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Abstract. We investigate an inverse extremal problem for the variational functionals:
to describe, under certain conditions, all types of variational functionals having a local
extremum (in case of the space C'[a;b]) or a compact extremum (in case of the Sobolev
space W12[a;b] = H'[a;b]) at a given point of the corresponding function space. The
non-locality conditions for a compact extrema of variational functionals are described
as well.

1 Introduction. Preliminaries

The classical scheme of proving the existence of a local extremum for the one-
dimensional Euler-Lagrange variational functional

B(y) = / f(@y )z — extr (y € CYa;b])

at an extremal point y assumes [5], [4] checking the strengthened Legendre condition
fyy(z,y,y") # 0 and the Jacobi condition U(z) #0 (a <z <b) for the Hamilton-
Jacobi equation:

d

_@ [fy/yf(x,y,y’)U’] + {_%(fyy’(xa%y/)) + fy2($,y,y/) U=0

(U(a) =0, U'(a) =1).

The second step is the most laborious, it requires to solve a rather complicated
equation in order to get, in fact, a very small information about the behaviour of the
solution U.

Moreover, the initial conditions U(a) = 0, U'(a) = 1, have as a consequence auto-
matical fulfilment of the Jacobi condition near a. The only question is — how long is
the appropriate interval?
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In the recent author’s paper [8], it was shown that the interval satisfying the Ja-
cobi condition can be chosen depending only on the form of the integrand f and not
depending on a concrete extremal. More precisely, the main result distinguishes two
cases depending on the range of the coefficients in the Hamilton-Jacobi equation. In
the first case, an extremum is guaranteed without any restriction on the length of [a; b],
in the second one, such a restriction is present. This result remains valid also for the
case of a compact extremum in the Sobolev space H'[a;b].

Let us formulate these results considering first the classical C''—case.

Theorem 1. Let the variational functional

b
D(y) = /f(x,y,y’)dl“ (y € C'asb), y(a) = y(b) =0, f€C? f.eC")  (L1)

satisfy at a point yo(-) € C*[a;b] the Euler-Lagrange equation

o0 ) — 10, )] = 0. (1.2

Denote
p = min f2(z,y(2), yo(v));

a<lzx<

Dy ole), 9 (2)))

g := min fﬁ(%%(@u%@)) T dr
Then, under the boundary conditions y(a) = yo(a), y(b) = yo(b),

a<z<b

1) for p>0, ¢ >0, ®(y) attains a strong local minimum at yo(-) (without any re-
striction on the length of [a;b]);

2) for p >0, q <0, and under the restriction

T [D
b—a<Z |2 1.3
i\l (1.3)

on the length of [a;b], ®(y) attains a strong local minimum at yo(-) as well.

An analogous result holds for a compact extrema of a variational functional in the
Sobolev H'-case.

Theorem 2. Let the variational functional

B(y) = / fyy)de (e Habl ya) =y() =0, f € Wi(z))  (L4)

satisfy at a W>2-smooth point yo(-) the Euler-Lagrange equation. Then, under the
conditions and notation of Theorem 1,
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1) forp >0, q >0, ®(y) attains a strong K-minimum at yo(-) (without any restric-
tion on the length of [a;b]);

2) for p>0, ¢ <0, and under the restriction

T [p
b—a<—, /=
“= 7%

|4l
on the a length of [a;b], ®(y) attains a strong K-minimum at yo(-) as well.

(The Weierstrass class W2(z) will be defined below).

These results simplify essentially finding of both a local extremum in the C'-case
and a K-extremum in the H'-case for the variational functionals of type (1.1), (1.4).
Thisallows setting the inverse problem: to describe a general form of a wvariational
functional having extremum at a given point (under the Euler-Lagrange and Legendre
conditions).

The paper is devoted to solution of this problem. The first item contains a solution
of the inverse problem in C*[a;b] (Theorems 3, 4 below). The second item contains a
solution of the inverse problem in H'[a;b] (Theorems 7 — 9 below).

The third item is auxiliary for the further investigation of K-extrema. It contains a
description of integrands in the Weierstrass class W2Ky(z), which provides the appro-
priate analytical properties of variational functionals in H' (Theorem 10). The fourth
item contains the so-called “stationary form of the Legendre-Jacobi conditions” (SLG)
guaranteeing the existence of a K-extremum under a weaker restriction on the length
of [a;b]. On the basis of that results, the fifth item contains a solution of the inverse
problem in H'[a;b] under the (SLJ)-condition and the exponential (SLJ)-condition.

Next, the sixth item of the work consider the main properties of the mappings from
the Weierstrass class W2(z) that allow to construct easily the extensive classes of the
integrands from the Weierstrass class W2K,(z). The final, seventh item of the work
contains a description of an extensive enough class of the variational functionals having
non-local compact extrema in H'[a, b].

2 Inverse extremal problem for variational functionals in C{a; b]

Let us set up the following problem: to find a general form of the variational func-
tional (1.1) possessing local minimum at zero under the strengthened Legendre condi-
tion.

1) We shall write integrands f of functional (1.1) the form

f(l’,y,Z) = P(ZE,y) + Q(l‘,y) "zt %R(I,y, Z) ’ Z2 : (21)
Then

P(z,y) = f(z,9,0), Q(z,y) = f:(2,9,0), R(z,y,0) = f.2(x,y,0).

Under this notation, the Euler-Lagrange equation at the zero extremal takes the form

(Qz — P))(x,0) =0 (a <z <b); (2.2)



98 I.V. Orlov

and the strengthened Legendre condition at the zero extremal takes the form
R(z,0,0) =:p(z) >0 (a<az<b). (2.3)

2) Choose an arbitrary function P € C?. Then a general form of @ follows by (2.2):

(Qx(xao) = Py(x,0)> = (Q(a:,O) = C+]Py(t,0)dt) =

T

= (Q(w,y) = C—l—/Py(t,O)dt—l—@(x,y), where Q(z,0) = O> =

a

- (Q<x,y> =+ [P0+ ooy - q(x,on). (2.4)

a

Here C' € R and ¢ € C? can be chosen arbitrarily.
3) A general form of R easily follows by condition (2.3):

(#0.0.0) = p() > 0) = Rz ) = o) + Il o) = pl0,0]). (25

where p(z) > 0, p € C?; p € C? can be chosen arbitrarily.
4) A general form of the integrand f follows now from (2.1), (2.4) and (2.5):

F(,y.2) = Pla.y) + (0 = [P0+ late) - ot 0>]) o

a

4 (p<:c> oy, 2) — pla, 0, o>]) 2 (26)

where C € R; ¢, p € C? (p > 0) can be chosen arbitrarily. So, the following statement
in proved.

Theorem 3. Let, under the conditions of Theorem 1, functional (1.1) attain a local
minimum at zero under the strengthened Legendre condition. Then the integrand f
takes the form (2.6).

Remark 1. As it follows from Theorem 3, a general form of the variational func-

tional (1.1) taking a local minimum at zero under the strengthened Legendre condition
18

O(y) = /b(P(x,y) + {C + ij(t,O)dt +q(x,y) — q(x,O)} Y+

a a

+% [p(x) +p(2,y,9) — p(=,0, 0)} : y/2> dz, (2.7)
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where C € R, P, q, p > 0, p are the arbitrary functions in C?.

Thus, under the strengthened Legendre condition, the inverse extremal variational
problem at zero is solved: all the functionals of type (1.1) taking a local minimum at
zero are described.

Now, let us pass to the general case of an arbitrary C*-smooth extremal in C*[a; b].

Let us fix an arbitrary C?-smooth function yo(x), a < x < b, satisfying the boundary
conditions y(a) = yo(a), y(b) = yo(b).

In order to reduce the problem to the case of the zero extremal considered above,
it suffices to introduce the auxiliary variational functional:

b b

B(y) = Dy + y0) = / F @y + wola). o' + v())dz = / Fay,y)de

a a

(y(a) =y(b) = 0).
The condition yo(-) € C? guarantees fulfilment of the condition in (1.1) for the auxiliary
integrand ]7
Application of Theorem 3 to the auxiliary integrand f leads to a solution of the
inverse extremal problem for ® at an arbitrary point yo(+) € C?[a;b].

Theorem 4. Let, under the conditions of Theorem 1, the variational functional (1.1)
attain a local minimum at a point yo(-) € C?[a; b] satisfying the boundary conditions
y(a) = yo(a), y(b) = yo(b) and the strengthened Legendre condition. Then the integrand
f has form

f(LC,y,Z) = P(SL’,y - yO(x))+

+ (C + /Py(t, —yo(t))dt + [q(x,y — yo(x)) — q(z, —yo(fﬂ))]) (2 = o))+

1

+3 (p(x) + [p(z,y — yo(x), 2 — yo()) — p(z, —yo(2), —yé(w))]> (2 —yox)?, (2.8)

where C € R; P, q, p >0, p € C? can be chosen arbitrarily.

This implies the following formula for the general form of functional (1.1) attaining
a local minimum in C'[a; b] at a point yo(-) € C?[a; b] under the strengthened Legendre
condition:

T

a(y) = / (o=l + |0+ [ Pt =s)dt+ato.y-m(a)) - oo, (o)

a

= 9h(a) + 5 [pe) + ol (o), = )~

Er— —y3<x>>} (- ya<x>>2)d:c, (2.9)
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where C' € R; P, ¢, p > 0, p € C? can be chosen arbitrarily, arises.

Thus, under the strengthened Legendre condition, the inverse extremal variational
problem at an arbitrary point yo(-) € C? is solved: all functionals of type (1.1), attain-
ing a local minimum at a point yo(+), are described.

3 Compact extrema of variational functionals in Sobolev space
Hl[a;b]

To consider the inverse extremal problem in H'[a;b], let us first introduce the concept
of a compact extremum and bring a necessary information on compact extrema of
variational functionals in H'[a; b].

In the Hilbert-Sobolev space W12[a;b] = H'[a;b] equipped with the norm

b
ol = [+ 9o (3.1)

a

as is well known, by virtue of I.V. Skrypnik’s theorem ( [14], Ch.11) variational func-
tionals have practically no non-absolute local extrema. In the our works [11], [9], [10], [6]
and in the works by E.V. Bozhonok [1], |2], [3] the general concept of a compact ex-
tremum (or K -extremum) of a functional was studied (see, also, [12]). It has been shown
there that the classical, both necessary and sufficient conditions of a local extremum
of a variational functional in C'[a;b] can be extended to the case of a K-extremum
in H'[a;b]. In this case, the K-extrema inherit the important properties of the local
extrema and can be considered as an analogue of the ones in the case of variational
functionals in H'[a; b].

Definition 5. Let a real functional ® : H — R be defined in a Hilbert space H. Say that
® has a compact minimum (or K-minimum) at a point yo € H if, for each absolutely
convez (a.c.) compact set C' C H, the restriction of f to the subspace (yo + span C)
has a local minimum at yo with respect to the Banach norm || - ||¢ in span C' generated
by C. In other words, for each a.c. compactum C C H there exists such e = (C) >0

that o(y) > @(yo) for all y satisfying y —yo € € - C.
Next assume for simplicity [a; b] = [0; 7.

Definition 6. We say that a mapping ¢ : [0;T] x R x R — R™ belongs to the Weier-
strass class Wi (2), if ¢ is uniformly continuous and bounded locally in x and y, and
globally in z. We say that ¢ belongs to the Weierstrass class Wi (z) if ¢ € Wg(2)
and gradient V.o € Wi (z). We say that ¢ belongs to the Weierstrass class Wi (z) if
o € Wk(z), the gradient V.o € Wk (z) and the Hessian H,,o € Wg(z).

Next, we say that a function f:[0;T] x R x R — R belongs to the class W Ky(z) if
a representation pseudoquadratic in z

f(z,y,2) = A(z,y, 2) + Blx,y,2) - 2+ C(z,y, 2) - 22, (3.2)
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can be chosen in such a way that the coefficients A, B, C belong to the class Wi(z).
We say that f belongs to the Weierstrass class W Ky(2) if the coefficients A, B, C
belong to the class Wi-(z). Finally, we say that f belongs to the Weierstrass class
W?2Ky(2) if the coefficients A, B, C belong to the class Wi(z).

Note that the classes Wx(z), Wi (z), WZ(z) can be considered as the appropriate
space with dominating mized smoothness (see [13], [15]).

In [7] the following sufficient condition of the twice K-differentiability of a varia-
tional functional in Sobolev space H'[0;T] was obtained.

Theorem 5. If f € W2K,(2) then the Euler-Lagrange functional

T
®) = [ fle.py)de, ()€ HOT (33
0
is twice K—differentiable everywhere on H'[0;T]. Moreover,

T
32 82 62

5 (y)(h k) = /[a—yjsh -k + 8y8fz<h/ k4 h- k) + _fh' K |de. (3.4)

0

022

The following generalized Euler—Lagrange equation [1| serves for finding a K-
extremum of functional (3.3) in the space H'[0;7T] as an analogue of the classical
necessary condition of a local extremum for a variational functional in C*[0; 7).

Theorem 6. Let, in addition to the hypotheses of Theorem 5, the following conditions
hold:

(i) functional (3.3) possesses a K -extremum at a point y(-) € H'[0;T);
(ii) the function %(z, y,y') is absolutely continuous on [0;T].
Then the generalized Fuler-Lagrange equation:

LN = grw) - g (GHe)) =0 ae o0 5T 35

holds. In particular, the condition (ii) is fulfilled in the case
(0f/0z) € CH([0; T x R?), y() € W*2[0; T].

The solutions of equation (3.5), satisfying condition (ii) of Theorem 6, are called
the K — extremals of functional (3.3) in the space H'[0;T].

Let us also formulate the generalized sufficient Legendre-Jacobi condition [3]| of a
strong K-extremum in the case of Sobolev space H'[0;T].
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Theorem 7. Let f:[0;T] x R* = R, f € W?Ky(z), y(-) be a K-extremal of func-
tional (3.3) in H[0;T] and the functions %(w,y(z),y’(:v)) and ;;gz(x,y(x),y’(x)) be
absolutely continuous on K-extremal y(-). Suppose that:

1) the stregthened Legendre condition, i.e.

0% f
752 (@ y(2), ¥ (2)) > 0
is fulfilled everywhere on [0;T];
2) the generalized Jacobi condition is fulfilled, i.e. every solution of the Jacobi
equation

_% <%(m,y(x),y’($))u’> + {—% (aa;gz (rc,y(a:),y’(x))) +
+ 5 (o) o) | (36)

in the class H'(0;T], satisfying the initial conditions u(0) =0, «/(0) =1, does not
vanishes for 0 < x <T.
Then FEuler-Lagrange functional (3.3) possesses a strong K-minimum at the point

y(-)-

This theorem allows to extend the results of Section 1 to the case of a K-minimum
in H'[a;].

Theorem 8. Let variational functional (1.1) at a W*?-smooth point yo(-) € H'[a; b]
satisfy the Euler-Lagrange equation, and, in addition, R(x,y,2) € Wi(z).
Then, under the conditions and notation of Theorem 1,

1) forp>0,q >0, ®(y) attains a strong K-minimum at yo(-) (without any restric-
tion on the length of [a;b]);

2) forp >0, ¢ <0, and under restriction (1.3) on the length of [a;b], ®(y) attains
a strong K-minimum at yo(-) as well.

Theorem 9. Let, under the conditions and notation of Theorem 8, variational func-
tional (1.1) attain a K-minimum at a W*2—smooth point yo(-) from H'[a;b] satisfying
the boundary conditions y(a) = yo(a), y(b) = yo(b) and the strengthened Legendre con-
dition.

Then the integrand f takes form (2.8), where C € R; P, q, p >0, in C? and p
inW2(z) can be chosen arbitrarily.

This results implies formula (2.9) giving the general form of functional (1.1) having
a K-minimum at a W??smooth point yo(-) in H'[a;b] satisfying the strengthened
Legendre condition.



Inverse extremal problem for variational functionals 103

4 Minimal pseudoquadratic representation for integrands of
variarional functionals from the class W?2Ky(z)

This Section is devoted to description of a suitable class of integrands for which the cor-
responding variational functionals in H'[a; b] possess the compact—analytical properties
allowing analytical investigation of a compact extremum.

Let us consider an integrand f € W2Ky(z), i.e.

f($,y,z) = A(‘Iaya Z) —|—B(I,y72) 'Z+C(I,y,Z) 'Zza

where A, B, C' € Wk (%), with analogous representations for the gradient V,, f and the
Hessian H,, f.

Since the function f is twice continuously differentiable on Q@ x R x R in (y, 2),
application of the second order Taylor formula in z at a point (z,y,0) leads to

of 0% f 22
_ 9f Ly 9T = : 41
f(z.y.2) = f(2,9,0) + 57(2,9,0) - 2+ 55(2,9,0) - o + oz, 33 2), (4.1)
where ¢(z,y; 2) = 0(2?) as z — 0 locally uniformly in z, y. Set
>’f T,Y; %
Rey2) = 92w 0)+ A28 o Lo R0 =0

Then R € Wk(z) and, denoting by P(z,y) = f(z,y,0), Q(z,y) = %(z,y,0), we
obtains from (4.1)

22

f(xvyaz) :P<£L',y)+Q(l',y)'Z+R<l’,y,2)'5, (42)
where P, Q € C? R € Wk(z).
Now, using the equalities
af oP 0Q OR 2> Of OR 2*
_:__|__.z_|__._, — . - . —
oy Jdy Oy oy 2 0z
0 f B @ (9R. PR 22 0*f B 0?pP n 0%Q . PR 2

oydz Oy * oy ar dydz 27 Oy Oy | Oy ar oy2 2
o2 f OR R
L 2. -— .= 4.
022 R+ 0z e 022 27 (43)

it follows by the conditions

Vyzf € WKQ(Z), Hyzf S WKQ(Z)
that

VyZR € WK(Z>, HyzR € WK(Z)

Thus, in the representation (4.2), R € W2(z).
Conversely, if representation (4.2) holds with P, Q € C%; R € W2(z), then the
condition f € W2K,(z) holds automatically. Thus, the following theorem is proved.

Theorem 10. The representability of f in form (4.2) with P, Q € C*; R € WZ(z), is
necessary and sufficient for f to be in the class W?Ky(z).
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5 Stationary form of the Legendre-Jacobi conditions

A simple example of the “harmonic oscillator” in which case

d(y) = /(@/2 —y?)dx

shows that restriction (1.3) on the length of [a;b] in Theorem 8(2) can be too strong.
Now we consider some types of integrands for which an essential weakening of the
restriction (3) is possible.

Let us consider the variational functional

T
12

0() = [ (Reps) L+ Qo) o + Pla) ) e, () € B0T] (6.1

where P, Q € C?*; R € WZ(2).
Note that, according to Theorem 10, the integrand

2
f(z,y,2) = R(x,y,2) - % +Q(z,y) -z + P(x,y)
is of the class W2K,(z). Hence, by Theorem 5, this functional is well-posed and twice
K-differentiable in H}[0; T).
Now, consider conditions ensuring existence of a K-extremum at zero for variational
functional (5.1).
1) From equalities (4.3) we obtain

0 oP 0
a—i(m,0,0) = 8—y($,0), a—];(:r,0,0) = Q(z,0). (5.2)

Then, substituting (5.2) in the Euler-Lagrange variational equation along K-extremal
yo(x) =0 (0 <z < T) for functional (5.1) and taking into account, that f € C?, we
obtain
(d/dx)[f(x,0,0)] = (d/dx)[Q(z,0)],
hence op 90
Z(2.0) - =<

2) Next, let us study conditions of fulfilment of the generalized Legendre-Jacobi
sufficient condition for a strong K-extremum of the functional ®(y) in Sobolev space
H; (Theorem 7) along a K-extremal yo(-). Note first that it is necessary to impose the
additional requirement of the absolute continuity along the K—extremal yo(x) =0 of
the functions

S nle) () = Qa0) and (e (). ghfe) = FE(,0)

(x,0) = 0. (5.3)
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i) The stregthened Legendre condition in the case of a K-minimum for func-
tional (5.1) takes the form

9% f

5.2 —=(2,0,0) = R(x,0,0) >0 (5.4)

everywhere along [0; 7.
ii) The Jacobi condition: the generalized Jacobi equation for functional (5.1) along

K-extremal yq(-)

d [6%f d [ 0f 2f a.e.
- {822(:500)} {_%(ayaz@’o’o))JrW(”gOO)} )

in view of equalities (5.1) takes the form

d d (0Q o*P a.e.
- [R(x,0,0)u] + [ o (8 (x,O)) + a—y2(x,0)] u =" 0.
Or, taking into account f € C?, it follows that
o?pP 0?Q a.e.
R 0.0u+ | SR w0 - S o] uo (5.5)

under the initial conditions «(0) = 0, «/(0) = 1.
Now, let us consider sufficient conditions of fulfillment of the Jacobi condition.
Assume that the following additional conditions are satisfied

R(z,0,0) =7 >0, (5.6)
0?’P  9°Q B

Then equation (5.5) takes the form
ru’ —pu=0, u(0)=0, «(0)=1. (5.8)

Consider all the possible cases: p =0, p > 0, p < 0.
a) p=0. Equation (5.8) takes the form: u” =0, whence the solution u(z) = x
satisfies the Jacobi condition:

u(z) #0, 0<ax<T, foral T >0.

b) p > 0. Equation (5.8) takes the form: u” = 2u with £ > 0, whence the solution
u(z) = \/gsh\/g:c satisfies the Jacobi condition:

uw(x) #0, 0<z<T, forall T >0.
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¢) p<0. Equation (5.8) takes the form: u” ‘ ‘u with 2 < 0, whence the

solution u(x =4 / sin @/ :1: satisfies the Jacobi condition:

u(z) #0, 0<ax<T, onlyfor the case

r
ol

We say that conditions (5.3), (5.6), (5.7) (providing fulfilment of the Legendre-
Jacobi sufficient conditions at zero) are the stationary form of the Legendre-Jacobi
conditions at zero, or (SLJ)-conditions.

Now, let consider some generalization of the conditions (SLJ). Namely, replace the
conditions (5.6)—(5.7) by the following ones:

T<m

R(z,0,0) =7-e* (r>0, a €R), (5.9)
0P 0%Q .

Then equation (5.5) takes the form
reu" 4+ (ra) v —p-u=0, w0)=0, u'(0)=1, (5.11)

with the discriminant
D = r(ra® + 4p).

Consider all the possible cases: ra? 4+ 4p = 0, ra?® +4p > 0, ra® + 4p < 0.
a) ra? +4p = 0. The characteristic equation for equation (5.11) takes the form:
A = —a/2, whence the solution u(x) = x - e~**/2 satisfies the Jacobi condition:

u(x) #0, 0<z<T, foral T >0.
b) ra? 4+ 4p > 0. The characteristic equation for equation (5.11) takes the form:
T AN+ (ra)-A—p=0 (D >0),

whence the solution

o, [T 1 [ra®+4p

satisfies the Jacobi condition:
u(z) #0, 0<ax<T, foral T >0.
c) ra® + 4p < 0. The characteristic equation for equation (5.11) takes the form:

T XN+ (ra)-A—p=0 (D <0),
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whence the solution

_ay T (1 [|ra?+4p|
U(JZ‘) =2e 2%. m + S1n (5 fl‘

satisfies the Jacobi condition:

u(z) #0, 0<ax<T, onlyforthe case

-
T <2 _
W\/ |ra? + 4pl

We call conditions (5.9)—(5.10) the exponential (SL.J)-conditions. Of course, the
“usual” (SLJ)-conditions (5.6)—(5.7) are a particular case of conditions (5.9)—(5.10)
corresponding to a = 0.

6 Inverse extremal problem for wvariational functionals in
Hl[a;b] under the (SLJ)—condition

Our aim in this Section is to describe all integrands of the class W?2K,(z) satisfying
conditions (5.3), (5.6), (5.7):

oP oQ PP 9%Q
il = - — = R = 1
ay ($7 O) 833 ($a O) O’ (83/2 amay) (ZL‘, 0) b, (l‘, 07 O) r> 07 (6 )

where P, @), R are coefficients of minimal representation (5.1) of the integrand f;
P, Qe C?* ReWi(z).
1) Choose P(z,y) € C? arbitrarily. Then the first of equations (6.1) leads to:

0Q, 0P [P
(5@,0) _a—y(m)) & Q(x,O)—/a—y(t,O)dt+C1 ,
0

hence it follows
[ opP - ~
Qo) = [ G0+ Qo). where Gla.0) = o (6.2)
0

2) The second of equations (6.1) leads to:

0%Q 0%pP
8x—8y(x’ 0) = 8_3/2(3:’0) —p. (6.3)

Substituting of (6.2) in (6.3) leads to:

0°Q e PP
(833—81/(37,0) = ax—ay(%o) = a—yZ(l’,O) —p> =
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2
:>(8Q /{(‘BP p]dt+Cg ,
dy
0
hence
=

[ p} dt + q(z,y), where ¢(z,0) = Cs.

Now, by integrating in y we obtain:

Q(z,y) /ds/[ }dt#—/qu(x, s)ds + Cp, where q(z,0) = Cs. (6.4)

Next, by substituting (6.4) in (6.2) we obtain:

x Yy xT Y
OP 0’P _
Qz,y) = /a—y(t,O)dt+/ds/ [8_y2<t’ 0) —p} dt—ir/q(x,s)ds—irCl,
0 0 0 0

where ¢(z,0) = Cy. From here, denoting ¢(z,vy) = q(z,y) — q(z,0) + Cy, after not
complicated transformations we obtain:

Q- | w0+ S|

Y

" / la(e, 5) — qla, 0))ds + (Cy + Coy — p-ay), (6.5)

where the function ¢ € C? and the constants C; and C5 can be chosen arbitrarily.
3) By setting
R(x,y,z) =r(z,y,z) —r(x,0,0) + 7, (6.6)
we obtain the last of conditions (6.1): R(z,0,0) =r as well. At last, substituting
of (6.5)—(6.6) in (4.2) leads to the desired result:

2

f(z,y,2) = P(x,y) + {j {%—5(1&,0) +y- %(t,O)} dt + /y[q(a:, s) — q(x,0)]ds+

22

+(Ol + ng U Iy)} "2+ [T(x7yu Z) - T(‘r7070> + T] : 37 (67)

where the functions P(z,y) € C?, q(z,y) € C?, r(z,y,z) € W2(z) and the constants
C; and (5 can be chosen arbitrarily.

Let us pass now to the case of an arbitrary K-extremal yo(x) of the class W??[a; b].
In this case we, use the auxiliary variational functional (see Introduction):

b b

B(y) = Dy + o) = / F(@y + yo(@), ¢’ + () dz = / Fley,y) de.

a a
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Applying to frepresentation (6.7) together with the consequent shifts y + yo — y
and z + y,(z) — =z leads to the general form of the integrand for the case under
consideration:

0,3.2) = Play = () +{ [ [%—j(uo>+<y—yo<x>>%7f<t,o> i+

y—yo(x)

+ / [q(x,5) —q(2,0)]ds+(C1 + Ca - (y —yo(x)) —p-2- (y — yo(2))) }- (2 —yo(x))+

o

+[r(x,y — yo(2), 2 — yy(x)) — r(x,0,0) + 7] - &

where the functions
P(z,y) € C*, q(z,y) € C?, r(x,y,2) € Wi(z)

and the constants C and C5 can be chosen arbitrarily.
Finally, let us obtain an analogue of representation (6.7) for the case of exponential
(SLJ)-conditions:

6P aQ _n. aQP aQQ _ ax, — oz
(a_y‘a—x)”’m:“’ (8_?;2_8:6—8?;)(%0)—1)-67 R(z,0,0) = 1™ (r > 0).

Choosing P(z,y) € C? arbitrarily and acting analogously with 1)-2) above, we can

obtain
X

Q(%y)Z/{aa—];(t,O)nLy-a;T];(t,O)] dt+

)

+ [Taw.5) — gl 0)]ds + (€1 + Coy —p- Ly,
/ ( )

where the functions P(x,y) € C?, ¢ € C? and the constants C; and Cy can be chosen
arbitrarily.
Next, by setting

R<x’ y’ Z) = r(xﬂ y? Z) - ’I"(q;, 07 0) + r- eax

and acting analogously to 3) above, we can obtain the desired result:

f(z,y,2) = P(z,y) +{/ {88—];(75,0) +y-%7];(t,0)} di+

)

+/[q(x,s) — g(x,0)] ds + (cl FCyy—p- S

ar _ ]

-y)}-2+
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22

+ [r(z,y,2) —r(x,0,0) + r - e*] - 5

where the functions
P(z,y) € C*, q(z,y) € C*, r(z,y,2) € Wi(2)

and the constants C; and C5 can be chosen arbitrarily.

7 Properties of mappings of class W2 (z)

Aiming at applying formulas (6.7) where the mappings R(z, vy, z) € W2(z), we consider
some properties of the such mappings.

First, denote by W?(z) the class of the mappings (z) having ¢(2), ¢'(z) and ¢”(2)
possessing uniform continuity and boundedness for —oo < z < 0o. Then the following
statements are valid.

Proposition 3. If

n

R(Q},y,Z) = Z&k(x7y> ’ 516(2)7 where o € 027 ﬁk S WQ(’Z)a
k=1

then R € W2(z).

Proof. Let us fix £ = 1,n. As ag(z,y) is uniformly continuous and bounded in =,
y by the Weierstrass theorem, and (j(z) is uniformly continuous globally in z by the
assumption, then obviously ay(z,y) - Bk(2) € Wi (2).

Next, the gradient

00%

Vo lane,y) - Bu(z)] = (a—y«n,y) Bul2), () -ﬁ,;<z>)

has the coefficients from W (z) and therefore is in that class. Finally, the Hessian

T (2,y) Bulz), %ok BL(2)
Hy[on(z,y) - Br(2)] =
Gu(z,y) - Bi(2), awlz,y) - Bl(2)

has the coefficients in Wk (z) as well and therefore is in that class. So, ax(z,y)-Br(2) €
WZ(2), hence R(x,y,z) € W2(z) evidently follows. O

Proposition 4. If Ry,...,R, € Wi(z); o(ur, g, ..., up) € C?, then
(p(Rl(x7 y? 2)7 ) Rm(:C’ y? Z)) E W[%(Z)'

Proof. For an arbitrary compact C,, C R the mappings R;, ... R,, are uniformly
continuous and bounded on [0; 7] x C,, x R. Hence ¢ possesses the same properties on
the set

ﬁRi ([0; 7] x Cy x R)

=1
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and therefore the composition ¢(Ry, ..., R,,) is in the Weierstrass class Wi (z). The
analogous properties of V,,¢o(Ry, ..., Ry,) and H,.¢(Ry, ..., R,,) follow from the rep-
resentations

9 & oy OR;
3 (Rl,...,Rm)—;an(Rl,...,Rm). o
9 & oy OR;
5 (Rl""’R’”)_;aui(Rl””’Rm>' —
82
a_yQSO( 15 >Rm):
e 0% OR; OR; 0Oy 0?R;
;[;auiauj( SRREERALY) oy oy 0 @( b Bim) Dy
82
@@(Rla 7Rm):
T i 82@ 8RJ 8RZ 8(,0 02R1 )
_Zzl [] auzau]( 1, 9 m)a_' az a Z(Rl, 7Rm) 62’2 )
82
0y3290( 15 - 7Rm):
_; [;anauj(Rl,...,Rm).g. 5 +an(R1,...,Rm).ayaZ

0
Corollary 1. By the conditions Ry, ..., Ry, € WZ(2), ai(z,y) € C* (k=1,m) it fol-
lows that

Z O‘k(x7 y)Rk(xv Y, Z) S WI%(Z)
k=1

Note that the last Corollary generalizes Proposition 3 because
B € W?(2) = B € Wi(2).
Corollary 2. If Ry,...,R,, € W2(z), then Ry - Ry - ... R, € Wi (2).
Proposition 5. If R(z,y, z) € W(2), ¥(z) € W?(2) then R(z,y,v(z)) € Wi (z).

Proof. Since for an arbitrary compact C, the mapping R is uniformly continuous and
bounded on [0;7] x C, x R and ¢ is uniformly continuous and bounded for z € R,
then R(z,y,1(z)) is of the Weierstrass class Wg(z). The analogous properties of
V. R(z,y,¢¥(2)) and H,.R(z,y,1(z)) follow from the representations

SR 6(E)) = S ) R b)) = 5 6(2) )
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aa—y2R(:B,y,w(z)) = g—ﬁ(:c,%?ﬂ(z)); %R(x,y,w(:z)) - %(%yﬂﬂ@)) A (2);
Ry () = Sy @) W+ Iy () 0C),

l

Let us note also some properties of the class W?(z) being used in the constructions
above. Denote by C}'(2) the class of all functions ¢(z) € C™ having bounded derivatives
up to n-th order.

Property 1. The following inclusions are valid:
Ci(z) Cc W2(2) C C3(2).
Property 2. If ¢ € C? and ¢ is periodic, then ¢ € W?(z).
Property 3. If o € C?, o) (£00) exist and are finite for k = 0,1,2, then ¢ € W2(2).

8 Non-local K—extrema of variational functionals in H'[a;b]

Here we describe a rather wide class of the variational functionals in H'[a;b] having a
non—local compact extremum at zero.

Note first, that if functional (5.1) attains a strong K-minimum at zero then for every
zero neighborhood U(0) C H' there exist such values of y that ®(y) > ®(0). Thus, ®
cannot attain a local maximum at zero.

Now, let us investigate conditions under which functional (5.1) does not attain a
local minimum at zero.

Let the integrand of functional (5.1) satisfy conditions (6.1) i.e., it takes form (6.7)
and let ¢ attain a strong K-minimum at zero. Suppose for convenience ®(0) = 0. By

virtue of (6.7), it means
T

/P(a:, 0)dz = 0.
0
The last condition is obviously satisfied under the assumption

P(z,0)=0. (8.1)
Introduce also the supplementary conditions:
Q(0,0) =0, (8.2)

that is equivalent, by virtue of (6.7), to the condition C; = 0, and also the alternating
signs condition for R:

R(2,0,20) < —ro <0  (Vz€l0;T]) (8.3)

for some zp. Let us show that ® does not attain a local minimum at zero under
conditions (8.1)— (8.3).
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Set

oo | w(r—eg), as 0< 2 <¢
y(a:)—{ 0, as e<ax<T

for sufficiently small € > 0.

Obviously, y° € H}[0; T]. Moreover,

£

3
1 120 = / (2(x — &) + 22) dr = 22 (e+%) 0 asco0
0

The integrand f along the function y* takes the form
f(J?, v, (y€>/) =

_ [ Rz, 20z =€), 20) - 2 + Ql, 20z — €)) - 20 + P, z0(z — ), 0<a<e;
0, e<z<T.

From here it follows that

9 15
B7) = 2 [ o zale — =), 20)de+

€

+ 2 - /Q(a:, 2o(x —€))dx + /P(x, 2o(x —¢))dz. (8.4)

0

Moreover,

(8.1) implies P(z,20(x —¢)) = 0(1)
(8.2) implies Q(z, z0(x — €)) = 0(1) as € — 0. (8.5)
(8.3) implies  R(x, zo(x —¢€),20) = —r0 + 0(1)

From (8.4)—(8.5) it follows that

P(y°) = o(e) + 20 - oe) + %0 - [o(e) — roe] = 2T, o(e) <0

for sufficiently small € > 0.

Thus, functional (5.1) cannot attain a local minimum at zero and therefore it does
not attain a local extremum at zero. Hence, an arbitrary variational functional ®(y)
having an integrand satisfying conditions (6.1) and (8.1)—(8.3), attains a non-local
K-minimum at zero. Let us summarize the results of our considerations.

Theorem 11. Consider a functional of the form

/( (z,y,9") %+Q(%y)-y’+P(x,y))dw7 y(-) € Hy[0; 71,
0
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where P, Q € C*; R € Wi(z).
Then under the assumptions:

oP 90 PP 9Q

a—y(x,O)—%(x,O)EO, (8_y2_8x8y)<x’0)5p’ R(x,0,0) =r >0,

P(z,0)=0, Q(0,0)=0,
and also under the alternating signs condition for R:
R(x,0,20) < —ro <0 (Y2 el0;T));
for some zy, the variational functional ®(y) attains a non-local K—-minimum at zero

in the case of p < 0.

for every T > 0 wn the case of p >0 andf0r0<T<7T1/‘£

Let us consider in the conclusion some concrete examples.

Example 1. Consider the following functional:
1/3

0() = [ (07 (sin(1-+ cosy/) = 3 )+ o/simap 42 ) de o) € H3(10:1/3),

In the case under consideration,
P(y)=1% Q(y) =siny?, R(z)=2sin(l+cosz)— 1.

Direct calculation shows fulfilment of condition (6.1) and (8.1)—(8.3) for the functional
®(y). Moreover,
R(0)=r=2sin2—-1>0,

and for z =7 R(m) =-1<0.
Thus, since in the case p =2 > 0 and T = 1/3, then by virtue of Theorem 11 the
functional ®(y) attains a non-local K-minimum at zero.

Example 2. Consider the following functional:

1

O(y) = / (yi’» ln(x2 +4) + ¢ sinay + %) dr, y(-) € H&[O; 1].

In the case under consideration
P(x,y) = v’ In(a® +4 = s R(z) = —= .

(z,y) =y’ In(z” +4), Q(z,y)=sinzy, (2) T
Direct calculation shows fulfilment of conditions (6.1) and (8.1)—(8.3) for the functional
®(y). Moreover,

R(0)=r=1>0,
and for =7 R(7)=-1/(1+7?) <0.
Thus, since in the case p= —1 <0 and T'=1 < 7, then by virtue of Theorem 11

the functional ®(y) attains a non-local K-minimum at zero.
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