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Abstract. In this paper, the concepts of intuitionistic fuzzy translation to intuition-
istic fuzzy subalgebras and ideals in BC'K/BC-algebras are introduced. The notion
of intuitionistic fuzzy extensions and intuitionistic fuzzy multiplications of intuition-
istic fuzzy subalgebras and ideals are introduced and several related properties are
investigated. In this paper, the relationships between intuitionistic fuzzy translations
and intuitionistic fuzzy extensions of intuitionistic fuzzy subalgebras and ideals are
investigated.

1 Introduction

There exist two different intuitionistic fuzzy sets theories introduced by Atanassov
(1983) and Takuti-Titani (1984), see |7, 8] and [34, 35|. Their common name was
borrowed from intuitionistic logic which was well-established long before the above
mentioned publications by Atanassov and Takeuti-Titani. But the essential difference
is that Takeuti-Titani’s intuitionistic fuzzy set theory [34] is developed within the
scope of intuitionistic mathematics, while Atanassov’s intuitionistic fuzzy sets theory
is based upon different principles. The term “intuitionistic" in the paper is used only
in Atanassov’s sense.

The theory of intuitionistic fuzzy set is expected to play an important role in modern
mathematics in general as it represents a generalization of fuzzy set. The notion of
intuitionistic fuzzy set was defined by Atanassov [4, 5]. Then, several papers have been
published by mathematicians to extend the classical mathematical concepts and fuzzy
mathematical concepts to the case of intuitionistic fuzzy mathematics, for example see
1, 2,9, 10, 11, 12, 13, 14, 16, 37|.

The notion of BC K-algebras was proposed by Imai and Iseki [18] in 1966. In the
same year, Iseki [19] introduced the notion of a BCI-algebra which is a generalization
of a BC'K-algebra. For the general development of BCK/BCI-algebras, the ideal
theory plays an important role. In 1991, Xi [36] applied the concept of fuzzy sets to
BCK-algebras. In 1993, Jun [23] and Ahmad [3] applied it to BC'I-algebras. After that
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Jun, Meng, Liu and several researchers investigated further properties of fuzzy BCK-
algebras and fuzzy ideals (see [15, 17, 18, 20, 22, 25, 27, 28, 29, 31, 32|). Lee et al. [26]
and Jun [24] discussed fuzzy translations, fuzzy extensions and fuzzy multiplications
of fuzzy subalgebras and ideals in BC'K/BCI-algebras. They investigated relations
among fuzzy translations, fuzzy extensions and fuzzy multiplications. Recently, in [33],
the authors have studied fuzzy translations, fuzzy extensions and fuzzy multiplications
of fuzzy H-ideals in BCK/BCl-algebras. In this paper, intuitionistic fuzzy translations,
intuitionistic fuzzy extensions and intuitionistic fuzzy multiplications of intuitionistic
fuzzy subalgebras and ideals in BCK/BClI-algebras are discussed. Relations among
intuitionistic fuzzy translations and intuitionistic fuzzy extensions of intuitionistic fuzzy
subalgebras and ideals in BC'K/BCI-algebras is also investigated.

2 Preliminaries

We first recall some basic concepts which are used to present the paper.
By a BCI-algebra we mean an algebra (X, x,0) of type (2,0) satisfying the following
axioms, for all z,y, 2z € X:

() (25 ) * (w5 2) % (2 59) =0,

(if) (2 * (zxy)) xy =0,

(i) zxx =0,

(iv) z*xy =0 and y *xz = 0 imply = = y.

We can define a partial ordering < by x < y if and only if x xy = 0.

If a BCI-algebra X satisfies 0 * x = 0 for all z € X, then we say that X is a
BCK-algebra. Any BC K-algebra X satisfies the following axioms for all z,y, z € X:

(1) (2 5y) 2 = (0 2) £y,

(2) ((zx2) x (yx2)) * (xxy) =0,

(3) zx0=u,

Q) zxy=0= (z*x2)x(y*x2)=0,(z*xy)* (zxx) =0.

Throughout this paper, X always means a BCK/BCI-algebra without any speci-
fication.
A non-empty subset S of X is called a subalgebra of X if x xy € S for any =,y € S.
A nonempty subset I of X is called an ideal of X if it satisfies

(I) 0 € I and

(ls) xxy €l andy € I imply = € .

A fuzzy set A = {< z,pa(x) >z € X} in X is called a fuzzy subalgebra of X if
it satisfies the inequality pa(x * y) > min{pua(z), pa(y)}, for all z,y € X.

A fuzzy set A = {< z,ua(x) >z € X} in X is called a fuzzy ideal [3, 36] of X if
it satisfies (1) ©a(0) = pa(z), and (i) pa(x) = min{pa(z*y), pa(y)}, for all z,y € X.

An intuitionistic fuzzy set A = {(z,pa(z),va(z)) : * € X} in X is called an
intuitionistic fuzzy subalgebra [25] of X if it satisfies the following two conditions

(i) pa(z *y) = min{pa(z), pa(y)} and

(i) va(z *xy) < max{va(x),va(y)}, for all z,y € X.

An intuitionistic fuzzy set A = {(x,pa(x),va(x)) : € X} in X is called an
intuitionistic fuzzy ideal [25] of X if it satisfies

(1) £4(0) > (@), va(0) < va(x),
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(i) ra(z) > min{pa(z * y), pa(y)} and

(iil) va(x) < max{va(z *xy),va(y)}, for all x,y € X.

For the sake of simplicity, we shall use the symbol A = (u4,v4) for the intuitionistic
fuzzy subset A = {(x, ua(x),va(x)) : @ € X}. Throughout this paper, we take T :=
inf {va(x)|z € X} for any intuitionistic fuzzy set A = (ua,va4) of X.

3 Translations of intuitionistic fuzzy subalgebras

Definition 1. Let A = (4, 4) be an intuitionistic fuzzy subset of X and let « € [0, ¥].

An object having the form AL = ((ua)L,(va)L) is called an intuitionistic fuzzy a-

translation of A if (ua)X(z) = pa(z) + a and (va4)l(x) = va(z) — a, for all x € X.

Theorem 3.1. Let A = (ua,va) be an intuitionistic fuzzy subalgebras of X and let
a € [0,%]. Then, the intuitionistic fuzzy a-translation AL of A is an intuitionistic
fuzzy subalgebras of X.

Proof. Let x,y € X. Then,

(na)a(z*y) = palz*y) +a=>min{ua(r), pa(y)} +a
= min{pa(z) + o, pa(y) + o}
= min{(pa)q(2), (na)s ()}
and  (va)l(zxy) = wva(z*xy) —a <max{va(z),valy)} — a
= max{rva(z) — a,valy) — o}
= max{(va)g(2), (va)a(v)}-

Hence, the intuitionistic fuzzy a-translation AL of A is an intuitionistic fuzzy subalge-
bras of X. []

Theorem 3.2. Let A = (pa,va) be an intuitionistic fuzzy subset of X such that the
intuitionistic fuzzy a-translation AL of A is an intuitionistic fuzzy subalgebras of X for
some o € [0,F]. Then, A = (ua,v4) is an intuitionistic fuzzy subalgebra of X .

Proof. Assume that AL = ((ua)Z, (v4)L) is an intuitionistic fuzzy subalgebras of X for
some « € [0,%F]. Let 2,y € X, we have

pa(zsy)+a = (pa)s(z*y) > min{(pa)f(z), (na)s(y)}
= min{pa(z) + o, paly) + o}
= min{ua(x), pa(y)} +a
and  wva(zxy) —a = (va)i(zxy) <max{(va)i(z), (va)a(y)}
= max{ra(z) — a,va(y) — o}

= max{va(z),va(y)} —

which implies that pa(x*y) > min{ua(z), pa(y)} and va(zr *y) < max{va(z),va(y)}
for all z,y € X. Hence, A = (ua,v4) is an intuitionistic fuzzy subalgebras of X. [
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Definition 2. Let A = (ua,v4) and B = (up,vp) be intuitionistic fuzzy subsets of
X. If A< Bie, pa(z) < pp(x) and vy(z) > vp(x) for all € X, then we say that B
is an intuitionistic fuzzy extension of A.

Definition 3. Let A = (ua,v4) and B = (up,vp) be intuitionistic fuzzy subsets of
X. Then, B is called an intuitionistic fuzzy S-extension of A if the following assertions
are valid:

(1) B is an intuitionistic fuzzy extension of A.

(77) If A is an intuitionistic fuzzy subalgebra of X, then B is an intuitionistic fuzzy
subalgebra of X.

From the definition of intuitionistic fuzzy a-translation, we get (u4)X(z) = pa(z)+
a and (v4)X(z) = va(z) — a for all x € X. Therefore, we have the following theorem.

Theorem 3.3. Let A = (ua,va) be an intuitionistic fuzzy subset of X and o € [0, F].
Then, the intuitionistic fuzzy a-translation AL = ((ua)L, (va)L) of A is an intuition-
istic fuzzy S-extension of A.

The converse of the Theorem 3.3 is not true in general as seen in the following
example.

Example 1. Let X = {0, 1,2, 3,4} be a BC' K-algebra with the following Cayley table:

*x(0 1 2 3 4
0ojo 0 0 0 0
1/1 0 1 0 1
212 2 0 2 0
313 1.3 0 3
414 4 2 4 0

Let A = (ua,v4) be an intuitionistic fuzzy subset of X defined by

X 0 1 2 3 4
1A 0.7 02 05 03 06
va 02 07 04 06 0.3

Then, A = (pa,va) is an intuitionistic fuzzy subalgebra of X. Let B = (up,vp) be an
intuitionistic fuzzy subset of X defined by

X 0 1 2 3 4
pup| 076 023 055 038 0.64
vg| 019 0.63 037 055 0.26

Then, B is an intuitionistic fuzzy S-extension of A. But it is not the intuitionistic
fuzzy a-translation AL = ((ua)Z, (v4)T) of A for all a € [0,F].

Clearly, the intersection of intuitionistic fuzzy S-extensions of an intuitionistic fuzzy
subalgebra A of X is an intuitionistic fuzzy S-extension of A. But the union of in-
tuitionistic fuzzy S-extensions of an intuitionistic fuzzy subalgebra A of X is not an
intuitionistic fuzzy S-extension of A as seen in the following example.
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Example 2. Let X = {0, 1,2, 3,4} be a BC K-algebra with the following Cayley table:

*x(0 1 2 3 4
0ojo 0 0 0 0
11 0 1 0 O
212 2 0 0 O
313 3 3 0 0
414 3 4 1 0

Let A = (pa,va) be an intuitionistic fuzzy subset of X defined by

X 0 1 2 3 4
A 08 06 02 05 04
VA 02 04 07 05 06

Then, A = (ua,v4) is an intuitionistic fuzzy subalgebra of X. Let B = (up,vp) and
C' = (uc¢, ve) be intuitionistic fuzzy subsets of X defined by

X 0 1 2 3 4
B 0.8 07 03 06 0.5
vp 01 03 06 04 04

and
X 0 1 2 3 4
e | 085 0.60 040 0.55 0.65
ve | 015 040 050 045 0.35
respectively.

Then, B and C are intuitionistic fuzzy S-extensions of A. Obviously, the union
B U C is an intuitionistic fuzzy extension of A, but it is not an intuitionistic fuzzy
S-extension of A since ppuc(4* 1) = ppuc(3) = 0.6 # 0.65 = min{0.65,0.7} =
min{upuc(4), ppuc(1)} and veuc(4* 1) = vpue(3) = 0.3 £ 0.35 = max{0.35,0.3} =
max{vpuc(4), vpuc(1)} .

For an intuitionistic fuzzy subset A = (ua,va) of X, a € [0,%] and ¢, s € [0, 1] with
t> a, let

Ualpait) : = {z € X| pale) >t —a}
and Ly(va;s): = {z € X| va(z) < s+ a}.

If A is an intuitionistic fuzzy subalgebra of X, then it is clear that U,(ua;t) and
L, (va;s) are subalgebra of X for all ¢ € Im(ua) and s € Im(vs) with t > «. But,
if we do not give a condition that A is an intuitionistic fuzzy subalgebra of X, then
Un(pa;t) and L, (va;s) are not subalgebra of X as seen in the following example.

Example 3. Let X ={0,1,2,3,4} be a BC'K-algebra in Example 2 and A = (p14,v4)
be an intuitionistic fuzzy subset of X defined by

X 0 1 2 3 4
A 081 073 068 057 0.64
va 0.17 0.25 032 041 0.35
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Since pa(4* 1) = 0.57 # 0.64 = min{ua(4), pa(1)} and va(4x 1) = 0.41 £ 0.35 =
max{v4(4),va(1)}, therefore, A = (ua,v4) is not an intuitionistic fuzzy subalgebra of
X.

For « = 0.15 and t = 0.75, we obtain U,(ua;t) = {0,1,2,4} which is not a
subalgebra of X since 4x1 =3 §£ Ua(pea;t).

For « = 0.15 and s = 0.25, we obtain L,(va;s) = {0,1,2,4} which is not a
subalgebra of X since 4 x 1 =3 ¢ L,(va;s).

Theorem 3.4. For a € [0,%], let AL = ((ua)l, (va)T) be the intuitionistic fuzzy a-
translation of A = (pua,va).Then, the following assertions are equivalent:

(1) AL = ((na)%, (va)L) is an intuitionistic fuzzy subalgebra of X.

(17) Un(pa;t) and Lo(va;s) are subalgebra of X fort € Im(ua), s € Im(va) with
t> .

Proof. Assume that Al is an intuitionistic fuzzy subalgebra of X. Then, (u4)l and
(va)T are fuzzy subalgebra of X. Let x,y € X such that z,y € U,(ua;t) and t €
Im(pa) with ¢ > a. Then, pa(z) > t — a and pa(y) = t — a ie., (pa)l(z) =
pa(z)+a>tand (pa)l(y) = pa(y) + « > t. Since (pa)l is a fuzzy subalgebra of X,
therefore, we have

pa(z xy) + o = (pa)s (z + y) = min{(pa) 5 (), (na)i(y)} >t

that is, pa(z *y) > t — « so that x xy € U,(pa;t). Again let x,y € X such that
z,y € Lao(va;s) and s € Im(va). Then, va(x) < s+ a and va(y) < s+ a e,
(va)X(z) = va(z) — a < s and (va)L(y) = va(y) — a < s. Since (v4)l is a fuzzy
subalgebra of X, it follows that

N

va(@+y) — o= (va)a (v +y) < max{(va)q (), (a)a ()} < s

that is, va(x * y) < s+ «a so that x xy € L,(va;s). Therefore, U,(u;t) and Ly (va; s)
are subalgebra of X.

Conversely, suppose that U,(pa;t) and L,(va;s) are subalgebra of X for t €
Im(pa), s € Im(va) with t > a. If there exists a,b € X such that (pua)X(a*b) < <
min{ (41a)7(a), (1) 2 (8)}, then ea(a) > B—a and jua(b) > f—a but pa(axb) < f—a.
This shows that a € U,(ua;t) and b € U,(pa;t) but axb ¢ U,(pa;t). This is a
contradiction, and therefore (1)L (z *y) = min{(ua)l(x), (ua)X(y)} for all z,y € X.

Again assume that there exist ¢,d € X such that (va)l(c *xd) > & >
max{(va)X(c), (va)L(d)}. Then, va(c) < §+a and v4(d) < §+a but va(cxd) > 5+
Hence, ¢ € L,(va;s) and d € Lo(va;s) but ¢ xd ¢ Lo(va;s). This is impossible
and therefore (va)X(z * y) < max{(va)X(z), (va)L(y)} for all z,y € X. Consequently
AT = ((pa)T, (v4)L) is an intuitionistic fuzzy subalgebra of X. O

Theorem 3.5. Let A = (pua,va) be an intuitionistic fuzzy subalgebra of X and let
a,B €0,%]. If a > B3, then the intuitionistic fuzzy a-translation AL = ((ua)l, (va)T)
of A is an intuitionistic fuzzy S-extension of the intuitionistic fuzzy B-translation AL =

((1a)fs (va)h) of A.
Proof. 1t is straightforward. O
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For every intuitionistic fuzzy subalgebra A = (ua,v4) of X and 3 € [0,%], the
intuitionistic fuzzy (-translation A% = ((pa)},(va)j) of A is an intuitionistic fuzzy
subalgebra of X. If B = (up,vp) is an intuitionistic fuzzy S-extension of Ag, then
there exists a € [0,%] such that « > 3 and B > AT that is ug(z) > (ua)l and
vp(z) < (va)l for all x € X. Hence, we have the following theorem.

Theorem 3.6. Let A = (ua,va) be an intuitionistic fuzzy subalgebra of X and let
B € 1[0,%]. For every intuitionistic fuzzy S-extension B = (up,vp) of the intuitionistic
fuzzy B-translation AL = ((na)h, (va)h) of A, there exists o € [0,%F] such that o > 3
and B is an intuitionistic fuzzy S-extension of the intuitionistic fuzzy a-translation
AL = ((na)d; (va)z) of A.

Let us illustrate Theorem 3.6 using the following example.

Example 4. Let X = {0,1,2,3,4} be a BCI-algebra with the following Cayley table:

*x10 1 2 3 4
00 0 2 3 4
11 o0 2 3 4
212 2 0 4 3
313 3 4 0 2
414 4 3 2 0

Let A = (ua,v4) be an intuitionistic fuzzy subset of X defined by

X 0 1 2 3 4
A 0.71 0.63 058 047 047
va 026 035 041 052 0.52

Then, A is an intuitionistic fuzzy subalgebra of X and ¥ = 0.26. If we take 5 = 0.15,
then the intuitionistic fuzzy (-translation A} = ((1a)h, (va)}) of A is given by

X 0 1 2 3 4
()% | 086 078 073 062 0.62
(va) | 011 020 026 037 0.37

Let B = (up,vp) be an intuitionistic fuzzy subset of X defined by

X 0 1 2 3 4
B 089 083 077 0.68 0.68
vp 0.07  0.15 0.19 028 0.28

Then, B is clearly an intuitionistic fuzzy subalgebra of X which is an intuitionistic
fuzzy S-extension of the intuitionistic fuzzy [-translation A/g of A. But B is not an
intuitionistic fuzzy a-translation of A for all « € [0,%]. If we take a = 0.17 then
a=0.17 > 0.15 = 3 and the intuitionistic fuzzy a-translation AT = ((u4)Z, (va)L) of
A is given as follows:

X 0 1 2 3 4
(w)T | 088 080 075 064 064
(vl | 009 018 024 035 035
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Note that B(z) > AL(x) that is up(z) > (1a)X and vp(z) < (va)f for all z € X, and
hence B is an intuitionistic fuzzy S-extension of the intuitionistic fuzzy a-translation

AT of A.

Definition 4. Let A = (ua,v4) be an intuitionistic fuzzy subset of X and v € [0, 1].
An object having the form AT = ((ua)l', (va)7') is called an intuitionistic fuzzy ~-
multiplication of A if (ua)l'(7) = pa(z) - v and (va)7'(z) = va(z) - v, for all z € X.

For any intuitionistic fuzzy subset A = (pa,v4) of X, an intuitionistic fuzzy 0-
multiplication A" = ((pa)g', (va)§') of A is an intuitionistic fuzzy subalgebra of X.

Theorem 3.7. If A = (ua,va) is an intuitionistic fuzzy subalgebra of X, then the
intuitionistic fuzzy y-multiplication of A is an intuitionistic fuzzy subalgebra of X for
all v € 10, 1].

Proof. 1t is straightforward. m

Theorem 3.8. If A = (ua,va) is any intuitionistic fuzzy subset of X, then the follow-
ing assertions are equivalent:

(i) A is an intuitionistic fuzzy subalgebra of X.

(ii) For all v € (0,1], AT is an intuitionistic fuzzy subalgebra of X.

Proof. Necessity follows from Theorem 3.7. For sufficient part let v € (0, 1] be such
that AT = ((1a)', (v4)5') is an intuitionistic fuzzy subalgebra of X. Then, for all
r,y € X, we have

pa(xxy)y = (pa)l(zxy) = min{(ua)l (z), (na)y (v)}
= min{pa(z).7, pa(y)-v}
= min{ua(z), pa(y) -y
and va(zxy)y = (va)y(z*y) < max{(va)y (), (va)}(y)}
= max{va(z).y,va(y)}
= max{va(z),va(y)}7-

Therefore, pa(z *y) = min{ua(z), pa(y)} and va(x * y) < max{va(z),va(y)} for all
x,y € X since v # 0. Hence, A = (ua,v4) is an intuitionistic fuzzy subalgebra of
X. [

4 Translations of intuitionistic fuzzy ideals
Theorem 4.1. If A = (ua,va) is an intuitionistic fuzzy ideals of X, then the intu-
itionistic fuzzy a-translation AT = ((ua)X, (va)l) of A is an intuitionistic fuzzy ideals

of X, for all a € [0,%].

Proof. Let A = (ua,va) is an intuitionistic fuzzy ideals of X and o € [0,%]. Then,
(14)a(0) = pa(0)+ o = pa(r) +a = (a)g (2) and (14)4(0) = va(0) —a < va(z) —a =
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(va)X(z) for all z € X. Now,

(ta)a(z) = pa(r)+a > min{pa(e*y), pa(y)} + o
= min{pa(z *y) + o, paly) + a}
= min{(pa)a (@ *y), (a)a(¥)}
and  (va)l(z) = va(x) —a <max{va(z*y),valy)} —
= max{va(z*xy) —a,va(y) — a}

= max{(va)}(z xy), wa)l(v)}

for all z,y € X. Hence, the intuitionistic fuzzy a-translation AT = ((ua)L, (v4)T) of
A is an intuitionistic fuzzy ideals of X. m

Theorem 4.2. Let A = (ua,va) be an intuitionistic fuzzy subset of X such that the
intuitionistic fuzzy a-translation AT = ((ua)X, (va)l) of A is an intuitionistic fuzzy

ideals of X for some a € [0,%]. Then, A = (pua,va) is an intuitionistic fuzzy ideal of
X.

Proof. Assume that AL = ((ua)%, (v4)T) is an intuitionistic fuzzy ideals of X for some
a €0,%]. Let z,y € X, we have

1a(0) + = (na)f(0) > (na)d(z) = palz) +a
va(0) —a = (1a)f(0) <

which implies 114(0) > pa(z) and v4(0) < va(z). Now we have

pa(@) +a = (pa)s(r) =min{(ua)s(z *y), (1a)s(y)}

= min{pa(z *y) + o, paly) + a}

= min{pua(z*y), pa(y)} +a

and  va(z) —a = (va),(r) <max{(va)q(z*y), (va)s(y)}
= max{va(zxy) — a,va(y) — a}
(

= max{va(z*y),va(y)} —

which implies that pa(z) > min{ua(z *y), pa(y)} and va(zr) < min{va(x *y),valy)}
for all z,y € X. Hence, A = (ua,v4) is an intuitionistic fuzzy ideals of X. O

Lemma 4.1. [25] Let A = (uua,va) be an intuitionistic fuzzy ideal of X. If x < y,
then pa(z) = pa(y) and va(z) < va(y) that is, pa is order-reversing and v4 is order-
prereversing.

Theorem 4.3. Let o € [0, %] and A = (pa,va) be an intuitionistic fuzzy ideal of X.
If X is a BCK -algebra, then the intuitionistic fuzzy a-translation AL = ((ua)X, (va)T)
of A is an intuitionistic fuzzy subalgebra of X.
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Proof. Since z*y < x for all z,y € X, then by Lemma 4.1 we have pa(z *y) > pa(x)
and va(x *y) < va(zr). Now

()i xy) = palz*y) +a > pale) +a
= min{ua(z *y), pa(y)} +
min{sa(z), pa(y)} + o
min{pa(r) + o, pa(y) + o}
min{(pa) s (%), (1a)e (v)}
va(xxy) — o <valz) — o
= max{rva(z*y),va(y)} —
max{va(z),va(y)} — o
max{va(z) — a,va(y) — a}

= max{(Va)o(2), (va)a (V) }-

Hence, AL = ((ua)L, (va)L) of A is an intuitionistic fuzzy subalgebra of X. O

WV

and (VA)S(Q: * )

N

The following example shows that if X is a BC'I-algebra, then Theorem 4.3 is not
true.

Example 5. Consider the direct product X :=Y x Z where (Y, *,0) is a BC'I-algebra
and (Z,—,0) is the adjoint BC'I-algebra of the additive group (Z, +,0) of integers. Let
P =Y x N, where N is the set of non-negative integers.

Define an intuitionistic fuzzy subset A = (ua,v4) of X as follows:

06 if xeP

0.2 otherwise

03 if zx€eP

0.5 otherwise

ualo) = { wd )= {

Then, A = (pa,va) is an intuitionistic fuzzy ideal of X and ¥ = 0.3. For a € [0, %],
we have

(1a)a ((0,-2)) = pa((0,-2)) +a =02+«
0.6+« =min{ua((0,2)), £a((0,4))} +

= min{pa((0,2)) + o, 11a((0,4)) + o}
min{(14)g (0, 2)), (1a)a ((0,4))}

(7a)a ((0,=1)) = va((0,-1)) —a = 05—«
> 0.3 —a=max{ra((0,1)),v4((0,2))} —

= max{ra((0,1)) — a,v4((0,2)) — a}

= max{(va);((0,1)), (¥4)5((0,2))}.

Theorem 4.4. Let A = (ua,va) be an intuitionistic fuzzy subset of X such that the
intuitionistic fuzzy a-translation AT = ((ua)X, (va)l) of A is an intuitionistic fuzzy
ideals of X for all « € [0,%]. If (x*a)*b =0 for all a,b,x € X, then (ua)l(x) >

min{(1a)s (@), (1a)o ()} and (va)q (x) < max{(va)g (@), (va)a (0)}-

(/JA)Z((O; 2) * (07 4))

A

and  (va)2((0,1) % (0,2))
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Proof. Let a,b,x € X be such that (z xa)*b = 0. Then,

(ta)a(@) = min{(pa)a (2 *a), (a)a(a)}

> min{min{(sa) ((z * @) b), (1) (0)}, (1a)a (a)}
= min{min{(za)q (0), (114)a ()}, (11a)a (@)}
= min{(sa)q (0), (11a)a (@)} since (124)q(0) > (114)a (b)
= min{(114)q (@), (114)a (b)}

and  (va)q(2) < max{(va)a(z*a), (va)s(a)}
< max{max{(va), ((z * @) #b), (va)a (D)}, (V) (a)}
= max{max{(va)o(0), (¥a)a ()}, (va)a(a)}
= max{(va)g (b), (va)a(a)} since (14)g (0) < (Va)a (b)
= max{(va)(a), (va)a (D)}

]

Corollary 4.1. Let A = (pua,va) be an intuitionistic fuzzy subset of X such that
the intuitionistic fuzzy a-translation AT = ((ua)X, (va)L) of A is an intuitionistic
fuzzy ideals of X for all « € [0,%]. If (---((x % a1) * az) *x --+) x a, = 0 for all
Tya1, 02, 5 0n € )(,th@ﬂ,(MA)£<$> ;:Injn{(MA)£<a1)7(MA)E(Q2)7"’7(MA)£(GH>} and
(va)a(x) < max{(va)q(a1), (va)g(az),

7(VA)g(an)}'

Definition 5. Let A = (ua,v4) and B = (up, vg) be intuitionistic fuzzy subsets of X.
Then, B is called an intuitionistic fuzzy ideal extension of A if the following assertions
are valid:

(¢) B is an intuitionistic fuzzy extension of A.

(#7) If A is an intuitionistic fuzzy ideal of X, then B is an intuitionistic fuzzy ideal
of X.

Theorem 4.5. Let A = (ua,va) be an intuitionistic fuzzy subset of X and « € [0, F].
Then, the intuitionistic fuzzy a-translation AL = ((ua)L, (va)L) of A is an intuition-
istic fuzzy ideal extension of A.

The converse of Theorem 4.5 is not true in general as seen in the following example.

Example 6. Let X = {0, 1,2, 3,4} be a BC K-algebra with the following Cayley table:

*x0 1 2 3 4
ojo 0 0 0 0
11 0 1 1 1
212 2 0 2 2
3(3 3 3 0 3
414 4 4 4 0

Let A = (pa,va) be an intuitionistic fuzzy subset of X defined by

X 0 1 2 3 4
ia| 08 06 04 07 02
va| 02 04 05 03 07
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Then, A = (ua,va) is an intuitionistic fuzzy ideal of X. Let B = (up,vp) be an
intuitionistic fuzzy subset of X defined by

X 0 1 2 3 4
pwp| 082 0.63 047 075 0.24
vg| 017 035 049 024 0.66

Then, B is an intuitionistic fuzzy ideal extension of A. But it is not the intuitionistic
fuzzy a-translation AL = ((ua)Z, (v4)T) of A for all a € [0,F].

Clearly, the intersection of intuitionistic fuzzy ideal extensions of an intuitionistic
fuzzy ideal A of X is an intuitionistic fuzzy ideal extension of A. But the union of
intuitionistic fuzzy ideal extensions of an intuitionistic fuzzy ideal A of X is not an
intuitionistic fuzzy ideal extension of A as seen in the following example.

Example 7. Let X = {0, 1,2, 3,4} be a BC' K-algebra with the following Cayley table:

Let A = (pa,v4) be an intuitionistic fuzzy subset of X defined by

*x0 1 2 3 4
0ojo 0 0 0 0
11 0 1 0 O
212 2 0 0 2
313 2 1 0 2
414 1 4 1 0

X 0 1 2 3 4
pa| 0.71 053 053 053 0.53
va| 025 045 045 045 045

Then, A = (pa,v4) is an intuitionistic fuzzy ideal of X. Let B = (up,vp) and
C' = (pe, ve) be intuitionistic fuzzy subsets of X defined by

X 0 1 2 3 4

pup| 0.80 0.73 056 056 0.73

vg| 015 026 041 041 0.26
and

X 0 1 2 3 4

ue | 082 071 074 071 0.71

ve | 013 024 026 024 0.24

respectively. Then, B and C' are intuitionistic fuzzy ideal extensions of A. Obviously,
the union B U C' is an intuitionistic fuzzy extension of A, but it is not an intuition-
istic fuzzy ideal extension of A since ppuc(3) = 0.71 # 0.73 = min{0.74,0.73} =
min{upuc(3 * 1), ppuc(l)} and vpue(3) = 0.26 £ 024 = max{0.23,0.24} =
max{vpuc(3 * 1), vpuc(1)}.

If A is an intuitionistic fuzzy ideal of X, then it is clear that U, (ua;t) and L, (va; s)
are ideals of X for all t € Im(u4) and s € Im(v4) with ¢t > «. But, if we do not give a
condition that A is an intuitionistic fuzzy ideal of X, then U, (ua;t) and L,(va;s) are
not ideals of X as seen in the following example.
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Example 8. Let X = {0,1,2,3,4} be a BC'K-algebra in Example 7 and A = (p14,v4)
be an intuitionistic fuzzy subset of X defined by

X 0 1 2 3 4
A 0.75 053 0.68 0.68 0.68
VA 025 045 030 030 0.30

Since p14(1) = 0.53 # 0.68 = min{ua(1l * 3), ua(3)} and va(1) = 0.45 £ 0.30 =
max{va(1x%3),v4(3)}, therefore, A = (ua,v4) is not an intuitionistic fuzzy ideal of X.

For o = 0.15 and t = 0.72, we obtain U, (ua;t) = {0,2, 3,4} which is not a ideal of
X since 4 %3 =1¢ U,(pa;t).

For a = 0.15 and s = 0.23, we obtain L,(v4;s) = {0,2, 3,4} which is not a ideal of
X since 4 %3 =1¢ L,(va;s).

Theorem 4.6. For a € [0,%], let AL = ((ua)X, (va)L) be the intuitionistic fuzzy a-
translation of A = (pua,va).Then, the following assertions are equivalent:

(1) AT = ((ua)Z, (va)L) is an intuitionistic fuzzy ideal of X.

(1) Ua(pra;t) and Lo(va; s) are ideal of X fort € Im(ua), s € Im(va) witht > «

Proof. Suppose that AL = ((ua)L, (va)T) is an intuitionistic fuzzy ideal of X. Then,
(ua)T and (v4)L are fuzzy ideal of X. Let t € Im(pa), s € Im(v4) with t > a.

Since (pa)L(0) = (ua)l(z) for all z € X, we have pa(0) + a = (ua)X(0) >
(ua)l(z) = pa(z) + a >t for x € Uy(pa;t). Hence, 0 € Uy(pua;t). Let 2,y € X
such that = * y,y € Uy(pa;t). Then, pa(z xy) > ¢t — «a and pua(y) > t — « ie.,
(ha)a(@+y) = pa(z*y) +a >t and (pa)g(y) = pa(y) +a > t. Since (ua)y is a fuzzy
ideal of X, therefore, we have ji4(x) +a = (ua)l(z) > min{(pa)X(z*y), (na)l(y)} >t
that is, pa(x) >t — a so that @ € U,(pa;t). Therefore, U, (pa;t) is a fuzzy ideal of X.

Again since (r4)2(0) < (va)X(z) for all z € X, we have v4(0) — a = (va)Z(0) <
(va)l(z) = va(x) — a < s for & € Lo(va;s). Hence, 0 € Ly(va;s). Let z,y € X
such that = * y,y € Lo(va;s). Then, va(x xy) < s+ «a and va(y) < s+ «a ie,
(va)X(zxy) =va(zxy) —a < sand (va)l(y) = va(y) — a < s. Since (va)? is a fuzzy
ideal of X, therefore, we have va(z) —a = (va)l(x) < max{(va)l(z*y), (va)l(y)} < s
that is, va(z) < s+ a so that € L,(va;s). Hence, L,(va;s) is a fuzzy ideal of X.

Conversely, suppose that U, (ua;t) and Ly (v4; s) are ideals of X for t € Im(ua),
s € Im(va) with t > . If there exists p € X such that (ua)Z(0) < A < (pa)X(p), then
pa(p) = A—abut s(0) < A—a. This shows that p € U, (pa;t) and 0 ¢ U, (ua;t). This
is a contradiction, and (pa)Z(0) = (ua)X(z) for all z € X. Again if there exists ¢ € X
such that (v4)2(0) > ¢ = (va)L(q), then v4(q) < ¢+ a but v4(0) > ¢+ a. This shows
that ¢ € Lo(va;5) and 0 ¢ L,(v4;s). This is a contradiction, and (v4)X(0) < (va)X(2)
for all x € X.

Let a,b € X be such that (pa)l(a) < B < min{(ua)l(a % b),(ua)X(b)}, then
palaxb) > f —aand pa(b) = f— a but pa(a) < f — «. This shows that a x b €
Ua(pra;t) and b € Uy(pa;t) but a ¢ U,(pa;t). This is a contradiction, and therefore
(ha)E(2) > minf ()L (2 % ), () (9)} for all 2,y € X.

Again assume that there exist ¢,d € X such that (v4)%(c) > § > max{(va)Z(c*
d), (va)L(d)}. Then, va(c*d) < 6 + a and va(d) < 6 + a but va(c) > § + a.
Hence, ¢ xd € L,(va;s) and d € L,(va;s) but ¢ ¢ L,(va;s). This is impossible
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and therefore (v4)X(x) < max{(va)L(x *y), (va)L(y)} for all z,y € X. Consequently
AT = ((ua)L, (va)l) is an intuitionistic fuzzy ideal of X. O

Theorem 4.7. Let A = (pua,va) be an intuitionistic fuzzy ideal of X and let o, €
0,%]. If a > B, then the intuitionistic fuzzy a-translation AT = ((ua)X, (va)T) of A
is an intuitionistic fuzzy ideal extension of the intuitionistic fuzzy B-translation AL =

((na)s, (va)h) of A.
Proof. 1t is straightforward. m

For every intuitionistic fuzzy ideal A = (ua,v4) of X and 3 € [0, %], the intuition-
istic fuzzy [(-translation A} = ((pa)j, (va)h) of A is an intuitionistic fuzzy ideal of
X. If B = (up,vp) is an intuitionistic fuzzy ideal extension of Ag, then there exists
a € [0, %] such that o > § and B > AL that is up(z) > (ua)l and vp(z) < (va)l for
all x € X. Hence, we have the following theorem.

Theorem 4.8. Let A = (ua,va) be an intuitionistic fuzzy ideal of X and let 5 € [0, F].
For every intuitionistic fuzzy ideal extension B = (ug,vg) of the intuitionistic fuzzy
B-translation AL = ((na)h, (va)j) of A, there exists o € [0,%F] such that a > 3 and B
is an intuitionistic fuzzy ideal extension of the intuitionistic fuzzy a-translation AL =
((na)a, (va)a) of A.

Let us illustrate the Theorem 4.8 using the following example.

Example 9. Let X = {0, 1,2, 3,4} be a BCI-algebra with the following Cayley table:

*x(0 1 2 3 4
ojo 0 0 3 3
11T 0 1 4 3
212 2 0 3 3
313 3 3 0 0
414 3 4 1 O

Let A = (u4,v4) be an intuitionistic fuzzy subset of X defined by

X 0 1 2 3 4
1A 0.68 026 052 045 0.26
va 031 072 045 053 0.72

Then, A is an intuitionistic fuzzy ideal of X and ¥ = 0.31. If we take § = 0.21, then
the intuitionistic fuzzy 3-translation A% = ((pa)g, (va)h) of A is given by

X 0 1 2 3 4
()5 | 089 047 073 066 047
(va)b | 010 051 024 032 051

Let B = (up,vp) be an intuitionistic fuzzy subset of X defined by

X 0 1 2 3 4
B 092 051 078 072 051
VB 0.07 047 019 026 047
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Then, B is clearly an intuitionistic fuzzy ideal of X which is an intuitionistic fuzzy
ideal extension of the intuitionistic fuzzy [-translation Ag of A. But B is not an
intuitionistic fuzzy a-translation of A for all a € [0,%]. If we take @ = 0.17 then
a=0.23 > 0.21 = 3 and the intuitionistic fuzzy a-translation AT = ((ua)Z, (va)L) of
A is given as follows:

X 0 1 2 3 4
(w)T [ 091 049 075 068 049
(vl | 008 049 022 030 049

Note that B(x) > AL (x) that is ug(z) = (ua)X and vg(z) < (va)f for all x € X, and
hence B is an intuitionistic fuzzy ideal extension of the intuitionistic fuzzy a-translation
AT of A.

For any intuitionistic fuzzy subset A = (ua,v4) of X, an intuitionistic fuzzy 0-
multiplication A" = ((pa)g', (va)g') of A is an intuitionistic fuzzy ideal of X.

Theorem 4.9. If A = (ua,v4) is an intuitionistic fuzzy ideal of X, then the intuition-
istic fuzzy y-multiplication of A is an intuitionistic fuzzy ideal of X for all v € [0, 1].

Proof. 1t is straightforward. O

Theorem 4.10. If A = (ua,va) is any intuitionistic fuzzy subset of X, then the
following assertions are equivalent:

(i) A is an intuitionistic fuzzy ideal of X.

(#4) for all v € (0,1], AT is an intuitionistic fuzzy ideal of X.

Proof. Necessity follows from Theorem 4.9. For sufficient part let v € (0, 1] be such
that A" = ((14)7', (va)7') is an intuitionistic fuzzy ideal of X. Then, for all z,y € X,
we have

pa(z)y = (pa)y'(z) = min{(pa)y (z * y), (1a)l' (y)}

= min{pa(z *y).7, pa(y)-v}
= min{pa(z *y), pay)t-y
and va(z)y = (va)y(x) < max{(va))(z*y), (va)y(y)}
= max{va(z *y).v,va(y).7}
= max{va(z *y),va(y)}7-

Therefore, j14(x) > min{ja(@ % y), pa(y)} and va(e) < max{va(e = y), va(y)} for al
x,y € X since v # 0. Hence, A = (4, v4) is an intuitionistic fuzzy ideal of X. O

5 Conclusions and future work

In this paper, intuitionistic fuzzy translation of intuitionistic fuzzy subalgebras and
ideals in BC'K/BC'I-algebra is introduced and investigated some of their useful prop-
erties. The relationships between intuitionistic fuzzy translations and intuitionistic
fuzzy extensions of intuitionistic fuzzy subalgebras and ideals has been constructed.
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It is our hope that this work would other foundations for further study of the
theory of BOK/BCI-algebras. In our future study of fuzzy structure of BCK/BC1I-
algebra, may be the following topics should be considered: (i) to find intuitionistic
fuzzy translation of intuitionistic fuzzy positive implicative, intuitionistic fuzzy im-
plicative and intuitionistic fuzzy commutative ideals in BC'K/BCI-algebra and their
relationship, (47) to find intuitionistic fuzzy translation of intuitionistic fuzzy H-ideals,
a-ideals and p-ideals in BC'K/BCI-algebra, (iii) to find the relationship between in-
tuitionistic fuzzy translations of intuitionistic fuzzy H-ideals, a-ideals and p-ideals in
BCK/BCI-algebra.



112

[1]

2]
3]
4]

[5]

(6]

17l
8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

T. Senapati, M. Bhowmik, M. Pal, B. Davvaz

References

S. Abdullah, B. Davvaz, M. Aslam, («, 8)-intuitionistic fuzzy ideals in hemiring, Comput. Math.
Appl. 62 (2011), 3077--3090.

M. Akram, B. Davvaz, Strong intuitionistic fuzzy graphs, Filomat. 26 (2012), 177-195.
B. Ahmad, Fuzzy BCI-algebras, J. Fuzzy Math. 1 (1993), no. 2, 445-452.
K.T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems. 20 (1986), 87-96.

K.T. Atanassov, More on intuitionistic fuzzy sets, Fuzzy Sets and Systems. 33 (1989), no. 1,
37-46.

K.T. Atanassov, New operations defined over the intuitionistic fuzzy sets, Fuzzy Sets and Sys-
tems. 61 (1994), 137-142.

K.T. Atanassov, Intuitionistic fuzzy sets, Physica-Verlag, Heidelberg, 1999.

K.T. Atanassov, Intuitionistic fuzzy sets. Past, present, future, Proc. Third European Conference
on Fuzzy Logic and Technology, Zittau, Germany, 2003, 12-19.

I. Cristea, B. Davvaz, Atanassov’s intuitionistic fuzzy grade of hypergroups, Inform. Sci. 180
(2010), 1506--1517.

B. Davvaz, W.A. Dudek, Y.B. Jun, Intuitionistic fuzzy H,-submodules, Inform. Sci. 176 (2006),
285-300.

B. Davvaz, P. Corsini, V. Leoreanu-Fotea, Atanassov’s intuitionistic (S, T)-fuzzy n-ary subhy-
pergroups and their properties, Inform. Sci. 179 (2009), 654—666.

B. Davvaz, S.K. Majumder, Atanassov’s intuitionistic fuzzy interior ideals of I'-semigroups,
Appl. Math. Phys. 73 (2011), no. 3, 45-60.

B. Davvaz, E. Hassani Sadrabadi, V. Leoreanu-Fotea, Atanassov’s intuitionistic fuzzy grade of a
sequence of fuzzy sets and join spaces determined by a hypergraph, J. Intell. Fuzzy Systems. 23
(2012), 9-25.

B. Davvaz, E. Hassani Sadrabadi, I. Cristea, Atanassov’s intuitionistic fuzzy grade of i.p.s hy-
pergroups of order less than or equal to 6, Iran. J. Fuzzy Syst. 9 (2012), no. 2, 73-99.

W.A. Dudek, On group-like BCI-algebrs, Demonstr. Math. 21 (1998), 369-376.

C. Gunduz (Aras), B. Davvaz, The universal coefficient theorem in the category of intuitionistic
fuzzy modules, Util. Math. 81 (2010), 131-156.

Q.P. Hu, K. Iseki, On BCI-algebra satisfying (x+y)*z = x* (y*z), Math. Sem. Notes. 8 (1980),
553-555.

Y. Imai, K. Iseki, On axiom system of propositional calculi, Proc. Japan Acad. Ser. A Math. Sci.
42 (1966), 19-22.

K. Iseki, An algebra related with a propositional calculus, Proc. Japan Acad. Ser. A Math. Sci.
42 (1966), 26-29.

K. Iseki, S. Tanaka, Ideal theory of BCK-algebras, Math. Japonica. 21 (1966), 351-356.

K. Iseki, S. Tanaka, An introduction to the theory of BCK-algebras, Math. Japonica. 23 (1978),
1-26.



Atanassov’s intuitionistic fuzzy translations of intuitionistic fuzzy subalgebras and ideals 113

[22] K. Iseki, On BCI-algebras, Math. Seminar Notes. 8 (1980), 125-130.
[23] Y.B. Jun, Closed fuzzy ideals in BCI-algebras, Math. Japan. 38 (1993), 199-202.

[24] Y.B. Jun, Translations of fuzzy ideals in BCK/BCI-algebras, Hacet. J. Math. Stat. 40 (2011),
n0. 3, 349 358.

[25] Y.B. Jun, K.H. Kim, Intuitionistic fuzzy ideals in BCK -algebras, Internat. J. Math. Math. Sci.
24 (2000), no. 12, 839-849.

[26] K.J. Lee, Y.B. Jun, M.I. Doh, Fuzzy translations and fuzzy multiplications of BCK/BCI-
algebras, Commun. Korean Math. Soc. 24 (2009), no. 3, 353-360.

[27] Y.L. Liu, J. Meng, Fuzzy ideals in BCI-algebras, Fuzzy Sets and Systems. 123 (2001), no. 2,
227-237.

[28] X. Ma, J. Zhan, B. Davvaz, Y.B. Jun, Some kinds of (€, € Vq)-interval-valued fuzzy ideals of
BClI-algebras, Inform. Sci. 178 (2008), no. 12, 3738-3754.

[29] J. Meng, On ideals in BCK -algebras, Math. Japon. 40 (1994), 143-154.
[30] J. Meng, Y.B. Jun, BCK -algebras, Kyung Moon Sa Co. Seoul, 1994.

[31] J. Meng, X. Guo, On fuzzy ideals in BCK -algebras, Fuzzy Sets and Systems. 149 (2005), no. 3,
509-525.

[32] S.Rasouli, D. Heidari, B. Davvaz, 5-Relations on implicative bounded hyper BCK-algebra, Hacet.
J. Math. Stat. 39 (2010), no. 4, 461-469.

[33] T. Senapati, M. Bhowmik, M. Pal, Fuzzy translations of fuzzy H-ideals in BCK/BCI-algebras,
Communicated.

[34] G. Takeuti, S. Titani, Intuitionistic fuzzy logic and intuitionistic fuzzy set theory, J. Symbolic
Logic. 49 (1984), 851-866.

[35] G. Takeuti, S. Titani, Fuzzy logic and fuzzy set theory, Arch. Math. Logic. 32 (1992), 1-32.
[36] O. Xi, Fuzzy BCK -algebras, Math. Japon. 36 (1991), 935-942.

[37] S. Yamak, O. Kazanci, B. Davvaz, Divisible and pure intuitionistic fuzzy subgroups and their
properties, Int. J. Fuzzy Syst. 10 (2008), 298-307.

[38] L.A. Zadeh, Fuzzy sets, Inform. Control, 8 (1965), no. 3, 338-353.

[39] J. Zhan, Y.B. Jun, B. Davvaz, On (€, € Vq)-fuzzy ideals of BCI-algebras, Iran. J. Fuzzy Syst. 6
(2009), no. 1, 81-94.

Tapan Senapati

Department of Applied Mathematics with Oceanology and Computer Programming
Vidyasagar University

Midnapore - 721 102, India

E-mail: math.tapan@gmail.com



114 T. Senapati, M. Bhowmik, M. Pal, B. Davvaz

Monoranjan Bhowmik
Department of Mathematics
V. T. T. College

Midnapore - 721 101, India
E-mail: mbvttc@Qgmail.com

Madhumangal Pal

Department of Applied Mathematics with Oceanology and Computer Programming
Vidyasagar University

Midnapore - 721 102, India

E-mail: mmpalvu@gmail.com

Bijan Davvaz

Department of Mathematics
Yazd University

Yazd, Iran

E-mail: davvaz@Qyazd.ac.ir

Received: 20.01.2013



