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Abstract. Conditions on the coefficients of a class of higher order operator-differential
equations that provide solvability of some boundary value problems well-posed for these
equations, are obtained in the paper. These boundary value problems are generaliza-
tions of some mixed problems for a semiharmonic equation. Relation of solvability of
boundary value problems with the sharp value of the norms of intermediate deriva-
tive operators in some subspaces are found. The obtained results are applied to the
proof of multiple completeness of some system of derivatives of chains of eigen and
adjoint vectors corresponding to eigenvalues of the appropriate polynomial operator
bundle on the half-plane, and to the completeness of decreasing elementary solutions
of a homogeneous equation.

1 Introduction

Many problems of mechanics, mathematical physics, and the theory of partial differ-
ential equations are reduced to investigation of solvability of boundary value problems
for operator-differential equations in different spaces, and also to investigation of com-
pleteness of a part of a system of eigen and adjoint vectors of polynomial operator
bundles corresponding to the given operator-differential equation and completeness of
elementary decreasing solutions of a homogeneous equation [1], [3], [4], [7-12], [14], [15],
[19-21], [25-28].

Note that some problems of the theory of elasticity in the half-strip [19], [20],
[25] the problems of the theory of vibrations of mechanical systems, vibrations of an
elastic cylinder [10] are reduced to investigation of solvability of some boundary value
problems for operator-differential equations and construction of the spectral theory of
quadratic bundles and higher order bundles. For example, the stress-strain state of a
plate is reduced to solving of the problems of the theory of elasticity in the half-strip.
In the papers of P.F. Popkovich [19], [20], Yu.A. Ustinov and Yu.l. Yudovich [25],
M.B. Orazov [18], the boundary value problem of the theory of elasticity in the strip
t > 0, |x|] <1 is reduced to the solvability of different boundary value problems for a
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second order equation, and the solution is obtained in the form of limits of decreasing
elementary solutions of a homogeneous equation which is closely connected with double
completeness of the system of eigen and adjoint vectors.

Further, note that many problems of mechanics and physics are reduced to investi-
gation of solvability of operator- differential equations and spectral problems of various
type operator bundles [9-11], [12], [19], [20], [25], [26-28]. In the papers [7], [8] M.V.
Keldysh gave the notion of multiple completeness of the system of eigen and adjoint
vectors for some classes of operator bundles and showed its relation with solvability
of the Cauchy problem for the appropriate operator-differential equations. Further, in
this area, sufficiently important results were obtained [2-4], [10-12], [14], [15], [21]. In
his paper (3|, M.G. Gasymov suggested a method connecting the multiple complete-
ness of a part of root vectors corresponding to eigenvalues on the left half-plane with
solvability of some boundary value problems. Later on, in the papers [11], [14], [15]
these ideas were developed and new theorems on solvability of boundary value prob-
lems and multiple completeness of a part of systems of eigen and adjoint vectors were
obtained. Relation of solvability of boundary value problems with the sharp value of
the norms of intermediate derivatives operators, that enables to find a wider class of
operator-differential equations for which the stated problem is well posed, is shown in
the paper [15].

Note that finding of the sharp values of the norms of intermediate derivatives op-
erators is of an independent interest, and has numerous applications in different fields
of analysis [13], [14], [16], [22-24], [25], for example, in approximation theory |23, 24].

For substantiation of the Fourier method for solving boundary value problems, it is
necessary to use the completeness of the system of root vectors in the space of traces of
solutions. This enables to prove the completeness of the system of elementary solutions
of a homogeneous equation [4].

In papers [6], [17] conditions on the coefficients of a class of higher order operator-
differential equations that provide solvability of some boundary value problems well-
posed for these equations. These boundary value problems are generalizations of some
mixed problems for the semiharmonic and the finite segment equation. The obtained
results are applied to the proof of multiple completeness of some system of derivatives
of chains of eigen and adjoint vectors corresponding to eigenvalues on the half-plane
and finite segment of the appropriate polynomial operator bundle, and completeness
of decreasing elementary solutions of a homogeneous equation.

2 Auxiliary facts and problem statement

Let H be a separable Hilbert space, A be a positive-definite operator with the domain
of definition D (A). By H, denote the scale of Hilbert spaces generated by the operator
A ie. H = D(AY), (x,y)y = (A2, A"), z,y € H,, v > 0. For 7 = 0 assume that
Hy=H.

By Ly (Ry; H) we denote the Hilbert space of all vector-function f(¢) defined on
R, = (0,00) almost everywhere with the values in H such that

1A oy = ( / Hf(t>||2dt>2 <o
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Further, define the following Hilbert spaces (n > 1) [13]:

Wi (R H) = {u:u® € Ly (Ry; H), A*™u € Ly (Ry; H)}

with the norm

n 2 n 2
||u||W22”(R+;H) = <H“(2 )HLQ(R+;H) + HA2 “H;(R+;H)> E

Here and in the sequel, the derivatives are understood in the sense of distribution
theory [13].
We define some subspaces of the space W2" (R, ; H) , namely

W3t (R Hi{s,},25) = {u:u e W (R H) ,u®)(0) = 0,y = 0,n— 1},

where the integer 0 < sp < 51 < ... < 8,1 < 2n — 1, and

W3™ (Ry; H; {1/},2/7:01) ={u:ueW;"(R:; H) ,u(0)=0,v=0,2n — 1}.

It follows by the trace theorem that W2" (R, ; H; {s,}I—,) and W (Ry; H; {v}>",")
are complete Hilbert spaces [13].
The spaces Ly (R; H) and W3 (R; H), where R = (—o0, 00), are defined similarly.
We also define the spaces D(Ry;H) and D (R;H) as the set of infinitely-
differentiable functions with compact supports on [0, c0), R respectively. Assume
that

D (Ri;H:{s,},2y) = {u:u € D(Ry; H) ,u®)(0) = 0} .
It follows by the density theorem [13] that the linear set D (R,; H) is dense in
W2 (Ry; H), D(R;H) is dense in W2" (R; H), and D (Ry; H;{s,}'_;) is dense in
the space W2 (Ry; H; {s,}7,)-

In the separable Hilbert space H, consider the initial boundary value problem

dQ n 2n—1 ‘
(—@ + A2> u(t) + > Agy_ul(t) = f(t),t € Ry = (0,00), (2.1)
7=0
u(0) =0,v=0,n—1, 0< 59 <81 < e < 81 < 20— 1, (2.2)

where the operator coefficients satisfy the conditions :
1) A is a positive-definite self-adjoint operator;
2) B; = AjA™ (j =1,2n) are bounded operators in H.

Definition 2.1. If for f(t) € Ly (Ry;H) there exists a vector-function wu(t) €
W3 (R, ; H) that satisfies equation (2.1) almost everywhere in R, then it is said
to be a regular solution of equation (2.1).
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Definition 2.2. If for any f(t) € Lo (R4; H) there exists a regular solution w () of
equation (2.1) that satisfies boundary condition (2.2) in the sense of convergence

lim Hus” =0,v=0,n—1,

101
A s,

and the estimate
”u||W22"(R+;H) < const ||f||L2(R+;H)

holds, then problem (2.1) ,(2.2) is said to be regularly solvable.

We state the following problem: under which conditions on the coefficients of
operator-differential equation (2.1), problem (2.1), (2.2) is regularly solvable?

Operator coefficients should be chosen in such a way that problem (2.1), (2.2)
were regularly solvable for sufficiently wide class of operator-differential equations. For
obtaining such conditions, it is necessary to find the sharp values of the norms of
intermediate derivative operators.

Note that for A; = 0 (j = 1,2n), the boundary value problem

(_% + A2> u(t) = f(t),t € Ry = (0,00), (2.3)

u*)(0) = 0,v =0,n — 1, (2.4)

covers in particular, mixed problems for the semiharmonic equation in infinite cylinder.
Really, if in the cylinder 2 = R, x x (0, 7) we consider the semiharmonic equation

(“55 - 30) WD) =F 0 @0 EQ=RoxaOm), (29

ul?(t,0) = uP (¢, 1) = O,uis”)(O,x) =0,teR,,x€(0,7),k=0,n—1,vr=0,n—1.
(2.6)
We assume that A%y = —a—y with the domain of definition

D (A%) ={y € Ly (0,7) : ¢ is absolutely continuous, y” € Ly (0,7),y(0) =y (x) = 0} .

It follows by Lemma 2.1 that mixed problem (2.5), (2.6) is regularly solvable in the
space Lo (R4 x [0,7]). We state the following problem: under which conditions on the
function on the coefficients P; (x) the problem

82 82 2n—1 a2n ( )
(ﬁ—i_W) (x,1) +Zp2n] atjax%j—f(t,a:),(t,x)EQ:R+x(O,7r)
(2.7)
u® (£,0) = ul® (¢, 7) = 0,u™) (0,2) =0, k=0,n—1,v=0,n—1 (2.8)

is also regularly solvable in the space Ly (R4 x [0, 7])?

Further, we are interested in how problem (2.1), (2.2) can be solved by the Fourier
method. For that we shall prove the n- fold completeness of the system of eigen and
adjoint vectors of the bundle P()\) = (=\?E + A?)" ZQ" '\ Ay, corresponding to
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eigen-values on the left half-plane in the space of traces, and completeness of elementary
solutions of the homogeneous equation P(4)u(t) = 0 in the space of regular solutions.
Obviously, the considered bundle
2n—1
P(\) = (-NE+A%)"+ > NAy,_;
=0
corresponds to operator-differential equation (2.1).

Definition 2.3. If a non-zero vector ; j o # 0 is a solution of the equation P (\;) ¢ = 0,
then \; is said to be an eigenvalue of the bundle P()), and ;o (j =1,p) is
an eigenvector of the bundle P(\) corresponding to eigenvalue \;. If the system
{gom-’l, Di 25 e g0i7j7mij} satisfies the equation

> (i)

s=0

“Piga—s = 07 q = 17 Mg s

A=\

then the system {%‘,j,h Dij,25 s g&i’j’mij} is said to be a system of eigen and adjoint
vectors corresponding to the eigenvalue \;.

Definition 2.4. If the system {gpmo, e <p,-7j7mij} is a chain of eigen and adjoint vectors
corresponding to the eigenvalue )\;, then the vector-functions
N th 75h—1
uign(t) =€ (H%’j’o + m%‘,j,l +o %pj,h) ; h=10,my;

satisfy the equation P(d/dt)u(t) = 0 and are said to be its elementary solutions. If
Re \; < 0, we shall call them decreasing elementary solutions of this homogeneous
equation.

Definition 2.5. Let Re)\; < 0. Denote by

dsv
ut)(0) = o g (1) /=0 = ) v =0,n—1.

,5,h

n—1

If the system {(gp(iug) } C H} = ﬁ% X Hyp, X -+ X HQ% is complete in the space

v=0

~ n—1
H = @ H,, ,, 1, weshall say that the K (IT_) - system of eigen and adjoint vectors
v=0

corresponding to eigenvalues from the left half-plane is n- fold complete in the space
of traces.

It follows from the expansion of the resolvent of the operator bundle P~1()) in the
vicinity of the point \; that, under conditions 1), 2) and A™! € o, (H), for n-fold
completeness of K (I1_) in the space of traces to hold, it is necessary and sufficient
that it follows from the holomorphy property of the vector-function

n—1
RO = (A2 iprt () Yo A are iy, (2.9)
v=0
in the left half-plane where f, = 0,v = 0,n — 1 [2-4], [8].
First we prove the following lemma.
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Lemma 2.1. Let condition 1) be satisfied. Then problem (2.3), (2.4) is regularly
solvable.

Proof. Write problem (2.3), (2.4) in the form of the equation Pyu = f, where
f € Ly(Ry;H), w € Wi (Ry; H; {5, 32 1) and Pou = PFy(d/dt)u for u €
W3 (R H; {s,12%,") . Show that KerP, = {0} and ImP, = Ly (R; H).

It is obvious that the equation Py(d/dt)u = 0 has a general solution from the space
W3 (R.; H) in the form

tk
uo(t) = —AFe ey,
k!
k=0
where e~ is a semi-group of bounded operators generated by the operator (—A), the

vectors ¢ € Hy, 1 (see [4], [5]). By using the conditions

uy € Wit (R+; H; {SV}Z;é) (ués”) =0,vr=0,n— 1> ,

we shall find the vectors ck( ,n) We set
2 0 0 0 ]
—E E 0 e 0
Ay = E —2F E e 0]
| L 2n—1)E -— CnlE e B

and let Ay ((SV)Z;B) be the matrix of dimension n x n obtained from A, by deleting the
(Sy41)-th rows and columns (1/ =0,n— 1) Since Ay is a triangular operator-matrix,

then Ag ((Sl’>u_0) will also be a triangular operator-matrix. Then, by the conditions
u$)(0) = 0 we get
Do ((s0),55) €= 0, ¢
Hence, we get ¢ = 0, i.e. up(t) =0.
Now, let us show that ImP, = Ly (R,; H). Denote by fi(t) a continuation of the

vector-function f(t) on (—oo, 0] as a zero vector-function. Then, by using the Fourier
transformation, we see that the vector-function

I
—
Q

o
o
[
\'Q
7
—
~—

1> o
uyt) = —/ (EE+ A%) " f1(ede, t € R = (=00, 00)
satisfies equation (2.3) in R, almost everywhere. Show that u;(t) € Wi (R; H)
(R = (—00,00)). By the Plancherel theorem, it suffices to prove that A?"u(£) €
Ly (R; H) and £*"0,(€) € Ly (R; H). Obviously,

o~ 2n 2 2\ £
HA u1(f)HL2(R;H) - HA (EE+A7) fl(g)HLz(R;H)
< sup HAQ" CE+ A% ‘fl ‘
ceh Lo(R;H)
= sup HAQ" (ECE+A%)" [PRTN R

£ER
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By the spectral expansion of the operator A it follows that for £ € R

HAZn £2E—|—A2 H_ Sup HMZn €2+M) -n

nea(A

<1

Therefore the previous inequality implies that A", (§) € Lo (R; H). The inclusion
£2m0,(€) € Ly (R; H) is proved similarly. Consequently, u;(t) € W3" (R; H). By w(t)
we denote the restriction of the vector-function u(t) € W2" (R; H) on [0,00), i.e.
w1(t) = ui(t)/(p,00)- Obviously, wi(t) € W3 (Ry; H), and it follows by theorem on
traces that w(s”) (0) € Hy,_,, 1 (v=0,n—1). Now, we shall look the solution of the
equation Pyu = f in the form -

)+ 5 e =)+ ),
where the unknown vectors ¢, are to be defined. It follows by condition (2.4) that
A((s)i5)e= 0 e= (@), &= (4™ (u)(0) =™ (0))

Each component of the vector ¢ belongs to the space HQn_%, cy € HM_% (1/ =0,n— 1) .

Hence, S Ave ¢, € Wi (Ry; H) (see [4],[5]), therefore u(t) is the desired solution.
[

0

Since the operator Py : Wi (Ry; H) — Lo (R, ; H) is bounded, it realizes an iso-
morphism between these spaces. Then, in the space W3" (R+; H; {S,,}Z;é ), the norms
||u||W22n(R+; my and [[Poull,, g, .y are equivalent. Therefore, by the theorem on inter-
mediate derivatives [13], the following numbers, i.e. the norms of the operators of
intermediate derivatives are finite

N; (Ry; Hi {s,}125)

— sup H A2n—=iq,(9)

0£WE™ (Ry;Hi{su} 120

) ||P0U||L2(R+;H) < 400, 7=0,2n—1. (2.10)

los

For determining the norms of intermediate derivatives operators, we consider the
following 4n-th order operator bundle depending on a real parameter 3 :

Py (A 35 A) = (=N2E + A — B (iN)Y A*% =020 — 1, (2.11)
where § € (0, d2n2’;) and
I
don,j = { ()™ (21273) ", i=02n-1 (2.12)
: j=

The following lemma is true.
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Lemma 2.2. Let 3 € (O d;f’;) Then the operator bundle P; (\; 3; A) has no spectrum

on the imaginary azxis and is represented in the form

Py (N B A) = Fj (N B A) - Fj (=X 85 A). (2.13)
Moreover,
2n 2n
Fy(X3:A) = [[OE —win (B)A) =D iy (B) A"A™™, (2.14)
k=1 m=

where Re wjy, () < 0 are the coefficients oy, ; (5) > 0, and they satisfy

o

> (1) Qg (B) sy (B) =
i <_1)ch+l/cm—u —B,if m=j
=3 = (2.15)
Z (_1)U Crn4-vCm—v, Zf m 7é j,m =0,2n—1.

Here, the numbers oy, j (3) are determined by (2.11) and

[ (=DEC™if m =2k, k=T1,n—1
=10, ifm=2%k-1, k=Tn-1"

and we assume that o, j (8) =0,¢, =0 for m > 2n and m < 0.

Proof. Let p € o(A), where o (A) is the spectrum of the operatorA. Then, for g €

(O d;f?) and for A =i, £ € R j =1,2n — 1, the polynomial

Py (X Byp) = (N + 2™ = BENY p2 ¥ =0,2n— 1, (2.16)

is positive. Indeed,

P\ i) = (€ +p7)" — g™
52] 2n—2j3
e (g
2]
= §2+M 2n
ﬁ
(5 +1)
72
> — Osu
- ( ﬁ7'>1(:]) 72+1) )

Thus, the polynomial P; (A; 3; u) has no roots on the imaginary axis and therefore it
has exactly n roots in the left half-plane and exactly n roots in the right half-plane.
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Since the roots of the polynomial P; (X; 8; 1) are symmetric with respect to the origin
and real axis, and it is homogeneous with respect to A and u, we have

2n 2n

Py (% B =[O =win B) ) - T[T +win (B) ), (2.17)

k=1 k=1

where for Rew;; (5) <0, § € (0, d72"). Denoting

2n,j
2n 2n
FynBim) =[O —win (B ) =D any (B) N, (2.18)
k=1 =0
we obtain
PN B A) = Fy (N B A) - Fy (<X 6 A). (2.19)

It follows by Viet’s theorem that «,; () > 0, since w;j; (3) are either real or
mutually adjoint complex numbers in the left half-plane.

It is obvious that o, ; (5) = 1. On the other hand, ag; (3) = (=1)" [To, wjx (B).
Since Re w;j (8) < 0, then g ; () > 0, because if w; (4) is a complex root, then
wjk (B) is also a root of the polynomial P; (A;[3;u) (the coefficients are real). On
the other hand, by (2.16) and (2.17) we get that of ; (3) = 1. Then ag; (3) = 1 or
ap,; (8) = —1, but ag; (8) > 0, and therefore g ; (3) = 1.

Further, comparing the coeflicients of the polynomial P; (\;5; i), by (2.16) and
(2.19) we get the validity of equality (2.15). Using spectral decomposition of the
operator A, by (2.17) and (2.19) we get the statement of the lemma. O

In the case j = 0, Lemma 2 is proved similarly .
Using expansion (2.17) and representation (2.18), first let us calculate the norms

G . o
N; (R H) = sup HA2 Ju(J)HLQ(R,H) HPOUHLQ(R;H)’ j=0,2n—1,
0£uEW2™ (R4 ;H) '

2n—1 n—j, (j -1 . =5
N; (R Hi{v}))) = sup | A ]u(J)HLQ(R+;H) | Poullymy iy » 7 =0,2n—1.
0£uEW2™ (R4 ;H)

and

Nj (Rys Hi{s,},55) =

= sup H A%

-1 . —_—
NPy 5= 020 .
0£ueW3™ (RysHi{s,}1=5)

ut? HLQ(R+;H>

Theorem 2.1. For the norms N; (R; H) and N; (R; H; {SV}Z;é) the following equali-
ties hold:
N, (Ry:H)=dy", j =020 —1,

and

N; (Ry H; {2,y = dy, j=0,2n — 1.

2n,j5)
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Proof. For u € D (R; H), after simple calculations we get

2

d? "
HPO(d/dt)uHig(R;H) = <_@+A)

n

Z (_1)m CTTA%L—Qmu(Qm)

Lo(R;H)

m=0 Lo(R;H)
ZC A2n— k: (k)
La(R;H)
= (Z (—1)SCk+SCk_s> | A% Fa®) HLQ(RH) (2.20)
k=0 S§=—00

k .
where ¢, = (—1)kC,% for k=2m, m=0,nand ¢, =0, for k=2m — 1, m = 1,n. For
k > 2n and k < 0, we assume that ¢, = 0. Similarly we have

2n
Z ki ( A2n k (k)
k=0

2

|E; (d/dt; 35 A) ull}

Lo (R;H)

_z<z s (B ey <a>) a2

S=—00

Then, taking into account equalities (2.15) and (2.20), we get
|15 (d/dt; B; A) ull ], iy = I1Po (d/dt) ullL, gy — B | A>Tl HL iy (222)
Hence, we have 3 € (O d,,; j) and v € D (R; H), and they satisfy the inequality
A2y, ) < 1 P 2
H u HLQ(R;H) = E H O(d/dt)uHLz(R,H)

Passing to limit as 3 — dy,>", we get that for all u € W2" (R; H) following the inequality

is satisfied:

2nj’

A0y < B [ Botlymy =020 (229
Let us show that inequality (2.23) is exact. Show this in the case j = 1,2n — 1. For
j =0, it is proved in a similar way, but with some little alterations.

Let € > 0. Denote

n n— 2
E(u.) = HPOUHL2 R:H) (d2n2] + 5) HA2 JuY HLQ(R;H) :
Show that there exists a vector-function wu.(t) = ¢.(t)p., where p. € Hy,, ||| = 1

and g.(t) is a scalar function such that g.(t) € W3" (R) and E (g.(t)¢-) < 0. Using the
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Fourier transformation and the Plancherel theorem, we can write it in the form

E(u) = / T(EE 4 A (e, (CF + A7) 0.(0)0) — (437 +) x

[e.e]

X (APTEW g.(€)pe, AT g (€) e ) dE
= / <<(€2E + A2 (dy2 5)) IA g, sos) 19:(6)|* d¢

oo

= [7 (P dsZy e 4) o) (@) d <0, 22

where g.(§) is the Fourier transformation of the function g.(¢). Obviously, if the oper-
ator A has even one eigenvalue p > 0 and eigenvector ¢, ||¢||, =1, then

(P (i€, dy2t + 2, A) o.p) = (€+p2)" — (dg2t + &) €992

2 2 2 £ P
= e (1 e £
( ) ( 2n,j ) (§2+'u2)2
Thus, in some neighbourhood of 7 = ,u#‘_j, the integrand function in (2.24) is

negative. Then, by continuity of (P] (if,dz_ﬁg —|—€,A) <p,<p) with respect to &, we
J

o where

get that there exists a mneighbourhood (n;,72) of the point & = p
(P] (zf, dy 2" + S,A) 0, go) < 0. Now, assume

2n,j
IS
() = = / s

where ¢(£) is an infinitely differentiable function with the support in the inter-

val (n1,m2) (9(€) =0, £ € R\ (n1,m2)). It is obvious that g.(¢) € Wi" (R; H) and

E (u:) = E(9-(t)¢) < 0. If the operator has no eigenvalues, then for p € o (A) we can

find a vector s, [|@s| = 1, such that A™ @5 = u™ps +0(1), for § — 0,m = 1,2, ....
In this case,

(P (i€, dy, 7 + 2, A) s, 05) = Py (i€, dy 27+, 1) +0(1),

as 0 — 0. Then, choosing sufficiently small §, and using the previous reasonings, we
get that E (u.) = E (g-(t)ps) < 0. Thus, N; (R; H) = d,7. (j =0,2n —1).

2n,j

Now, show that Nj (Ry; H;{s,}1—) = dor. (j =0,2n— 1). It is obvious that for

2n,j
u € W (Ry; Hy {v}2y") equality (2.22) holds (since u® = 0, = 0,2n — 1). Then

for all u € W™ (Ry; H; {u}?f;_ol) the inequality

2n—j . (4 -n . _—
|A ”“(J)Hh(m;m < dyi | Poull pyiyomy »d = 0,20 =1, (2.25)

holds, i.e. N; (R+; H; {sy}z;é) < dy, ;- We showed that there exists a vector-function
u.(t) € Wi (R; H), such that
< 0.

B (ue) = |Po e}y oy — (4275 + ) A7 TuD [}
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Since E (+) is a continuous functional in W™ (R; H), then there exists v.(t) € D (R; H),
t € Ry such that v.(t) = 0, for [t| > N (N >0) and E(v.) < 0. Then assuming
.(t) = v- (t — N), we get that a.(t) € Wi (Ry; H; {1/}12,7;01) and

1P el 1y ) = (o +€) HAQn_jagj)HLz(R+;H) = E(a) <0.
Consequently, inequality (2.16) is exact. ]

Now, find N; (R+;H ;{SV}Z;(I)). With the help of coefficients of the polyno-
mial Fj (\;8;A) and FPy(d/dt)A, we determine the following matrices R;(5) =

(Tp.a.d (5))1202:1 Cr—=C" T = (Cp,q)iﬁl:l : C?" — C?", where p > ¢

Ppad (B) = > (=1)" i (B) gam1 (B), (s (8) = 0, 5 < 0,5 > 2n),

s=0

and for p < ¢ we assume r,,,; (8) = 145, (8) . For p > ¢

Cpg = Z (—1)% ¢pysCqs—1. (cs = 0,8 < 0,5 > 2n),
s=0
and for p < q ¢,q = ¢4p, P,q = 1,n, where

L) vics, its=2k k=T2n 1
° 0, ifs=2k—1,k=1,2n— 1.

Let
S;(B)=R; (B) =T, R;(8) = R; (B) @ B, T =T® E*, S(8) =5(8) @ E*,

where E*" is the unit operator-matrix in C**, and ® means that each element of
S (3) is an element of the matrix S; (8) multiplied by the unit operator E. Similarly
to equality (2.22) for the vector-function u € W3" (R+;H : {sy}g;é), we prove the
following statement.

Lemma 2.3. For any u € Wi" (R+; H;: {su}z;é) and 3 € (O, dz_,i?), the equality

|5 (d/dt; B; A) u‘|iQ(R+;H) + Sj (B {sv}r—p) =

2 2n—j. ()2
= ||P0U||L2(R+;H) - HA ]u(])||L2(R+;H) 7 (2.26)

holds, where the operator matriz S; (3,{s,}"_,) is obtained from the matriz S; (3) of
dimension n x n by deleting the (so + 1)-th, (sy + 1)-th,..., (sy—1 + 1)-th rows and
columns.

It is obvious that S; (8, {s,}1_,) = S; (8, {s,}"_,) ® E™ is a symmetric operator
matrix.
Thus, we have the following.
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Lemma 2.4. o (Sj (8, {s,,}’,jzo)> = 0 (S; (B, {5,}"_,)) as sels.

Now, it is obvious that N; (Ry; H;{s,}12) > N; (Ry; Hi {v}12;) = dyg,';, since
W2 (Ry; H; {s,}02,) D W2 (Ry; H; {v}'Z;). The following theorems holds for the
case when N; (R; H; {3,,}:;3) = da,;-
Theorem 2.2. N; (R+; H,; {S,,}Z;é) = dz_ﬁj (j =0,2n — 1) if and only if for all B €
(0, d2.5)

2n,j

S; (B, {su}i_g) > 0.

Proof. Let N; (Ry; H; {S,,}Z;é) = dy,';. Then, for u € W3" (R H; {SV}Z;é), it follows
by equality (26) that

1By (dfdt; B85 Al g, o + (S5 (B A5 Fiy) 21 9)

HAQn_ju(j) HQLQ(RJr;H)

:HPOUHi (Ry;H) 1-p 2
o 1Po wll Ly (s

A2n—1g, ) H2
2 || Lo(Ry;H)
> || P U||L2(R+;H) 1-p sup > 2(R+
0AueWE™ (RysHi{s,}125) | 0u||L2(R+;H)
2 —2n
=[P UHLQ(RJr;H) (1 - ﬁd2n2,j) . (2.27)

Since all the roots of the polynomial F; (X; 5; A) are in the left half-plane, this means
that the Cauchy problem

Fy (d/dt; B; A)u = 0,0 (0) = 0,u™(0) = A2 3 k # s, (2.28)

has a unique solution in the space W™ (R,; H) for any collection of oy € Hy, 1k #

s, (v =0,n—1). Then, if in (2.27), instead of u(t) we write this solution, we get that
for any collection of n vectors gy, € Hy,_;_1 we have (5’] (B Asu}i_y) @ @) > (. Hence,

it follows that S; (3, {s,},_,) > 0.
Conversely, if S; (8, {s,},_,) > 0, for all 3 € (0, d;fg), then it follows from (2.26)
that

1Pl i,y = B[ A2 >0

for g € (O,d_Q”) and u € W2" (R+;H; {sy}z;é). Passing to limit as 0 — d,"., we

2n,j 2n,j0

get N; (Ry;{s,}02,) < dyyi- But, we showed that N; (Ry; {s,}025) > dgy'ss e
N; (R {s0}i2) = daye -

Thus, if for all g € (O,dii’fj), S; (B, {su} _,) 1s not positive, then
N (Ry; {s,} 128) > dyr ;. Then, N2 (Ry: {s,}025) € (0,d5.7) .

In this case the following statement holds.
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Theorem 2.3. If S;(8,{s,},_,) is not positive for all B € (O,d_%) , then

2n,j

Nj (Ry; {s,}125) = (1 (8, {SV}ZZO))%, where (1 (8,{s,}._,) is the smallest root of the

equation det S; (B, {s,}._,) = 0 in the interval (O, d;f’;)

Proof. As we noted, in this case N2 (R+;{5V}Z;(1)) € (O,d_zn). Then, for 3 €

J 2n,j

(0, N2 (Ry; {s,}'5)) and for any u € W2" (Ry; {s,}'—;), it follows from (2.27) that
1B (dfdt; B: A)ull o,y + (S5 (B A5 Vi) 2.2)

H A2n—iq,(3) H?
> || P u||2 1-4 sup AL

2
0AueWE™ (Ry:Hi{s,}125) | Fo U||L2

> [|Pyul* (1= BN (B, {s0}520)) > 0.
By considering the Cauchy problem (2.28), for 8 € (0, Nj_2 (R+;{SV}Z;(1))) we get
S; (B, {sv}._y) > 0. Then, the first eigenvalue of the matrix S; (3, {s,}._,) is positive
for all 8 € (0, Nj’2 (Ry; {SV}Z;(I))). On the other hand, it follows from definition of
Nj (Ry;{s,}iZ,) that for all 8 € (0, N;7%(Ry; {5,}125)) there exists a vector-function
us € Wi (Ry;{s,}7—,) such that

12
2 n—1q
1Py usll?, o) — 3 HA2 i) <0.

Lo(Ry;H)

Then, it follows by equality (2.26) that for § € (Nj’2 (Ry; {SV}Z;(I)) ,dyn)

2n,j
(85 (8. (s, Y-0) @0 85) <0,

where @3 = <gp[g,k:A2”’k’%u$)(0)), k # s, v = 0,n—1. Hence, it fol-

lows that the first eigenvalue of the matrix S;(8,{s,},_,) is negative for § €
(N2 (Ry; {sy}z;é) ,dy2%). As for Ay (), this is a continuous function such that
A1 (N2 (Ry; {sy}ﬁ;é)) =0, ie. N2 (Ry; {sy}:;é) is the smallest root of the equa-
tion det S; (5,{s.},_,) = 0. O

Theorems 2.2 and 2.3 yield the following statement.
Theorem 2.4. The norms of the operators of intermediate derivatives satisfy the equal-
1ty

) dgn,ja Zf det Sj (ﬁ) 7é 07 ﬁ € (O7d2_ri7;)a
102 ((s0)025) s if det S;(Bo) =0, By € (0,d3,70).

Thus, for finding the exact values of the norm N, (R+; {sy}z;é) , we have to
solve the equations detS; (8, {s,}._,) = 0. If this equation has a solution in the

N; (Ris{s,}2g) = {

[

interval (O,d;fg), then the smallest of them o will satisfy the condition ,uj_ =

N; (Ry; {sy}z;é). Here, we must take into account that a; (o) > 0. If under the
condition «; (119) > 0 this equation has no solution in the interval (O,d_Q” ), then

2n,j
N; (Rei{su},20) = dayy.
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3 On solvability of boundary value problem (2.1), (2.2)

Now, we shall find conditions that provide regular solvability of problems (2.1), (2.2).
The following theorem is true.

Theorem 3.1. Let conditions 1), 2) be satisfied, and the operators A; (j = 1,2n)
satisfy the conditions

-1
a=Y N;(Ru;{s,}120) | Baueyll < 1.
=0
where B; = A;A™ (j = m) Then problem (2.1), (2.2) is regularly solvable.
Proof. Write problem (2.1), (2.2) in the form of the equation
Pu=FPu+ Pu=f
where f € Ly (Ry; H) ,u € W3 (R+; {SV}Z;(I)>. By Lemma 1, the operator
F: W22n (Ry:{L}) — Lo (R4 H)

is continuous and boundedly invertible. It follows by condition 2) that the operator
P Wi (Ry; {s,,}"_l) — Ly (Ry; H) is also bounded. Indeed,

v=0
2n—1 A
1Pl = NP/l = D APl
=0
2n—1 ’ 4 '
< Y B A4 oy
j=0

< const |[ullyzn g, m -

Thus, the operator P : W3 (R; {S,,}:;é) — Lo (Ry; H) is bounded. Show that P is an
invertible operator. If we denote v = Py u, then we get the equation (E + PPy 1) v=f
with respect to v in the space Ly (Ry; H). Then, for any v (the operator Py is an

isomorphism),

2n —1
[Pl = [Pl < 37 ([ Bones || A
§=0
2n—1

n—1
< Y IBan I Ny (Rys {subozs) 1P ull e,
=0
= « ||P0u||L2n(R+;H) =« ||U||L2n(R+;H) :
Since 0 < «a < 1, the operator (E + P1P61> is invertible in Ly (Ry; H), hence

v(t) = (E+ PP )7 (1),
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and
u(t) = Py (B + PPy ) Hf(1).
It is obvious that
HUHW22"(R+;H) < const ||f||L2(R+;H) :
The theorem is proved. O

Corollary 3.1. Let the conditions of Theorem 3.1 be satisfied. Then, the problem

P(d/dt)u(t) = 0,t € Ry = (0,00), (3.1)
u*)(0) = p,,v=0,n—1, (3.2)
has a unique reqular solution, and moreover, for any ¢, € H2n—u—% (V =0,n— 1)
n—1
lllwan gy iy < const Y leullyny, -1 - (3-3)
v=0

n—1
Proof. We write u(t) = w(t) — ug(t), where ugp(t) = > %Ake*mck. Here ¢, are the un-
k=0

known vectors that are to be determined by the system u**)(0) = —¢, (1/ =0,n— 1).
Then, with respect to w, we get the following problem

Pd/dt)(t) = g(t),t € Ry = (0,00), (3.4
w(0)=0,v=0,n—1, (3.5)
where ¢(t) = Pi(d/dt)uy(t). Hence,
n—1
9 2oy = IPUAS AV a0 (O 1y iary < const Y Nl -1
k=0

ie. g(t) € Ly(Ry; H). Applying Theorem 3.1, we get that problem (32),(33) is
regularly solvable. Then,
n—1

lllwg ety < const Y 1@l -
v=0

On the other hand,

n—1 n—1
luo(t)]] < const 3 llevllys < const 3 [@uls_s
k=0 k=0

and then the desired solution will be ©u = w — uyg. O

Note that it follows by Theorem 3.1 that problem (2.7), (2.8) has a unique regular
solution for any f (z,t) € Ly (R4 x [0,7]), if the condition

2n—1
DN (Ryi(s0)0%) sup [Pony(2)] < 1
=0 z€[0,m]

is satisfied.
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4 n-fold completeness

Now, we investigate the n-fold completeness of a system of derivatives of the chains of
eigen and adjoint vectors corresponding to eigenvalues in the left half-plane.
First, we estimate the resolvent P~!()\) in some sectors.

Theorem 4.1. Let conditions 1), 2) be satisfied, and

2n—1

a=> dj, |Bajll <1,
=0
where day, j are defined by (2.12). Then on the sectors

Sigz{)\:

arg)\ig‘ < 9}

for small @ > 0, the operator bundle P(\) is invertible and in these sectors the estimate

2n—1

Z [V AT PN || < const (4.1)
=0

holds.

Proof. Let A € Sy. It suffices to prove the desired inequality for the sectors S_y =

{)\ A =re,r >0, TH0<p< g} For other parts of the sector S g, this inequality

is proved similarly. Let P(\) = Py (\) + Pi()\), where

2n—1

Py(A) = (=X +A°)" PN = > NAg, ;.
=0

For A = re'z, we have
P(X) =Py (\) + Pi(A) = (E+ PP (V) Byt (V).

It is obvious that for \ = re’s

2n—1
|PL VPN = Z Pl ®nDE Ay, s (rPE + A%
=0
2n—1
< N By |74 (2B + A%
j=0

Using the spectral expansion of the operator A, we have

AT (PE4+ AT = sup [P (rf )"
wE€c(A)
< sup |7/ (7P +1)"| =dj, ;-

7>0
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Then, we get that for A = re'z, r > 0
|PL )P (V|| < e < 1.

Consequently, for \ = re'z

PR = B (B4 POV ) PO < B )] s (42)
Then, we have
VAT P = |IVARTPI ) (B + POOR ()
W] < ing (4.3)

1—a
Thus, for A = re'z, inequality (4.1) is true. Now, let A = rew,% <@ < §+0. Then it

is obvious that for A = rel(3+9) = jpeiv

PO) = P (ir) + (i) * 70 Qi (B 1)
+ (i) 2" Qy (e10m D% — 1) 4+ (ir) Qi (€ — 1)

where Qo1 = Aoj_1, k=1,1, Qo = (—1)k CEA% + Ay, k=1,n— 1. Then

P\ = (E+ (i)™ QP! (ir) (D2 — 1) + ...
+irQr P~ (ir) (ew — 1))P (ir)
= (E+T (ir,¢)) P (ir).

Since 6§ > 0 is sufficiently small and 0 < ¢ < 6, then by using estimate (4.3) we get
|T (ir, o)|| < &, for small § and 7 > 0. Then we get that for A = re®?, 2 < ¢ < I+,
where 0 is a sufﬁaently small number inequality (4.1) holds. ]

Lemma 4.1. Let conditions 1), 2) be satisfied and
3) A7t be a completely continuous operator, i.e. A™' € oo (H);
4) the operator (E + Ba,) be invertible in H.

Then the operator bundle P(X) has only a discrete spectrum with a unique limit
point at infinity. In addition, if A~' € 0, (0 < p < ), the operator bundle A*" P~(\)
1s represented in the form of ratio of two entire functions of order p and of minimal
type p.

Proof. 1t is obvious that P(\) may be represented in the form
2n—1

PO = (=1)"N"E+ A"+ " NQy; + A™,

j=1
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where Qg = (—l)k CEA%R 1 A?% Qop_1 = Agj_1. Then

2n—1
PR = ((—1)" NIATE LY N Qo AT+ E A2"A‘2”> A

j=1
= (E+4 By) ((=1)" " (E + By,) " A7 +
2n—1
+ > N (E+ Byy) ' QunjATAT 4 B) A
j=1

— (B+Ba) % (E+M(N) 4™,

2n—1
M(X) = <(—1)” N (E 4 Byn) PAT 4+ N (B4 Byy) T QunjATMIAT 4 E) .

j=1

It is obvious that
Ton = (—1)" (B + Bap) A" € 0 (H),

Ty = (B + Ban) ™' (Aon A7) A7 € 00 (H)

for all A € C, i.e. M()) is a compact-valued operator-function and M(0) = 0. It
follows by the Keldysh lemma [7| that the operator bundle E + M () is invertible
for all A € C except for a countable number of points Ag, that will be eigenvalues of
E + M(A) and have a limit point only at infinity. Obviously, this refers to the bundle
P(\) = (E + Bsy,) (E + M()\)) A*™ as well. On the other hand, by the boundedness of
the operators A~ € 0,, (F + By,) and (E 4 By,) ™" Qan—j A" we get that Ty, €
op,aT; € oe (j =1,2n —1). Therefore, it follows by the Keldysh lemma [2], [8]
that (E + M (X)) ™" is represented in the form of ratio of two entire functions of orderp

and of minimal type for order p.This property holds for the bundle P()) as well, since
AP N) = (E+ M(A) ™ (E+ Bz) O

Now, we prove a theorem on completeness of the system K (I1_).

Theorem 4.2. Let the conditions of Theorem 3.1 be satisfied, A~' € o (H) and let
the following conditions be satisfied:

a) At €0,(0<p<1),B;€ L(H),j=1,2n;

b) At €0,(0<p<o0), Bj €0y (H).

Then the system K (I1_) is n-fold complete in the space of traces, and the system of
elementary decreasing solutions of the equation P(d/dt)u = 0 is complete in the space
of reqular solutions of problem (2.1), (2.2)

Proof. By Lemma 5, under the conditions of the theorem, P()\) has a discrete spectrum
with a unique limit point at infinity, and A*P~"()) is a meromorphic function of order
p and of minimal type p. Let there exist a vector f = { fl,}l]f;é € H for which

—_

Fo~ o (sv) o -
(f?SOi,j,h)f{ — <fz/7 902'7]'7}1)[{ ) = O,l = 1, 2,

2nfsl,7§

3

Il
o

v
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Then, by the ortogonality condition and the expansion in a neighbourhood of the point
Ai, we easily get that (see (2.9) and [2], [4], [8])

3
,_.

=52 (1 ) b

1%

Il
o

is an analytic vector-function in the left half-plane II_. When the conditions of the
theorem are satisfied, problem (2.1),(2.2) has a regular solution u(t) € W2 (R,; H).
We can represent it in the form

2n—1

u(t) = %/ Z Qs JeMd,

where Q,(\) = A" 7B + ..+ Qn_s1 (s =0,2n — 1). It follows by the condition
| P71 (N)|| < const|A|7?" that for A € Sy that at ¢ > 0 the integration contour may
be changed by the contour I' that for large |A| (A € S1y) coincides with the rays I'y =

{/\ A= reﬂ(%w)} for small 6 > 0, i.e.

2n—1

u(t) = 5— / Z Qs (A JeMd.

For t > 0, we can differentiate this integral arbitrarily many times, therefore for ¢ > 0

T
L

k-1

(O f) sy = % </FP_1(A)AS"iQs(A)u(s)(O),fy> M\

2n—su—%

2n—1
1 1
- A2nfsyffp Sy At
2m Jp < 2 M)A Z Qs(r ) i
2n—1 1
_ R () AMI\ = — A)dA
omi (ZQS R )>6 27Ti/pv< )X

<
Il
o

2n—1

where v(\) = ( > Q.(MNu®(0), R ()\)) and R(\) is defined from equality (2.9).

It follows by the conditions a) and b) of the theorem and by the properties of R(\)
that v(\) is an entire function of order p and of minimal type p, and in the right half-
plane it grows not quicker than |A[*"~! on the imaginary axis does not grow quicker
than |A\[**. Then by the Fragmen-Lindelof theorem v(\) is a polynomial. Therefore,
v(A) = vy + Avy + ... + A0, On the other hand, for ¢ > 0

Consequently, for t > 0
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n—1
Passing to limit as ¢ — 0, we get Y (Xu, fu)o,_
v=0
arbitrary elements, we have f, =0, v = 0,n — 1. Thus, the system K (H,) is n- fold
complete in the space of traces. Then, for any € > 0, we can find a number N and

numbers C}Y;;, (¢) such that

= 0. Since x, € Hy, ,, 1 are

S—*

N

Sy € - const
Xv = Z Z ng,h(‘g)gpg,j,% STy (4.4)

—1 (s
? (]’h) 2n—su—%

where const is as in inequality (3.3). Since

P (0) = ul™) (8) /1=0s o = u® () /1o,

by using inequalities (4.4) and (3.3), we get

ZZC’Jh <61,(51:%>.

i=1 (j,h)
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