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NURZHAN BOKAYEV
(to the 60th birthday)

On January 5, 2016 was the 60th birthday of Doctor
of Physical-Mathematical Sciences (1996), Professor Nurzhan
Adilkhanovich Bokayev. Professor Bokayev is the head of
the department "Higher Mathematics" of the L.N. Gumilyov
Eurasian National University (since 2009), the Vice-President
of Mathematical Society of the Turkic World (since 2014), and
a member of the Editorial Board of our journal.

N.A. Bokayevwas born in the Urnek village, Karabalyk dis-
trict, Kostanay region. He graduated from the E.A. Buketov
Karaganda State University in 1977 and the M.V. Lomonosov
Moscow State University’s full-time postgraduate study in
1984.

Scientific works of Professor Bokayev are devoted to studying problems of the theory
of functions, in particular of the theory of orthogonal series.

He proved renewal and uniqueness theorems for series with respect to periodic mul-
tiplicative systems and Haar-type systems, constructed continual sets of uniqueness
(U-sets) and sets of non-uniqueness (M-sets) for multiplicative systems; investigated
Besov-type function spaces with respect to the Price bases; studied the Price - and
Haar-type p-adic operators; introduced new classes of Faber-Schauder-type systems of
functions and spaces of multivariable functions of bounded p-variation and of bounded
p-fluctuation, obtained estimates for the best approximation of functions in these spaces
by polynomials with respect to the Walsh and Haar systems, established weighted inte-
grability conditions of the sum of multiple trigonometric series and series with respect
to multiplicative systems, found the embedding criterion for the Nikol’skii-Besov spaces
with respect to multiplicative bases and the coefficient criterion for belonging of func-
tions to such spaces.

His scientific results have made essential contribution to the theory of series with
respect to the Walsh and Haar systems and multiplicative systems.

N.A. Bokayev has published more than 150 scientific papers. Under his supervision
8 dissertations have been defended: 4 candidate of sciences dissertations and 4 PhD
dissertations.

The Editorial Board of the Eurasian Mathematical Journal congratulates Nurzhan
Adilkhanovich Bokayev on the occasion of his 60th birthday and wishes him good
health and successful work in mathematics and mathematical education.
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ing cover-to-cover indexing, cited reference indexing, subject category assignment, and
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Rapidly changing research fields and the rise of interdisciplinary scholarship calls
for libraries to provide coverage of relevant titles in evolving disciplines. ESCI pro-
vides Web of Science Core Collection users with expanded options to discover relevant
scholarly content. Get real-time insight into a journal’s citation performance while the
content is considered for inclusion in other Web of Science collections. Items in ESCI
are searchable, discoverable, and citable so you can measure the contribution of an
article in specific disciplines and identify potential collaborators for expanded research.

ESCI expands the citation universe and reflects the growing global body of science
and scholarly activity. ESCI complements the highly selective indexes by providing
earlier visibility for sources under evaluation as part of SCIE rigorous journal selection
process. Inclusion in ESCI provides greater discoverability which leads to measurable
citations and more transparency in the selection process.
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Below is the extract from the list of such journals including journals with numbers
from 22 to 29.

ELEMENTE DER MATHEMATIK

Quarterly ISSN: 0013-6018

EUROPEAN MATHEMATICAL SOC, PUBLISHING HOUSE, E T H-ZENTRUM
SEW A27, SCHEUCHZERSTRASSE 70, ZURICH, SWITZERLAND, CH-8092

ENSEIGNEMENT MATHEMATIQUE

Quarterly ISSN: 0013-8584

EUROPEAN MATHEMATICAL SOC PUBLISHING HOUSE, SEMINAR APPLIED
MATHEMATICS, ETH-ZENTRUM FLI C4, ZURICH, SWITZERLAND, 8092



EURASIAN MATHEMATICAL JOURNAL

Quarterly ISSN: 2077 -9879

L N GUMILYOV EURASIAN NATL UNIV, L N GUMILYOV EURASIAN NATL
UNIV, ASTANA, KAZAKHSTAN, 010008

EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS

Quarterly ISSN: 1307-5543

EUROPEAN JOURNAL PURE AND APPLIED MATHEMATICS, FAK AVCILAR,
ISTANBUL UNIV, ISLETME, ISTANBUL, TURKEY, 34320

FIBONACCI QUARTERLY

Quarterly ISSN: 0015-0517

FIBONACCI ASSOC, CIO PATTY SOLSAA, PO BOX 320, AURORA, USA, SD,
57002-0320

FORUM OF MATHEMATICS PI

Irregular ISSN: 2050-5086

CAMBRIDGE UNIV PRESS, EDINBURGH BLDG, SHAFTESBURY RD, CAM-
BRIDGE, ENGLAND, CB2 8RU

FORUM OF MATHEMATICS SIGMA

Irregular ISSN: 2050-5094

CAMBRIDGE UNIV PRESS, EDINBURGH BLDG, SHAFTESBURY RD, CAM-
BRIDGE, ENGLAND, C82 8RU

INTERNATIONAL JOURNAL OF ANALYSIS AND APPLICATIONS

Bimonthly ISSN: 2291 -8639

ETAMATHS PUBL, 701 W GEORGIA ST, STE 1500, VANCOUVER, CANADA,
BC, V7Y 1C6

The complete list of all 71 mathematical journals included in the ESCI can be
viewed on wokin fo.com/products,ools/multidisciplinary/esci.

On behalf of the Editorial Board of the EMJ
V.1. Burenkov, T.V. Tararykova, A.M. Temirkhanova



EURASIAN MATHEMATICAL JOURNAL
ISSN 2077-9879
Volume 7, Number 1 (2016), 50 — 67

ON THE EXISTENCE OF A RESOLVENT AND SEPARABILITY
FOR A CLASS OF SINGULAR HYPERBOLIC TYPE
DIFFERENTIAL OPERATORS ON AN UNBOUNDED DOMAIN

M. Muratbekov, M. Otelbaev

Communicated by K.N. Ospanov
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Abstract. In the present work the existence of a resolvent and separability for a class
of hyperbolic type operators with increasing coefficients in an unbounded domain are
proved.

1 Introduction

Let Q = {(z,y) : —00 <z < 00,—1 <y < 1}. Consider the differential operator

Lou = gy — tyy + a(z)u, + c(z)u (1.1)

initially defined on the set C§°(€2), which consists of all infinitely differentiable functions
satisfying the condition u(z, —1) = u(x,1) = 0 and compactly supported with respect
to the variable z. The coefficients a(x) and c¢(z) are continuous functions in R =
(—00,00).

Note that the coefficients a(z), c(x) of operator (1.1) can be unbounded functions.

Differential operators of hyperbolic type on R™ were considered in [13], where the
coefficients of the operator were continuous and unbounded function in R".

In this paper we study the issues on the existence of a resolvent and on separability
of operator (1.1)

Definition 1. We call the operator L separable if the following estimate
[ae = tyy |2 + [la(@)usll2 + [le(@)ulle < el Lullz + [lull2)
holds for all w € D(L), where ¢ > 0 is constant which does not depend on w.

The term "separability" was introduced in the fundamental papers of W.N. Everitt
and M. Giertz [17-20], where they investigated the separability of the Sturm-Liouville
operator. Later issues of separability of differential operators were studied by M. Otel-
baev [14-15], K.Kh. Boymatov [1-2], and their disciples. The main results obtained
in these papers are based on the method of localization of resolvents of differential
operators and the various options, which had been proposed by the author of [14]. In
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the works of the above authors separability was studied only for elliptic and pseudo-
differential operators. A very comprehensive bibliography is contained in [14,15,1-7].

Operators of hyperbolic and mixed types in the case of an unbounded domain with
growing and oscillating coefficients were considered in [8-11]. In these works the studied
operators were initially defined on the set of infinitely differentiable functions and the
coefficients were periodic with respect to the variable x and compactly supported with
respect to y in the domain Q = {(z,y) : —7 <z < 7,—00 < y < oco}. In contrast to
operator (1.1) the coefficients at u,(z,y) and u(x,y) of the studied operator depended
only on y.

A completely different situation arises when investigating operator (1.1). In par-
ticular it is not anymore possible to use the method of separation of variables from
[8-11].

Denote by K(7,b) the class of the coefficients satisfying the conditions:

i) |a(x)| > &g > 0, c(x) > & > 0 are continuous functions in R;
ii) coc(z) < a®(z) < cye(x) for all z € R, ¢y > 0 and ¢; > 0 are constants;

iii) |a(z)—a(t)*+|c(z)—c(t)| < 7c(t) for all z,t € R such that |x—t| < bd(t), d(t) =
W, b> 0, 7>0.
Theorem 1.1. Let a(z),c(x) € K(7,b). Then there exist numbers 19 and by such that,
for all 7 € (0,79) and b > by the closure L of the operator Lou = gy — gy, + a()u, +

c(x)u with the domain D(Lg) = C3°(Q2) exists in La(2).

Theorem 1.2. Let a(z),c(x) € K(7,b). Then there exist numbers 19 and by such that,
forallT € (0,79) and b > by the operator L is continuously invertible operator in La(2).

Theorem 1.3. Let the conditions of Theorem 1.2 hold. Then the operator L is sepa-
rable.

It is easy to check that all conditions of Theorems 1.1-1.3 hold for the operator
Lot = Uy — uyy + (|| + 32)u, + (422 + 4%)u. Therefore this operator has a closure is
continuously invertible and separable.

First we will analyze some important properties of the resolvent of an operator with
constant coefficients.

2 The properties of the resolvent of a differential operator with
constant coefficients

Consider the operator

Liju = tgy — Uyy + a(xj)uy + c(z;)u (2.1)
defined on the set C5°(Q), where z; € R, j = 1,2, ... (their special choice will be made
later).

Evidently, the operator L; admits a closure in L(€2) which will be denoted again
by Lj.
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Theorem 2.1. Let conditions 1)-ii) hold. Then the operator L; is continuously invert-
ible in Lo(2).

Theorem 2.2. Let conditions i)-ii) hold. Then the following estimates hold:

C

LY 9y < ——: 2.2
I3 a2 < o (2.2
C
1D L loe < ; (2.3)
! |a(z;)|
C
Dy L 2o < (2.4)

where, from now on, ¢ > 0 is a positive number (in general, different in different
places), and || - ||z is the norm in the space Lo(S).

We need to consider some lemmas for the proof of these theorems.

2.1 Auxiliary statements and estimates in dimension one

Consider the operator
Lju=—u"(y) + (—t* + ita(z;) + c(z;))uly) (oo <t < o0)

defined on CZ[—1, 1], which consists of all infinitely differentiable functions on [—1, 1]
satisfying the condition u(x, —1) = u(z,1) = 0.

The operator /; ; admits a closure in Ly(—1,1) which will be denoted by [; ; again.
Lemma 2.1. Let conditions i)-ii) hold. Then:

&) legulls = la(ey)illluls, w € Dliy), —o0 <t < oo,

b) cllljulle > c(x))|lull2, we D), —oo <t < oo,

—c
¢) m” t,

where D(l;;) is the domain of the closed operator.

sulla > ||W]l2, u € D(ly;), —oo <t < oo,

Lemma 2.2. Let conditions i)-ii) hold. Then the operatorl, ; is continuously invertible
in Ly(—1,1), and
c
I7H2me < :
i ma <

To prove these lemmas we consider the following differential operator:
(lijoy + ABYu = —u" (y) + (= + it(a(z;) + 7)) + e(2;) + Nuly) (2.5)

defined on the set CZ[—1, 1], where va(z) > 0 for all z € R, A > 0.
The closure of [; j , is also denoted by [; j , and further referring to expression (2.5)
we will consider this closure.



On the existence of a resolvent and separability for a class of hyperbolic type operators 53

Lemma 2.3. Let conditions i)-ii) hold and A\ > 0. Then:
a) (b + AB)ully = (lalz;)| + DIt ull2, we D), —oo <t < o0,
b) cll(lijy + AE)ully = () + AM)lulla, u € D(li;,), —o0 <1< o0,

C) voe(xg)+A ||

where D(l, ;) is the domain of the closed operator.

(ltjry + AE)ulla > ||t |]2, we D(l;,), —oo <t < oo,

Proof. Let u € C¢[—1,1]. Integrating by parts the expression < (I, + AE)u,u >,
and taking into account that terms outside the integral vanish due to the condition
u(—1) = u(1) = 0, we obtain

< iy A | = | [ [P (8 4 ilatay) +9) 4 ta) + N .

(2.6)
Hence, using the properties of complex numbers, we obtain

1
| < (ltjy + AE) U, u > | > ’/ it(a(z;) +)|uldy| > [t|(la(zy)] + [yDlulz (2.7)
-1

where we have taken into account that ya(x;) > 0. From (2.7) and using the Cauchy-
Schwarz inequality, we have

(e + AE)u| = [t (a(z;)] + [y Dlull2. (2.8)
By the closedness of I, ;. + AE, this inequality is valid for all w € D(l; ;). The part
a) of Lemma 2.3 is proved.
Now, we prove the part b) of Lemma 2.3. From (2.6), using the Cauchy-Schwarz
inequality with the parameter € > 0, we have

() + A

Cc
ey + AE)ull3 + ull2 >

2(c(z;) +X)

2/ [/ + (e(z;) + N)lul?] dy—/l [t (y) | u|*dy, (2.9)

1
where £ = c(z;) + A. Going back to (2.8), squaring, and multiplying both sides by
W(M, we obtain
¢ clt*(a(z;)| + [v)?
— ||ty + AE)u% > J
ey L R F ey

where ¢ > 0 is a constant. From (2.9) and (2.10) it follows that

12, (2.10)

sty 3B > [ [+ (e + ) - L2 g

b Tt a(z;) 4+ )2 )
+/-1 ‘ { 2(c(;) + ) ‘1] [ul*dy. (2.11)
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where ¢; = ¢+ 1. Hence taking into account condition #i) and choosing v and ¢ so that

2t (a(;)+7)? .
Wj%\; — 1> 0, we obtain

1

oo ol + AR 2 / WP (el VP dy (212

From (2.12) it follows that
cll(ltjn + AE)ull2 = (cz;) + A)llulls,

So, the part b) of Lemma 2.3 is proved. The part ¢) of Lemma 2.3 follows from
(2.12). 0

Lemma 2.4. Let conditions i)-11) hold and X > 0. Then the operator l, ;. + AE is
continuously invertible in Lo(—1,1), and

(Tt + AE) oz < FERESY
Proof. From the part b) of Lemma 2.3 it follows that the operator (I; ;. + AF)~" exists
and is bounded on R(l;;, + AE). It remains to show that R(l;;, + AE) = Lo(—1,1).
Assume the contrary. Let R(l;j, + AE) # Lo(—1,1). Then there exists a function
v € Ly(—1,1), v # 0 such that

< (lpjy + AE)u,v >=0 forall ue D(l; ;).
This means that

<u,(ljy+ AE) v >=0 forall ue D(l).
Hence, in the sense of distributions, we have

(lLijy + AE) v = =" + (=t? —it(a(z;) + ) + c(z;) + A)v = 0.
By direct calculations we can verify that v” € Ly(—1,1).
Further, integrating by parts, we have

0=<u,(ljy+AE)v>=uD|" + < (ljr + AE)u,v >, u€ D(l;,).

By assumption,< (l; j,+AE)u,v >= 0, therefore v |1;= 0. Hence, by the arbitrariness
of u(y), it follows that v(—1) = v(1) = 0. Taking into account this equality, integrating
by parts the expression | < (l;; + AE)*v,v > | and using condition i) we obtain the
following inequality

[(ejy + AE) 02 = clo]l2,

where ¢ = ¢(6,dp). From the last inequality it follows that v = 0. O]

Consider the problem

(li; + AE)u = —u"(y) + (=t* +it(a(z;) + c(z;) + Nu(y) = f, (2.13)

u(—1) =wu(l) =0, (2.14)
where f € Ly(—1,1).
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By a solution of problem (2.13)-(2.14) we mean a function u € Ly(—1,1) for which
there exists a sequence {u, }>, C C3[—1,1] such that

lun —ulls = 0, [|(lt; + AE)u, — fll2 — 0 as n — oo,
where || - ||2 is the Ly(—1,1)- norm.

Lemma 2.5. Let A > 0. Then the operator I, ; + A\E is continuously invertible, and for
the inverse operator (I, ; + A\E)™! the equality

(lej+AE) ' f = (lijy + AE) H(E — A) 7 f, f € Ly[—1,1], (2.15)
holds, where ||A,||2—2 < 1.

Proof. Problem (2.13) - (2.14) is equivalent to the equation v — A,v = f, where

v=(lij,+AE)u, A, =ity(li;,+ AE)"".
From the part a) of Lemma 2.3 it follows that

anl
Alls < vl|o.
H vy H2 = (50+ |7DH H2

Hence ||A,[[2—2 < 1 and

w=(lo; +AE)'f = (I + AE) (B - A)7'f.

In the case t = 0 the operator ly; + AE is self adjoint (see [16], V.3.6) and the
estimate ||(lo; + AE)ulla > (¢(z;) + A)|lul]2 holds. Hence, it follows that the operator

loj + AE has a bounded inverse (lp; + AE)~! defined on the whole Ly[—1,1]. O

Now, Lemma 2.1 and Lemma 2.2 follow from lemmas 2.3-2.5.

2.2 Proofs of Theorems 2.1 and 2.2
Proof of Theorem 2.1. Consider the problem

L;-u = Uggy — Uyy — a(xj)ua; + C(ﬁj)u =fe Cg@(ﬁ)’

u(z,—1) = u(x,1) =0,

where the operator L’ is the formal adjoint operator of L;.
Applying the Fourier transform with respect to the variable x we obtain

i = ="+ (=" = ita() + e())a = [(t,y),
a(—1)=ua(l)=0
where 1, f are the Fourier transforms with respect to the variable x.
It is easy to show that there exists the inverse operator l,’;jl defined on Ly(—1,1).

To show this we repeat the calculations and reasoning used in the proof of Lemma 2.1
[10]. Hence, by using properties of the Fourier transform we obtain

w(z,y) =L f = F_ LI (2.16)

t—alt
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Lemma 2.6. Let conditions i)-ii) hold. Then
D(L;) € D(L}")

where D(L;) and D(L}") are the domains of the operators L; and L}, respectively.

Proof. According to the definition of the adjoint operator the equality
(Lju,v) = (u, Lj'v)

holds for all u(x,y) € D(L}), v(z,y) € D(L").
If we prove that this equality also holds for all v € D(L;) then the lemma is proved.

Let u,(z,y) € C3°(Q) and u, — u € D(L}), va(z,y) € C3°(Q) and v, — v € D(Ly).
Then the equality
< L;un,vn >=< Uy, Ljv, > (2.17)

holds for all u,, v, € C§°(£2).

The validity of this equality can be verified by integrating by parts and taking the
boundary conditions into account.

Now, passing to the limit in (2.17)

< Liu,v >=<u, Ljv > .

Lemma 2.7. Let conditions 1)-ii) hold. Then Ker(L;) = {0}.

Proof. From (2.16) it follows that the range of the operator L} coincides with the whole
space Lo(2), i.e.

R(L;) = Ly(Q). (2.18)
From the general theory of linear operators it is well known that
Ly(Q) = R(Lj)+KerL!",

where 4 denotes the orthogonal sum. Thus from (2.18) we obtain KerL;" = {0}.
Hence, using Lemma 2.6 we obtain Ker(L;) = {0}. O
Now we show the existence of the inverse operator Lj_1 of the operator L;.

To do this, consider the problem:

Lju = uyy — Uy + a(z;)u, + c(zj)u = f € C5°(Q), (2.19)

u(z,—1) = u(x,1) = 0.
Applying the Fourier transform with respect to the variable = we obtain
lji=—1 + (=2 + ita(x;) + c(z;))a = f(t,y),

a(-1) = a(1) =0,
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where

ﬁ(ta y) = Fxﬁtu(xa y) = U(SE, y)e_mtdm

9~ &~
3 3

’;U\ :U\

f(tv y) = Fouf(z,y) = f(z, y)e_ixtdx

By Lemma 2.2 it follows that .
w=1f.

Next, using the Fourier transform F,"!, we obtain

u(w,y) = L' f = FZLL T (2.20)

This equality holds for all f € Ly(Q2) , by virtue of the continuity of the operator
I ]-1 and of the Fourier transform. Hence by Lemma 2.7 it follows that the continuous
operator L; ' defined in Ly(Q) exists. O

Proof of Theorem 2.2. From (2.20) using the properties of the Fourier transform we
obtain

Julls = 12" I8 = 180 1 = / / ) Ft )Py | de < sup 1 15 0 71

Hence by Lemma 2.2 we obtain

CQ

L7Y2% < :
H J H2—>2—62<xj)

(2.21)

Inequality (2.2) is proved.
Next

0
DacL]_lf(x7 y) ath—}mltjlf( y) = Pﬂt—m(Zt)l lf( y)

Hence
1D, L flI5 < Suletl ool F115-

By virtue of the part a) of Lemma 2.1 from the last inequality we obtain

DL fII5 < I1£112.

1
ja(z;)[?

which proves inequality (2.3).
Similarly, and using the part ¢) of Lemma 2.1 we obtain

1D, L7 f113 <

c(x;)
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3 Proofs of main theorems

To prove the main theorems, in addition to the lemmas given above, we will use the
following statement on coverings of de Guzman-Besicovitch type (see [12,15]).

Lemma 3.1. Let conditions i)-iii) hold. Then there ezists a covering such that:
o) 3¢5 =1, v €C(4), UL =R, jeZ;
{7} {7}
b) [1Dgvjllcm < Fraent
where b > 0,¢ > 0,a =0,1,2, d(x;) is the length of the interval Aj; = (x; — d(;j),xj +

d(xz;
)

j=too

it oos Where & is some

c) every set Aj intersects at most & sets of the family {A;}
constant.

Remark 4. Note that by using conditions i) — #i7) it is possible to build the system of
functions {y;(+) ;jﬁg in such way that any z € R can belong to at most three segments
of the system of segments {suppp;(-)}. This condition is assumed to be satisfied in the
following.

We define the operator
Kf=Y wiLi'eif. flx,y) € CF(Q).
{7}
We can easily verify that the operator K is bounded, has a closure in Ly(£2), and

Kf C D(L) for all f(x,y) € C(Q).
Applying the operator L to the operator K f we obtain

LKf=f+Af+Bf, f(zy) €Cr(Q),

where

Af = ZSOJ ) — a(z;))(L +ZSOJ c(x;)) Ly ‘i f, (3.1)
1} 1}

Bf =Y (0)20(x) L7 0if + Y (0))aali 0if +2) (0))a(Li" 05 ) (3.2)
{7} {7} {7}

i.e. the following lemma holds.
Lemma 3.2. Let conditions i)-iii) hold. Then the equality
LKf=[E+ A+ B|f (3.3)

holds for all functions f € C5°(Q), where the operators A, B are defined by (3.1)-(3.2).
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Lemma 3.3. Let a(z),c(x) € K(1,b). Then there exist numbers 1y and by such that,
for all T € (0,7) and b > by the operators A and B are bounded and the inequality

||A + B||2_>2 <1
holds.
Lemma 3.4. Let the assumptions of Lemma 3.3 hold. Then
~1 ~1
L, =K[E+A+B]", (3.4)
where L;I} is the right inverse operator of the operator L.
Proof. Using Lemma 3.3 and (3.3), we obtain the representation (3.4). O

Proof of Lemma 3.3. We estimate the norm of the operator A in the space Ly(2). To
show this we estimate each term separately. We will first estimate the norm of the first
term of equation (3.1). According to Theorem 2.2 and Remark 1 we have

_ 2
> wila(z) —a(z;)) Do Ly o, f <9Z||soj z) — alz;)) Du(L7 05 )|,
{7} ) {1

or
2
2
a\r) —al(x;
> wila(@) = a(z;)DaL o f || < 9sup sup lafz) ~alzy)1) o2 (3.5)
U} , U aea, la(zy)|

Here the equality || >~ ; f||3 = [|f[|3 was taken into account.
{7}
Now, we will estimate the norm of the second term. Taking into account Theo-
rem 2.2 and repeating the computations used in the proof of inequality (3.5), we can

see that

2

o)
> (e c(z;) L i f(z,y)|| < 9sup sup |C(x>2 ;)
7 , Ubeen, € (z;)

115 (36)

Taking into account conditions i) — i4i) from inequalities (3.5) and (3.6) we obtain
1Al < e(r +77). (3.7)

We must choose 79 = ¢(7 + 7%) < 1 for the validity of Lemma 3.3.
Now, we will estimate the norm of the operator B. Consider the first term. Ac-
cording to Theorem 2.2 and Lemma 3.1 we obtain

S (@aa@)L; s f () <9Zsup Al s s
{5} , ) A
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where ¢ > 0 is the constant from Lemma 3.1. Hence, according to (2.21) and taking
into account conditions i) — iii) we obtain

2

c*la(z)[? 2 c(m+1)
(05)ea(@) L7 ;i f(z,y)| < 9Isup sup Il <€ =—— (38)
% ! e [} wen, V2 (z5)(c(a;))? 7 2 b?
2
Now we consider the norm of the second term of the operator B, i.e.
2
4
_ c 2
(95)aaly i f (,9)|| < 9sup sup £z
% e , ) een, brdt () (c(x;))? ™
Hence, using conditions i) — #ii) we obtain
2
_ c
D (piasa(@) L s f|| < o I£115 (3.9)
(U} )
where c is the constant in Lemma 3.1.
Similarly, we obtain
2
2
S (@)Dl el || S esupsup o FE< SIS (3.0)
) ) {7} zen; V*d*(z;)|a(z;)] b
for the third term of the operator B.
From estimates (3.8)-(3.10) it follows that
9 cr+1) ¢ ¢ T+1 1 1
HBHZS( 72 +b—4+b—2>§c( ot ) (3.11)

For the validity of Lemma 3.3 we must choose b so that |[Blls—o < 3. Now
Lemma 3.3 follows from (3.7) and (3.11). O

Let
a(r) = Z a(z;)e;, o(x) = ZC(%‘)SO?;
{7} {7}
L = Uyy — Uy + a(x)uy + E(x)u, u € CF(Q);

L' = gy — tyy — a(2)uy — (a(2))u + &z)u, ue CP(Q),
where L' is the formal adjoint operator. Note that for functions u,v € C5°(Q) the
equality 3 )
< Lu,v >=<u,L'v >
holds.

The operators L and L’ admit closures in the space Ly (£2) which also will be denoted
by L, L’ respectively.
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We introduce the operator

MU= "Ly i, flx,y) € CR(9),
{7}

where L;fl is the inverse operator to the operator L,
Liu = gy — Uyy — a(xj)tu, + c(x;)u,u € D(L]).

Lemma 3.5. Let conditions i)-iii) hold. Then the following equalities hold for all
functions f(x,y) € C&(Q)

LKf=[E+ A + B{]f, (3.12)
L'M*f = [E + Ay + By f, (3.13)
where
Kf=Y ¢Li'e;f.
{5}
Af = Z‘Pj(&(x) — a(z; zt Z‘Pﬂ c(x;)) Ly Y5 f,
{3} {3}
Bif =Y (¢i)ea(@) L 0 f + > (01)acli 0if +2 (01)alL; 0o
{7} {7} {7}
Ao f = Z%Oj(a(xj) a(z))] L/ Yo, f] "’Z% —C :L’]))L ‘i f,
{4} {4}
BQf Z ‘P] L/ 190]f Z‘p] L/ 190]f
{5} {5}

Here it was taken into account that (¢;),, =0, (¢;), = 0.
Proof. Lemma 3.5 is proved exactly in the same way as Lemma 3.2. [

Lemma 3.6. Let a,c € K(7,b). Then there exist numbers 19 and by such that, for all
€ (0,79) and b > by the operators A; + B;, i = 1,2, are bounded and for them the
mequality

1.
|Ai + Billa—2 < 3 1=1,2,
holds.

Lemma 3.7. Let the assumptions of Lemma 3.6 hold. Then the equalities

Ly =K[E+ A + B, (3.14)

L)t = M*[E + Ay + B!, (3.15)

L’ L are the right inverse operators of L, L' respectively.

hold, where L7}

np?
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Lemma 3.7 is proved exactly in the same way as Lemma 3.4.
Proof of Lemma 3.6. We estimate the norm of the operator A; in Ly(€2). To do this,
we estimate each term separately. Using Remark of Lemma 3.1 and the fact that at
most three functions ¢; are nonzero on suppy;, we obtain

> eilale) — ale)DoL ' eif | <9 sup la(e) = ala) [|DLL7 ] i 13 -

{7} ) {j} 2€8
(3.16)
Jtl —
According to Lemma 3.1 we have Y. ¢?(x) =1, x € A;. Taking this into account
i=j—1

and the conditions i) — 7i) we obtain

|a(z) — a(z;)| < ev/7(7 + 2)[alz;)]. (3.17)

Taking into account the conditions i) — 4i7) and directly calculating we verify the
validity the following inequalities

1

cdr)
2(T+1) (@ = <2(r+1) for |x—t| <b-d(t),
a*(x)

C() 1
2(7'+ ) (t) &1
With inequalities (3.17), (3.18) and (2.3), from (3.16) we obtain

g—o 2t +1) for |z —t| <b-d(t). (3.18)

2

ZSOJ (a(z) — a(z;)) Dy L; SOJf
{7} 9

2
< 907(2 + T)|a§x])]
|a(z;)]
Exactly in the same way, repeating the computations used in the proof of inequality
(3.19), we obtain

1115 < 9er(2+7) |11l (3.19)

2

Z% c(x;)) Ly Yo fll < 9er*(2+7) ||f||§ (3.20)
{7} 9

Finally we obtain from (3.19)-(3.20)
1All55 < 9e(7(2+7) + 72(2 + 7). (3.21)

We estimate the norm of the first term of the operator By:

2

la(x)? 1 >
Z(%) a(z )L QOJf < 9sup (SUP dez(fL‘j)> (C(C(Jj))2 HfH2 (3.22)

{j} 9 {7} $€Zj
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On the other hand we have:

Jj+1

Z a(xi)pi

i=j—1

ja(z) =

< la(z; )| + la(z;)] +la(z)],

for z € A;. Hence according to inequality (3.18) and condition ii) we have:
la(z)| < (47 4+ 5)|a(z;)]. (3.23)

Hence, from (3.20) by (3.23) we obtain

2
2
S (o) e < UED (3.24)
4} ,

Next, using estimate (2.2) and Lemma 3.1 and direct calculations we have:

2

ct 1
(gp)sz_lng < 128up :
2 @il B (o)

C
17 <12 lfB (32))

Next, using Theorem 2.2, Lemma 3.1 and conditions i) — iii) we obtain

2
2 1 c
2 V.Lto fll <4 ¢ : 213 2
%(SOJ) J Spjf — 88{1;‘}? b2d2(l‘j) CL2(IJ‘) ||f||2 — bQHfHQ (3 6)
2

From inequalities (3.24)-(3.26) it follows that

cdr+5)* 12¢ ¢

Now we must choose 7 and b so that

1
A1 + Billa—2 < [[Allz—2 + [[Blla—2 < > (3.28)

for the validity of Lemma 3.6.
Repeating the computations used in the proof of inequality (3.28), we obtain

1
||A2 + BQH2_>2 < 5 (329)

g

Lemma 3.8. Let the assumptions of Lemma 3.6 be satisfied. Then the equality

L' =K[E+A +B]™ (3.30)

holds, where L™ is the inverse operator of L.
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Proof. To prove Lemma 3.8, we will show KerL = {0}. It is well known from the
general theory of linear operators that

Ly(Q) = R(L)+KerL*,; Ly(Q) = R(L)+Ker(L')".
From equalities (3.14), (3.15) it follows that
KerL* = {0},; Ker(L')* = {0}. (3.31)

Since D(L) € D((L')*), then from equality (3.31) it follows

Ker(L) = {0}. (3.32)

Taking into account (3.32) from (3.14) we have

Lil = K[E + Al + Bl]il.

Lemma 3.9. Let the assumptions of Lemma 3.8 be satisfied. Then Ker K = {0}.

Proof. Since Ker|E + A; + B;] = {0}, then from (3.30) and (3.32) it follows that
KerK = {0}. O

Lemma 3.10. Let the assumptions of Theorem 1.1 holds. Then the operator L admits
a closure.

Proof. Let u, — 0, Lu, — v(v € Ly(Q), u, € C(Q), n=1,2,..). By Lemma 3.9

it follows that w, is represented as u, = Kv,, v, € Ly(Q) (since C{°(Q) C D(L) =
R(K)). We have

Lu, = LKv, = [E+ A+ BJv, — v for n — oo,

hence

v, — [E+ A+ B\, Kv, — K[E+ A+ B] "v.
From u, = Kv, — 0, we obtain K[E + A+ B] 'v = 0. Hence, we conclude that
v=0. [l
Lemma 3.11. Let the assumptions of Lemma 3.8 holds. Then KerL = {0}.

Proof. Let Lu = 0, w € D(L), wu # 0. Then there exists a sequence {u,}>, such
that

Up — u, Lu, — Lu, u, € C5°(Q2) C D(L).
Now using the representation u,, = Kv,, v, € Ls(2), we obtain
Lu, = LKv, = [E+ A+ BJv, — 0 (3.33)

as n — oo. Since Ker[E + A + B] = {0}, then from (3.33) it follows that v, — 0.
Hence and from the representation u,, = Kv, we obtain u,, — 0. Therefore u =0. [
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Proofs of Theorems 1.1 and 1.2. The proofs of both theorems follow by Lemmas 3.4,
3.10 and 3.11. ]
Proof of Theorem 1.3. By virtue of (3.4) and Lemma 3.11 we can conclude the operator
c(z)(L + AE)™! is bounded (or unbounded) with the operator c(z)K(E + A + B)™L.
Hence, repeating the computations used in the proof of lemmas 3.3 and 3.4, using the
inequality (3.18) we obtain

||c(x)L_1||2_>2 < ¢ < 00,

where ¢; > 0 is constant.
Similarly, we obtain
lu(z)De L™ 2o < e < 00,

where ¢y > 0 is constant.
By virtue of these inequalities we obtain

[tan = uyyll2 = [[Lu = a(z)uy — c(z)ully < [|Lullz + [|a(z)uells + lle(@)ulls <

< |[Lullz + lla(z) Do L™ Lullz + [le(2) L™ Lulla < es| Luf2,

wherecs > 0 is constant which does not depending on u(z,y).
Hence, it follows that

[te = tyy[|2 + [Ja(@)ua]ls + [le(z)ullz < cf| Lull,,

where ¢ > 0 is constant, u(z,y) € D(L). O
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