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TYNYSBEK SHARIPOVICH KAL'MENOV
(to the 70th birthday)

On May 5, 2016 was the 70th birthday of Tynysbek Sharipovich
Kal’'menov, member of the Editorial Board of the Eurasian Math-
ematical Journal, general director of the Institute of Mathematics
and Mathematical Modeling of the Ministry of Education and Sci-
ence of the Republic of Kazakhstan, laureate of the Lenin Komsomol
Prize of the Kazakh SSR (1978), doctor of physical and mathemat-
ical sciences (1983), professor (1986), honoured worker of science
and technology of the Republic of Kazakhstan (1996), academician
of the National Academy of Sciences (2003), laureate of the State
Prize in the field of science and technology (2013).

T.Sh. Kal’'menov was born in the South-Kazakhstan region of
the Kazakh SSR. He graduated from the Novosibirsk State University (1969) and completed
his postgraduate studies there in 1972.

He obtained seminal scientific results in the theory of partial differential equations and
in the spectral theory of differential operators.

For the Lavrentiev-Bitsadze equation T.Sh. Kal’'menov proved the criterion of strong
solvability of the Tricomi problem in the L,-spaces. He described all well-posed boundary
value problems for the wave equation and equations of mixed type within the framework of
the general theory of boundary value problems.

He solved the problem of existence of an eigenvalue of the Tricomi problem for the
Lavrentiev-Bitsadze equation and the general Gellerstedt equation on the basis of the new
extremum principle formulated by him.

T.Sh. Kal’'menov proved the completeness of root vectors of main types of Bitsadze-
Samarskii problems for a general elliptic operator. Green’s function of the Dirichlet problem
for the polyharmonic equation was constructed. He established that the spectrum of general
differential operators, generated by regular boundary conditions, is either an empty or an
infinite set. The boundary conditions characterizing the volume Newton potential were
found. A new criterion of well-posedness of the mixed Cauchy problem for the Poisson
equation was found.

On the whole, the results obtained by T.Sh. Kal’'menov have laid the groundwork for
new perspective scientific directions in the theory of boundary value problems for hyperbolic
equations, equations of the mixed type, as well as in the spectral theory.

More than 50 candidate of sciences and 9 doctor of sciences dissertations have been
defended under his supervision. He has published more than 120 scientific papers. The list
of his basic publications can be viewed on the web-page

https : | /scholar.google.com/citations?user = ZaydfrkAAAAJ&Rl = ru&authuser = 1

The Editorial Board of the Furasian Mathematical Journal congratulates Tynysbek
Sharipovich Kal'menov on the occasion of his 70th birthday and wishes him good health
and new creative achievements!
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Abstract. We prove that Ny—categorical non-1-transitive weakly circularly minimal theories
of convexity rank 1 are almost binary.

1 Introduction

Let M = (M, =, <) be a linear ordering. If we connect two endpoints of a linearly ordered
set M (possibly, these are —oo and 4+00) then we obtain a circular ordering.
More formally, a circular ordering is described by a ternary relation K that satisfies the
following conditions:
(col) VaVyVz(K(x,y,z) — K(y, z,x));
(co2) VaVyVz(K(z,y,2) N K(y,xz,2) &z =yVy=2Vz=u1);
(co3) Vaiy¥z(K (x,y, 2) — VK (2,y.t) V K (1,9, 2))):
(cod) VaVyVz(K(z,y,z) V K(y,x, z)).
The following observation relates linear orders and circular orders.

Proposition 1.1. [4] (i) If (M, <) is a linear ordering and K is the ternary relation derived
from < by the rule

K(r,y,2) e @<y<z)ViEr<z<y)V(y<z<a)

then K 1s a circular order relation on M.
(i1) If (N, K) is a circular ordering and a € N then the relation <, defined on M =
N\ {a} by the rule
Yy <az2: K(a,y,2)

is a linear order. Furthermore, if we extend this linear order to one, denoted by <', on N,
specifying that a <" b for all b € M, then the derived circular order relation is the original
circular order K.

The present work is concerned with the notion of weak circular minimality introduced
and originally deeply studied in [5|. A weakly circularly minimal structure is a circularly
ordered structure M = (M;=, K3, ...) such that any definable (with parameters) subset
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of M is a finite union of convex sets in M. Convexity rank of a formula with one free
variable was introduced in [6]. In particular, a theory has convexity rank 1 if there is no
definable (with parameters) equivalence relation with infinitely many infinite convex classes.
Obviously, any o-minimal theory has convexity rank 1. Recall that a complete theory 7' is
binary if every formula is equivalent to a boolean combination of formulas with at most two
free variables. A. Pillay and C. Steinhorn completely described Ny—categorical o-minimal
theories [11]. Their description implies binarity of these theories. In the work [7] No—
categorical weakly o-minimal binary theories of convexity rank 1 were described, and in the
work [8] the binarity of Ng—categorical weakly o-minimal theories of convexity rank 1 has
been established. Observe that since a circular ordering is determined by a ternary relation
there is no binary weakly circularly minimal structure. We say that a weakly circularly
minimal theory T is almost binary if any formula is equivalent to a boolean combination of
formulas with at most two free variables and the formula K (z,y, z) (expressing the relation
of circular ordering). We say that a complete theory T is I-transitive if for any M = T every
element of M satisfies the same type over (). In this paper we prove the almost binarity of
Ny—categorical non-1-transitive weakly circularly minimal theories of convexity rank 1.
First, we recall necessary definitions and some preliminary results.

Proposition 1.2. [5| Let M = (M, K, ...) be a weakly circularly minimal structure, and let
b be an arbitrary element of M. Define the relation <, on M \ {b} and <} on M as in Fact
1.1.

(i) Let M, be the structure with domain M \ {b}, the order <y, and a relation symbol
for each b-definable relation of M on a power of M \ {b}. Then M, is a weakly o-minimal
structure.

(i) Let M, be the structure with domain M, the order <}, and a relation symbol for each
b-definable relation of M on powers of M. Then M, is also weakly o-minimal.

Proposition 1.3. [5] Let M be a weakly circularly minimal structure, ¢(x) be an arbitrary
(0-definable formula. Then for any a € M ¢(M) is a finite union of {a}-definable convex
sets.

Notation 1. (1) Ko(z,y,2) == K(z,y,2) N\c £y ANy # 2z Nz # .

(2) K(uy,...,u,) denotes the formula saying that all subtriples of the tuple (uy, ..., u,)
(in increasing order) satisfy K; likewise with Ky in place of K.

(3) Let A, B, C be pairwise disjoint convex subsets of a circularly ordered structure M.
We write K(A, B, C) if for any a,b,c € M whenever a € A, b € B, ¢ € C we have K(a,b,c).
We extend this notation in the natural way, writing for example Ky(A,b, C, D).

For an arbitrary complete 1-type p we denote by p(M) the set of realisations of the
type p in M. By <, we denote the relation of lexicographic ordering. For an arbitrary
tuple b = (by,by,...,b,) of length n by b,_; we denote the tuple (by, by, ..., b;) for every
1<:<n—-1.

Definition 1. [5] Let M be a circularly ordered structure.

(i) Let p € S1(0). We say that p is m-conver if for any elementary extension N of M
p(NN) is the disjoint union of m maximal convex sets (which are called the conver components
of p(N)). We say that p is conver if p is 1-convex. Otherwise, we say that p is non-convex.

(ii) We say that M is m-convez if every type p € Si(0) is m-convex, and we say that
Th(M) is m-convez if this holds for all N = M.
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Theorem 1.1. [5] Let M be a weakly circularly minimal structure. Then there is m < w
such that M 1is m-convex.

As a corollary we obtain, in particular, that if M is a weakly circularly minimal structure
and p € S1(0) then p(M) is a finite union of convex sets.

Let p € S1(0) and F(x,y) be an ()-definable formula such that F(M,b) is convex infinite
co-infinite for each b € p(M), F(M,b) C p(M). Let F'(y) be the formula saying that y is a
left endpoint of F(M,y):

21329 [Ko(21,y, 22) AV (K (21,t1,9) ANty #y — 2 F(t1,y))A

AVt (K (y,t2, 22) N2 # y — F(t2,9))]
We say that F(z,y) is p-stable convez-to-right if for every b € p(M)

M |=Va[F(z,b) — F'(b) A\V2(K (b, z,2) — F(2,0))]

and there is a € p(M) such that —=F(a,b) and Ko (b, M, a) C p(M).

Let Fi(z,y), F5(z,y) be arbitrary p-stable convex-to-right formulas. We say that Fy(z,y)
is bigger than Fy(z,y) if there is a € p(M) with F|(M,a) C F»(M,a). This gives a total
ordering on the (finite) set of all p-stable convex-to-right formulas F'(z,y) (viewed up to
equivalence modulo Th(M)). We write f(y) := rend F(M,y), meaning that f(y) ia a right
endpoint of F(M,y) which lies in the definable completion M of M. Then f is a function
which maps p(M) into M. Analogously we can consider p-stable convex-to-left formulas and
write f(y) := lend F'(M,y), meaning that f(y) is a left endpoint of F'(M,y) which lies also
in general in the definable completion M of M.

Let F(z,y) be a p-stable convex-to-right formula. Slightly adapting the definition in [2],
we say that F(z,y) is equivalence-generating if for any «, 3 € p(M) such that M | F(3, «)
the following holds:

M E=Ve(K(3,z,0) Ao # a — [F(z,a) « F(z, 3)])

Lemma 1.1. [1] Let M be an Ro—categorical weakly circularly minimal structure, p € S1(0) be
non-algebraic, F(x,y) be a p-stable convex-to-right formula which is equivalence-generating.
Then there is an (-definable equivalence relation partitioning p(M) into infinitely many in-
finite convex classes.

Theorem 1.2. [1| Let M be an Xy—categorical m-convex weakly circularly minimal structure,
m > 1, p € S1(0) be non-algebraic. Then any p-stable convez-to-right formula is equivalence-
generating.

Let f be a unary function to M with Dom(f) = I C M, where I is an open convex set.
We say f is monotonic-to-right (left) on I if it preserves (reverses) the relation Ky, i.e. for
any a,b,c € I such that Ky(a,b,c) we have Ky(f(a), f(b), f(c)) (Ko(f(c), f(b), f(a))).

Proposition 1.4. Let M be an Ng—categorical non-1-transitive weakly circularly minimal
structure of convexity rank 1, p € S1(0) be non-algebraic. Then any function f the domain
of which contains p(M) is strictly monotonic or constant on p(M).
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Definition 2. [3] Let M be a weakly o-minimal structure, A C M, M be |A|*t-saturated,
p1, P2 € S1(A) be non-algebraic. We say p; is not weakly orthogonal to py (p1 L™ p2) if there
are an A-definable formula H(x,y), a € p1(M) and (3, B2 € pa(M) such that 5, € H(a, M)
and [y & H(a, M).

We extend the last definition on weakly circularly minimal structures.
Lemma 1.2. ([3], Corollary 34) The relation L is an equivalence relation on Sy(A).

It is not difficult to see that the last assertion is also true in the case of weakly circularly
minimal structures.

2 The main theorem

Theorem 2.1. Any Ny—categorical non-I1-transitive weakly circularly minimal theory of con-
vexity rank 1 1s almost binary.

First we introduce necessary definitions and prove a series of assertions that will be
culminated in the proof of Theorem 2.1.

Let M be a non-1-transitive weakly circularly minimal structure. Then M is m-convex
for some m > 1. In case m = 1 it is not difficult to see that there is an ()-definable linear
order regarding of which M is a weakly o-minimal structure. Therefore further we consider
the case m > 1. Also observe that if M is m-convex for some m > 1, M is non-1-transitive.

Let p1,pa,...,ps € S1(0) be non-algebraic, Uy, Us,...,Us be convex components of the
types pi, pa, . - ., Ps respectively. We say that a family of convex components {Uy, ..., U} is
weakly orthogonal over () if every s-tuple (ai,...,as) € Uy X ... x U; satisfies the same type
over (). We say that a family of convex components {Uy, ..., U} is orthogonal over () if for
any sequence (ni,ny,...,ns) € w® every (ny +ng + ...+ n,)-tuple (al,a?,...,a";...; a,
az,...,ay?; ..cala? o ay € (U)™ x (Ug)™ x ... x (Ug)™ with Ky(aj,a?, ... a7, .
ay, az,...,an?%; .. .; al,a? a”) satisfies the same type over ().

gy Wgy o ooy Uy

Proposition 2.1. [9] Let T be an Ny-categorical m-convex weakly circularly minimal theory
of convexity rank 1, m > 1, py,pa,...,ps € S1(0) be non-algebraic, Uy, Us, ..., Us be convex
components of the types p1,ps,...,ps respectively. Suppose that {Uy,Us,...,Us} is weakly
orthogonal over (). Then it is orthogonal over ().

Proposition 2.2. [9] Let T be an Ry-categorical m-convex weakly circularly minimal theory
of convexity rank 1, m > 1, py,pa,...,ps € S1(0) be non-algebraic, Uy, Us, ..., U, be convex
components of the types p1,pa, ..., ps respectively. Suppose that {Uy, Us, ..., U} is pairwise
weakly orthogonal over (). Then {Uy,Us, ..., Us} is weakly orthogonal over ().

Let p1,pa € S1(0) be non-algebraic, {U;, Us} be convex components of types p; and py
respectively. We say that an (-definable formula ¢(z,y) is a (Ur, Us)-splitting formula if
there is a € U; such that ¢(a, M) C Us, ¢(a, M) convex and lend ¢(a, M) = lend Us.

Lemma 2.1. Let M be an RNy-categorical m-conver weakly circularly minimal structure,
m > 1, p1,p2 € S1(0) be non-algebraic, Uy, Uy be convex components of the types p1 and py
respectively. Suppose that {Uy, U} is not weakly orthogonal over (). Then there is at least
one (Uy, Us)-splitting formula.
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Proof. Since {Uy, Us} is not weakly orthogonal over (), there are ay,a} € Uy, az,a), € Us such
that tp((a1,a2)/0) # tp({(a},ah)/0). Consequently, there is an (-definable formula R(x,y)
such that

M = R(ay,az) A —R(d}, ay).

Note that there exists aj € U, such that M | —R(ay,a}). If this is not true then let
A(z,y) be an (-definable formula isolating tp({ay, as)/0). Then M |= 6(ay), where

0(ar) := Vy[A(ar,y) — R(ar,y)]

Since tp(a1/0) = tp(a)/0), we have: M |= 6(a}), contradicting our assumption. Thus, we
have:

M ): R(CLl, CLQ) N —|R(a1, ag)

Without loss of generality, suppose that Ky(a1,as,aly). By the weak circular minimality
R(ay, M) is a finite union of {a, }-definable convex sets, and let Ry(ay, z) define a convex set
containing {as}. Then the formula

o(x,y) = Uy, (x) AN Up,(y) A 3t[Ro(z,t) N K(2,9,1)]

is a (Uy, Us)-splitting formula. d

Let ¢1(x,y), ¢o(x,y) be (U, Us)-splitting formulas. We say that ¢q(z,y) less than
¢o(x,y) if there is a € U; such that ¢y(a, M) C ¢o(a, M). Obviously the set of all (Uy, Us)—
splitting formulas is linearly ordered.

Lemma 2.2. Let T be an Ny—categorical m-convex weakly circularly minimal theory of con-
vexity rank 1, M =T, A C M, A be finite, A # 0, p1,p2 € S1(A) be non-algebraic, py L po.
Then

1. If there exists a € p1(M) such that dcl(AU {a}) Npo(M) = 0 then there is a unique
(p1, p2)—splitting formula.

2. If there exists a € p1(M) such that dcl(AU {a}) N pa(M) # O then there are exactly
two (p1,p2)—splitting formulas ¢1(x,y), do(x,y) so that ¢i(x,y) is less than ¢o(x,y) and
|¢2(a7 M) \ ¢1(a7 M)| =1 for any a € pl(M)'

Proof. Take an arbitrary element a € A and consider the structure M,. By Proposition 1.2
M, is a weakly o-minimal structure. The further proof is analogous to the proof of Lemma
6 in [8]. O

Lemma 2.3. Let T be an Ny—categorical m-convex weakly circularly minimal theory of con-
veity rank 1, p1,p2 € S1(0) be non-algebraic, Uy, Uy be convexr components of the types p
and py respectively. Suppose that {Uy, Us} is not weakly orthogonal over (). Then

1. If there is a € Uy such that del({a}) N Uy = 0 then there exists a unique (Uy, Us)-
splitting formula.

2. 1If there is a € Uy such that dcl({a}) N Uy # () then there are exactly two (Uy,Us)—
splitting formulas ¢1(x,y), p2(x,y) so that ¢1(x,y) is less than ¢o(x,y) and |po(a, M) \
o1(a, M)| =1 for any a € U;.
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Proof. 1. Suppose that dcl({a}) N Uy = 0 for some a € U;. Assume the contrary: there are at
least two (Uy, Us)-splitting formulas ¢y (z,y) and ¢o(z,y), and let for definiteness ¢4 (x,y) is
less than ¢o(x,y). Obviously, |¢a(a, M) \ ¢1(a, M)| > 1. Indeed if |po(a, M)\ ¢1(a, M)| =1
then there is b € U, such that b € ¢a(a, M) \ ¢1(a, M) and b € dcl({a}), contradicting our
assumption. Since {U, Uy} is not weakly orthogonal over (), there are a € Uy, by, by € Us
such that

M = ¢1(a,bi1) A =¢1(a,br) A ¢a(a,by).

Without loss of generality, we assume that Ky(a,by,bs) and K(by, M,by) C U,. Then
consider the following formula:

F(fL’, bg) = Elt[Upl (t) A ﬁQSl(t, bg) A qf)g(t, bg) A ¢2(t7 l’) A K(bg, Z, t) A Up2 (fL’)]

It is not difficult to see that F'(z,y) is a pe-stable convex-to-right formula, contradicting
that T" has the convexity rank 1.
2. Let b € dcl({a}) N U, for some a € U;. Then there is an (-definable formula 6(z,y)
such that
M = 0(a,b) A yb(a,y).

Consider the following formulas:
¢1(a,y) == Ft[0(a, t) A K(a,y,t) Ny # A Up, (y)]

pa2(a,y) == 3t[0(a,t) N K(a,y,t) AUy, (y)]

Obviously, ¢1(z,y), ¢a(x,y) are (U, Us)-splitting formulas and ¢a(a, M) \ ¢1(a, M) =
{b}. By analogy with Point 1 one can prove that there is no other (Uy, Us)-splitting formulas.
U

Lemma 2.4. Let T' be an Ry—categorical m-convex weakly circularly minimal theory of conve-
zity rank 1, p1,pa, p3 € S1(0) be non-algebraic, Uy, Uy, Us be convex components of the types
p1, P2 and ps respectively. Suppose that {Uy,Us} and {Us, Us} are not weakly orthogonal
over ). Then for any a,a’ € Uy, bV € Us, ¢,c € Us such that tp({a,b)/0) = tp({a’,b') /D),
tp({a, c)/0) = tp({a’,¢)/0), tp((b,c)/0) = tp((V',¢')/D) we have tp({a,b,c)/0) = tp({da’, ¥/,
)/0).

Proof. Assume the contrary: there exist a,a’ € Uy, b, € U,, ¢,d € Us satisfying the
hypotheses of the lemma and there is an (}-definable formula R(z,y, z) so that

M = R(a,b,c) AN—R(d', V', ).

Without loss of generality, we assume that Ky(U;, Uz, Us). Note that the elements a, b
and c are pairwise algebraically independent over ). Indeed, if for example b € dcl({a}) then
there is an (}-definable formula 6(x,y) so that

M = 0(a,b) A yb(a,y).
Consider the following formula: R'(x,z) := Vy[0(z,y) — R(x,y, z)]. Then

M = R(a,c) N—=R'(d, ),
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contradicting the hypothesis tp({a,c)/0) = tp({(d’, ) /D).
Let A(z,y) and B(z,y) be -definable formulas isolating tp({a,c)/0) and tp((b, ¢)/0)
respectively. Then there is ¢’ € Uz such that

M = A(a, ") A B(b, ") AN —R(a,b, ")
If this is not true then M |= D(a,b), where
D(a,b) :=Vy[Us(y,a) N A(a,y) A B(b,y) — R(a,b,y)]

Here Us(y, a) is an {a}-definable formula determining the set Us (a convex component of
any non-algebraic 1-type which is not (-definable is {a}-definable for any a € M). But then
M = D(d', V), contradicting our assumption. Thus, we have:

M = R(a,b,c) A—=R(a,b,").

Transforming if necessary we can assume that R(a,b, M) is convex, R(a,b, M) C Us and
lend R(a,b, M) = lend Us.

Let ¢15(z,y) be a (Uy, Us)-splitting formula, ¢q3(x,y) be a (Us, Us)-splitting formula.
Then either ¢13(a, M) g gbgg(b, M) or qbgg(b, M) C ¢13(a, M) If gblg(a, M) = ¢23(b, M)
then by strict monotonicity of f(z) := rend ¢o3(x, M) on po(M) we have that b € dcl({a}),
contradicting our supposition. If |pos(b, M) \ ¢13(a, M)| = 1 or |pi5(a, M) \ ¢a3(b, M)| =1
then we also can see that b € del({a}).

Suppose that ¢i3(a, M) C ¢o3(b, M). Then |po3(b, M) \ ¢13(a, M)| > 1. Since
tp({a,c)/0) = tp({a,”)/0), we have either ¢, " € ¢13(a, M) or ¢, € =¢p13(a, M). Without
loss of generality, suppose the first. Let p} := tp(a/{b}), ps := tp(c/{b}). Obviously, pj L* p}
and R(x,b, 2), ¢13(x, z) are (p}, ps)-splitting formulas and |¢p153(a, M)\ R(a,b, M)| > 1, con-
tradicting Lemma 2.2. The case ¢93(b, M) C ¢13(a, M) is considered analogously. O

Lemma 2.5. Let T be an Rg—categorical m-convexr weakly circularly minimal theory of con-
veity rank 1, M =T, A C M, A be finite, A # 0, p1,pa, p3 € S1(A) be non-algebraic. Then
for any a,a’ € p1(M), b,b € pa(M), ¢, € p3(M) such that tp({a,b)/A) = tp({d’,V/)/A),
tp((a,¢) [A) = tp((a', &)/ A), tp({b, c)/A) = tp((¥, ¢} /A) we have tp({a,b, c)/A) = tp((d', V),
d)/JA).

Proof. Take an arbitrary element a € A and consider the structure M,. By Proposition 1.2
M, is a weakly o-minimal structure. The further proof is analogous to the proof of Lemma
8 in [8]. O

Lemma 2.6. Let T be an Ng—categorical m-conver weakly circularly minimal theory of con-
veity rank 1, p1,ps,p3 € S1(0) be non-algebraic, Uy, Us, Us be conver components of the
types p1, p2 and ps respectively. Then for any a,a’ € Uy, b,b € Uy, ¢, € Uz such that
tp({a,b)/0) = tp({a’, V') /0), tp({a, c)/0) = tp({a’, ) /D), tp((b,c}/0) = tp({V', ') /D) we have
tp({a, b, c)/0) = tp({a', V', ') /).

Proof. Without loss of generality, we assume that Ky(Uy,Us, Us). If Uy, Us and Usz are
pairwise weakly orthogonal over ) then the conclusion of the lemma follows from Proposition
2.2. If the convex components Uy, U, and Us are not pairwise weakly orthogonal over () then
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it follows by Lemma 2.4. Therefore suppose that {U, Us} is weakly orthogonal over (), but
{U,,Us} is not weakly orthogonal over (). Then {U;, Us} is weakly orthogonal over (), since
if not we obtain that {Uy, Us} is not weakly orthogonal over {).

Assume that the conclusion of the lemma does not hold and consequently there are
a,a’ € Uy, byt € U, ¢,d € Us satisfying the hypotheses of the lemma and there is an
(~definable formula R(zx,y, z) such that

M = R(a,b,c) A—=R(d', U, ).

By analogy with Lemma 2.4 we can see that a, b and ¢ are pairwise algebraically in-
dependent over (). Let A(x,y) and B(y, z) isolate tp({(a,c)/0) and tp({b,c)/0) respectively.
Note that there is ¢’ € Us such that

M = A(a, ") AN B(b,d") AN =R(a,b,").
If this is not true then M = 0(a,b), where
0(a,b) :=Vy[Us(y,a) A A(a,y) A B(b,y) — R(a,b,y)]

Here the formula Us(y, a) determines the set Us. Since tp({a,b)/0) = tp({(a’,b')/0), M |=
0(a’,b'), contradicting our assumption. Thus, we have:

M = R(a,b,c) A—=R(a,b,").

Without loss of generality, suppose that Ky(a,b,c,c”). Transforming if necessary, we
can assume that R(a,b, M) is convex, R(a,b, M) C Us and lend R(a,b, M) = lend Us. Let
ph = tp(b/{a}), v :=tp(c/{a}). Then ph(M) = Us, p4(M) = Us and consequently R(a,y, z)
is a (ph, p5)-splitting formula.

Since {Us,Us} is not weakly orthogonal over (), there is a (Us, Us)-splitting formula
¢ao3(x,y). Obviously, it is also a (p), p5)—splitting formula.

Since tp((b,c)/0) = tp((b, ")/0) we have that either ¢,¢’ € ¢o3(b, M) or ¢, €
—pa3(b, M). Without loss of generality, suppose the first. Then R(a,b, M) C ¢a3(b, M)
and |¢o3(b, M) \ R(a,b, M)| > 1, contradicting Lemma 2.2.

The case when {Uy, Us} is not weakly orthogonal over () and {Us, Us} is weakly orthogonal
over () is considered analogously. O

Lemma 2.7. LetT be an Rg—categorical m-convexr weakly circularly minimal theory of conve-
zity rank 1, py,pe2 € S1(0) be non-algebraic, Uy, Uy be conver components of the types p1 and
pa respectively. Suppose that {Uy,Us} is not weakly orthogonal over . Then for any a,a’ €
Uy, (b1, by), (b),05) € [Us)? such that Ko(a, by, bs), Ko(a', b}, b)), tp({a,b)/0) = tp({a’,b}) /D),
tp({a, b2)/0) = tp({d’, ) /0) we have tp((a, by, be)/0) = tp({a’, b}, b5)/0).

Proof. Assume the contrary: there is an (-definable formula R(z,y,z) such that M =
R(a,by,by) A —R(a', b}, by) for some a,a’ € Uy, (by,by), (Vy,05) € [Us]* with Ko(a,by,bs),
Ko(a', by, ), tp({a,bi)/B) = tp({a, by) /0) and tp({a, bo)/8) = tp((a', b))

First note that if b; € del({a}) then by & dcl({a}). Indeed, if by,by € dcl({a}) then
we can show that by € dcl({b;}), and consequently we can prove that del({b;}) is infinite,
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contradicting the Ny—categoricity of 7. Suppose that b, € dcl({a}). Then there is an (-
definable formula 6(z,y) such that

M = 6(a,by) A 3lyb(a,y).
Consider the following formula:
R(xz,2) = Vy[0(z,y) — R(z,y, 2)]
According to our assumption we obtain that
M E R'(a,by) N =R/ (d, b)),

contradicting the hypothesis that tp({a,bs)/0) = tp((a’, b,)/0). Thus, we can assume that
bl, bQ Q dCl({CL})
Let As(z,y) be an (-definable formula isolating tp((a, by)/@). Then there is by € U, such
that
M ): Ko(a, bl, bg) A AQ(CL, bg) A ﬁff(a, bl, bg)

If it is not true then M |= 6(a,b;), where
0(a,b1) == Vy[Ko(a, b1,y) A As(a,y) — R(a,br,y)]

Since tp({a,by)/0) = tp({(d’,b}) /), we have M = 6(a’, b)), contradicting our assumption.
Thus, we have:
M ): R(a, bl, b2) A\ _\R<a, bl, bg)

Case 1. tp({a,by)/0) = tp({a, ba)/0).

Let ph(y) := {Az(a,y)}. Then p, determines a type over {a}, since As(a, M) is 1-
indiscernible over {a}. Without loss of generality, suppose that Ky(a, by, be, ). By weak
circular minimality R(a,b;, M) is a finite union of {a, b, }—definable convex sets, and let
Ro(a, by, z) determines the convex set containing {by}. Then consider the following formula:

H(a,by,z) := K(a,by, z) AN Us(a,by) A Us(a, z) A It[Ro(a, by, t) A K(a, by, z,t)]

It is not difficult to see that H(a,y, 2) is a p)—stable formula, contradicting that 7" has
the convexity rank 1.

Case 2. tp((a, b)) # tp({a, :)/0).

Since {Uy, Uz} is not weakly orthogonal over () and by ¢ del({a}), there is a (Uy, Us)—
splitting formula ¢(z,y) such that ¢(a, M) is 1-indiscernible over {a} and

M ): ¢(a7 bl) A _‘QZS(CL, b2)

Since by & dcl({a}) and p(z) := rend ¢(x, M) is strictly monotonic on p; (M), there is
a1 € U; such that
M ): Ko(CL7 as, bl) VAN qﬁ(ah bl) VAN _|§Z5(CL1, bQ)

Consider the following functions: f,(y) := rend R(a,y, M), gp, () := rend R(x, by, M).
Further we can conduct reasons in the weakly o-minimal structure M,, and therefore the
further proof repeats the proof of Lemma 9 in [§]. O
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Lemma 2.8. Let T be an Ry—categorical m-convex weakly circularly minimal theory of conve-
zity rank 1, p1,p2 € S1(0) be non-algebraic, Uy, Uy be conver components of the types p1 and
pa respectively. Suppose that {Uy, Us} is not weakly orthogonal over ). Then for any ny,ny <
w and any tuples a = (ay,as, ..., an,), @' = (a},ay,...,a, ) € [Ul]"1 b= (b,by, ... bn,),
V' = (b, b5, ..., 0,,) € [Us]™ such that Ko(ai,aq, ..., an,), Ko(a},aj, ..., a;, ), Ko(by,ba, ...,
bny), KoV, b, ..., 0,,) and for anyi,j: 1 <i <ny, 1 < j < nytp({a;,b;)/0) = tp((a;, V) /0)
we have tp((a,b)/0) = tp({a’, V') /0).

Proof. We prove by induction on (ny,ns) >, (1,1). Step (1, 1) is trivial. Step (1,2) has been
established in Lemma 2.7. Suppose that the lemma has been established for all (k, k2) with
(1,2) <jex (k1,k2) <pex (n1,n2). Prove the lemma for case (ny,ny). Assume the contrary:
there are an ()-definable formula R(Z,7) and tuples a,a’ € [pi(M)]™, b,b' € [py(M)]™
satisfying the hypotheses of the lemma so that

M E R(a,b) A—R(@, V).

By analogy with the proof of Lemma 2.7 we can see that there is b, € U, such that
Ko(by, ... bpy—1,07,), tp({as, bny) /0) = tp({as, by,) /0), 1 < i <nym

M ):R(CL bn2 1,bn2)/\_|R(CL bng 1, n2)

Let B := {@p,—1,bn,—2} Then obviously B # (), and we can further conduct reasons in
the weakly o-minimal structure M,,, whereas the further proof repeats the proof of Lemma
10 in [8]. O

Proof of Theorem 2.1. By the Np—categoricity there are only finitely many non-algebraic 1-
types over (). Let {Uy,Us,, ..., U} be a complete list of convex components of non-algebraic
l-types of S1(0). Prove by induction on s > 2 that for any nq,ns,..., ny < w, for any
n,, G, € [U1|™, Gn,, a,, € [Ua]™, ..., Qn,, TS [Us]"S, such that for any 4,14, 7,k :

Ng

1<y iy <5, 1< < my, 1< k< my, tp((ad, ok )/0) = tp({(ad, V. (ak, ))/9), we have

tp((Qny Gy, -, G, ) /0) = tp((@p,, s -, ) /D) (%)

Step s = 2. If {Uy,Us} is weakly orthogonal over () then by Proposition 2.1 {U;, Us} is
orthogonal over ), i.e. (x) holds. If {U;, Us} is not weakly orthogonal over () then (x) follows
by Lemma 2.8.

Step s = 3. Case ny = 1,ny = 1,n3 = 1 has been established in Lemma 2.6. Suppose that
(*) has been established for all (ky, ks, k3) with (1,1,1) <, (kl, ko, k3) <iex (nl,ng,n3) and
prove it for (ny,n2,n3). Assume the contrary: there are a,,, aj, € [U1]™, Gn,, a,, € [Us]"™,
Qs s (z’ng [Ug]”3 such that for any iy,40, 7,k : 1 < i3 <3 <3, 1 <j5<my, 1< k < n;,
tp({a, m )/0) = tp({(a3, ), (afliQ)’>/(Z)) and there is an @—deﬁnable formula R(Z,,, Tny, Tny)
so that

M = R(an,, Gny, Gny) N —R(a, a, )

nl’ nz’ Ns

Then we can see that there exists (ap)” € Us such that Ko(@n,,Gn,, Gng—1, (a33)"),

tp((ai, ,ars)/0) = tp({al_, (ap2)”)/0) for any 1 <i < 2and 1 < j <n; and

M ): _'R(a’nlv an2> ans 1, (CL )N)’
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Obviously, n; > 1 for some ¢ < 3. Without loss of generality, suppose that ng > 1. Let
A = {@p,~1,0ny—1,Gpy—1}. Then A # (), and considering the types p| := tp(apt /A), ph =
tp(an2/A), py == tp(ayp? /A), we have a contradiction with Lemma 2.5.

Suppose that (x) has been established for all k£ with 3 < k < s. Prove it for s. We further

conduct reasons in the weakly o-minimal structure M, for an arbitrary a € {al ,...,a"} C
Uy, whereas the further proof repeats the proof of Theorem 2 in [§]. O
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