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Abstract. In this paper, embedding theorems for weighted Sobolev classes are ob-
tained. Here weights are functions of distance to some h-set.

1 Introduction

Denote by AC(ty, t1] the space of all absolutely continuous functions on an interval
[to, t1]. For x € R% and a > 0 we shall denote by B,(x) the closed Euclidean ball of
radius @ in R? centered at the point .

Definition 1.1. Let Q C R? be a bounded domain, and let a > 0. We say that
2 € FC(a) if there exists a point x, € € such that, for any = € Q, there exists a curve

Ve ¢ [0, T(z)] — 2 with the following properties:
1) 7% € AC[O, T(@)], [“52| =1 e,
2) 12(0) = z, 7(T(2)) = 2,

3) Bat(7:(t)) € Q for any ¢ € [0, T'(x)].

Definition 1.2. We say that  satisfies the John condition (and call € a John domain)
if 2 € FC(a) for some a > 0.

Let Q C R? be a bounded domain, and let g, v : © — (0, co) be measurable
functions. For each measurable vector-valued function ¢ : Q — R, ¥ = (¥g)1<p<i,

and for each p € [1, oo], we put |[¢||1,) = || maxi<x< |wk\H :
p

Let 3= (B, ..., Bq) € Z% = (Nu{0})?, 13| = B1+...4 B4 For r € N and for any
distribution f defined on € we write V'f = <8Tf /0P ) . (here partial derivatives are
Bl=r
understood in the sense of distributions), and denote by [, 4 the number of components
of the vector-valued distribution V'f.

We call the set

W) ={f: Q— R[I: Q— R )l <1, Vif=g-1}



130 A.A. Vasil’eva

v’l’
a weighted Sobolev class and denote the corresponding function 1 by f.
g
A weighted Lebesgue space is defined by L, ,(Q) = {f: Q = R| [|f|z,.@) < oo},
where || f||z, .«)=Ilfv||z, (it is assumed that f is measurable on ).
We denote by H the set of all nondecreasing positive functions defined on (0, 1].

Definition 1.3. (see [3]). Let I' € R? be a nonempty compact set and h € H. We
say that I' is an h-set if there are a constant ¢, > 1 and a finite countably additive
measure £ on R? such that supp = I' and ¢, h(t) < u(Bi(x)) < c,h(t) for any x € T
and t € (0, 1].

Given E C R? and z € R?, we set dist (z, E) = inf{|z —y|: y € E}.
Let g(z) = py(dist (z, I')), v(z) = pu(dist(z, I'), w4 ¢u : (0, 00) — (0, 00).
Suppose that there exists ¢y > ¢, such that
W) elt) 0

— <cy, JEN, t, sc[2777t 279
Pu(s)

S Co,

=~ Cop,
h(s) Pg(s)
Let G be a graph that has neither multiple edges nor loops. We denote by V(G)

the vertex set of G, and by E(G), the edge set. We identify pairs of adjacent vertices
with edges that connect them. Given a function f : V(G) — R, we set || f||;,¢) =

1/p
( > |f(§)|p) . Denote by [,(G) the space of functions f : V(G) — R with finite
€evi(9)

norm || f]1,(g)-
Let 7 = (7, &) be a tree rooted at . We introduce a partial order on V(7) as

follows: we say that & > £ if there exists a simple path (&, &1, ..., &, ') such that
£ = &, for some k € 0, n; by the distance between ¢ and & we mean the quantity
pr(&, &) = pr(€, &) = n+1— k. In addition, we set pr(&, §) = 0. For j € Z, and
£eV(T), let
Vi(€) = Vi(€) ={¢ =&+ pr(& ) =3}

Given & € V(7T), we denote by 7 = (7, &) the subtree in 7 with the vertex set
{¢eV(T):¢=¢)

For every cube K and s € Z,, we denote by Z,(K) the partition of K into 2%
pairwise disjoint cubes of the same size, Z(K) := [ c,, Es(K).

T2 2
a graph, and let F': V(G) — © be a one-to-one mapping. We say that F' is consistent
with the structure of the graph G if, for any adjacent vertices &', £’ € V(G), the set
Leren:= F(&') N F(£") has dimension d — 1.

Definition 1.4. Let © C = ([ 1 1}d> be a family of pairwise disjoint cubes, let G be

Let (7, &) be a tree, and let F' : V(7)) — © be a one-to-one mapping consistent
with the structure of the tree 7. For any adjacent vertices &', £, we denote by f’gr,gu
the interior of I'¢r ¢» with respect to the induced topology on the affine span of I'g/ ¢
For each subtree 7’ of 7, we put

QT/,F = (UEGV(TI)int F(g)) U (U(£/7£II)€E(TI)F£/7£II> .

Let ©(Q) be a Whitney covering of Q (see |6, p. 562]). The following result is
proved in |7].
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Theorem A. Leta >0, Q C [—%, %]d, Q2 € FC(a). Then there exist a tree (T, &)
and a one-to-one mapping F': V(T) — ©(Q) consistent with the structure of T and a

number b, = b.(a, d) > 0 such that Qz p € FC(b,) for any subtree T' of T.

2 Main results

Let X, ¥ besets, fi, f: X x ¥ — R,. We wiite fi(z, 1) < folz, ) (o1 fola, ) 2
v v
fi(z, y)) if, for any y € Y, there exists ¢(y) > 0 such that fi(z, y) < ¢(y) fao(z, y) for

each z € X; fl(x7 y) ? f2($, y) if fl(xv y) S fQ(xa y) and fQ(xv y) 5 fl(w7 y)

Let {(Dj;, éj,i)}jzj*,z‘efj be a partition of the tree 7 into non-empty subtrees. We
say that the tree Dj ;; succeeds the tree D;; if éjl < éj’,i’ and {£ € T : éﬂ <E<
fj/ﬂ-/} C V(Dj;). We say that this partition is regular if j* = j + 1 for any j, j* > j,,
i € 1;,i € I such that D, ; succeeds the tree D; ;.

In [8] the number 5 = 3(a,d) € N is defined and the regular partition
{(Dji, &)} j>j..ieq, of the tree T is constructed. This partition satisfies the follow-
ing conditions: 1. diam ij’i,Fiiz—Ej for any j > j., i € I;; 2. dist (z, T) = 275 for
any ¥ € Qp, , p. , 7

Here we may assume that s > 4. Given j > j,, t € _fj, l € Z,, we define f]lt by

. o R
Ly ={i€ i S > &)

Let A be the tree with vertex set {n;},>; ,c7, and edge set defined by Vin;:) =

{77]'4“175}561}1,' In [9] it is proved that card Vit(n;;) < %, j> gl EZ,.

a,d,co

Denote by P,_;(R?) the space of polynomials on R? of degree not exceeding r — 1.
For a measurable set £ C R? we put P,_1(E) = {f|z: f € P.1(R)}.

Given j > j,, @ € I;, we set

e = o (275 . g (=8 —w; =, (279) . 27
u(nya) = uj = @g(277) - 27V w(ng) = wj = @u(27Y) 27 0 (2.1)

Qnji) = Qp,, r. Given a subtree D C A, we write Q[D] = Ugev(p)Q[¢].

Define the summation operator S, ., » by

Suwnf(€) =w(©) Y u@)f(&), £€V(D), f:V(D)—R
§'<¢

Given 1 < p, ¢ < o0, by &%’ , we denote the operator norm of Sy, p : [,(D) — 1,(D).
Throughout the paper, we assume that

d d
l<p<oo, 1<g<oo, d:=r+—-——->0.
q P

Let 3 = (a, d7 r,p,q, ha o, g, ’U).
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Theorem 2.1. Let u, w be defined by (2.1) and let &%, , < co. Then W, (Q) C

L,,(2) and for any vertex & € V(A) there is a linear continuous operator P :

L,,(2) = P._1(2) such that for any subtree D C A rooted at &, and for any function

feW, (&)

V'f
g

Hf PfHqu Q[D]) N G%quw

Lp(Q[D])
The proof is the same as in (8, 9]. In order to estimate G%quw, we apply results

obtained in [1, 2, 5, 10| and the family of partitions of I" constructed in [4].

Theorem 2.2. Let 1 < p < g < oo and let u, w be defined by (2.1). Suppose that there
[|w qu(Ag,)

are lp € N and A € (0, 1) such that — = < A, £ € V(A), £ € VA(€). Let

sup (&) ||wlli,(a,) < o0
£EV(A)

Then Wy ,(Q) C Lyo(S2) and for any vertex &, € V(A) there exists a linear continuous
operator P : L,,(2) — Pr_1(Q) such that for any subtree D C A rooted at &, and for
any function f € Wy (Q)

v f

1f = Pfllryomp S sup w(é)lwlli,o,) :
3 §eV(D) Lp(Q[D])

Theorem 2.3. Let p > q, & € Via(&), and let u, w be defined by (2.1). We set
RN o o
wj:wj-(%y,ﬂj:uj-(%) for any j > jo. Let

Mi5(jo) = sup (Z wf) ! (Z af’)? <o for p=gq,

Jo<j<oo i—j

B =

1=jo
pg 11
[e’e} [e%¢} 1 i . L, p—q q9 P
Mo (jo) := Z((Zt@f)p(Zﬁf>p> W} <oo for 1 <qg<p<oo.
J=J i=j i=jo
Then W} (Q[Ae]) C Lqo(QAe]) and there is a linear continuous operator P :
Lyo(2) — Pr_1(Q2) such that for any subtree D C A, rooted at &, and for any function
feWwy, (@ )
VS
1f = PfllLg.m) S Maa (o) ‘ :
3 9 L, @)

In conclusion, we notice that in [9] the functions h, ¢,, ¢, were defined as follows:
h(t) = t°|log t|"(|log ),
pg(t) =t |log t| = py(|logt]), wu(t) =t |log |~ p,(|log]),
where 7, pg, py i (0, 00) — (0, 00) are absolutely continuous functions such that

/ / /
i YT _ g, 969) v )

y—oo T(Y) oy Pg(y) y=o py(y)




Embeddings of weighted Sobolev classes on a John domain 133

0§9<d,ﬁv<%,@4—@25—9(5—%).In[9]theinequalityag+ozv>
+

11 . - r -
(1—7) <5 - 5)+ was shown to be sufficient for the embedding W ,(€2) into L, (€2).
For (3, < % estimating the norm of summation operator is fairly simple. However,

this simple method cannot be applied for 3, = %.

Let 6 >0, 3, = %, Qy > 1_77. Then Theorems 2.2, 2.3 yield that the inequalities

1 1 1
ag—l—ay>5 (for p<q) and oy +a, >1+(1—7) (5—]—9> (for p>q)

are sufficient conditions for the embedding W} (€2) in L,,(f2) (this can be proved by
quite straightforward calculation).
An informative historical account of embeddings of weighted Sobolev spaces may

be found in [8].
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