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TYNYSBEK SHARIPOVICH KAL'MENOV
(to the 70th birthday)

On May 5, 2016 was the 70th birthday of Tynysbek Sharipovich
Kal’'menov, member of the Editorial Board of the Eurasian Math-
ematical Journal, general director of the Institute of Mathematics
and Mathematical Modeling of the Ministry of Education and Sci-
ence of the Republic of Kazakhstan, laureate of the Lenin Komsomol
Prize of the Kazakh SSR (1978), doctor of physical and mathemat-
ical sciences (1983), professor (1986), honoured worker of science
and technology of the Republic of Kazakhstan (1996), academician
of the National Academy of Sciences (2003), laureate of the State
Prize in the field of science and technology (2013).

T.Sh. Kal’'menov was born in the South-Kazakhstan region of
the Kazakh SSR. He graduated from the Novosibirsk State University (1969) and completed
his postgraduate studies there in 1972.

He obtained seminal scientific results in the theory of partial differential equations and
in the spectral theory of differential operators.

For the Lavrentiev-Bitsadze equation T.Sh. Kal’'menov proved the criterion of strong
solvability of the Tricomi problem in the L,-spaces. He described all well-posed boundary
value problems for the wave equation and equations of mixed type within the framework of
the general theory of boundary value problems.

He solved the problem of existence of an eigenvalue of the Tricomi problem for the
Lavrentiev-Bitsadze equation and the general Gellerstedt equation on the basis of the new
extremum principle formulated by him.

T.Sh. Kal’'menov proved the completeness of root vectors of main types of Bitsadze-
Samarskii problems for a general elliptic operator. Green’s function of the Dirichlet problem
for the polyharmonic equation was constructed. He established that the spectrum of general
differential operators, generated by regular boundary conditions, is either an empty or an
infinite set. The boundary conditions characterizing the volume Newton potential were
found. A new criterion of well-posedness of the mixed Cauchy problem for the Poisson
equation was found.

On the whole, the results obtained by T.Sh. Kal’'menov have laid the groundwork for
new perspective scientific directions in the theory of boundary value problems for hyperbolic
equations, equations of the mixed type, as well as in the spectral theory.

More than 50 candidate of sciences and 9 doctor of sciences dissertations have been
defended under his supervision. He has published more than 120 scientific papers. The list
of his basic publications can be viewed on the web-page

https : | /scholar.google.com/citations?user = ZaydfrkAAAAJ&Rl = ru&authuser = 1

The Editorial Board of the Furasian Mathematical Journal congratulates Tynysbek
Sharipovich Kal'menov on the occasion of his 70th birthday and wishes him good health
and new creative achievements!
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EMBEDDING THEOREMS FOR MULTIANISOTROPIC SPACES
IN THE THREE-DIMENSIONAL CASE
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Abstract. In this paper we obtain a special integral representation of functions with a
set of multi-indices and use it to prove embedding theorems for multianisotropic spaces in
three-dimensional case.

1 Introduction

The embedding theorems for multianisotropic spaces in two-dimensional case can be found
in [4]. In this paper we prove embedding theorems for the Sobolev multianisotropic spaces
in three-dimensional space when the completely regular polyhedron has one anisotropicity
vertex. The obtained results generalize embedding theorems for isotropic and anisotropic
spaces in [1-3, 5-9] (for an overview of the history of the problem and related results see
[2]), and in the case of anisotropic spaces coincide with known theorems, although a method
of integral representation of functions is applied, which is based on the usage of special
multianisotropic kernels.

2 Multianisotropic kernels and their properties

Let R? be the three-dimensional space, Z3 the set of all three-dimensional multi-indices, i.e.
o = (ou, ag, a3) € Z3, if aq, s, a3 are non-negative integers. For §,n € R®, e e Z3, ¢t >0
let |af = ay + ay + a5, £ = 1652657, 7 = (M, 1%, 1), Dy = 15k =1,2,3, and let
D* = D" D5? D3® be the weak derivative of order a.

For a set of multi-indices let 91 be the smallest convex polyhedron containing it. 9 is
said to be completely regular if

a) it has vertices at the origin and further vertices on each coordinate axis

b) all components of the outer normals of all two-dimensional non-coordinate faces are
positive. For a completely regular polyhedron M in R? let M? (i = 1,..., M) be the two-
dimensional non-coordinate faces. Let u‘(i = 1,..., M) be the outer normal of the face 2,
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such that the equation of that face is (a; u') = 1; (i = 1,..., M'). We study the case when the
vertices of 9 are multi-index: o' = (I1,0,0),a? = (0,1,0),a% = (0,0,13), a* = (a1, s, az).
Denote by p (i = 1,2, 3) the outer normal of 912, which is the face M3 passing through
all the vertices with the exception of o’ (i=1,2,3), i.e. p! is the outer normal of the face
passing through the vertices {a?; a3; a*}, and so on.
For # > 0 and positive integer k denote

P(0,€) = (062)™ + (0€l)™ + (065)™ + (9e €525y, (2.1)
Go (&0) = "9, (2.2)
Gy (€,0) = 2k(0c)" 709 j—1,2,3.4. (23)

It is obvious that for any value of § > 0 Gy, G,1;€S5,(j = 1,2,3,4), where S = S(R") is
the Schwartz space of rapidly decreasing functions.

Let Go(t,0), Gi,(t,0) (j = 1,2,3,4) be the corresponding Fourier transform of Gy,
Gy (1 =1,2,3,4).

Note that @0 ,CAJLJ' € S,(j = 1,2,3,4), because the Fourier transform is an automor-
phism on S.

Suppose that the inequality oy < ag < ag < I3 holds for o = o* = (a1, s, a3). Consider
the intersection of planes 912 (M2, i.e. the line passing through the points a® = (0; 0;13) and
a* = (a1, g, a3). The parametric equation of that line is x =aqt; y = aot; 2z = Is—t (I3 — ).
Let 6 = (1, 32,0) be the point of intersection of that line with the XOY plane. Note that

Bro= 2l gy = b g e MON (e (Bip') = 1;(B4%) = 1), also f; < B, which

l3—a3 l3—a3
follows from a; < ap.

Consider the point v = (71,0,0), such that v € 912. Let N be an even number, such that

4

all components of multi-indices Na, NG, N are even. (A)

Such N exists, because all components of «, 3, are rational. Let us prove the following
lemma (an analogue of Lemma 2.1 in [4]).

Lemma 2.1. Let o = (a1, 00, a3) € Z3 04 < ag < ag and 0 € (0;1). Then for any multi-
index m = (my,mg,m3) and for any even N satisfying (A) there exist constants C;, (i =
0,1,2), such that

—igllé}3§3(\ui]+(m7ui)) (

Co(hle)Q + Cl ’1119| + Cg)
1+0_N(ti\7a1té\/a2té\fa3 +t]1vﬂltévﬁ2 _|_tiv’71) ’

DGy (t,0) | < (2.4)

An analogous inequality is true for Gy (t,0).

Proof. As in the proof of Lemma 2.1 in [4], for any multi-index m = (my, ms, m3) we estimate

the following integral:
=[] arerere ro9dgass
o Jo Jo

a; . . . a;
] (1=1,2,3). Let iy be an index, such that ir:nlaQXg AT = g

Oéio

Consider . There are

3 possible cases:
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1. The maximum is obtained only at one index iy , i.e. m(j{—ii-1<mz i Fd, 1=1,2,3.
2. The maximum is obtained at two indices (e.g. iy = 2 Pé iy = 3), i.e. g <
a3 a2 — _a3

m3+1 ? mo+1 = ma+1

] 3 (631 — a2 — a3
3. All the ratios are equal, L.e. —*7 = 25 = i

Consider the first case. Let 7g = 3. Note that it suffices to estimate the integral only on
the closed upper half-space. By substituting £ = 9_“377 in 7, we have

’ 3|+ m m m 2kl 2kl 2k 2kag 2kag
[_(9 14 7# 1 2 56 1 e —MNo e - U N3 d771d772d773

_9(|u3|+(m,u3))/+°oe<n1z§>n2g§n3>2ka3( o ey m3d< o ap )
0

L3123 773) L3123 1)3

> m1—3—;’m3—% 2k & mz—z—gmg—a—? _77316[2
) Ui e dm Ub) dns
0 0

_ oo man) — o (bl ma)) g o)

The last relation follows from the convergence of the three integrals and from inequalities
my— 3—;7713— 3—; > —1,mg— z—img Q2 2> —1, which are in turn inferred from oL L < mitl oy

m3+1 7 as
mo—+1
ma+1°
Consider the second case. We have & < mutl a2 — matl 5nq thyg ‘“ L < mi+l
a3 m3+1 7 a3 m3+1 m2+1

The polyhedron 9 is completely regular, thus 7 + 72 + 22 > 1 and ps < p3. We can
split [ into 8 integrals:

o=+ o—n3 o=+ o—ni 043 o
0 0 0 0 0 03
ghi oo o~ +3 0 613 o+
+ / i [ de / O S Y
o+ g=ni 0 0
0~ ui ) ) 9*“3
+/ dfl / d§2/ d€3 + / 3 dgl / 3 dég/ Ce dég
o3 - 0 H1 9 M3 0
oo 0~ 13 oo oo oo
! 0 0 H3 o=+ 643 0 H3

We will estimate each integral separately. The substitution £ = 9_“377 in I yields I; <

o= ([*|+(ms?))

By substituting £ = 0=’ in I, we get

’M2|+ ,u ml m2 ms n2k11 n2kl3 n2ka1n2ka2n2ka3
IQ<C€ ’ d?h d?72 e e7ls emh 2 3 d7]3
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2kl

e VP i o0 -n
= 09_(|N2|+(m7”2))/ i P ey - ”?klldnl/ ) ¢ dns
0 6

*M§+M3 73

ap ag Qkag
o aq a3 ma —<7710‘27I2773(¥2> 041 a3 _ 5 m 5
|/ (nl — ) c A nant) < 0~ (1 0m) (64 [nf] + @)
0

The first integral converges, because "‘1 < m;il By substituting ¢ = 7) 7727)3 , it follows
that the third integral is convergent. The “Second integral can be estimated via (C1|Inf| 4+ Cs).
By substituting £ = 6737 in I3, we get

’ 3‘4_ m m m m 2kly _ 2klyg  2kay 2kag 2kag
=~ H dnl an IpM2M3 =M~ o2 o7 T2 73 )d773

< ce—(|u3|+(mvu3)).

We substitute £ = §7#3n in I, and estimate it similarly to I3.
By substituting £ = 0~*’n in I, we get

oq o2kl

1 g — L, _OL 0o ,—n
1, < co~ (19 (ma) / T "?'““dm/ =
0 1

< oo+ (ma?))

d?]g/ tmge—t%aﬁ}dt
0

2

By substituting £ = 0~*’n in I, we get

% my—gim _ﬂ X o3
Is < 09_(’“2|+(m7”2)>/ Ui e 2klldm/ e
0 1

< o~ (e [+(ma?)) (04 0] + C) .
By substituting £ = 0~*’n in I7, we get

oq —py2kla

! mi—Lmo—21 o0 n
I; < ce—(lu3|+(m7u3))/ A n?’““dm/ e
0 1

< oo+ (ma?))

d?]g/ tmge—t%aﬁ}dt
0

2

Finally, by substituting £ = 9_”377 in Iy, we get

Iy < o~ (e [+(mn?)).

As a result, if a; < :Ziﬂ ,Zi = nmli—j:} then for some constants C,Cs the following
inequality holds:
_l’_
[ < gl ) o) +02). (2.6)
Consider the third case, i.e. & = mudl a2 _ mutl g a2 _ motl

a3 m3+1 7 a3z ma+1’ a3 ma+1°
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Let

0
> = min
1y j=1,2,3 lu’z

Then M1 = pl, uS = p3, pd = p3. As in the first case, we split I into 8 integrals by
19, 1, 13, We consider each integral separately. By substituting & = 0‘“37] in [;, we get

1, < oo (w[+(mn®)).

By substituting £ = 6=’ in I, we get
2 2 > 2kl ! 2% 2% 2k > 2kl
I < cg~ ([ ]+ (m.n ))/ ne M 1d771/ e g D‘gdng/ s e~ gy,
0 0 0

< o~ ([#*[+(mr?)).

By substituting £ = 9_“37) in I3 and I and estimating them similarly to I, an analogous
estimate can be obtained.
By substituting £ = 0*“177 in I5, we get

1 2k:l 2kl 2ka 2ka 2ka
p|+(m ,,U, 2 — 3 — 1 2 3 mi1.,.m2 m3
Is < Co (et / dm / dny / ey dns

< o (| [+(mu)),

Similarly, we make the substitutions ¢ = 9*“277 and £ = 0*“377 in I and I;, respectively.
Let us estimate Igz. By substituting & = 9_”377, we get

) o —np 2kl 00 —pg2Wla 0
_[8 S 007(|M3|+(m’u3)) ¢ dnl € an tm3€2ka3dt
043 04,3
9*H1+H1 771 9*M2+H2 T]Q 1

< (Co(1n0)? + C; nd] + ) = (I (maet)).
Finally, we get that in the third case there exist constants Cy, C, Cs, such that

I < (Co(In)? + C [Ing] + C) gl 0 (2.7)

Using inequalities (2.5), (2.6) and (2.7), we proceed with the proof of Lemma 2.1. Let
us estimate Gy (t,6),j = 1,2,3,4. For any multi-index m = (my, mg, ms)

2k—1

DmGl,] (t 9 m1£m2£m3 —1 t§)2k(0§a7) e—P(G,ﬁ)d£1d§2d€3' (28)

Consider the vertex o = (o, vz, v ) of M, and the multi-index (my+a, my+ad, my+ad).
Suppose that: ‘
. . J 1
L i B S Y (2.9)
o " my+ad+1
Let i¢ be the index, for which the following relation holds:

Q; (671

max . :
=123 m; + ol + 1 mi0+a§0—|—1
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Then let us substitute & = #7#°n in integral (2.8).

According to (2.9), mifégﬂ < miozz)foﬂ i # i. Considering 1 — il >0,0<6 <1

ID™Gy; (t,0) | < o~ ImolHmno), (2.10)

In the second case, i.e. when there is one equality in (2.9), (2.6) is obtained for
|D™G4; (t,0)]. In the third case, i.e. when there are only equalities in (2.9), (2.7) is
obtained for |[D™G; (t,6) .

Let us estimate t}' " 52 t'* D™, ; (t,6). Using the properties of the Fourier transform
we have

g=NlVer ez gNes pmG, (¢, 6)

2k—1

e P00 dg, de,dés.

/DNalDNagDNag —i(t,€) m1§m2£m32k<8§a7>

M\w

Integration by parts makes it suffice to estimate the integral
H_N/ / / DEM D™ DY (6 €6€5 (06%) e "9 6 d6adEs.
o Jo Jo

As in [4], we apply the following formula for the derivative of ®(¢)e= " of order Na,
\ 2k—1
where ®(€) = & €3¢ (06 )

* > o i\ 2k—1
DY Ay / DY(Ere5ee (06™) -
B+y=Na o Jo Jo

» (2.11)

>, s HD (0, €)dé1d&rdes,

o-1+...+o-|"/|—'y

where the product is taken over all o7, satisfying 07| >0 .

Suppose that the substitution ¢ = 77 is made in (2. 11) for some i (i = 1,2,3), then,
considering the equalities (aN,u') = N (i = 1,2, 3) ,Dﬁ = ('P) fo, we find that the "con-
tribution" of 0 to (2.11) is

(),

As (aN,u') = N,(a",u') < 1,r = 1,2,3,4,i = 1,2,3, the exponent of 6 is at least
= ('] + (m, p)).
Let p; be an exponent of & in (2.11) (i = 1,2,3). Consider p = (p1; p2;p3) and a =

(a1;02;a3). For the ratios % (i = 1,2,3) cases 1-3 may arise. Then (2.5) is true for

[tV Yoz ¢Nes pmGy L (t,0) | in the first case, (2.6) in the second case, and (2.7) in the third
case.

To estimate 8~ N[t 1 4%24X% DG, ; (t,0) | a similar argument can be used. The expo-
nent of 6 will be at least —ig11a2xs(|u | + (m, p*)), because the multi-index (53, 32,0) lies
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on the intersection of the plane passing through the points {as,as, a4} and the plane
passing through the points {ay,as,as}. Thus, a substitution by u! or p? will yield
(NB; ') = (NB; u?) = N, and a substitution by p? will yield (N3; u?) >N.

The estimate for 6= ‘tiv " DTG (t,@)’ is done similarly, taking into account that
v = (71,0,0) lies on the plane, passing through the points {9, a3, s}, and (Nvy;u') =
N, (Nv;p?) > N, (Nvy;p’) > N.

In either case, one of (2.5), (2.6), (2.7) holds. O

Remark 1. If (2.9) holds, then in (2.4) the constants Cy and Cy are 0. If there is at least
one equality in (2.9), then Cy = 0.

Lemma 2.2. Let 0 < 0 < 1, ay < as < as. Then there is a constant PY, such that

dt1dtadt
/ 12205 = colr'l. (2.12)
14 6-N (t{\fa1té\/'a2té\/’a3 _|_tiV51téVﬁ2 _{_tJIVWl)

Proof. Recall, that 8, = 2B 3, = 22l ap( thus 2L = 3_27 B < Ba.

I3—as l3—agz’ B2
By substituting ¢ = 9“17] in (2.12) (note that it suffices to estimate the integral only on
the closed upper half-space), we have

I—/ / / dt, dtydts
1+0-N NaltNathas NP +th1>

— pln'| R A dmdnzdns
- 0 0 0 a]  ag Nas B1 N2 )
1 B2 Ny
+ <7h Ny 773) + (771 772> +m
ag o) g

By applying the change of variables 7 = 1y, 7 = 0,2 n2, 73 = n;° 15 ° 13, We get

[=coh' / / / drdrydrs . (2.13)
1+TN°‘3+TN52+T )

Since & <1, o2 <1, the integral converges and [ = com'l. ]

Lemma 2.3. Let 0 < 0 <1, a1 < as =as. Then for any multi-index
m = (mqy, mg,m3) and any N satisfying (A) there are constants C;(i = 0,1,2), such that

(Co(1nd)? + Cy [Inf] + Cy)
14+ 6N (tllvmté\fazté\/% + tl ﬁltNﬂ2 + tN71>
1

Dmél,j (t,0)] < 'R 123(\M +(m.ut))
(2.14)

where v = (71,72,0) is the point of intersection of the planes p? and p* and XOY, o =
(01,0, 03) is the point of intersection of the planes pu* and p* and XOZ, v = (71,0,0) is the
point of intersection of the u® plane with the z-axis.
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Proof. Since v = (7y1,72,0) is the point of intersection of the po- and ps-planes, we have
(vipt) > 1, (v;p?) =1, (y;p®) = 1. Analogously, o = (01,0, 03) is the point of intersection
of planes p; and ps, thus (a,u ) =1, (o;p®) =1, (o;p%) > 1. Similarly, if v = (1, 0,0),
then yipg =1, yipd > 1, ypf > 1.
To prove the lemma, let us estimate:
(1 +oN (t{““tg“% R A AL N“)
(o (e Y ) ) DGy (1)

— 1 /ei(t,i) <1 4 N (Dé\lfoéngOQDNa:a + DNﬁlDNﬁQ DN’Y1>>

(27)3 (2.15)

R3
<1+0 N <DN041DNC¥2DNO¢3 +DN01DN02 N’Yl>

- (zk (Hfo‘j) . 5?16””25’”3 - 95)) d€1dEadEs.

We expand (2.15) and estimate each summand separately. First, we estimate the expo-
nent of §. Considering the choice of points 3 = (51, 3,,0); 0 = (01,0,03), v = (71,0,0),
we apply the change of variables & = 0=#'n. It follows that the exponent of 6 is at least
= (|p' + (m, p)).

After applying (2.11) to each summand of (2.15) and comparing the exponents of &;(i =
1,2, 3) with the multi-index oo = (a1, ag, av3), cases 1-3 may arise. Finally, for each summand
one of inequalities (2.5), (2.6), (2.7) holds. O

Lemma 2.4. Let 0 < 0 <1, ay < ag = 3. Then there is a constant C > 0, such that

1
/1+0 N(tNogtNozgtNag_i_tNﬁltNﬁz_'_tN’ﬂ)
dt1dtadts
1_’_6 N(tNaltéVagtéVag +tNUItNO.3 +tN’Yl>

(2.16)
< ol a8

Proof. As in Lemma 2.2, it suffices to consider the integral only on the closed upper half-
space. We split the integral into the following parts:

oo o0 [e.e] 1
=L
o Jo Jo 146N (tymtngtgyas + Py tf”l)

dtdtodts
1+6-N (tf“lt?“%?% + tNorgNes o t{V“)

oo 9“% 9“%3 oo oo 9“%3 oo 0“% oo
:/(m/ m/ ﬁﬁ/)%/cM/ m+/CM/ m/¢m
0 0 0 0 9”5 0 0 0 9‘%
+/ dtl/ldtQ/1dt3:II+[2+Ig+I4.

0 o2 o*3
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Let us estimate each integral. Considering the points «, 8,7, 7, (a, p') = (8, ') = (o, ut) =

(7,p) =1 1
By substituting t = 6* n in I, we get

) o] 1 1 N [e'e) d
n<ov [ [ [am <ot [Tt < o
0 0 0 o l1+n ™

By substituting ¢ = 0*'7 in I, we get

dns
[<C€|“/ d /d /
’ M Jo B L T e peeples e Nas (N
d
<C@”|/ dm/ 773; -
L+ % g
[e'e) o] 0’1/03
< oo / i’?/; / dln, ")
0 UL (7 ) g
< co' / d";f / T o,
0 ntlfl o3 0 1_|_7-N05 +77 ja!
since o1 /03 < 1.

I3 is estimated similarly, as /8, < 1.
By substituting ¢ = "7 in I, we get

I, < ol |/ / / dndnadns
! a1/a2 Nas DN Nv .
mens)  +(m2me)

In the last integral the change of variables 7 = 1y, 7 = 1,%1/%2n,, 73 = 7"/ *2

I, < C’@Nll/ T/l / dTQ/ TgNﬁ N
0o T Jrer/e o (147 4 P pNes)
00 1 oo
— ol / ﬂ/ d72/ drs
0 T{ll/a? T1o1/02 0 <1—|—7‘N71 —l—TNBQ —1—7’Na3>

it 7l 2
+C0 /0 O“/CQ/ dTg/ 7 N% Nﬂ2+TNa3 =1, +1.

The integral I? is convergent. Let us estimate I}.
00 1 o)
Il < Ogull/ dr / dra NdT3 v
o 7 Jrae T oo 14T 408

[ee) 1117_— [e'e} d
< Cglul/ _1d7-1/ - 73 — + C29|“1| < Cglul\,
0 7'16“/0‘2 0 L4747y

1213 yields

since f ——F—dt converges when «a;/ag < 1. ]

a1/02
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Now we consider the case a; = ay = ag.

Lemma 2.5. Let 0 < 0 <1, a1 = ap = ag = . Then for any multi-index
m = (mqy, mg,m3) and any N satisfying (A) there are constants C;, (i = 0,1,2), such that

DG, (1,0) | < 0 =) (conng? 4oy e+ )
1 1
10N (e + 01707+ 07) 14 0oN (dederye + 0o + )

1
’ >
1+6-N (t{Vatévf*téVa +ty 5+ té”)

where (3, 3,0) is the point of intersection the planes p', u? and (z,0,y); (0,0,0) is the point
of intersection of the planes u', u® and (x,0,2); (0,q,q) is the point of intersection of the
planes pi?, pi* and (y,0,2); yui = 1;0p3 = Lrpg = 1.

The proof is analogous to the one of Lemma 2.3, if to take into account that
Bt + Bus = 1; Byl + Bus = 1; Buy + Buy > 1,
opy +opy =15 opd +opy = Lo +ops > 1,
qus + quy = 1; qus + qus = 1 qus + qui > 1,
opy = 1; op > 15607 > 1,
ruy =15 g > L > 1,
Yz =15 ypy > Lz > 1,

Lemma 2.6. Let oy = ay = as = . Then there are constants Cy, C1, Cy, such that

dt dtadts
/ (1 LN <(t1t2t3)N°‘ + (trte) VB ﬁ“)) (1 + G*N((tltgtg)Na + (tuts)Ne + tg,y))

R?)

1
L+6-N ((tltgtg)Na + (tat3)Ne + té”)

< 01 (Co(Ind)? + C [Inb] + Cy).
(2.17)
Proof. Since a; = ap = a3 = a, we have (u',a) = (p?, ) = (p®,a) = 1, ie. |p'] = |p?| =

W? = <. | |
Let ir:nl?g,(?’u; = 4§ j=1,2,3. Then
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The polyhedron 91 is convex, thus

@ 4
h+b+&>

and hence max i} = ;.
i=1,2,3 i
Let us split the integral (2.17) into 8 integrals (note that it is sufficient to consider the

integrals only on the closed upper half-space)

I—/ dtl/ dtQ/ dits=1+---+ Iy =

0

ot 013 013 o0 013 03 o1 o0 03
::/ dh/ /ﬁ cm+/0ﬁa/ dm/‘.”dmf/ dh/oﬁ{/ Lt
0 0 0 o1 0 0 0 012 0
9“(1) 9“ 00 00 9“8 9“? 00 00
0 0 0“(3) or1 019 0 0 om3 943
oo o1 oo 9] oo S)
+/ dtl/ dtg/ ..o dts +/ dt1/ dtz/ coodt
or1 0 013 or1 012 013

—ur >0,7=1,2,3 and

_l_

By substituting ¢ = 9“177 in [; and taking into account that !
0 <6 <1, we have

I, < con' / / / diny dndis R < o',
1+ (mmn2ns) a+(771772) ﬁ‘i“nl]\w)

By substituting t = 0“177 in Iy, we get

) o) d 1 1 )
L < Cor / n / dny / dny < CO*,
0 1+?7 0

I3 and I can be estimated similarly to Iy by the substitutions ¢ = 9“277 and t = 0#
By substituting ¢ = 6#'n in I5, we get

1 o0 > orsrs d773
I; < ol / dm / dne /
0l LI 0 1+ (mnens) ™ + ()P + N

L dn [ d
< oo |/ m at < 0% (Cy Inf] + Cy) .
ori=r1 T1 Jo 14 (1) + 1Ny
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I and I; are estimated similarly. By substituting ¢t = 9“177 in Ig, we get

I, < co |/ @/“ d(mns) /"O d(mnyns) |
ot oS mie S T (mnans)™® + ()™ A N

Let us apply the change of variables 7y = 1y, 7 = n112, 73 = m11ens in Ig, then

! dT1 dTQ dTg
Ig < CQ'“ / ) / / NS N~
o9l 1 (7'2) + (Tl)
/1 dn / dry / drs
grini T 1+-»@ Wt ()Y 4 ()N

dTl/ dTQ/

+/ COW\(Jy + Ty + J3).
1 1+ (73) No (7'2) B—l—(ﬁ)NW) (it J2 + %)
Let us estimate J; (i = 1,2,3)

Ji < / — mﬁ | / < C(Inf)*.
9”1 ni 1 —+ 7‘3
Jy < C|Ind).

Js < C’/ dr / dr: / <C.
’ 1 ! 1 ? o 1+ (Tg)Na + (TQ)NB + Ny

As a result, for some constants Cy, C, Cy

Is < 0" (Co(Ind)* + C; || + Cs) .
O]

3 Regularization of a function by a set of multi-indices and its
properties

For any measurable function U consider the regularization with the kernel Go (t,0):

Cv

2

/U )Go (t — x,0)dt, =€ R>. (3.1)

As in [4], the regularization Uj satisfies the following properties.

Lemma 3.1. Let p > 1, f € L, (R?). Then fy € L, (R?) and Jim 1 foll gy = O-

Proof. Let 8 > 1, A = (l + i) = (A1, A2, A3). As in [4], we substitute t = 67

l17 127 13
Go (t,0). Tt can be shown, that for some constant C' and a number N satisfying (A ) the
following inequality holds:

1

1+0_N(ti\”1 +tng +tNl3) (32)

‘GO (t,H)‘ < o™
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As C§° (R") is dense in L,(R?), it follows that for any & > 0 there is an ®. € C§° (R?),
such that || f — @[ zs) <. Applying Young’s inequality to || fol| s we have

! /G’O (t—x,@) (f_q)e)dt

1 foll 1, g3y <
LP(RJ) (27_[_)%
R Lp(R?)
+—— /GO (t —2,0) O(t)dt
(2m)? [/
Lp(R3)
1 A R
< — |G| = el + |G| Nl =1+ P
(2m)2 L (2m)2 Ly
Using (3.2) for HGO‘
Ly
A N dt dtodts
G| <coW / <.
H Nriwe) = N A L B
R3
Thus I; < eC}. Consider I5:
1
Iy <Co™™ / - Cffjld“dﬁz i | < o
A (L+0-NE™" +157 +157))

Asp>1,9hm[2:0. [
Lemma 3.2. If f € L, (R*) (1 < p < o), then fy € L, (R?) and éin(l) I fo = fll,@s) = 0.
Proof. Since

1 ~
3 /GO (t,0)dt = G(0,0) =1,
(2m)? J
we can estimate the difference fy — f as follows:
1 R
o=l < =5 [ 156+ = 1O, |Go () ar
(2m)2
R3
Applying the generalized Minkowski inequality we have
(3.3)

1 A
o= flh, < = / 17 C4+7) = SO, |Go .0

Suppose that the vertex a = (ay, ag, a3) of M satisfies a1 < ag < a3 (other cases are
proven similarly with the use of Lemmas 2.3 and 2.5)

It can be shown, that for any non-negative integer N there are constants C, Cy, C3, such

%, %,% the following

that as in Lemma 3.1 for any 6 € (0,1) and A = (A, A2, A3) = (

inequality holds:
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1
L+ 0N (6" + 52 + 1))

‘éo (t,&)‘ < =IO (€ (1n6)? + Cy [Ind] + C5) (3.4)

The proof is similar to the one in Lemma 2.1.

Let py (z) = (27" + 3+ £U2l3) (see [2]). Let v € (0;1). Integral (3.3) can be expressed
the following way:

=Sl <C [ Mren =016 ofar

pa(T)<67

w0 [ CHn = 1O [Go (r0)]ar = A0 (9) + 2306)

pA(T) 207

By (3.4) for As (#), we have

Ay () < 2Hf”LP(RS)Q*D\HU*(&;/\))?I@ (Cl(lne)Q 4 Cy [Ind] + CS)

/ dTldTQ
1+0_N( Nl +7—2 12+ Nl3)

pa(T)>67

By substituting 7 = 6*n, we get

Az (0) < 2| fl, s8N (C1(In0)* + Cs [Inf] + Cs)

/ dnidns
Ni Nis Nls~
px(n)>67—1 Lo e

The latter integral is estimated using the A-spherical transformation (see [2]), i.e. we
apply the change of variables 1, = ™ w;, 19y = r*2w,y, n3 = r*ws, where w2t 4+ w2 +
203 __
W3 =1.

As a result,

Ay (0) < 2/| fll, s 0" @M% (C1(In0)? + Cs [Inf] + Cs)

_ 3
° rIA =gy
’ N, 2Nl 2N1 2N1 Z )\?wfdw
-1 147 (U)l L4 wos¥*2 + ws 3) P
w)=1 -

< 21l ) 07OV (C1(106)* + Co [Inf)] + C) / PN g

911

= 2||f||LP(RS)Q(N—I/\\)(1—7)+(1—(a;/\))2k (01 (1110)2 + Cy [Inf| + 03) )

Let N be such that the exponent of 6 is positive. Then éir% Ay (0) =0.
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Let us estimate A; (¢). By applying Lemma 2.1 for the case m = 0, N = 0, we have

— max_|ul|
A40) <C sup (A7) = FOll gt / dndns.

px () <07
pA(T)<07
As |\ > max |1t there is v € (0;1), such that v [A] > max ||

By applying the A-spherical transformation

4,(0) < o™ EET G 1) = FOlL e

px(m) <07

Since the exponent of 6 is positive and the function f € L, (1 < p < o0) is continuous
with respect to translation in L, (see [2]), it follows that éirr(l) A (0)=0 O

Corollary 3.1. Let feL, (R?) (1 <p < o). Then there is a sequence O,
such that klim 0, =0 and klim fo.(x) = f(z) almost everywhere.

Proof follows by the properties of convergence in L,,.

4 Integral representation of functions

Theorem 4.1. Let a function f have the weak derivatives Do‘if,z' =1,2,3,4, where o' are the
vertices of a completely regular polyhedron N, and D*feL, (R?) (1 <p < o0),i=1,2,3,4.
Then for almost all v € R3

)= fu(z —I—hmZ/ dQ/D‘” t) Gy, (t — z,0) dt. (4.1)

Proof. By using (3.1) and the Fundamental Theorem of Calculus

fu (@) = fe(z) = / de/fx—l—t Go (t,0) dtdo

/ /fa:+t G (1,0)

2

Let us calculate d%é’o (t,0).

d -
@G

4
Z i) =PO8) (_of) g2h—1gkal e

J=1

l\.’l\w

R?)

/ (18 =P O£ (k) (9 gaj>2k_ld§

R3
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4
= DYGy(t,0).
j=1

Hence .
h _ .
fo(@) = fe(@)=> / db / DY f(x+1t)Gyy(t,0)dt. (4.3)
]:1 € R3
By applying Corollary 3.1, we complete the proof. ]

5 Embedding theorems for multianisotropic spaces

Let 9 be a completely regular polyhedron described in Section 2, then
W (R®) = {f: feL, (R®); D™ feL, (R®), i=1,2,3,4}

is called the multianisotropic Sobolev space. If 9 = {a;|a| < m}, it coincides with the
Sobolev space W™ (R?), if M = {a; (a, ) < 1}, it coincides with the anisotropic Sobolev
space W m2ms (R3),

Let us prove embedding theorems for W,

Theorem 5.1. Let 1 <p<g< oo orl <p<ooandq= oo, m = (my,mg,m3) be a
multi-index, and let, for the verter o = (a1, an,a3) of N, oy < gy < ag or oy < g = ag.
Denote x = max (|1 + (m. i) = |u'] (1= 2 +1).

If x < 1, then D"W'(R?) — Ly (R%), i.e. any function feW(R®) has the weak
derivative D™ f € L, (R®), and the following inequality holds

4
1Dl sy < B (an(0h)? + asfib]) + a) - 3 [ D'
=1

-

(5.1)

+h X (b1 (Inh)* + by [nh| + b3) | 1|, o).

where h is an arbitrary positive parameter and a,,as,as, by, by, by are constants, that are
independent of f and h.

Proof. Since a; < ay < ag, by (4.3)
4 h v
D" fy (x) = D" fo(z) = / db / DY f (t) D™G; (t — x,0) dt.
i=1v¢ R3
Applying Young’s inequality to the right-hand side of this equality we have

1D™ f1, () = D™ f. (2)|] 1, sy < 24: /h dGHDO‘ijL (RS)HD’”GM (-.0) (5.2)
i=1 "¢ P

L (R?)’

Whereézl— +

D=
Q=
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Let us estimate HD’"CA}’M (B-, 9)‘ (
Lo (R

Lemma 2.3 for the case a; < s = a3 and Lemma 2.5 for the case a; = ag = az. Assume
that a; < as < ag, the other cases being similar.

. by applying Lemma 2.1 for the case a; < ap < ag,

D7 0)|| < (a1(100)” + aalnd)] + a) o ()

L, (R3)

/ dtydtodts
| (1 L H-N <t11VO<1téVa2t§Va3 +t]1Vﬁ1t;Vﬁ2+téV71>>
By substituting ¢t = 0#'7 and applying Lemma 2.2 we conclude that

HDméLj (B, (9)‘ S f—x (CLl (1116)2 -+ CL2|1H9| -+ a3) .

L, (R3)

Thus,

h
|D™ fu (x) = D™ fe (2) ||, rsy < / 07X (a1(Inf)* + as|Ind| + as) do-
4
P L

We carried out integration with respect to 6 and denoted the constants again by a; (i =
1,2,3).

Inequality (5.3) implies that D™ f}, is a Cauchy family in L, (R®) as h — 0. f. converges
to f in the norm of L,(1 < p < o0) as e—0 (by Lemma 3.2). Taking into account the
properties of the weak derivatives (see Lemma 6.2 of |2]), it follows that the weak derivative
D™f exists, D™ feL, (R?) and |[D™f — D™ fo|p,, sy — 0 as e—0.

Thus, applying inequality (5.3) to [D™f||, (gs) We have

4
< WX (ay (Inh)? + az|lnh| + ag) Y HDO‘Jf‘
=1

Ly(R3) Ly(R3)

1D™ flln, sy < D™ fullp,@e) + 1D = D™ fullp, sy <

4 _ 5.4)
m 1- 2 o (
<D thLq(R3)+h X(a1<lnh> a2 (ln|h|)—|—a3) ;HD fHLp(u@)‘

Now we only need to estimate || D™ fy[| 1, s)- Putting together the integral representation

(3.1), the properties of Go (t,0) (see Lemma 2.1), and Young’s inequality we conclude, that

||Dmfh||Lq(]R3) < C||f||Lp(R3)

o (-0)

L. (R3)

where C' > 0 is independent of f and h.
By substituting ¢ = #*'n and by applying the inequality (2.4), we get

D™ full ., re
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i i |M1|
|t | () )+ (bl(lnh)2 + by (|Inkl) + bs)

1

T

— max (
< p =123

/ dnidnzdns Hf”
« « « N N, Nvyi\" Lp(R3)
(e oy P ) ’

< h7X(b1(nA)° + bz (k) + b3)[|f |, oy

In particular, if ¢ = +o0 we obtain the embedding D*W(R?) — C(R?).

Theorem 5.2. Let 1 < p < o0, m = (my,mg, m3) be a multi-indez, and oy < ay < ag or
on < oy = . Lot x = s (] + . p) = '] (1= ).

If x < 1, then D"W(R®?) — C(R?), i.e. for any function feW (R?) the weak
derivative D™ f is equal almost everywhere in R3 to a continuous function which we again
denote by D™ f, and the following inequality holds:

T€ER3 Ly (R3)

4
sup |[D™f (x)| < h'7X (al(lnh)2 + as (|Inh| + a3)) Z HDaif
i=1

+h7X (bl(lnh)2 + by (|Inh|) + b3) ||f||Lp(R3)'

Remark 2. If a; = ay = az and if there is a summand in (2.11) for which p; = py = ps,
where p; be the exponent of &, (i = 1,2,3), then a fourth-degree polynomial in |Inh| appears
in inequality (5.1).

Remark 3. In (5.1) the logarithm appears only if there is a summand in (2.11) for which
Z;} = or —Z;ﬁ = or- In other cases a; b, (i =1,2) are zero.

Remark 4. As in [4] the presence of the logarithm in (5.1) is natural in the case ;;Lﬁ =
o pitl o

az’ p3t+l asg’
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