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Abstract. In this article we prove an analogue of Hardy -Littlewood- Stein inequality
for the Fourier transform in Lorentz space Lo, (R).

1 Introduction

Let f(z) be a scalar-valued p measurable function which is finite almost everywhere,
we introduce the distribution function m(o, f) defined by

m(o, f) = p({z : [f(z)] > o})

and f* its non-increasing rearrangement of the function f.

f5(t) = inf{o : m(o, f) < t}. (1.1)
In [1], the Lorentz space L, , is defined that f € L, ,, 1 < p < oo, if and only if

e = | [ (@) F) <o
R
when 1 < g < o0,
11ty = sup e £ (1)

when ¢ = oo.

Well-known classical theorem Hausdorff-Young [11], whereby if f(z) is a 1- periodic
function and satisfying

1
/]f(x)]pda:< oo, 1<p<2,
0

then following relation holds

|~
S =

1

(Z |cn\p’>P < / f@)Pda | (1.2)

0
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where
1
= /f(x)e_%mxdm, nez
0

are the Fourier coefficients of f(x) and p’ = 2.

An analogue of theorem Hausdorff-Young for the Fourier transform was proved by
Titchmarsh [|9],[10] and the inequality of Titchmarsh for Fourier integrals

7 F©

U / F@)fde| (13)

where

= / f(x)e_%“gdx

is Fourier transform of f(z).

The Hardy-Littlewood inequalities for the Lorentz spaces L, ,(R) was proved by
Stein [3]-[8]:

Let 1<p<2,1<g< ooandp—L1 then

1

(Z (kﬁ‘:z)q %) < O fl L go.01; (1.4)

where ¢} is a non-increasing rearrangement of the Fourier coefficients.

||f||L/ ® < Clfllr,,m); (1.5)

Unlike inequalities (1.2) and (1.3), relations (1.4) and (1.5) don’t cover the case of p = 2.

S.V.Bochkarev in [2] for the Fourier transform on the torus has shown that the
Hardy -Littlewood- Stein inequality is not the case.
Theorem A. Let {p,}52, be an orthonormal system of complez-valued functions on
0,1], such that
lonlloo < M, n=1,2,....

let f € Ly, [0,1], 2 <r < oo. Then the inequality

sup
neN |n|2 (log n+41))z"

; Za < O fllzaion (1.6)

ﬂ

holds, where a,, are the Fourier coefficients of the system {¢,}5° ;.
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2 Main result

The aim of this paper is to obtain an analogue of Bochkarev theorem for the Fourier
transform. The main result of this paper is the following.

N

Theorem 2.1. Let Ry = {A = |J Ai, where A; are segments in R}. Then for any
i=1

function f € Ly, (R) and 2 < r < oo we have the inequality

1
sup sup

1 11 F(€)d < 23 - 21
N8 Achy |A|2 logy(1 + N)2—+ A/f(f) ¢ IFllz., (2.1)

To prove Theorem 2.1, we establish the following lemmas.

Lemma 2.1. Let % <g<2<r<4dand fe L, (R). Then for any measurable set
A of finite measure of Ry, the inequality

1 ; q
d¢| <2 =——
Al A/f@ : (2—q>

r—2

1Nz, ) (2.2)

Qe

holds.
Proof.

fe)de| < ftye " atde| < |Al|fllr,
[ e <lf ]

and from the Plancherel’s theorem, we have
A 1
[ F©de <1410
A

Let 7 € (O,+OO) Define
piy = { J 1) <70

0, otherwise,

folz) = f(x) = fu(x).

Then, for any 0 < 7 < 0o, we have

[ fere| <| [ faoe| + | [ fioe

A A
1
2

<l [ s+l | [ rds

T
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Using Holder’s inequality, we obtain

T

[ joae| < [1ar[ [ oy &) [ [
A 0

0

o0

ant ([ eroy ) ([ sy

T

11
1\ -
< | fllg., <|A‘7‘1¢11 <1 _ _) AP
| q

r—2 2(1—r)

Now let 7 = (38:3) i (ﬁ) " /IA| and using the 3

estimate
1 (r=2

[t <21t (557 il

A
The method of the proof in this paper is based on a study of the constants in
inequalities of the form (2.2), namely their dependence on the relevant parameters. []

< q<2<r<4, wecan

Lemma 2.2. Let2<p <4, p = z%’ 2<r<oo, fel,, and A= -Ul A;, where A;

are segments i R. Then we have

1 .
e | [ Fode| < €l
AN |

where
1=z
r(p - 2)) e

o0 N
/f V| = A/éf wmg<;!£|f e~ dt |
<§Zf /@df dt = Zé!f I/ble@df dt = Zi!f 2sin 2220 o

N

< f; 7 £()| min <(bi —a), %) <2y 7 £()| min <|Ai], %) gt (23)

i=1 s
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From the Plancherel’s theorem we get

< [AR [ fllz. (2.4)

Consider the function

hee) ‘{ @), @IS f0), 2 B\ [53]

, otherwise,

folz) = f(z) = fi(x).
Then using the (2.3) and (2.4) we get
/ £)de| +

/f £)de| <

N o0
1 . 1
<Al + 23 [ 1) i (\Aiu |a) da
=1

- B<Il + [2)

JEIGL

A

We have

( fo(x)Qdm) = (/ |f(z)[Pdx + / fo(w)Qdfv> <2(/f*(t>2dt)
o0 -1 7<lol<co 0

2

N

12:227\f1<x>rmm(|fm,§) i [ ttimin (1. )
i=1_" =l al<oo

=
7 <

<2N/f1 —dt

. dt Ji Lodt
:2N/f (t+7)t+7<2N/f(t)7’
0 T

Therefore,

<2/Ap ( / <f*<t>>2dt) van [T

0

[ e

A
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Applying Hélder’s inequality, we obtain

P 1 dt 2 d 2r
/f(&)dé < 2|Al2 /(f()tp) / 2 ?
4 0

i v LA\ dt e o dt "
+2N /(f ) / ot
2 2;7"
< ||f||Lp,r 2|A|% <T(p — )) T%_% —|— 2Npr;rl7'_% .
p(r —2)
Now let 7 = ( 2)5 - €3 and using that 2 < p < 4 we have the following
()7 07

estimate:

[ it < avaape (P22,
A

B =
—~

]

N
Lemma 2.3. Let A = |J A;, where A; are segments. Then for any 2 < p < 4 and
i=1
2 <r < oo the inequality

/ <Clflm, (2.5)

holds, where

Proof. Let 7 > 0,
f(@), |f(@)] < f(7)
0

otherwise,

fil) = {
fol) = f(@) — fi(x).

Then, using Lemmas 2.1, 2.2 and 2 < r < oo, we obtain
1(r=2
o A A p’ 5( T ) 1
[ <| [ e +| [ ot <2, (77)7 148
A A A

1
_2 p\ ) 1 11
VAl (1’7) AN

)
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[ L T dt ' 1 i %(%ﬂ
<2 /(tp/f (t>) - | 1Al (2_p,)
0

o0 T 1(2—r
1 T dt 1 -2 5 (5) 11
+4v/2 /(tpf*(tJrT)) — | AP (%) N7 75,
0
Further, we estimate each integral separately
1
1L 0\ dt
/ (#rw) 7)
0
T 1 T L
T dt 1 T dt
| [ (o) T) <[ (o) T s b < D),
t t 0<t<r ’
0 0
- 1
1, rdt
/(tpf (t+¢)> =
0
/ v dt T at)’
<[ [ (B § (s stre) + [ereenrd
t 0<s<o0 t
0 T
T 1 o] - dt r
< /(tirz = sup —/g d§+/<t§f*(t)> =
0 t 0<s<oo t

. L d Ly (P2
< (0B, 6 [ (o) £] <60 (52 g,

T

Therefore given the 2 < r < oo, we have

? 1-1 p
A/ | < 2413 (2)

P+ 2 11 (11
(T) NP GD) fl,,.

RS
~~

1_1
77 £

1_1 7 % 1 %
Taking 75-3) = ((%) ! (%2)2> , we have

. D (177 2\ 4
[t <siaint (S22 i,
A
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The proof of Theorem 2.1. Let A C Ry and |A| = N < 8.
In the right part of the constant (2.5) we put p = 3. Then

D %(1_%) p_|_2 i 11
() () it o
p_

Therefore, from Lemma 2.3, we get

€)d
N210g21+N§i/f s

<200/ s,

\

Now let A C Ry so that N > 8. Put p = liglzg]ffj_vw ie. p2—pQ = bg v then p < 6.

1
Note also that N%_% = NleaN 2.

Using Lemma 2.3, we obtain

/ F(€)de| < 231og,(1 + N) B maw) (=2 gy

m\»—t

1_1
< 23logy(1+ N)277 || f| 2o, -
Taking the top exact bound over all N of N we obtain

1
sup sup
N8 Acky Nz logy(1+ N)2

: /f )| < 23]z,
Theorem is proved. O
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