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estimates of singular values and Kolmogorov widths. He has original research results on
the coercive solvability of the quasilinear singular generalized Cauchy-Riemann system
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approximation properties of non strongly elliptic systems. K.N. Ospanov has found
separability conditions in Banach spaces for singular linear and quasi-linear second-
order differential operators with growing intermediate coefficients and established a
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K.N. Ospanov is an Honoured Worker of Education of the Republic of Kazakhstan,
and he was awarded the state grant "The best university teacher".

The Editorial Board of the Eurasian Mathematical Journal is happy to congratulate
Kordan Nauryzkhanovich Ospanov on occasion of his 60th birthday, wishes him good
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Abstract. An open neighbourhood k-colouring of a simple connected undirected graph
G(V,E) is a k-colouring ¢ : V' — {1,2,--- |k}, such that, for every w € V and for all
u,v € N(w), ¢(u) # c(v). The minimal value of k for which G admits an open
neighbourhood k-colouring is called the open neighbourhood chromatic number of G
and is denoted by Xonc(G). In this paper, we obtain the open neighbourhood chromatic
number of the line graph and total graph of a path P,. We also obtain the open
neighbourhood chromatic number of two families of graphs which are derived from a
path P,, namely k' power of a path and transformation graph of a path.

1 Introduction

All the graphs considered in this paper are simple, non-trivial and undirected. For
standard terminology, we refer to [5] and [11]. A wvertex colouring, or simply colouring,
of a graph G = (V, F) is an assignment of colours to the vertices of G. A vertex
colouring can be viewed as a function ¢ : V' — S, S being a set of colours. A k-vertex
colouring, or simply k-colouring, of G is a surjection ¢ : V' — {1,2,--- [ k}. A proper
vertex colouring or proper colouring of G is an assignment of colours to the vertices of
G so that no two adjacent vertices are assigned the same colour. A k-proper colouring
of G is a surjection ¢ : V' — {1,2,--- |k} such that c¢(u) # c(v) if v and v are adjacent
in G. In such a case, G is said to be k-proper colourable. An open neighbourhood
colouring [7, 8, 17] of a connected graph G(V, E) is a colouring ¢ : V' — Z*, such that
for each w € V and Yu,v € N(w), c¢(u) # ¢(v). An open neighbourhood k-colouring of
a graph G(V, E) is a k-colouring ¢ : V' — {1,2,--- , k} which satisfies the conditions
of an open neighbourhood colouring. The minimal value of £ for which G admits an
open neighbourhood k-colouring is called the open neighbourhood chromatic number of
G and is denoted by Xone(G).

We extend the above definition to any graph, connected or disconnected, as follows.

Definition 6. If G = (V, E) is any graph, then the open neighbourhood chromatic
number of G is defined as maz{Xon.(H)} where maximum is taken over all components

H of GG.
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We recall some of the definitions and results on the open neighbourhood chromatic
number discussed in [7] for further reference.
Theorem 1.1. For any graph G, xonc(G) > A(G).
Theorem 1.2. If H is a connected subgraph of G, then Xone(H) < Xone(G).

Theorem 1.3. Let G(V, E) be a connected graph onn > 3 vertices. Then Xon.(G) =n
if and only if N(u)(\N(v) # 0 holds for every pair of vertices u,v € V(G).

Theorem 1.4. For a path P,, n > 2,

1
2

Y an:27

, otherwise.

Xonc(Pn) = {

Theorem 1.5. For a cycle C,, n > 3,

2, ifn=0 (mod4),

onc Cn =
Xore(C) { 3, otherwise.

Definition 7. Given a graph G(V, E) and an integer k with 1 < k < diam(G), the k"
power of G is a graph, denoted by G*, having the vertex set V(G*) = V(G) with the
property that two vertices u and v are adjacent in V(G¥) if and only if dg(u,v) <

In particular, if £ =1, then G* = G and if k = diam(G), then G = Ky ().

As discussed in [19], the transformation graph G*¥* with x,y,z € {—,+} is a
generalization of the concept of total graph of a graph G and is defined as follows.

Definition 8. Given a graph G(V, E), the transformation graph of G is a graph,
denoted G*¥* = (V1, Ey), with V; = V' (J F such that two vertices u,v € V] are adjacent
in G*¥* if one of the following conditions holds:

i) « = + and the vertices u,v € V are adjacent in G or
x = — and the vertices u,v € V' are non-adjacent in G.

ii) y =+ and the edges u,v € F are adjacent in G or
y = — and the edges u,v € E are non-adjacent in G.

iii) z = + and the vertex v € V and the edge v € E are incident in G or
2z = — and the vertex u € V and the edge v € E are non-incident in G.

By definition, it follows that for every graph G, there correspond eight transforma-
tion graphs namely Gt G- . GT~T, GT—, G, G~"",G~ " and G-~ ~. Each of
these eight transformation graphs appear to possess nice properties, some of which are
discussed in [20, 16, 4, 1]. In particular, the graph G*** is nothing but the total graph
of G and the graph G~ is the complement of the graph G*++.

In this paper, we obtain the open neighbourhood chromatic number of the line
graph, total graph & k'® power of a path and transformation graphs of a path.
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2  Open neighbourhood colouring of the line graph, total graph
and k'" power of a path

In this section, we obtain the open neighbourhood chromatic number of the line graph
and total graph of a path. We also obtain the open neighbourhood chromatic number
of the graph P¥  the k'™ power of the path P,,n > 2,1 < k < diam(P,) =n — 1.

Theorem 2.1. For the line graph L(P,) of the path P, on n vertices, n > 3,

1, ifn=3,
Xone(L(P)) = { !

2, otherwise.

Proof. Since the line graph L(FP,) is isomorphic to the path P, 1, Xonc(L(P,)) =

Xonc(Pnfl)-
The result then follows by Theorem 1.4. O]

Theorem 2.2. For the total graph T(P,) of the path P, on n wvertices, n > 3,
XonC(T(Pn)) = 9.

Proof. For n = 3, it is easy to observe that every two vertices in T'(P3) are connected
by a path of length two. Hence, in any open neighbourhood colouring of T'(Ps), every
vertex must be given a different colour so that X,n.(T(Ps)) = 5.

We now consider the case n > 4.

Consider the path P, on n > 4 vertices. Without loss of generality, let V(P,) =
{v1,v9,- - ,u,} & E(P,) = {e1 = v1va, €9 = U903, , €1 = Up_1Un }.

Then, the total graph T'(P,) has V(T(P,)) = {vi,v9, -+ ,Un,€1,€2, -+ ,€n_1}.

Since T'(P3) is a subgraph of T'(P,), we have Xone(T(P,)) > Xonc(T'(P3)) = 5.

For each 4, 1 < 0} < 5~ we define the set S; =
{v;| =1 (mod 5)} U{ex| k+3=i(mod 5)}. In each S;, every vertex is at a
distance of at least 3 from every other vertex. Thus, each S;,;1 < ¢ < 5, is a
Ps-independent set of T'(F,).

Now, define a colouring ¢ : V(T'(P,)) — {1,2,3,4,5} as ¢(S;) = i foreach 1 <i < 5.
Clearly, ¢ is an open neighbourhood colouring of T'(P,) so that Xon.(T(Py)) < 5.

Therefore, Xone(T(P,)) = 5. O

Lemma 2.1. For any 3 <n <2k + 1,XonC(P,ff) =n where 2 <k <n-1.

Proof. Consider the graph P with 3 < n < 2k+1. It is easy to observe that every two
vertices in P¥ are connected by a path of length two. Thus, in any open neighbourhood
colouring of P, every vertex has to be given a different colour.

Hence, Xone(P¥) =n if 3 <n < 2k + 1. O

Theorem 2.3. For the k' power of a path on n vertices P n > 3,2 <k <n-—1,

Xonc(P:) -

n, if n <2k+1,
2k + 1, otherwise.
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Proof. Consider P¥, the k' power of a path P,, n > 3,k > 2. Let the vertices of P*
be vy, vg, -, Up.
We prove the result in the two cases as follows.

Case (1) : Suppose n < 2k+1. By Lemma 2.1, we have Xon.(P¥) = nif n < 2k+1.

Case (2) : Suppose n > 2k+1. Then, the graph P* contains Pfkﬂ as its subgraph
S0 that Xone(PF) > Xone(Paiy1) = 2k + 1.

For each i,1 < i <2k + 1, we define the set S; = {v;| j = i(mod(2k + 1))}.

As seen from the graph, the distance between any two vertices in each S; is at least
3. Thus, each S; is a Ps-independent set of PF.

Now, define a colouring ¢ : V/(P*) — {1,2,--- ,2k+1} as ¢(S;) = i for each 1 < i <
2k + 1. Clearly, c is an open neighbourhood colouring of C* so that Yen.(P¥) < 2k + 1.
Hence, Xone(PF) = 2k + 1 if n > 2k + 1. O

3 Open neighbourhood colouring of transformation graphs of
a path

In this section, we obtain the open neighbourhood chromatic number of the eight
transformation graphs of the path P, on n vertices. Let V(P,) = {v1,vq, -+ ,v,} and
E(P,) = {e1 = vivg,e9 = vov3,- -+ ,€n_1 = Up_1U,}. Then, the transformation graph
P# n > 3 has V(P™?*) = {vy,vg,+ ,Un,€1,€2, "+ ,€n_1}.

Theorem 3.1. For the transformation graph Pt n > 3, xone(PiTT) = 5.

Proof. As observed earlier, the graph G™** is nothing but the total graph T'(G) of G.
Therefore, Xone(Pi™) = Xone(T(Pn)) = 5. O

Theorem 3.2. For the transformation graph Pt~ n >3,

3, if n =3,
Xonc(Pyj_—F_) - 67 an = 47

2n — 1, otherunse.

Proof. The result is proved in various cases as follows.

Case (1) : For n = 3, the transformation graph P;*~ = Cs. Hence, it follows by
Theorem 1.5 that Yone(Ps ™) = Xone(Cs) = 3.

Case (2) : Suppose n = 4. It is easy to observe that in Pt~ every two vertices
except vy and wvg are connected by a path of length two. Thus, it follows that the
colouring ¢ : V(P*7) — {1,2,3,4,5,6} defined as c(e;) = 1,c(es) = 2,c(e3) =
3,c(v1) = 4, c(vs) = c(vg) = 5,c(vy) = 6 is an open neighbourhood colouring of P;"*~
with minimum colours so that Y..(P; ") = 6.

Case (3) : Suppose n > 5. It is seen that every two vertices in P~ are connected

by a path of length two so that each vertex has to be given a different colour in any open
neighbourhood colouring of P+~ Hence, Xone(P,™7) = |V(PT7)| =2n — 1. O
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Theorem 3.3. For the transformation graph P~ n > 3,

5, if n <5,
Xonc(PJ_+) = n+17 an:6777

n—+ 2, otherwise.

Proof. Case (1) : Suppose n < 5. Here, we consider the following subcases.

Subcase (1): Suppose n = 3. Since every two vertices in Py~ are connected by a
path of length two, every vertex receives a different colour in any open neighbourhood
colouring of Py =", Thus, Xon(P; 1) = 5.

Subcase (2): Suppose n = 4,5. It is easily seen that P~ has P; 1 as its
subgraph so that Xene(P ™) > Xone(Py ~1) = 5. Thus, Xone(PF ) > 5.

The reverse inequality can be easily established by means of an open neighbourhood
colouring of P~ using five colours so that xen.(Pf 1) < 5.

Therefore, xone(P ") =5 if n =4, 5.

Case (2) : Suppose n = 6,7.

Subcase (1): Suppose n = 6. The vertices e, e3 and e5 in By~ cannot have
any other vertex in any Ps-independent set of Py~ as there is a path of length two
between each of them and every other vertex in Py ~*. Further, if v; is taken in a
Ps-independent set, then the same set can contain only one of the vertices vy, v5 or vg
and nothing else. In the same way, a P3-independent set containing v, cannot have
any vertex other than one of v5 or vg. Likewise, if a Ps-independent set contains vs, it
cannot contain any vertex other than vg. Proceeding this way, we see that the colouring
shown in Fig. 1 is an open neighbourhood colouring of Py~ using minimum colours.
Thus, we have Yo (Py 1) = 7.

Figure 2: An open neighbourhood colouring of P~ .
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Subcase (2): Suppose n = 7. The vertices e1,e3,e4 and eg in P;7~1 cannot have
any other vertex in any Ps-independent set of Py~ F. Further, if v; is taken in a Ps-
independent set, then the same set can contain only one of the vertices vy, v5 or vg and
nothing else. In particular, if v4 is taken in the set, then the set may contain no other
vertex other than v;. In the same way, a P3-independent set containing v, cannot have
any vertex other than one of vy, vs, v or v;. Likewise, if a P3-independent set contains
v3, it cannot contain any vertex other than vg. Proceeding this way, we see that the
colouring shown in Fig. 2 is an open neighbourhood colouring of P;"~" using minimum
colours.

Thus, we have Xon.(PF ") = 8.

Case (3) : Suppose n > 8. In the transformation graph P~ not more than one
vertex of the form e;,1 < i < n — 1, can be in one P;-independent set as each such
vertex is connected to every vertex in the graph by a path of length two. Further, it
is easy to observe that not more than one vertex in a set of vertices v;, v; 1, v;12 can
be in a Ps-independent set of P ~". Thus, the minimum number of Ps-independent
sets in P~T is given by n + 2, consisting of n — 1 Ps-independent sets, one each
for the vertices ¢;,1 < i < n — 1, and three P3-independent sets Sy, S1, Sy given by
S ={v;| j = k(mod 3)},k=0,1,2.

Thus, Xonc(P ™) >n+2.

To prove the reverse inequality, define a colouring ¢ : V(P~") — {1,2,--- ;n+2})
as follows;

7, if v = ¢; for some 1,

n, if v =wv; with i = 0(mod 3),

c(v) =

n+1, if v =v; with ¢ = 1(mod 3),

n + 2, otherwise.

Clearly, ¢ is an open neighbourhood colouring of P =" using n + 2 colours so that
Xone(D 7)) < +2.
Hence, we conclude that xon.(PS ™) =n+ 2. O

Theorem 3.4. For the transformation graph P~ n >3,

2, if n =3,
Xonc(Prj___) = 47 an = 47

2n — 1, otherunse.

Proof. We prove the result in various cases as follows.

Case (1) : Suppose n = 3. Since the transformation graph P;"~~ = Pj, from
Theorem 1.4, we have Xone(Ps ") = Xone(P5) = 2.

Case (2) : Suppose n = 4. We first prove that in any open neighbourhood
colouring of P,”~~, not more than two vertices can receive the same colour. To prove
this, we take various subcases as follows.

Subcase (1): Consider any three vertices of the form v;, v;, vi. Since these are the
vertices in a path P, we cannot give the same colour to all the three vertices.
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Subcase (2): Consider the three vertices ey, €5, 3. Since e, is connected by a path
of length two with e; and e3, it cannot be given the same colour as that of the other
two vertices.

Subcase (3): Consider three vertices of the form v;, v;, ex. Suppose v; and v; are
adjacent, then either of them or both form a path of length two with the vertex ey.
Otherwise, v; and v; are connected by a path of length two. In either case, all the three
vertices cannot be given the same colour.

Subcase (4): Consider the vertices v;, €, e. Suppose e; and e;, are the consecutive
vertices, one of them is connected by a path of length two with v;. Otherwise, all the
three vertices form a path of length two. In either case, all the three vertices cannot
be given the same colour.

To conclude, we see that not more than two vertices can be given the same colour
in any open neighbourhood colouring of P,"~~. Thus, Xon(P; ™) > 4.

To prove the reverse inequality, define a colouring ¢ of P~ as c(v;) = c(ey) =
1,c(ve) = c(vs) = 2,c(e1) = c(e3) = 3,c(vy) = 4. It is easy to verify that ¢ is an open
neighbourhood colouring of P;"~~ so that xon.(P;/ ) < 4.

Therefore, Yon. (P~ 7) = 4.

Case (3) : Suppose n > 5. Since every two vertices in P~ are connected
by a path of length two, each vertex has to be given a different colour in any open
neighbourhood colouring of P~~. Hence, Xone(P, ") =|V(P; )| =2n—1. O

Theorem 3.5. For the transformation graph P, T+ n >3,

3, if n =3,
n+1, ifn=4,5,
Xonc(Pq@_++) =
n+2, ifn=0=06,

n+ 3, otherwise.

Proof. We prove the result in various cases as follows.

Case (1) : Suppose n = 3. Since P; ™t contains a C3 as its subgraph, we have
Xone(P5 ™) > Xone(C3) = 3.

For the reverse inequality, define ¢ : V(P; 1) — {1,2,3} as c(v;) = 4,1 = 1,2,3
and c(e1) = 1, ¢(eg) = 3. ¢ can be easily verified to be an open neighbourhood colouring
of Py so that xene(P; T1) < 3.

Combining the two, we have Yo..(P; 1) = 3.

Case (2) : Suppose n = 4. The graph P, T contains P/ =" as its subgraph so
that Xone(P; 1) > Xone(P5 ™) = 5 by Theorem 3.3.

Consider a colouring of P, '+ as in the Fig. 3. It is easy to verify that this colouring
is an open neighbourhood colouring of P, using five colours so that y..(P; 1) < 5.

Therefore, Xon.(P; 1) = 5.



84 N.N. Swamy, B. Sooryanarayana

Figure 4: An open neighbourhood colouring of P *+.

Case (3) : Suppose n = 5.

In Pyt each of the vertices vq,v3, €1, 2 and e3 have to be given different colours as
there is a path of length two connecting every two of them. Further, the vertex vy
cannot be assigned the colour given to any of the vertices vs, €1, e and e3. Suppose vy
is assigned a new colour, we have Y,n.(Ps *1) > 6. Otherwise, vy is assigned the colour
given to vq, in which case, the vertex vs has to be given a new colour.

Either way, we need a minimum of six colours to have an open neighbourhood
colouring of Py .

To prove the reverse inequality, consider a colouring of Py ™ as in Fig. 4. It is
evident from the figure that the colouring satisfies the conditions of open neighbourhood
colouring.

Therefore, Xon.(Ps 1) = 6.

Case (4) : Suppose n = 6. It can be seen that in any open neighbourhood
colouring of P6_++, none of the vertices vy, v, v3, V4, Vg, €2, €3 and e4 can be given the
same colour as each of them is connected with the others by a path of length two.
Thus, Xone(Ps 1) > 8.

The reverse inequality can be proved by means of an open neighbourhood colouring
c: V(Pg™) — {1,2,---,8} defined by c(v;) = i for i = 1,2,3,4,6 and c(vs) =
2,c(e1) = cleq) = 8,¢(e2) = c(e5) =5, c(e3) =T.

We thus conclude that xen.(Ps 1) = 8.

Case (5) : Suppose n > 7. In the transformation graph P, "% not more than
one vertex of the form v;,1 < ¢ < n, can be in one Ps-independent set as each such
vertex is connected to every vertex in the graph by a path of length two. Further, not
more than one vertex in a set of vertices e;, €;,1, €;12 can be in a Ps-independent set of
P, **. Thus, the minimum number of Ps-independent sets in P, ™+ is given by n + 3,
consisting of n P3-independent sets, one each for the vertices v;, 1 < ¢ < n, and three
Ps-independent sets Sp, S1, 52 given by S, = {e;| j = k(mod 3)},k = 0,1, 2.
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Thus, Xone(P; 7)) > n+ 3.
To prove the reverse inequality, define a colouring ¢ : V(P ") — {1,2,--- ;n+ 3}
as follows;
i, if v = v; for some 1,
n+1, if v=e; with i =0(mod 3),

c(v) =
n+2, if v=e¢; with i = 1(mod 3),

n + 3, otherwise.

Clearly, ¢ is an open neighbourhood colouring of P, ™ using n + 3 colours so that
Xone(Py 7F) < n+3.
Therefore, we conclude that x,n.(P, ") =n + 3. O

Theorem 3.6. For the transformation graph P, ,n > 3,

2, if n =3,

D, if n =4,
Xonc(Pyl_+_) =

8, ifn=2>5,

2n — 1, otherwise.

Proof. We prove the result in various cases as follows.

Case (1) : Suppose n = 3. The transformation graph P; ¥~ is disconnected.
Hence, by Definition 6, Xone(Ps 77) = Xone(Cy) = 2.

Case (2) : Suppose n = 4. The graph P; ¥~ contains P;'~" as its subgraph so
that Xone(Py ™) > Xone(Ps ~ ") = 5 from Theorem 3.3.

The reverse inequality can be proved by observing the colouring of P, ™~ as given
in Fig. 5. From the figure, it follows that the colouring is an open neighbourhood
colouring of P; T~ so that Xone(P; 7~) < 5. To conclude, Xon.(P; 77) = 5.

Figure 6: An open neighbourhood colouring of P; .
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Case (3) : Suppose n = 5. All the vertices in Pt~ except v4 have to be given
different colours as each such vertex is connected to every other vertex by a path of
length two. This implies that Yon(Ps T7) > 8.

The reverse inequality follows from the colouring of P; ™~ shown in Fig. 6.

Therefore Yon(Ps T7) = 8.

Case (4) : Suppose n > 6. In the transformation graph P, "~ every two vertices
are connected by a path of length two so that each vertex has to be given a different
colour in any open neighbourhood colouring of P, .

Hence, Xonc(P, 7)) = |V(P;77)| =2n — 1. O

Theorem 3.7. For the transformation graph P, =", n >3, Xone(P, ") = n.

Proof. We prove the result in various cases as follows.

Case (1) : Suppose n = 3. It is easy to observe that the transformation graph
Pyt = (5. Thus, from Theorem 1.5, Xone(Ps ) = Xone(Cs) = 3.

Case (2) : Suppose n = 4. In the transformation graph P, ~ 7, it can be seen
that each of the vertices vy, vy and e3 has to be given a different colour in any open
neighbourhood colouring of P, ~". Further, out of the remaining four vertices, not
more than one vertex can be assigned a colour given to any of these three vertices.
Thus, we need at least four colours for an open neighbourhood colouring of P, .

To prove the reverse inequality, consider a colouring of P, ~t as in Fig. 7. It
follows from the figure that the colouring satisfies the conditions of open neighbourhood
colouring so that xn.(P; ") < 4.

Therefore, Xone(P; 1) = 4.

+

Figure 8: An open neighbourhood colouring of P~ .

Case (3) : Suppose n = 5. We first prove that in any open neighbourhood
colouring of P;~*, not more than two vertices can receive the same colour. To prove
this, we take various subcases as follows.

Subcase (1): Consider any three vertices of the form v;, v;, vi. Since these are the
vertices in a path Py, we cannot give the same colour to all the three vertices.
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Subcase (2): Consider any three vertices of the form e;, e;, ex. Once again, these
vertices lie in a path P, so that the same colour cannot be given to all three of them.

Subcase (3): Consider any three vertices of the form e;, e;, v;y. Then, either e; and
e; are connected by a path of length two or the three vertices are connected by a path
Py. In either case, the same colour cannot be given to all the three vertices.

Subcase (4): Consider any three vertices of the form v;, v;, e;. Here again, either
v; and v; are connected by a path of length two or the three vertices are connected by
a path P4 so that all the three vertices cannot be given the same colour.

From the above discussion, we conclude that at least five colours are needed for an
open neighbourhood colouring of P; =%,

The colouring of P; =" shown in Fig. 8 can be easily verified to be an open neighbour-
hood colouring so that xon.(P; ~1) < 5.

Therefore, Xon.(Ps ) = 5.

Case (4) : Suppose n = 6. In the graph P; ~" we see that none of the vertices
v1, U9, U3, V4 and vg can be given the same colour in any open neighbourhood colouring
as every two such vertices are connected by a path of length two. Further, we cannot
give the vertex vs any of the colours assigned to the vertices vy, v3, v4 or vg. However, vs
may or may not be assigned the same colour as that of vy. Based on this, we consider
two subcases as follows.

Subcase (1): Suppose v is given the same colour as vy. Then, it is evident from
the figure that a sixth colour has to be assigned to at least one of the vertices ey, e, €3, €4
and e5 to have an open neighbourhood colouring of Py ~+.

Subcase (2): Suppose vs is given a new colour. Then, we need at least six colours
to have an open neighbourhood colouring of P; ~ ™.

In either case, we have Xon.(P; ~ 1) > 6.

To establish the reverse inequality, consider a colouring of Py~ asc: V(P; 1) —
{1,2,--- ,6} as c(e;) =i for each 1 = 1,2,3,4,5 and ¢(v;) =i for each : = 1,2,--- ,6.
Clearly, ¢ is an open neighbourhood colouring of Py " so that xon.(P; ") < 6.

Therefore, Xon.(Py ) = 6.

Case (5) : Suppose n > 7. Each of the vertices vy, v, -+ ,v, in P, =" has to be
assigned a different colour in every open neighbourhood colouring of P, " as every
two of them are connected by a path of length two. Thus, we have X,n.(P; ") > n.

For the reverse inequality, define a colouring ¢ : V(P,; ") — {1,2,--- ,n} as c(v) =
1 where v = v; or ¢; for some 1.

It is easy to verify that the colouring is an open neighbourhood colouring of P, "
using n colours so that xene(P; 1) < n.

Therefore, Xone(P, t)=nifn>7. O

Theorem 3.8. For the transformation graph P, =", n > 3,

2, ifn =3,

4, if n =4,
Xonc(Py 77) = .

7, if n=0>5,

2n — 1, otherwise.
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Proof. We prove the result in various cases as follows.

Case (1) : Suppose n = 3. Since P; ~~ is disconnected, from Definition 6, it
follows that Xonc(Ps ) = Xone(P1) = 2.

Case (2) : Suppose n = 4. It is easy to verify that A(P, ) = 4. Hence, by
Theorem 1.1, it follows that xon.(P; ) > A(P, ) = 4.

To prove the reverse inequality, consider the colouring of P, ™~ as in Fig. 9.

Figure 10: An open neighbourhood colouring of P, ™.

Easily, the above colouring can be verified to be an open neighbourhood colouring of
P77 so that xone(P; ~7) < 4.

Therefore, xone(Py ) = 4.

Case (3) : Suppose n = 5. In the transformation graph P; ~~, each of the
seven vertices eq, eq, €3, 01, V9, v3 and v5 has to be given a different colour in any open
neighbourhood colouring P, as every two of these vertices are connected by a path
of length two so that yon(Ps ) > 7.

The reverse inequality can be easily established by observing that the colouring in
Fig. 10 is an open neighbourhood colouring of P; ™.

Therefore, xone(Ps ~ ) =T.

Case (4) : Suppose n > 6. Since every two vertices of P, ~~ are connected by a
path of length two, each vertex has to be given a different colour in any open neighbour-
hood colouring of P, ~~. Hence, we conclude that x,u.(P, ") =|V(P, ") =2n—1
if n > 6. ]
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