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Abstract. In this article we prove an analogue of Hardy -Littlewood- Stein inequality
for the Fourier transform in Lorentz space L2,r(R).

1 Introduction

Let f(x) be a scalar-valued µ measurable function which is finite almost everywhere,
we introduce the distribution function m(σ, f) defined by

m(σ, f) = µ({x : |f(x)| > σ})

and f ∗ its non-increasing rearrangement of the function f .

f ∗(t) = inf{σ : m(σ, f) 6 t}. (1.1)

In [1], the Lorentz space Lp,q is defined that f ∈ Lp,q, 1 6 p 6 ∞, if and only if

‖f‖Lp,q =

∫
R

(
t

1
pf ∗(t)

)q dt
t

 1
q

<∞

when 1 6 q <∞,

‖f‖Lp,∞ = sup
t
t

1
pf ∗(t)

when q = ∞.

Well-known classical theorem Hausdorff-Young [11], whereby if f(x) is a 1- periodic
function and satisfying

1∫
0

|f(x)|pdx <∞, 1 < p 6 2,

then following relation holds(
+∞∑

n=−∞

|cn|p
′

) 1
p′

6

 1∫
0

|f(x)|pdx


1
p

, (1.2)
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where

cn =

1∫
0

f(x)e−2πinxdx, n ∈ Z

are the Fourier coefficients of f(x) and p′ = p
p−1

.
An analogue of theorem Hausdorff-Young for the Fourier transform was proved by
Titchmarsh [9],[10] and the inequality of Titchmarsh for Fourier integrals ∞∫

−∞

∣∣∣f̂(ξ)
∣∣∣p′ dξ

 1
p′

6

 ∞∫
−∞

|f(x)|p dx

 1
p

, (1.3)

where

f̂(ξ) =

∞∫
−∞

f(x)e−2πixξdx

is Fourier transform of f(x).

The Hardy-Littlewood inequalities for the Lorentz spaces Lp,q(R) was proved by
Stein [3]-[8]:

Let 1 < p < 2, 1 6 q 6 ∞ and p′ = p
p−1

, then

(
∞∑
k=1

(
k

1
p′ c∗k

)q 1

k

) 1
q

6 C‖f‖Lp,q [0,1], (1.4)

where c∗k is a non-increasing rearrangement of the Fourier coefficients.

‖f̂‖Lp′,q(R) 6 C‖f‖Lp,q(R), (1.5)

Unlike inequalities (1.2) and (1.3), relations (1.4) and (1.5) don’t cover the case of p = 2.

S.V.Bochkarev in [2] for the Fourier transform on the torus has shown that the
Hardy -Littlewood- Stein inequality is not the case.
Theorem A. Let {ϕn}∞n=1 be an orthonormal system of complex-valued functions on
[0, 1], such that

‖ϕn‖∞ 6 M, n = 1, 2, ....

let f ∈ L2,r[0, 1], 2 < r 6 ∞. Then the inequality

sup
n∈N

1

|n| 12 (log(n+ 1))
1
2
− 1

r

n∑
m=1

a∗m 6 C‖f‖L2,r[0,1] (1.6)

holds, where an are the Fourier coefficients of the system {ϕn}∞n=1.
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2 Main result

The aim of this paper is to obtain an analogue of Bochkarev theorem for the Fourier
transform. The main result of this paper is the following.

Theorem 2.1. Let <N = {A =
N⋃
i=1

Ai, where Ai are segments in R}. Then for any

function f ∈ L2,r(R) and 2 < r <∞ we have the inequality

sup
N>8

sup
A⊂<N

1

|A| 12 log2(1 +N)
1
2
− 1

r

∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 23‖f‖L2,r . (2.1)

To prove Theorem 2.1, we establish the following lemmas.

Lemma 2.1. Let 4
3
< q < 2 < r < 4 and f ∈ Lq,r(R). Then for any measurable set

A of finite measure of <N , the inequality

1

|A|
1
q

∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 2

(
q

2− q

) 1
q′ (

r−2
r )

‖f‖Lq,r(R) (2.2)

holds.

Proof. ∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6
∣∣∣∣∣∣
∫
A

∞∫
−∞

f(t)e−iξtdtdξ

∣∣∣∣∣∣ 6 |A|‖f‖L1

and from the Plancherel’s theorem, we have∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 |A|
1
2‖f‖L2 .

Let τ ∈ (0,+∞). Define

f1(x) =

{
f(x), if |f(x)| 6 f ∗(τ),
0, otherwise,

f0(x) = f(x)− f1(x).

Then, for any 0 < τ <∞, we have∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6
∣∣∣∣∣∣
∫
A

f̂0(ξ)dξ

∣∣∣∣∣∣+
∣∣∣∣∣∣
∫
A

f̂1(ξ)dξ

∣∣∣∣∣∣
6 |A|

τ∫
0

f ∗(s)ds+ |A|
1
2

 ∞∫
τ

(f ∗(s))2ds

 1
2

.
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Using Holder’s inequality, we obtain∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6
|A|

 τ∫
0

(
t

1
q f ∗(t)

)r dt
t

 1
r
 τ∫

0

t
r′
q′
dt

t

 1
r′

+|A|
1
2

 ∞∫
τ

(
t

1
q f ∗(t)

)r dt
t

 1
r
 ∞∫

τ

(
t1−

2
q

) r
r−2 dt

t

 r−2
2r


6 ‖f‖Lq,r

(
|A|τ 1− 1

q

(
1− 1

q

) 1
r
−1

+ |A|
1
2 τ

1
2
− 1

q

(
r(2− q)

q(r − 2)

) 1
r
− 1

2

)
.

Now let τ =
(
q(r−2)
r(2−q)

) r−2
r
(

q
q−1

) 2(1−r)
r

/|A| and using the 4
3
< q < 2 < r < 4, we can

estimate ∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 2|A|
1
q

(
q

2− q

) 1
q′ (

r−2
r )

‖f‖Lq,r .

The method of the proof in this paper is based on a study of the constants in
inequalities of the form (2.2), namely their dependence on the relevant parameters.

Lemma 2.2. Let 2 < p < 4, p′ = p
p−1

, 2 < r <∞, f ∈ Lp,r and A =
N⋃
i=1

Ai, where Ai

are segments in R. Then we have

1

|A|
1
pN

1
p′−

1
p

∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 C‖f‖Lp,r ,

where

C = 4
√

2

(
r(p− 2)

p(r − 2)

) 1
p
( 2−r

r
)

.

Proof. Let f ∈ C∞
0 .∣∣∣∣∣∣

∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ =

∣∣∣∣∣∣
∫
A

∞∫
−∞

f(t)e−iξtdtdξ

∣∣∣∣∣∣ 6
N∑
i=1

∫
Ai

∞∫
−∞

∣∣f(t)e−iξtdtdξ
∣∣

6
N∑
i=1

∞∫
−∞

|f(t)|

∣∣∣∣∣∣
∫
Ai

e−iξtdξ

∣∣∣∣∣∣ dt =
N∑
i=1

∞∫
−∞

|f(t)|

∣∣∣∣∣∣
bi∫

ai

e−iξtdξ

∣∣∣∣∣∣ dt =
N∑
i=1

∞∫
−∞

|f(t)|

∣∣∣∣∣2 sin (bi−ai)
2

t

t

∣∣∣∣∣ dt
6

N∑
i=1

∞∫
−∞

|f(t)|min

(
(bi − ai),

2

t

)
dt 6 2

N∑
i=1

∞∫
−∞

|f(t)|min

(
|Ai|,

1

t

)
dt. (2.3)
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From the Plancherel’s theorem we get∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 |A|
1
2‖f‖L2 . (2.4)

Consider the function

f1(x) =

{
f(x), |f(x)| 6 f ∗(τ), x ∈ R\

[
− τ

2
, τ

2

]
0, otherwise,

f0(x) = f(x)− f1(x).

Then using the (2.3) and (2.4) we get∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6
∣∣∣∣∣∣
∫
A

f̂0(ξ)dξ

∣∣∣∣∣∣+
∣∣∣∣∣∣
∫
A

f̂1(ξ)dξ

∣∣∣∣∣∣
6 |A|

1
2‖f0‖L2 + 2

N∑
i=1

∞∫
−∞

|f1(x)|min

(
|Ai|,

1

|x|

)
dx

= B(I1 + I2)

We have

I1 =

 ∞∫
−∞

|f0(x)|2dx

 1
2

=


τ
2∫

− τ
2

|f(x)|2dx+

∫
τ
2
6|x|<∞

|f0(x)|2dx


1
2

6 2

 τ∫
0

|f ∗(t)|2dt

 1
2

I2 = 2
N∑
i=1

∞∫
−∞

|f1(x)|min

(
|Ai|,

1

|x|

)
= 2

N∑
i=1

∫
τ
2
6|x|<∞

|f1(x)|min

(
|Ai|,

1

|x|

)

6 2N

τ∫
0

f ∗1 (t)
1

t+ τ
dt =

= 2N

∞∫
0

f ∗(t+ τ)
dt

t+ τ
6 2N

∞∫
τ

f ∗(t)
dt

t
.

Therefore, ∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 2|A|
1
2

 τ∫
0

(f ∗(t))2dt

 1
2

+ 2N

∞∫
τ

f ∗(t)
dt

t
.
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Applying Hólder’s inequality, we obtain∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 2|A|
1
2

 τ∫
0

(f ∗(t)t
1
p )r

dt

t

 1
r
 τ∫

0

(
t1−

2
p

) r
r−2 dt

t

 r−2
2r

+2N

 ∞∫
τ

(
f ∗(t)t

1
p

)r dt
t

 1
r
 ∞∫

τ

t−
r′
p
dt

t

 1
r′

6 ‖f‖Lp,r

(
2|A|

1
2

(
r(p− 2)

p(r − 2)

) 2−r
2r

τ
1
2
− 1

p + 2Np
r−1

r τ−
1
p

)
.

Now let τ = N2

|A|( p−2
p )

2−r
r p

2( 1−r
r )

and using that 2 < p < 4 we have the following

estimate: ∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 4
√

2|A|1/p
(
p− 2

p

) 1
p(

2
r
−1)

N
1
p′−

1
p‖f‖Lp,r .

Lemma 2.3. Let A =
N⋃
i=1

Ai, where Ai are segments. Then for any 2 < p < 4 and

2 < r <∞ the inequality

1

|A| 12

∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 C‖f‖L2,r (2.5)

holds, where

C = 8

(
p

p− 2

) 1
p(1− 2

r )(p+ 2

p

) 1
4

N
1
2
− 1

p .

Proof. Let τ > 0,

f1(x) =

{
f(x), |f(x)| 6 f ∗(τ)
0, otherwise,

f0(x) = f(x)− f1(x).

Then, using Lemmas 2.1, 2.2 and 2 < r <∞, we obtain∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6
∣∣∣∣∣∣
∫
A

f̂0(ξ)dξ

∣∣∣∣∣∣+
∣∣∣∣∣∣
∫
A

f̂1(ξ)dξ

∣∣∣∣∣∣ 6 2‖f0‖Lp′,r

(
p′

2− p′

) 1
p(

r−2
r )

|A|
1
p′

+4
√

2‖f1‖Lp,r

(
p− 2

p

) 1
p(

2−r
r )

|A|
1
pN

1
p′−

1
p
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6 2

 τ∫
0

(
t

1
p′ f ∗(t)

)r dt
t

 1
r

|A|
1
p′

(
p′

2− p′

) 1
p(

r−2
r )

+4
√

2

 ∞∫
0

(
t

1
pf ∗(t+ τ)

)r dt
t

 1
r

|A|
1
p

(
p− 2

p

) 1
p(

2−r
r )

N
1
p′−

1
p .

Further, we estimate each integral separately τ∫
0

(
t

1
p′ f ∗(t)

)r dt
t

 1
r

=

 τ∫
0

(
t1−

1
pf ∗(t)

)r dt
t

 1
r

6

 τ∫
0

(
t

1
2f ∗(t)

)r dt
t

 1
r

sup
06t6τ

t
1
2
− 1

p 6 τ(
1
2
− 1

p)‖f‖L2,r .

 ∞∫
0

(
t

1
pf ∗(t+ τ)

)r dt
t

 1
r

6

 τ∫
0

(
t

1
p (t+ τ)−

1
2

)r dt
t

(
sup

0<s<∞
s

1
2f ∗(s)

)r
+

∞∫
τ

(t
1
pf ∗(t+ τ))r

dt

t

 1
r

6

 τ∫
0

(
t

1
p τ−

1
2

)r dt
t

sup
0<s<∞

r

2

s∫
0

ξ
r
2
−1f ∗(ξ)rdξ +

∞∫
τ

(
t

1
pf ∗(t)

)r dt
t

 1
r

6

τ( 1
p
− 1

2)
r p

2
‖f‖rL2,r

+ τ(
1
p
− 1

2)
r

∞∫
τ

(
t

1
2f ∗(t)

)r dt
t

 1
r

6 τ(
1
p
− 1

2)
(
p+ 2

2

) 1
r

‖f‖L2,r .

Therefore given the 2 < r <∞, we have∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 2|A|1−
1
p

(
p

p− 2

) 1
p(1− 2

r )
τ(

1
2
− 1

p)‖f‖L2,r

+4
√

2|A|
1
p

(
p− 2

p

) 1
p(

2−r
r )(p+ 2

2

) 1
2

N
1
p′−

1
p τ(

1
p
− 1

2)‖f‖L2,r .

Taking τ(
1
2
− 1

p) =

((
N
|A|

) 1
p′−

1
p (p+2

2

) 1
2

) 1
2

, we have∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 8|A|
1
2N

1
2
− 1

p

(
p

p− 2

) 1
p(1− 2

r )(p+ 2

2

) 1
4

‖f‖L2,r .
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The proof of Theorem 2.1. Let A ⊂ <N and |A| = N 6 8.
In the right part of the constant (2.5) we put p = 3. Then

8

(
p

p− 2

) 1
p(1− 2

r )(p+ 2

2

) 1
4

N
1
2
− 1

p 6 20.

Therefore, from Lemma 2.3, we get

1

N
1
2 log2(1 +N)

1
2
− 1

r

∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 1

N
1
2

∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 20‖f‖L2,r .

Now let A ⊂ <N so that N > 8. Put p = 2 log2N
log2N−2

, i.e. p−2
2p

= 1
log2N

, then p 6 6.

Note also that N
1
2
− 1

p = N
1

log2 N 6 2.

Using Lemma 2.3, we obtain

1

N
1
2

∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 23 log2(1 +N)

(
1
2
− 1

log2 N

)
(1− 2

r )‖f‖L2,r

6 23 log2(1 +N)
1
2
− 1

r ‖f‖L2,r .

Taking the top exact bound over all N of N we obtain

sup
N>8

sup
A⊂<N

1

N
1
2 log2(1 +N)

1
2
− 1

r

∣∣∣∣∣∣
∫
A

f̂(ξ)dξ

∣∣∣∣∣∣ 6 23‖f‖L2,r

Theorem is proved. �
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