UG (Ny)), then

n—gx)  g(x) —n < Lip(f).

Since f'6g = 0 for all x € N; U g~ (Ny), we conclude that

1(f'3g)(x)| < Lip(f) a.e. in Q.

and accordingly that f'6g € Loo(Q2) and that || f'g||r. ) < Lip(f) < +oo. Then by the
multiplication Theorem 3.2 and by the membership of D;g in M;‘(Q), we have (f'0g)D;g €
M (£2) and

H(flag)ngHMg(Q) < Lip(/)1D;gll o) (3.5)

for all j € {1,...,n}. Thus the right hand side of equality (3.2) belongs to M, () for all
g € Wy Q).
By formula (3.2) for the chain rule, inequalities (2.4), (3.5) imply that

Hf © QHW]}’*(Q) (3.6)

= [If o gllap) + Z 1(f'39) D;qllar @)
j=1

< Lin(Nllgllaz@ + 1Ll Lin(Nlyl + @)D + D Lin()ID;gllae)
j=1

< A{Lip(Nlyl + 1 W) + Lin(f)}1lgllwrrq) + 1Hla@),

for all g € Wpl”\(Q) and y € Q, and thus inequality (3.4) holds true. O

Corollary 3.1. Let Q2 be a bounded open subset of R™ which satisfies the cone property. Let
p€E[l,+x], A € [O, %} Let f be a function from R to itself. Then the following statements
hold.
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(1) If 1+ X >

SAE

and if f is locally Lipschitz continuous, then Tf[WA(Q)] C WA (€2).

(i) If1+ X<

T3

and if f is Lipschitz continuous, then T¢[WA(Q)] C WA ().

Proof. We first consider statement (i). The Sobolev Embedding Theorem 3.3 implies that
WA () is continuously embedded into Leo(Q2). Thus if g € W, *(€), there exists a bounded
interval 2; of R such that g(x) € ; for almost all z € €. Since f ‘91 is Lipschitz continuous,
Lemma 3.4 implies that f o g € W*(9Q).
Statement (ii) is an immediate consequence of Lemma 3.4 with ; = R. O
If Q; is a bounded interval of R, then C%*(€);) denotes the Banach space of all real valued
Lipschitz continuous functions from Q; to R with the norm

k]| corayy = sup|h| + Lip (h),  Vhe C¥ (D).
1951

Then we summarize in the following statement some facts we need in the sequel in the case
1+A> % and which are immediate consequences of Lemma 3.3 and Lemma 3.4.

Corollary 3.2. Let p € [1,+], A € [O, %}, 14+ A > %. Let Q) be a bounded open subset

of R™ which satisfies the cone property. Let 1 be a bounded open interval of R. Then the
following statements hold.

(i) WyNQ) is a Banach algebra.

(it) If (f,g9) € COM Q1) x WPNQ,Q1), then fog e WINQ). Moreover, there exists an

increasing function 1 from [0,4o00| to itself such that
1 0 gl < I lleos @t (lgllsr ) (3.7)

Jor all (f,g) € COH() x WEANQ, Q).

4 Continuity of the composition operator in Sobolev Morrey spaces

Corollary 3.2 shows that if 1+ A > %, then the composition T" maps COL(Qy) x WEANQ, Q1)
to WI}’)‘(Q). Now we want to understand for which f’s the composition operator T} is
continuous in WI}”\(Q,Ql). By following [10], [11], the idea is that if f is a polynomial,
then T} is continuous in W,*(Q). Indeed, for 1+ A > 2. the space W,*(Q) is a Banach
algebra. Then we exploit inequality (3.7) to show that if f is a limit of polynomials, then
Ty is continuous. Actually, such a scheme can be applied in a somewhat abstract general
setting, which we now introduce. Let X be a commutative Banach algebra with unity. Let
N denote the set natural numbers including 0. Let m € N\{0}. In the applications of the
present paper, we are interested in the specific case m = 1, but here we present a more
general case, which can be applied to analyze vector valued functions with components in
Sobolev Morrey spaces.
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We first note that if p belongs to the space P(R™) of polynomials in m real variables with
real coefficients, then it makes perfectly sense to compose p with some x = (z1,...,2,,) €
X™. Namely, if p is defined by the equality

P&, .. &) = > gl g, witha, € R, (&,....&) € R™, (41)

[n|<deg p, neN™

then we set

Tlx] = Z apxl . xm, Vo= (v,...,x,) € AT, (4.2)

[n|<deg p, neN™

where the product of the z;’s is that of X, and where we understand that z° is the unit
element of X, for all z € X. Next we state the following result of [11, Theorem 3.1|.

Theorem 4.1 ([11]). Let m € N\ {0}. Let || - ||y be a norm on P(R™). Let Y be the
completion of P(R™) with respect to the norm || - ||y. Let X be a real commutative Banach
algebra with unity. Let X be a real Banach space. Assume that there exists a linear contin-
wous and injective map J of X into X. Let A be a subset of X™. Assume that there exists
an increasing function ¥ of [0,+00) to itself such that

[T oy, - )]l < lplly & ([(21s - zm) lam) (4.3)

for all (p, (z1,...,xm)) € P(R™) x A. Then there exists a unique map A from Y x A to X
such that the following two conditions hold.

(i) Alp,z] = Jlp(x)], for all (p,x) € P(R™) x A.
(ii) For all fived x = (x1,...,Tm) € A, the map y — Aly, z] is continuous from Y to X.

Furthermore, the map Al-,x] of (i) is linear, and A is continuous from Y x A to X, and
ifye )Y, y=lm; p; inY, p, € PR™), 2 = (z1,...,2,) € A, then

(iii) Aly, x] = lim;_o J[p;(2)] in X;
(iv) |Aly. 2]l & < lylly ¥ (|||

We shall call fl[y, x| the ‘abstract’ composition of y and x.

xm).

We now turn to apply the above theorem to the case of Sobolev Morrey spaces. To do
so, we need the following.

Lemma 4.1. Let 2y be a nonempty bounded open interval of R. Then the Banach space
CY(21) with the norm

Ifllci@ny =sup |f| +sup|f|,  Vfel (),

Q1 91

is a completion of the space (P(R), || - ||co.(a,))-
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Proof. We first note that

S(lllp |f'| = Lip(f), VfeoiQ).

Then we have

[flle1@n) = sup|fla, +sup|f| =sup|fla, + Lip(f) = || fllcora) (4.4)
Q1

for all f € C'(€);). Hence,

[fllcor@ny = Ifller@ny, Ve € P(R).

Since C1(€);) is a Banach space and the restriction map from P(R) to C''(£2;) which takes p €
P(R) to p‘Ql is a linear isometry from (P(R), [ - [[c1(q,)) to ({p‘(-21 cpe PR} - ||01(Q1)>,
it suffices to show that {p‘QI: p € P(R)} is dense in C(Q;). However, such a density is

a well known consequence of the Weierstrass Approximation Theorem (cf. e.g. Rohlin and
Fuchs [14, p. 185].) O
Then by applying Theorem 4.1, we obtain the following.

Theorem 4.2. Let p € [1,+0], A € [0, ﬂ, 1+ > v Let Q be a bounded open subset

of R™ which satisfies the cone property. Let Q be a bounded open interval of R. Then the
composition operator T is continuous from C*(Qy) x WA (2, Q) to WA ().

Proof. Weset ||-||y = ||-||co1(q,), X = X = WiANQ), A=Wy, Q), m = 1. Then we take

J to be the identity map. As we have shown, C'(€;) is a completion of (P(R), || - [|co.(q,))-
By Corollary 3.2, W,*(2) is a Banach algebra and there exists a function 1 as in (3.7).
Then by Theorem 4.1, there exists a unique map A from C(Q;) x WA, ) to WHA(Q)
such that the following two conditions hold

(i) Alp,g] = 7,[g] for all (p,g) € P(R) x A.

(ii) For each fixed g € W}*(Q,Q1), the map from C*(€;) to W,*(€2) which takes f to
f o g is continuous.

Moreover, A is continuous. Clearly, T satisfies (i), and inequality (3.7) implies that T satisfies
(ii). Hence, we must necessarily have

Alf.g] =T(f.g), ¥(f.9) € C" () x Wy (Q, ).
As a consequence, T is continuous on C* () x W (€, Q). O

5 Lipschitz continuity of the composition operator in Sobolev Mor-
rey spaces

Next we prove a Lipschitz continuity statement for the composition operator by exploiting
an argument of Bourdaud and the second named author [2].
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Theorem 5.1. Let p € [1,+0o0], A € [O ”}, L+ A> 2 Let Q be a bounded open subset of

’p

R™ which satisfies the cone property. If f € CL(R), then Ty maps WpLA(Q) to itself and is

loc

Lipschitz continuous on the bounded subsets of WI}”\(Q).

Proof. Let B be a bounded subset of W*(€2). Since W,*(€) is continuously embedded into
Loo(£2), the set B is a bounded subset of L. (2) and there exists a closed interval B of R
such that

(=9l L) 19l € B, VgeB.

Now let g1, go € B. Since f is continuously differentiable, we can write
(f °g2)(x) = (f o g1)(x)

= /f’[gl(w) +1g2(7) = 91(2))](92(2) — gu())dt, V€.

Next we fix z € Q, r €]0,400[. By the Minkowski inequality for integrals, we have

wA(r)||f o g2 — f o g1llL, @B (2,
1

< /wx(r)||f’[gl(~) +1(92(-) = 91(D(92() = 91 ()| (@rBo ey i

0
1

< /wA(r) sup | f' g2 — 91l Ly (0nB, (2,r)) dE
0

< sup £ g2 = g1llagz -

Hence,
1fog2—fogllape < sup 1f'Hg2 = 91llay (- (5.1)

Next we fix j € {1,...,n} and we try to estimate

1D;{f 092 = fogtluo (5.2)
= 1£"(92)D; 92 = f'(91) Dj 91 Hlany @)
< f" 092 = [ o gill i) 1D 2llppy o
+f o gillie 1D5 92 = D g1l 3y )
< Lip(f'| )92 = il i sup 9]l 12 ) +5up £ llg2 = g1lly1r g
9B B

< {Lip(f/‘B)||]||L(WZ}’A(Q)7LOO(Q)) ELGIIB) ||g||WI}’>‘(Q) + S%p |f/|} ||92 - ngWpl’)‘(Q)a
where £(W,; (), L(2)) denotes the Banach space of all linear and continuous maps from

WA ) to Lo () and I denotes the inclusion map of W *(2) into Lo (). Indeed, Ny = &
and f'og1 = f"o g1, f'ogs = [0 ga.
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By inequalities (5.1) and (5.2), we conclude that
[foga—fo ngwgvA(Q)
< {(1 +n) S%p £+ nLip(f/‘B)||IH[,(Wpl’)‘(Q)’LOO(Q)) Slelg ||9||W;v*(g)} g2 — ngWI}’)‘(Q)'
9

g

6 Differentiability properties of the composition operator in
Sobolev Morrey spaces

Next we turn to the question of differentiability, and by following [11], we note that the
following holds.

Lemma 6.1 ([11]). Let m € N\ {0}. Let X be a commutative real Banach algebra with the
unity 1ly. Let P(R™) be the set of real polynomials in m real variables. Let p € P(R™) be
defined by

= Y am ol Yn=(m....,nm) €R™

[v|<degp
The map 1, of X™ to X defined by setting

TolT1, -y T Z ayaxlt ook Y(ry,. ., x,) € AT

[y|<degp

with the understanding that x° = 1y, for all x € X, is of class C"(X™, X), for all r €
NU {oo}. Furthermore, the differential of 7, || at 2* = (2%, ..., 2%)) is delivered by the map

m

X" S (hy, ... hy) — Tgi[xﬁ]hiEX.
=1

Once more, we plan to proceed by approximation and show that T} is of class C" if f is
a limit of polynomials with an appropriate norm. As we shall see, it turns out that a right
choice for the norm is the following

Iply. = > IDplly, ¥pePR™). (6.1)

|| <7, yEN™

Then we define ), to be the completion of the space (P(R™), ]| - ||y,). As is well known, ),
is unique up to a linear isometry, and we always choose ), C ). Then we have the following
obvious

Remark 3. If r,s € N, s < r, then

Ve Cls,

Now we have the following (cf. [11, Theorem 2.4]).

Vs < ||yHy'r7 vy € yr-
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Theorem 6.1 ([11]). Let m € N\ {0}, r,s € N, vy € N™, r — |y| = s. Let || - |y be a
norm on P(R™), and let || - ||y, be the norm defined in (6.1), and let Y, be the completion of
(P(R™), || - |l3,). Then there exists one and only one linear and continuous operator of Y, to
Ys which coincides with the ordinary partial derivation of multi index v on the elements of
P(R™). By abuse of notation, we shall denote such operator by D7, just as the usual partial
derivative of multi index v. We have

D7y = lim D"p; in Y,, whenever lim p; =y in ), (6.2)

and

iy, = 3> 1Dy, Vye .

[y|<r,yeN™
Then we state the following result of [11, Theorem 4.1].

Theorem 6.2 ([11]). Let r,m € N\{0}. Let | - ||y be a norm on P(R™). Let ), be the
completion of P(R™) with respect to the norm || - ||y, defined in (6.1). Let X be a real
commutative Banach algebra with unity. Let X be a real Banach space. Assume that there
exists a linear continuous and injective map J of X into X. Let (-) % (-) be a continuous
and bilinear map of X x X to X. Let = satisfy the following condition:

Jx1] * 29 = T[x1,29], V1,29 € X. (6.3)

Let A be an open subset of X™. Assume that there exists an increasing function v of [0, +00)
to itself satisfying condition (4.3), for all (p,x) € P(R™) x A. Then the restriction of the
map A of Theorem 4.1 to Y, x A is of class C" from Y, x A to X. (Note that Y, C Mo,
and that Yy equals the space ) defined in Theorem 4.1.) Furthermore, the differential of A
at each (y*,2%) € V), x A is given by

(v,w) — Afv, z# Z (D, 2% % wy,

for all (v,w) = (v, (w1, ..., wy)) €V x X™. (For the definition of Dyy*, see Theorem 6.1)

Now that we have introduced the above result on the r times differentiability of A, we
introduce a formula for the differentials d°*A of order s = 1,...,r of A of [11, p. 932|. In
order to write the formulas in a coincise way, we put a hat = over a term which we wish to

suppress. So for example, & - - 5 - & denotes H &.

Proposition 6.1 ([11]). Let all the assumptions of Theorem 6.2 hold. Let r,s € N, 1 <
s <r. The differential of order s of A at (y#,2%) € V. x A, which can be identified with an
element of L) (Y, x X™ X)), is given by the formula

d*Aly?, a*)((v, w), - - - (v, wig)) (6.4)

:Z Z {A[Dls"'b;"'Dllv[ﬂvx#]} * (ws,ls “Wj; wlll)
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for all (v, wy = (Wi, ..., Wim)) € Ve X X™, j=1,...,5. In (6.4), the symbols Iy, ...,
denote summation indices ranging from 1 to m.

Next we return to applications to Sobolev Morrey spaces. For an open nonempty interval

2y of R and r € N, we denote by C"(€2;) the space of real valued r-times continuously
differentiable functions in €2; with the norm

& .
ol vieo@).

”f”cr(ﬁl) = ZSEP
j=0 S

Then we prove the following.

Lemma 6.2. Let r € N\{0}. Let 0, be a nonempty bounded interval of R. Then C™+(;)
is a completion of the space (P(R, || - ||y.), where

r

Iplly, =)

=0

dl

Co,l(ﬁl)

If f € C™Y(Qy) and if {p;},en is a sequence of P(R) which converges to f in the ||-||y,-norm
and if 1 € {0,...,r}, then

i) = lm s, (6.5)
m Cr—l—}—l(ﬁl).
Proof. As we have already pointed out, we have
Iflcor@y = Ifller@y,  VF€CH ),

(see (4.4).) Hence,

i dl dl+1
s =3 (|| +|gmr|)e veerm
1=0 dt! Co() dt'*! CO()
and
Ipllori@yy < Py < 2lpler@,), Vo € P(R).
Hence, the norm | - [|y, is equivalent to the norm || - [[ori1(g,) on P(R). Since Cr() is

a Banach space and the restriction map which takes p in P(R) to p|§l in C™1(Qy) is linear
isometry of (P(R), || - |lcr+1@,)) onto ({p‘ﬁlz pe PR}, - ||CT+1(§1)>, it suffices to show

that for each f € C™"1(Q;), there exists a sequence of polynomials {p;}jey in P(R) such
that -
f = lim pj|§ in C"T (),
j—o0 1
i.e., {p‘ﬁl : p € P(R)} is dense in C"*1(€);). However, such a density is a well known conse-

quence of the Weierstrass Approximation Theorem (cf. e.g. Rohlin and Fuchs [14, p. 185].)
O
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Remark 4. Under the assumptions of the previous lemma, the operator D7 defined by (6.2)
coincides with the ordinary D7-differentiation in C"(£).

Lemma 6.3. Let p € [1,400], A € [0, %], 1+A> o Let Q be a bounded open subset of R™
satisfying the cone property. Let )1 be a bounded open interval of R. Then the set

W1717)\(Q7 Ql)

= {g € Wpl”\(Q): §(Q) C Qq, where g is the only continuous representatives of g}

is open in W)NQ).
Proof. Under our assumptions on p and A, the space WZ}’)‘(Q) is continuously imbedded into
C°(Q). Let go € WA, ). By definition of WA (€, Q) the distance d of §o(€2) to R\
is nonzero. Then if we choose g € W,*(Q) such that

d

<
D w0y Loy T 1

”g - g()“Wpl,A(

we have g € WIA(Q, Q). Hence, WA, Q;) is open in WA (Q). O

Theorem 6.3. Let p € [1,4+00], A € [0, %], L+A> 2 reN\{0}. Let Q2 be a bounded

open subset of R™ which satisfies the cone property. Let €y be a bounded open interval of R.
Then the composition operator T' from C™(Qq) x WMNQ, Q1) to W)NQ) defined by

Tif,g]=fog. Y(f.g) €C(Q)x WNQ, Q)

is of class C". If (fo,g0) € C"T1() x W]}”\(Q,Ql), then the first order differential of T at
(fo, 90) is given by the formula
dT[fo, gol (v, w) = v o go + f'(go)w
for all (v,w) € C™1(Q) x WI})‘(Q).
If s€{1,...,r}, then the s-th order differential of T at (fo, go) is given by the formula

d°T[fo, go)[(vp), wpy), - - -, (V) Wi )]

_ Z Ty __ L h
= a1 Go W -+ - W - - - Wig] It Jowp] -+ - - Wiy,
j=1

fOT all (U[l], w[l]), ey (U[S], w[s}) < CT'H (Ql) X Wpl’A(Q).

Proof. We set || - [ly = || - [|cor(ayy, X = X = WMNQ), A = W}}”\(Q,Ql), m = 1. Then we
take J to be the identity map. As we have shown, C""!(€;) is a completion of (P(R), |- ||3,)
and thus we can take Y, = C""(Q;). By Corollary 3.2, W,*(2) is a Banach algebra and
there exists a function ¢ as in (3.7). By Lemma 6.3, the set A4 = Wpl”\(Q,Ql) is open in
Wz}”\(Q). As we have already proved in the proof of Theorem 4.2, the abstract composition
A of Theorem 4.1 coincides with 7. Then we can invoke Proposition 6.1 and Theorem 6.2
and conclude that 7" is of class C" from Y, x A = C™1(Qy) x WA, Q) to WA (Q) and
that the formulas for the differentials hold. 0
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