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Abstract. By definition, in chiral model the field takes values in some homogeneous
space G/H. For example, in the Skyrme model (SM) the field is given by the unitary
matrix U € SU(2), and in the Faddeev model (FM) — by the unit 3-vector n €
S2. Physically interesting configurations in chiral models are endowed with nontrivial
topological invariants (charges) @) taking integer values and serving as generators of
corresponding homotopic groups. For SM Q = deg(S® — S?) and is interpreted as the
baryon charge B. For FM it coincides with the Hopf invariant Qg of the map S® — S?
and is interpreted as the lepton charge. The energy E in SM and FM is estimated from
below by some powers of charges: Eg > const|Q|, Er > const|Qp[*/*.

We consider static axially-symmetric topological configurations in these models
realizing the minimal values of energy in some homotopic classes. As is well-known,
for () = 1 in SM the absolute minimum of energy is attained by the so-called hedgehog
ansatz (Skyrmion): U = exp[tO(r) o], o = (or)/r, r = |r|, where o stands for Pauli
matrices. We prove via the variational method the existence of axially-symmetric
configurations (torons) in SM with |@| > 1 and in FM with |Qy| > 1, the corresponding
minimizing sequences being constructed, with the property of * weak convergence in

wLi.

1 Introduction. G-invariant functionals and principle of sym-
metric criticality

In various physical problems arising in nuclear physics, nonlinear optics, condensed
matter physics etc. there appears a necessity of searching for localized structures
(solitons) realizing minimums of some G-invariant functionals (Hamiltonians H). Let
us consider the field p(z) : R® — M taking values in some compact manifold M, e.
g. sphere, group or homogeneous space, with the natural boundary condition at space
infinity:

lim ¢(z) = Yoo (1.1)

T—00

motivated by boundedness of H[p]. As is well-known [4], due to (1.1) the fields ¢(x)
can be classified according to homotopy group m3(M), i.e. ¢(x) is endowed with the



topological charge () serving as the generator of m3(M). If the energy F of the field is
bounded from below by some monotonically increasing function of the charge Q:

E > f(Q0), (1.2)

then one can search for p(z) as the minimum of the Hamiltonian

Hp] = Elg] — f(lQ), (1.3)

with @ being fixed. Thus, in some homotopic class the configuration ¢(z) should be
realized as the minimum critical point of the Hamiltonian H|y].

Let us consider the class of G-invariant functionals H[p], which are invariant under
the action of some group G, that is H|p,] = H]y|, with ¢, denoting the field ¢(z)
transformed by some element g € G. Let us now introduce the notion of the equivariant
field ¢ = poq defined by the condition

po(x) = Typolg '), (1.4)

where T;, stands for the representation operator.

In physics the so-called reduction problem is very popular, when the G-invariant
functional H{[g] is restricted to the equivariant class ®o = {po(x)}, i.e. Hlp] =
HJpo]. Then the question arises, whether the critical points of H|[p] and H [pg] coincide
(the principle of symmetric criticality). The answer was given by R. Palais [6], who
found a sufficient condition for such a coincidence. To sketch his idea, let us denote by
X the Frechet derivative of H]p] at the point pg:

X = (6H/bp)[0] (1.5)

and write down the extremum condition for H[p| in the set ®:
(X,dp0) =0 Vg € Do, (1.6)

signifying that X € @3, where ®F is the annulator of ®,. On the other hand, the
G-invariance of H|[yp] yields

OH = (X, 0p) = (Xy, 0p,) = (X, 0¢y), (1.7)

the property ¢y = o, being taken into account. Due to arbitrariness of dp, one
concludes from (1.7) that
X, =X. (1.8)

Let us denote by @, the class of equivariant Frechet fields (1.8): X € ®,. Then the
Palais condition )
Dy N Dy =0, (1.9)

in view of (1.6) and (1.8), amounts to X = 0. Condition (1.9) is known as a sufficient
condition for the validity of the principle of symmetric criticality. Let us apply this
principle to the Skyrme and Faddeev chiral models, for which condition (1.9) is satisfied
due to the compactness of the invariance group G [6].



2 Topological solitons in the Skyrme model

In the Skyrme model the energy E reads

E = /d:c (—itr(&f — %tr[&-,ﬁk]Q), (2.1)

where ¢; = UT9;U, U € SU(2), the integration is performed over R® and the Einstein
summation rule is used (i,k = 1,2,3). The topological charge @ in SM reads:

Q = _24171'2 Eijk/dl' tr(&ﬁj&c) (22)

Using the inequality
o 2 o
2 — (M, 4])" 2 266, 6],

one easily finds the estimate

E > 61%v2|Q|
that allows to introduce the Hamiltonian
H=E —61*V2|qQ), (2.3)
which is invariant under the group
G=50(3)s®S0(3); (2.4)

including coordinate space rotations SO(3)g and isotopic rotations SO(3); realized as
transformations U — VUV~ V € SU(2).

As can be easily verified, G-equivariant fields are trivial, and therefore we consider
the two evident subgroups:

Gy = diag[SO(3)s ® SO(3)(], 2.5)
Gy = diag [SO(2)s ® SO(2),], (2.6)

which include combined rotations in coordinate and isotopic spaces. As for G-
equivariance, condition (1.4) reads

1
—i[ry|U + 5[0, Ul=0 (2.7)
and leads to the well-known hedgehog configuration
U=cosO(r) +1sinO(r)(on), n=r/r (2.8)

first proposed by Skyrme [9]. Gi-equivariant hedgehog configurations are known as
spherically-symmetric ones, for which the chiral angle ©(r) is given by the monotoni-
cally decreasing function satisfying the following boundary conditions:

O(0) = Nm, ©O(c0)=0, NeZ. (2.9)



Using (2.2) and (2.9), one can easily find that @ = N. The existence of such structures
can be proved by the variational method [3, 8], N = l-configuration realizing the
absolute minimum of the Hamiltonian (2.3). The latter property can be seen as follows.

First of all, for unitary matrix we use the representation U = exp[:(on)©] and also
polar coordinates 3, v for the unit vector n. Then we introduce the three vector fields:

X=v0, Y=sinOvypf, Z=snOsinfyy (2.10)

and represent Hamiltonian (2.3) in the form:
H= /da: { <X/\/§+ [YZ]>2 + (Y/\/§+ [ZX]>2 + (Z/\/§ + [XY])Q}. (2.11)

As follows from (2.11), the minimum of H corresponds to the anticollinearity of the
correspondent pairs of vectors: X, [YZ], etc. that results in the orthogonality of
vectors (2.10) and the dependence of H only on modules |X|, |Y], |Z|. This fact
together with the spherical rearrangement procedure [7] yields the spherical symmetry
of |X|, [Y| and |Z| and finally one gets the hedgehog ansatz:

0=0(r), /=1, ~v=aq, (2.12)

where the spherical coordinates r, 9, « are used.

3 Axially-symmetric configurations in the Skyrme model

Let us now consider Ga-equivariant configurations in SM with |Q| > 2. As the group
(G5 includes the combined rotations around the third axes in coordinate and isotopic
spaces, condition (1.4) reads

—10,U + g[ag, Ul=0, keZ, (3.1)
with the solution
0 =0(1), B=p(r17), v=ka+uv(r). (3.2)

As follows from (2.11), the absolute minimum of H in this class coresponds to the
conditions

(XZ) = (YZ) =0,

which are fulfilled if v = 0 in (3.2). For this choice we can exclude the a-coordinate
and perform the minimization of the two-dimensional functional (2.11):

1 o ™ 1 1
1[0, 8] = §/dr rz/dﬁ sim?bZQ +3V2ZJ 4+ J? + <§ + 22) (X*+ Yz)}, (3.3)
0 0

where the following denotations for the components of two-dimensional vectors X =
{X1, X5}, Y = {Y1,Y5} are used:

1 1
X1=0,0; Xp=-090; V1=0:5; Y2=_0of;

7 —

——sinOsing; J = XY, — XY,
rsin



Let us now obtain some apriori estimates taking into account the Legendre—
Hadamard necessary condition for the minimum of functional (3.3) with respect to
variations 0X = x, 0Y =y:

AR +y%) + Blxyls + (XY] + [Xy])* > 0, (3.4)

where A = 72 +1/2, B = J +37/\/2. As follows from (3.4), one gets |B| < A4, i.e.
the boundedness of | 7 ©| and | 57 8| in the domain 2 € R3:

Q={|sin®] >4, rsind >0, |[sinf|>d, r <R} (3.5)

for some constants 6 > 0, 4; > 0, 09 > 0, R < oo. Therefore, after restricting the
functional I to the domain : I N\, I, one can construct the minimizing sequence
{0,,8,} € WL(Q) with * weak convergence. Moreover, one finds that sequences
{sin ©,,, sin 3, } strongly converge in C(2) and sequences {X,,, Y, } * weakly converge
in Loo(2), with {Y,} being weakly converging in Ly(€2).

Now one can use Mazur’s lemma [1], which states that due to the convexity of I,
with respect to Y one can construct a minimizing convex combination of sequences:

N N
conY, = Z MYy, Z A =1,
k=n k=n

strongly converging in Ls(€2). As a result one gets the product {J,,} = {[X,conY,]s3}
of two sequences. The first one {X,,} * weakly converges in L. (£2) and the second one
{conY,} strongly converges in Ly(Q2). Therefore, the product {J,} weakly converges
in Ly(92).

Functional (3.3) having the structure of the squared norm in Lo(£2), one concludes
that I is weakly semicontinuous from below and inf I, is attainable.

4 Topological solitons in the Faddeev model
In FM the field is given by the unit 3-vector:
n“(z) :R* = S? a=1,2,3, |n|=1, (4.1)

with the boundary condition
n?(o0o) = 45. (4.2)

In view of (4.2) there are no spherically-symmetric configurations in FM, and we con-
sider only axially-symmetric ones. To describe the topological properties of Faddeev
solitons, we introduce the auxilliary 3-vector a;, 1 = 1,2, 3, defined as follows:

Osar — Opt; = 2€4p.0in*On’nC. (4.3)

The topological invariant classifying configurations (4.1), (4.2) and serving as the gener-
ator of 3(5?) is the so-called Hopf invariant (Hopf index) Qg defined by the Whitehead
integral

Qu = —(87r)_2/dx (ab), b =rota, (4.4)



which represents the degree of knottedness of tangled b-lines [5] having the analogy
with the hydrodynamics. In FM the energy reads

1
E = /dl’ |:§b2 + (8,%“)2 (45)
and can be estimated from below through the Hopf index [10]:
E > (4m)V2351Qu [t = ulQul/t (4.6)
Therefore, in view of (4.6), the Hamiltonian H in FM can be defined as follows:
Hn] = E — plQul*. (47)

However, for the G5-equivariant or axially-symmetric configurations we find struc-
ture (3.2), i.e. for the polar angles /3, 7 of n one has

B=7p(pz2), v=ka+uv(pz), ké€ELZ, (4.8)

with p, «, z being cylindrical coordinates. In this case [8] the Hopf invariant can be
transformed into:

k o oo
Qu = yy /dp / dz sin 3 (0,50,v — 0.60,v) , (4.9)
0 —00

that allows to improve estimate (4.6). As can be shown [8], Qg # 0 if and only if the
function v has the step structure, with the jump [v] = 2n7, n € Z, on some line in
p, z-plane. In this case Qg = kn. Since b = 2sin 5[/ v 7], the surface § = const
is homeomorphic to torus 72, with b-line being tangent to it and making & windings
along T? and n transverse windings. This fact allows one to improve estimate (4.6), if
we consider the energy functional in the form F = 4wv/2I, I = Iy + I;, where

Wi = [ oo [ aeiomr+ S 1+ o0)],

1 (e.0) oo '
Lol = [ pdp [ dzsin 5[0 + (95 v o]
0 —o0
Using simple inequalities:

2

2
(V) [1+ %sinz 8] +sin? 5(v70)* > 2sin Bl[v6 7 oI 1 + %sinZ g

;2 k
= +[vB v > okl
p p

one immediately gets that

IZAvailR

> 2|k||/dp /dz sin? B[ 8 7 v]| = 27|fen|. (4.10)
0

—00



Now we intend to prove the existence of such configurations via the variational
method in plain analogy with SM. Denoting X = 73, Y = sin v/ v, we rewrite H for
k > 0 in the form:

[ i 2 K 2 L AUPCE L
H= [ pdp | dz|X [1—1——2 sin B} + Y +[ XY +— sin” f——sin B[XY]3|. (4.11)
p p p
0 —00

Then the necessary condition of minimum for (4.11) implies the inequality
2 K 2 2 Ak
X [1 + e sin B] +y° + (Xy] + [xY])* + 2[XY] - [xy] — " sin A[xy]3 > 0,

where x = 0x, y = Y, or equivalently

2

1+ %sinQ B> (% sin 3 — [XY]3>2. (4.12)

Condition (4.12) is equivalent to the boundedness of derivatives 75 and syv in the
domain €2, where sin8 > § > 0, p > 0; > 0. Restricting the functional H to €2, one
finds the similarity of the functionals I in SM and Hg. Therefore, one can construct
the minimizing sequence 3,, v, € WL (Q) with the * weak convergence and prove the
weak semicontinuity of Hqg from below.

The final step in studying axially-symmetric configurations in SM and FM includes
the extension of the domain = R3. To this end it should be remarked that in
the complementary domain €' = R3\§2 the corresponding Lagrange equations become
linear and can be solved through separating variables. In view of regular behavior
of these solutions in €2’ one can prove the continuous dependence of Ho and I on
the domain €2, the latter fact implying the attainability of infH and inf/ for axially-
symmetric topological configurations in SM and FM.

5 Conclusion

Using the variational method and lower estimates of the energy functionals in axially-
symmetric case through the topological charges in SM and FM, one can prove the
existence of localized topological configurations in these models. Corresponding mini-
mizing sequences have the property of * weak convergence in W1 | that is in the topology
o(WL, Wl). The similarity of the Skyrme and Faddeev models based on the inverse
Hopf mapping S* — S? was often used in physics for estimating masses of topological
solitons |[2].



Axially-symmetric topological configurations in the Skyrme and Faddeev chiral models 89

References

[1] I. Ekland, R. Temam, Convex analysis and variational problems, North-Holland Publishing Com-
pany, Amsterdam, 1976.

[2] K. Fujii, S. Otsuki, F. Toyoda, A soliton solution with baryon number B = 0 and Skyrmion,
Progr. Theor. Phys. 73 (1985), no. 2, 524-527.

[3] V.G. Makhankov, Yu.P. Rybakov, V.I. Sanyuk, The Skyrme model. Fundamentals, methods,
applications, Springer-Verlag, Berlin, 1993.

[4] J.W. Milnor, J. D. Stasheff, Characteristic classes, Princeton University Press, Princeton, New
Jersey, 1974.

[5] H. K. Moffatt, The degree of knotteddness of tangled vortex lines, J. Fluid Mech. 35 (1969), Part
I, 117-129.

[6] R. Palais, The principle of symmetric criticality, Comm. Math. Phys., 69 (1979), no. 1, 19-30.

[7] G. Pdlya, G. Szegd, Isoperimetric inequalities in mathematical physics, Princeton University
Press, Princeton, New Jersey, 1951.

[8] Yu.P. Rybakov, Stability of many-dimensional solitons in chiral models and gravity, in “Itogi
Nauki i Tekhniki. Series “Classical field theory and gravitational theory”. Vol. 2, Gravity and
cosmology” , VINITI, Moscow (1991), 56-111 (in Russian).

[9] T.H.R. Skyrme, A unified field theory of mesons and baryons, Nucl. Phys. 31 (1962), no. 4,
556-569.

[10] A.F. Vakulenko, L. V. Kapitansky, Stability of solitons in S* nonlinear sigma-model , Doklady
of Ac. Sci. USSR 146 (1979), no. 4, 840-842 (in Russian).

Yuri Petrovich Rybakov

Department of Theoretical Physics and Mechanics
Peoples’ Friendship University of Russia

117198 Moscow, 6, Miklukho-Maklay st., Russia
E-mail: soliton4d@mail.ru

Received: 12.12.2014



