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NURZHAN BOKAYEV
(to the 60th birthday)

On January 5, 2016 was the 60th birthday of Doctor
of Physical-Mathematical Sciences (1996), Professor Nurzhan
Adilkhanovich Bokayev. Professor Bokayev is the head of
the department "Higher Mathematics" of the L.N. Gumilyov
Eurasian National University (since 2009), the Vice-President
of Mathematical Society of the Turkic World (since 2014), and
a member of the Editorial Board of our journal.

N.A. Bokayevwas born in the Urnek village, Karabalyk dis-
trict, Kostanay region. He graduated from the E.A. Buketov
Karaganda State University in 1977 and the M.V. Lomonosov
Moscow State University’s full-time postgraduate study in
1984.

Scientific works of Professor Bokayev are devoted to studying problems of the theory
of functions, in particular of the theory of orthogonal series.

He proved renewal and uniqueness theorems for series with respect to periodic mul-
tiplicative systems and Haar-type systems, constructed continual sets of uniqueness
(U-sets) and sets of non-uniqueness (M-sets) for multiplicative systems; investigated
Besov-type function spaces with respect to the Price bases; studied the Price - and
Haar-type p-adic operators; introduced new classes of Faber-Schauder-type systems of
functions and spaces of multivariable functions of bounded p-variation and of bounded
p-fluctuation, obtained estimates for the best approximation of functions in these spaces
by polynomials with respect to the Walsh and Haar systems, established weighted inte-
grability conditions of the sum of multiple trigonometric series and series with respect
to multiplicative systems, found the embedding criterion for the Nikol’skii-Besov spaces
with respect to multiplicative bases and the coefficient criterion for belonging of func-
tions to such spaces.

His scientific results have made essential contribution to the theory of series with
respect to the Walsh and Haar systems and multiplicative systems.

N.A. Bokayev has published more than 150 scientific papers. Under his supervision
8 dissertations have been defended: 4 candidate of sciences dissertations and 4 PhD
dissertations.

The Editorial Board of the Eurasian Mathematical Journal congratulates Nurzhan
Adilkhanovich Bokayev on the occasion of his 60th birthday and wishes him good
health and successful work in mathematics and mathematical education.
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This year, Thomson Reuters is launching the Emerging Sources Citation Index
(ESCI), which will extend the universe of publications in Web of Science to include high-
quality, peer-reviewed publications of regional importance and in emerging scientific
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ing cover-to-cover indexing, cited reference indexing, subject category assignment, and
indexing all authors and addresses.

Rapidly changing research fields and the rise of interdisciplinary scholarship calls
for libraries to provide coverage of relevant titles in evolving disciplines. ESCI pro-
vides Web of Science Core Collection users with expanded options to discover relevant
scholarly content. Get real-time insight into a journal’s citation performance while the
content is considered for inclusion in other Web of Science collections. Items in ESCI
are searchable, discoverable, and citable so you can measure the contribution of an
article in specific disciplines and identify potential collaborators for expanded research.

ESCI expands the citation universe and reflects the growing global body of science
and scholarly activity. ESCI complements the highly selective indexes by providing
earlier visibility for sources under evaluation as part of SCIE rigorous journal selection
process. Inclusion in ESCI provides greater discoverability which leads to measurable
citations and more transparency in the selection process.

The Eurasian Mathematical Journal, together with other 70 internationally recog-
nized mathematical journal has been included in the Emerging Sources Citation Index
(Mathematics).

Below is the extract from the list of such journals including journals with numbers
from 22 to 29.
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BOUNDEDNESS, COMPACTNESS FOR A CLASS OF FRACTIONAL
INTEGRATION OPERATORS OF WEYL TYPE

A.M. Abylayeva

Communicated by E.D. Nursultanov

Key words: fractional integration operator, Weyl operator, Riemann-Liouville oper-
ator, Hadamard operator, Erdelyi-Kober operator, boundedness, compactness.

AMS Mathematics Subject Classification: 26A33, 26D10, 47G10.

Abstract. We establish criteria for the boundedness and compactness for a class of
operators of fractional integration involving the Weyl operator.

1 Introduction

Let I = (a,b),0<a<b<o00,0<gq,p< o0, %—l—}% = 1. Let u, v be almost everywhere
positive and locally integrable functions on I. By L, , = L,(u, I) we denote the set of
all measurable functions f on [ such that

b p
1 £ llps = / @) Pula)de | < oo

In the case u = 1 we write L, = L,(I). Let W be a positive strictly increasing

and locally absolutely continuous function on I. Suppose dvg_ggx) = w(x) for almost
everywhere x € [.

Let 1 > o > 0. We consider the operator

B / u(s)WH(s) f(s)w(s)ds
Kaﬂf(x)—/ T e vl (1.1)

In the case § =0, u = 1 the dual operator to operator (1.1) has the form

o [ fulds
Ka’ﬁf(x)—/(W(I)_W(S)>1_a, el (1.2)

a

Operator (1.2) is called [12] the operator of fractional integration of the function f
of the function W. Weighted estimates for operator (1.2) were previously considered
in [9], [1].
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When W(z) =z, u =1, =0 operator (1.1) is the Weyl operator

[2f(x):/$, xzel, (1.3)

which is dual to the Riemann-Liouville operator

L.g(s) :/%, sel. (1.4)

a

Operators (1.3) and (1.4) acting from the weighted space L, ,, to the weighted space
L, are investigated in papers [2|, [3], [4], [8], [10], [11] and others, where necessary
and sufficient conditions for their boundedness, compactness are obtained for various
relations between the parameters «, p, ¢ and under various assumptions regarding the
weight functions u and v. Two-sided estimates of their norms are also obtained.

We investigate operator (1.1) acting from the space L, ,, to L,,. From the obtained
results new assertions follow, in simple terms, for operators (1.3) and (1.4), generalizing
the results of [4], [8], [10].

The positivity and monotonicity of W implies the existence of the non-negative
limit hm W(z) = W(a). Futher, we assume W (a) = 0 and otherwise, we consider the

SE‘NJ,

operator K, 3 in the form, where function W(z) is replaced by the function Wy(z) =
Wi(x) —W(a),z € I.

Further, the norm of the linear operator 1" from a normed space to another one is
denoted briefly by ||T'||. Which spaces are meant will be clear from the context.

Throughout the paper the products of the form 0- oo are supposed be equal to zero.
Relations A < B, A > B mean A < ¢B with a constant ¢ depending only on p, ¢, «
which can be different in different places. If A < B and A > B then we write A ~ B.
By Z we denote the set of all integer numbers, xr denotes the characteristic function
of the set F.

2 Auxiliary assertions

To prove the main results we need some well-known assertions.
Along with operator (1.1) we consider the Hardy operator

b
Hypf(z /u YWETe=L(s) f(s)w(s)ds. (2.1)
It is easy to see that for f >0

Kaﬂf({lf) > Haﬁf(flf), Ve e I. (22)

Issues of boundedness and compactness of operator (2.1) in weighted Lebesgue
spaces were studied quite completely. A summary of the results can be found in [7]. The
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following Theorem A and Theorem B are corollaries of Theorem 5 and Theorem 6 in [7].

Theorem A. Let 1 < p < q < oo. The operator H, g is bounded from L, ., to Ly, if
and only if
1 1
z q b p’
A, =sup /v(x)dm /up/(S)W”/(QJFB_I)(S)w(s)dS < 0.
zel

a z

Moreover, ||H, gl = Aap-

Theorem B. Let 0 < ¢ <p < oo, p> 1. The operator H, g is bounded from L, ., to
L, if and only if

g(p—1)
b b P—q

Bug = / /up/(s)Wp/(aw_l)w(s)ds

a z

Moreover, ||Hy || = Bag.
Remark 1. In the case 1 < g < p < oo, p > 1 the value B, g ts equivalent to the value

p(g—1)
b b P—q

Buasla,b) = / / u (5)WP @D () (s)ds

p—q

x ( / ZU(JU)dﬂU)ppqup/(Z)Wp/(o”rﬁ_l)(z)w(z)dz) o

Remark 2. Note that a function u non-decreasing on I and such that uWP+te—! ¢
Ly w(2,b), for all z € I, exists if and only if WPt~ € Ly ,(2,b) for all z € I.

3 Boundedness of the operator K, g

Theorem3.1.Let0<a<1,é<p§q<ooandﬁ§0(ﬁ<%—awhen

W(b) = o0). Let u be a non-decreasing function on I. Then the operator K, g is
bounded from Ly, ,, to Ly, if and only if A, g < co. Moreover, || Ky |l = Aap-

Proof. Necessity. Let the operator K, g be bounded from L, ,, to L,,. Then, in view of
(2.2), the operator H, s is bounded from L, ., to L,, and ||K,g|| > ||Has||, therefore
by Theorem A the value A, 3 < oo and

[ Kasll > Aap. (3.1)
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Sufficiency. Since the function W is continuous and strictly increasing on I and W (a) =
0, then for any k& € Z the set {x W(z) <2z ¢€ I} is non-empty. Denoting z; =
sup {x W) <2k z e I} we obtain a sequence of points {4}, such that 0 < z; <
Tpy1, Vk € Z, and if xp, < b, then W (zy,) = 2%, 28 < W(x) < 28! for 2, < 2 < 2344,

T Th+1
[ w(s)ds = 2871 and if w1 = b, then [ w(s)ds < 2%. These facts will be used
Thk—1 Tk

below without reminders. We assume that Iy = [vg, k1), k € Z, Zg = {k : k €
Z, Iy # 0}. Then Zg CZand I = U Iy = U I. Since Iy = 0, Vk € Z \ Zy,

keZ k€Zg
and integrals over these intervals are equal to zero, then in the sequel, without loss of

generality, we suppose that Z = Z.
Let A, < 0oo. We need to prove that the inequality

HToz,Bqu,v < Aa,ﬁ”f“p,wv f € Lypw, (3-2)
holds, which means ||, || < Aap and, together with (3.1), gives
[Tesll = Aap-

It suffices to prove inequality (3.2) for f > 0. So let f > 0. Using the relation I = | Iy,
k

we have
T q

= v(z bu(S)Wﬁ(S)f(S)w(S)dS .
Kasfllye =30 [ vto) | [ e )

- Tk Thk+1 b u(g)[{/ﬁ(s)f(s)lu(s)ds q
_;xk[ v(w) $/+xk/> (W(s) W ()0 da
7 U u(s) W) fs)uw(s)ds |
<X [0 | [ S ) o
T b q

u(s)WP(s) f(s)w(s)ds
+ / v(x) / dr = Jy + Jo. (3.3)
zk: (W(s) = W(x))t-e
Tk—1 k+1
We estimate the values J; and J, separately. Using Holder’s inequality, nondecreas-
ing of the function v and # < 0 and in view of change of variables W(s) = W (z)t we

have

s [ [T e @ s
J_Z/ o / W -wip— |

71 u? (s)WPP(s)w(s)ds ”
(W(s) = W (@)

hSES

T Tht1

<Y [ @ | [ rres

Th_1 T T
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Ik+1 % T
SZ /|f(8)|Pw(s)d5 Uq(xkﬂ)/v(:v)WP'(pﬁer(a1))(x)
k k—1 o,
Wi(zgyq) ﬁ
W(zg_1)
X Wﬁ (x) / tp/ﬁ(t _ 1)p’(a—1)dt du
1
q
Th+1 »
<3| [ reres)ds | utae)
k k—1
q
1 p/ Tk
x 2 W(Btam)k=1)g 5k / #'8(¢ — 1) @Dy / (z)dz. (3.4)
L Tk—1

1
By the assumptions of the theorem a > -, therefore [ POt — 1)P' (@ Ddt < oo.
1

The expression F' = uq($k+1)2‘1(5+a_1)(k_1)2§k is estimated as follows. Since 3 +

a—1 <0 then

F= uq(xk+1)23qlﬂ+a—1\ 9u(B+a—1)(k+2) 9= 37 97 (k+1)

q

Th+2 '
_ 23q|ﬁ+a71\7§uq(xk+l)2q(,@+a—1)(k+2) / w(s)ds
k41
a
Tk+2 p’
< giramti [ [ e ()0 (s)u(s)ds
k1
Substituting this estimate in (3.4) we obtain
q
Th41 p Tk
neX | [iraeas| [
k k—1 Th—1
Th42 ﬁ
% up'(s)Wp'(»@W—l)w(s)ds
k+1

hSES

Tp4+1

SN

Tr+1

<, [ urorueis | <an, (X [ 1P

k
-1 Tk—1
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€A1 (35)

Now, we estimate J.

(W(s) = 5W(@rsa))' =

< o) | [u@w o eulis | do=[Hoafl. G0

a xT

Then, by Theorem A
T € AL (37)

Inequalities (3.3), (3.5) and (3.7) imply inequality (3.2). O

Theorem 3.2. Let0<a<1,0<q<p<oo,p>éandﬁgo (ﬁ<%—o¢mthe
case W(b) = 00). Let u be a non-decreasing function on I. Then the operator K, s is
bounded from Ly, to Ly, if and only if B,z < co. Moreover, ||K, || = Ba 3.

Proof. Necessity and the estimate
[ Kasll > Bags (3.8)

follows by relation (2.2) and Theorem B.
Sufficiency. Let B, g < oo. If the inequality

||Ka,ﬁf||q,v < Ba,ﬁ”f”p,w? (3'9)

holds then by (3.8) and (3.9) we obtain || K, g|| = B, 3.
To prove (3.9) we use relation (3.3) of Theorem 3.1. Estimate for J, directly follows
by (3.6) and Theorem B:

T < Bl fllL (3.10)
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By (3.5) we have

S < |f(s)[Pw(s)ds v(x)dx
e rore) ]

b
X /up/(s)Wp/(ﬁ+o‘_1)(s)w(s)ds

<applying the Holder inequality with the exponents 2 %)

p a(p—1) pp;q
Tk p—q b p—q
< Z /v(m)dm /up/(s)Wp'(maD(s)w(s)ds
k k—1 k
Tri1 %
X [ rereds | <Gl @
Kooy
where
p a(p—1) %
Tk p—q b p—q
G = Z /v(x)dx /up,(s)Wpl(mo‘D(s)w(s)ds
k k—1 k
Using the relation
o et o x a
p
v(x)dx :—/vx /vtdt dx
[ v el RC1 N R0
k—1 Tp—1 k—1
we estimate G
Tr T ﬁ
G < Z/v(x) /v(t)dt dz
k Tr—1 k—1
q(p:l) ?
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Tk x P—q
<) / / v(t)dt
k
L1 a
q(p—1) %
b P—q
X /up/(s)Wp,(ﬁJrO‘_l)(s)w(s)ds v(z)dz
< B, (3.12)
By (3.11) and (3.12) it follows that

i< BLIfIl. (3.13)
Therefore, by (3.3), (3.10) and (3.13) it follows that inequality (3.9) holds. O

4 The compactness of the operator K, s

Theorem 4.1. Let 0 < a < 1, §<p§q<oo and 3 <0 (ﬁ<%—a if W(b) = ).
Let u be a non-decreasing function on I. Then the operator K, g is compact from L, ,,
to Ly, if and only if Aqp < 0o and

lim A, 5(z) = lim A,p(2) =0,

z—at z—b—

where

z q b pl

A s(z) = / o(z)dz / o ()7 010D (g (5)ds

a z

Proof. Necessity. Let the operator K,z be compact from L,, to L,,. Then the
operator is bounded and therefore, by Theorem 3.1, A, 3 < oco. First, we prove that
hril, A, p(z) =0.

b
Let F(t) = [u?(s)WPB+e=D(s)w(s)ds. Since Ay < oo and function u non-
t

decreasing then 0 < F(t) < oo for t € I. Consider the family of functions {f;}ser,
where

3=

fil@) = X ()u? " @) WEDERD (@) (F(8)) 7. (4.1)

Then

b b
/\ft(x)|pw(x)dx = (F(t))™! /upl(a:)Wp/(mo‘_l)(x)w(x)dx = 1. (4.2)

We show that the family of functions {f;} weakly converges to zero in L,,,. Let
g 6 Lp/,wl—p’ — (Lp,w)*~
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Applying the Holder inequality and using (4.2) we have

1
7

b P

/ft(éf)g(ﬂf)dﬂf < /blft(iv)lpw(ﬂf)dﬂf E /blg(:v)lp/wl_p'(w)dw

a

o

b
_ / 9(@)P w0t (2)dz

Since g € L, ,1-» then the last integral converges to zero as ¢ — b, which means
the weak convergence to zero the family of function {f;}. Then, by the compactness
of the operator K, 3 from Ly, to Ly,

T Ko fillg = 0. (4.3)

We have

b b q

u(s)W"(s) fi(s)w(s)ds
Ka tqv: vl e o
Kasfil, = [ ola) / (W(s) — W)

a

P Fuls ) fus)ds |
2/ v / W - Wy )
> /v(x)d:c /u(s)WﬁJral(s)ft(s)w(s)ds

_(F(t) / o ()7 50D (s (s)ds / o(@)de = (Aus(®)?.  (44)
t a
By (4.3) and (4.4) we obtain that lirgl A, p(t) = 0.
t—b—
Now, we show lim A, g(t) = 0.
t—at

The compactness of the operator K, 5 : L, ., — Ly, implies the compactness of the
adjoint operator

s

K o(a) = W (yus) |

a

g(x)dz
(W(s) = W(z))t=e

from L, i-¢ t0 Ly 1oy

We introduce the family of functions {g; };c;, where
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Since almost everywhere v > 0 and A, 3 < oo then the function g; is well defined.
In view of the equality

/b|9t($)|qlvl_q/(x)dx = /v(w)da: /v(x)dx =1

a a

for f € Ly = (Ly1-a)" We have

q

b

/f(ﬂf)gt(:v)d:vé /tlf(iv)lqv(:v)div /tlgt(ﬂf)\q/vl_q'(w)dfr

a

~|

1
q

= /t\f(fr)\qv(x)dﬂf

b
Consequently lim+ [ f(x)gi(x)dz = O for any f € L,,, which means the weak
t—a™

convergence to zero the family of functions g,. Then by the compactness of the operator
KZ,B fI‘OIIl qujvl—q/ tO L

Pt
i (1Kl = 0. (45)
We have
b ¢ 4
gl o = [TV oo | [ s | s
¢ a
b t *%/ t 4
> /up/(s)Wp/(ﬁ+o‘_1)(s)w(s)ds /v(x)dm /v(x)dx = (Aaﬂ(t))p/. (4.6)
t a a

By (4.5) and (4.6) it follows that lim A, g(t) = 0. The necessity is proved.

t—a™t

Sufficiency. Let A, 3 < oo and lim+ A, p(z) = lirg Anp(z) =0.

Yetfora<e<d<bd

Pcf = X(a,c]fv Pcdf = X(c,d]fa Qdf = X(d,b)f‘

Then f = P.f + P.af + Qqf and by the equalities PoyK,3Qq =0, FPaKopP:. =0,
QaK.pP. = 0, we have

Ka,ﬂf = Pchoc,BPcdf + QdKa,ﬁQdf + Pcha,ﬁQdf + PcKa,ﬁf' (47)

We show that the operator P.qK, 3P, is compact from L,, to L,,. Since
P.yKopPaf(z) = 0 when z € I\(c,d| then it suffices to show that the operator



Boundedness, compactness of a class fractional integration operator of Weyl type 19

P.4K, P is compact from L, ,(c,d) to L,,(c,d) and this is equivalent to the com-
d
pactness of the operator K f(z) = [ K(z,s)f(s)ds with the kernel

1
ol

() WA ()0 () X ey (5 — )W (5)

Kle,s) = (W(5) — Wia))e

from L, to L.

Let {xx}rez be a sequence of points introduces in the proof of Theorem 3.1. There
are the points x;_1,x,, x;_1 < x, such that z; | <c < uz;, x,_1 <d < x,. We assume
that the number ¢, d are chosen so that x; < x,,_;. Similarly to obtaining estimates of
J1, Jo in Theorem 3.1, we have

(| ’ / [ P'B(s)w(s)ds /
J\Jiera) o= oo | [ i)
$ [ ([T )] -

<p(n—i+1)A7 5 < oo,

where the constant i does not depend on ¢,n. Therefore, on the basis of the theorem
in Kantorovich and Akilov [5] (page 420), the operator K is compact from L,(c,d) to
L,(c,d), which is equivalent to the compactness of the operator P.4K, gP.q from L,,,
to Lgy -

By (4.7) we have

[ Kap — PeaKapPell < 1|QiKapQall + || PeaKapsQall + || PeKasll- (4.8)

We shall show that the right-hand side of (4.8) tends to zero as ¢ — a™, d — b™.
This will imply that the operator K, s being a uniform limit of compact operators, is
compact from L, ,, to Lg,.

On the basis of Theorem 3.1, we have:

b b a
u(s)WP(s)f(s)w(s)ds
Ka v = d
|Qata,6Qaf g, d/v(x) / (W (s) — W(x))—e x
z % b i
< swp | [o@as ) | [ W e s | 1
d<z<b
< sup Aq (2] flpw-
d<z<b
Hence
lim || QuKapQaf]| < lim sup A, p(z) = lim A, (2) = 0; (4.9)
d—b~ d—b~ d<z<b z—b~
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Let 1 > ¢ > 0. To estimate || P.qKa3Qdf]lq0 We introduce the functions v, u. defined
by v.(z) = v(x) for z € (a,d] and v.(z) = ev(z) for x € I\ (a,d], u.(s) = u(s)
for s € (d,b) and u.(s) = eu(s) for s € I\ (d,b). Obviously, the function u. is
non-decreasing on /. Then by Theorem 3.1

Q
|

/bus)W i(ulsyds |

Hpcha,ﬁQdeq,v = / W( (x))l—a

¢

P fuemrsseeeds) |\
: (/Ua(x) (/ (W(s) — W(z))i-e ) dl") < A sl f llpaw: (4.10)

a T

A, 5 = sup (/ va(x)dx)
zel

a

where

(/ ug(s)Wp,ﬂ(s)w(s)ds) :

Q=

We estimate Ag ;

z % d
AL < as<1;1<)d (/v(x)dx) (5’), /up/(s)Wp,ﬂ(s)w(s)ds

a

+ / u? (s)WPP(s)w(s)ds

e ( /d v(z)dz + & / v(x)dx) E ( /b up’<s)wp’ﬂ(s)w(s)ds) '

a d z
K 2(eAap+ Aap(d)).
Hence, by (4.10) we have

1 PeakCa,pQafllg0 < (€Aas + Aag(d)] fllpw- (4.11)

Where, due to the independence of the left-hand side of (28) of ¢ > 0, by letting
e — 07, we obtain
||Pcha7ﬁQdf”q,v < Aaﬂ(d)Hf”p,w'

Then
dhrl?* HPcha,BQdH < thlI)E Aa,rg(d) = 0. (412)

Similarly, we obtain

_ cva: bU(S)Wﬂ(S)f(S)w(‘S)dS q T E
1 PeEapllg0 = (/ (@) (/ (W(s) = W(a))i=e ) d )
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< sup A g(2)|| fllpw-

a<z<c
Therefore
lim ||P.K,pf|| < lim sup A,p(2) = lim A, g(z) = 0. (4.13)
c—at c—at g<z<e z—at

By (4.8), (4.9), (4.12) and (4.13) it follows that l+11£1 . | Kop— PalKopPeal =0. O
Theorem 4.2. Let0 < a <1,p>2< and 3 <0 (B < é — « in the case W(b) = o0).
Let u be a non-decreasing function on I. If b < oo and 0 < g <p < oo ora=0,b=0o0
and 1 < g <p < oo, then the operator K, g is compact from L, ,, to Ly, if and only if
Ba“g < 0.

Proof. In the case b < oo and 0 < ¢ < p < oo the statement of Theorem 4.2 follows
by Ando Theorem and its generalizations [6]. Therefore, we prove Theorem 4.2 in the
case a =0,b=o00and 1 < ¢ < p < 0.
Necessity. Let the operator K, g be compact from L, ,, to L,,. Then the operator is
bounded. Hence, by Theorem 3.2 B, 3 < o0.
Sufficiency. Let B,g < oo. Here K,gf = PiKypgPaf + PilKopgQal + QaKopsf.
Therefore

1 Kap = PalapPull < ||Pila,pQall + [[QiKa,pl|- (4.14)

Since d < oo then the operator P, K, gP; is compact from L, ,,(0, d) to L, (0, d), which
is equivalent to its compactness from L, ,, to L,,. We show that the right-hand side of
(4.14) tends to zero as d — oco. Then the operator K, 3 is compact from L, ,, to L,
as the uniform limit of compact operators. On the basis of Theorem 3.2

a(p—1)
||QdKa,/J'|| < / /up'<S)Wp/(a+ﬁ—1)w(s)dS
d z
g (p—q)
X (/ v(x)dx) o v(z)dz)
d
Hence, since B, 3 < 00, it follows that
Tim [[QuFo ] = 0. (4.15)

Let 1 > ¢ > 0. To estimate ||P;K, sQaf| we suppose as above, that v.(x) = v(z)
for x € (0,d] and v.(z) = e%(z) for x € (d,00), u.(s) = u(s) for s € (d,o0) and
us(s) = eu(s) for s € (0,d]. Obviously, the function u. is non-decreasing on I = (0, 00).
Now, by Theorem 3.2, estimating the norm ||P;K, 3Qq4| as in (4.10), and then passing
to the limit as ¢ — 0%, we obtain

p/

| P o 5Qall < /v(x)dx /up/(s)Wp/(a+B_1)(S)w(s)ds = Anp(d). (4.16)
0 d

d
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By Remark 1 B, ~ Eaﬂ(o,oo). Since A, 5(d) < Eaﬂ(d, o0) then by (4.16) it
follows that dlim | PiK o 3Qal = 0. Hence by (4.15) it follows that the right-hand side

of (4.14) tends to zero as d — 0. O

5 Dual case

We consider the operator

T

Tl @) = @ W(e) [ ot

a

acting from Ly, to Ly .
Assume that

2 7 /b i
Al 5(2) = /v(m)dm /uq(:c)W‘I(ﬁJra_l)(a:)w(x)dw :

a z

Ay =sup A, 5(2).
zel

Theorem 5.1. Let 0 < a < 1, 1<p§q<ﬁ and 3 <0 (ﬁ<1—%—amth6 case
W(b) = 00). Let u be a non-decreasing function on I. Then the operator T, s

i) is bounded from Ly, , to Lq., if and only if A?, 5(2) < oo, moreover, || T, g| =~ A}, 5,
ii)is compact from Ly, to Lq., if and only if A}, 5(z) < oo and
lim A7, 5(z) = }Zliré Ap 5(2) = 0.

z—a

Proof. The operator T, 3 acting from L, , to L,,, is adjoint to the operator

b

~ B u(s)WH(s)f(s)ds
Roof6) =2(0) [ G =i

T

acting from L -4 to L which is equivalent to the action of the operator K, g
from Ly, to L, ,. Consequently, the operator T, g is bounded and compact from L, ,
to Ly, if and only if the operator K, 3 is bounded and compact from Ly, to Ly,
respectively. Since by the assumptions of Theorem 5.1 it follows that é <q¢ <p <o
then on the basis of Theorems 3.1 and 4.1 the validity of the Statements i) and ii) of
Theorem 5.1 follows. [

/
p/wl=P"s

Similarly, on the basis of Theorem 4.2, we have
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Theorem 5.2. Yet 0 < a < 1, 1<q<min{p,ﬁ},p>1 and 3 <0 (ﬁ<1—%—a
in the case W(b) = o0o). Let u be a non-decreasing function on I. Then the operator
T3 is bounded and compact from Ly, to Ly, if and only if B}, 5(2) < 0o, where

b—q

(g—1 _r_
b B ppq—q) b P—q P

B} ;= / /v(x)dx /uq(s)qu*al)w(s)ds v(z)dx

a a xT

6 Applications

We consider the weighted Weyl operator

fzg(s):w(s)/%, s>0

and the weighted Riemann-Liouville operator

uf(e) = pla) [ o

(x — s)t—a’

acting from L, to L,, where the weight functions p and w are almost everywhere positive
and locally integrable on I = (0, 00). The actions of the operator K, s from L, to Ly,
and the operator T g from L, , to L, are equivalent to the actions of the operators

1
7

b
ey [ @@ (@)g(e)ds
KMW%UU! o 6.1)
: [ o7 (5)f(s)ds

fa”gf(l') =w (x)u(x)Wﬁ(x)/ (6.2)

(W(x) = W(s)) ™

from L, to L, respectively.
1

Let w(s) = U%(S) in (6.1) and w(s) = v¥'(s) in (6.2). If W(x) =z, a =0,b = 00
and p(z) = u(z)z? then the operators (6.1) and (6.2) coincide with the operators I7
and I, respectively. Therefore, by Theorems 3.1- 4.2 we have
Corollary 6.1. Let 0 < a < 1, B < %— a and p(r) = u(x)z®, where u is a non-
decreasing function on I = (0,00). Then the operator f; N

i) for é <p < q < oo is bounded from L, to L, if and only if A, < oo, moreover,
1] = Aa, and is compact from L, to L, if and only if A, < oo and lim Au(z) =

z—0

lim A,(z) = 0, where

Z—00

L@ = [P va ) | [uds) A =i
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Corollary 6.3. Let0 <a <1, <1—+-—« and p(x) = u(x)x”ﬁJrgT_l, where u is a
non-decreasing function on I = (0, 00). Then the operator E,

i) for1 < p <gq< ﬁ is bounded from Ly, to Ly if and only if A < oo,
moreover, ||Ey| ~ Ag . and compact from L, to L, zf and only if AL, < oo and

Y Y
lim A (z) = lim A7 (2) =0, where A;, | = supA ( )
z—0F zmo0 M7 zel
o o(a—1 / '(oy+o—1
AG L (2) = /pq(x)xq (@D g /wp (s)s?'orto=D s
z 0

it) for 1 < ¢ < min{p, ﬁ} < 00, p > 1 is bounded (compact) from L, to L, if and

only if By, < 0o, moreover, ||E,,| ~ By, ,, where

p

o0 o0 P—q
B, = / /pq(a:)xq”(a_l)dx
0 z
pla—1) B
4 P—q
/wp/(s)sp,(‘”*"l)ds wpl(z)zp/(”””’l)dz

0

Corollary 6.4. Leta > 0,0 < a <1, 3 <0 (ﬁ<1—%—amth6 case b = 00)

and p(z) = u(x)x_%(lnf)ﬁ, where u is non-decreasing function on I = (a,b). Then the
operator H,,

i) for 1 < p<qg< —a is bounded from L, to L, if and only if AL < oo, moreover,

|H.|| = A,, and compact from L, to L, zf and only if Al < oo and hm Al(z) =
hril Al(z ) =0, where AL = sup AL (2),
z—b— zel
b i z o
1 i Q(a_l) / o !
A (z) = p?(x) (ln —) dx WP (s)sPds |
a

i) for 1 < ¢ < min{p, =} < o0, p > 1 1s bounded (compact) from L, to L, if and

only if Bl < oo, moreover, ||H,|| ~ B, where
p
b b (1) p—q
T\ 1e—
B! = / /pq(x) (ln—) dx
a
a z
p(g—1) %
z p—q
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