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Abstract. In this paper, embedding theorems for weighted Sobolev classes are ob-
tained. Here weights are functions of distance to some h-set.

1 Introduction

Denote by AC[t0, t1] the space of all absolutely continuous functions on an interval
[t0, t1]. For x ∈ Rd and a > 0 we shall denote by Ba(x) the closed Euclidean ball of
radius a in Rd centered at the point x.

Definition 1.1. Let Ω ⊂ Rd be a bounded domain, and let a > 0. We say that
Ω ∈ FC(a) if there exists a point x∗ ∈ Ω such that, for any x ∈ Ω, there exists a curve
γx : [0, T (x)] → Ω with the following properties:

1) γx ∈ AC[0, T (x)],
∣∣∣dγx(t)

dt

∣∣∣ = 1 a.e.,
2) γx(0) = x, γx(T (x)) = x∗,
3) Bat(γx(t)) ⊂ Ω for any t ∈ [0, T (x)].

Definition 1.2. We say that Ω satisfies the John condition (and call Ω a John domain)
if Ω ∈ FC(a) for some a > 0.

Let Ω ⊂ Rd be a bounded domain, and let g, v : Ω → (0, ∞) be measurable
functions. For each measurable vector-valued function ψ : Ω → Rl, ψ = (ψk)1≤k≤l,
and for each p ∈ [1, ∞], we put ‖ψ‖Lp(Ω) =

∥∥∥max1≤k≤l |ψk|
∥∥∥
p
.

Let β = (β1, . . . , βd) ∈ Zd
+ := (N∪{0})d, |β| = β1 + . . .+βd. For r ∈ N and for any

distribution f defined on Ω we write ∇rf =
(
∂rf/∂xβ

)
|β|=r

(here partial derivatives are

understood in the sense of distributions), and denote by lr,d the number of components
of the vector-valued distribution ∇rf .

We call the set

W r
p,g(Ω) =

{
f : Ω → R

∣∣ ∃ψ : Ω → Rlr,d : ‖ψ‖Lp(Ω) ≤ 1, ∇rf = g · ψ
}
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a weighted Sobolev class and denote the corresponding function ψ by
∇rf

g
.

A weighted Lebesgue space is defined by Lq,v(Ω) =
{
f : Ω → R| ‖f‖Lq,v(Ω) <∞

}
,

where ‖f‖Lq,v(Ω)=‖fv‖Lq(Ω) (it is assumed that f is measurable on Ω).
We denote by H the set of all nondecreasing positive functions defined on (0, 1].

Definition 1.3. (see [3]). Let Γ ⊂ Rd be a nonempty compact set and h ∈ H. We
say that Γ is an h-set if there are a constant c∗ ≥ 1 and a finite countably additive
measure µ on Rd such that suppµ = Γ and c−1

∗ h(t) ≤ µ(Bt(x)) ≤ c∗h(t) for any x ∈ Γ
and t ∈ (0, 1].

Given E ⊂ Rd and x ∈ Rd, we set dist (x, E) = inf{|x− y| : y ∈ E}.
Let g(x) = ϕg(dist (x, Γ)), v(x) = ϕv(dist(x, Γ)), ϕg, ϕv : (0, ∞) → (0, ∞).

Suppose that there exists c0 ≥ c∗ such that

h(t)

h(s)
≤ c0,

ϕg(t)

ϕg(s)
≤ c0,

ϕv(t)

ϕv(s)
≤ c0, j ∈ N, t, s ∈ [2−j−1, 2−j+1].

Let G be a graph that has neither multiple edges nor loops. We denote by V(G)
the vertex set of G, and by E(G), the edge set. We identify pairs of adjacent vertices
with edges that connect them. Given a function f : V(G) → R, we set ‖f‖lp(G) =( ∑
ξ∈V(G)

|f(ξ)|p
)1/p

. Denote by lp(G) the space of functions f : V(G) → R with finite

norm ‖f‖lp(G).
Let T = (T , ξ0) be a tree rooted at ξ0. We introduce a partial order on V(T ) as

follows: we say that ξ′ > ξ if there exists a simple path (ξ0, ξ1, . . . , ξn, ξ
′) such that

ξ = ξk for some k ∈ 0, n; by the distance between ξ and ξ′ we mean the quantity
ρT (ξ, ξ′) = ρT (ξ′, ξ) = n + 1 − k. In addition, we set ρT (ξ, ξ) = 0. For j ∈ Z+ and
ξ ∈ V(T ), let

Vj(ξ) := VT
j (ξ) := {ξ′ ≥ ξ : ρT (ξ, ξ′) = j}.

Given ξ ∈ V(T ), we denote by Tξ = (Tξ, ξ) the subtree in T with the vertex set
{ξ′ ∈ V(T ) : ξ′ ≥ ξ}.

For every cube K and s ∈ Z+, we denote by Ξs(K) the partition of K into 2sd

pairwise disjoint cubes of the same size, Ξ(K) :=
⋃
s∈Z+

Ξs(K).

Definition 1.4. Let Θ ⊂ Ξ
([
−1

2
, 1

2

]d) be a family of pairwise disjoint cubes, let G be
a graph, and let F : V(G) → Θ be a one-to-one mapping. We say that F is consistent
with the structure of the graph G if, for any adjacent vertices ξ′, ξ′′ ∈ V(G), the set
Γξ′,ξ′′ := F (ξ′) ∩ F (ξ′′) has dimension d− 1.

Let (T , ξ∗) be a tree, and let F : V(T ) → Θ be a one-to-one mapping consistent
with the structure of the tree T . For any adjacent vertices ξ′, ξ′′, we denote by Γ̊ξ′,ξ′′
the interior of Γξ′,ξ′′ with respect to the induced topology on the affine span of Γξ′,ξ′′ .
For each subtree T ′ of T , we put

ΩT ′,F =
(
∪ξ∈V(T ′)intF (ξ)

)
∪
(
∪(ξ′,ξ′′)∈E(T ′)Γ̊ξ′,ξ′′

)
.

Let Θ(Ω) be a Whitney covering of Ω (see [6, p. 562]). The following result is
proved in [7].
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Theorem A. Let a > 0, Ω ⊂
[
−1

2
, 1

2

]d, Ω ∈ FC(a). Then there exist a tree (T , ξ0)
and a one-to-one mapping F : V(T ) → Θ(Ω) consistent with the structure of T and a
number b∗ = b∗(a, d) > 0 such that ΩT ′,F ∈ FC(b∗) for any subtree T ′ of T .

2 Main results

Let X, Y be sets, f1, f2 : X × Y → R+. We write f1(x, y) .
y
f2(x, y) (or f2(x, y) &

y

f1(x, y)) if, for any y ∈ Y , there exists c(y) > 0 such that f1(x, y) ≤ c(y)f2(x, y) for
each x ∈ X; f1(x, y) �

y
f2(x, y) if f1(x, y) .

y
f2(x, y) and f2(x, y) .

y
f1(x, y).

Let {(Dj,i, ξ̂j,i)}j≥j∗, i∈Ĩj be a partition of the tree T into non-empty subtrees. We
say that the tree Dj′,i′ succeeds the tree Dj,i if ξ̂j,i < ξ̂j′,i′ and {ξ ∈ T : ξ̂j,i ≤ ξ <

ξ̂j′,i′} ⊂ V(Dj,i). We say that this partition is regular if j′ = j + 1 for any j, j′ ≥ j∗,
i ∈ Ĩj, i′ ∈ Ĩj′ such that Dj′,i′ succeeds the tree Dj,i.

In [8] the number s = s(a, d) ∈ N is defined and the regular partition
{(Dj,i, ξ̂j,i)}j≥j∗, i∈Ĩj of the tree T is constructed. This partition satisfies the follow-
ing conditions: 1. diam ΩDj,i,F�

a,d
2−sj for any j ≥ j∗, i ∈ Ĩj; 2. dist (x, Γ) �

a,d
2−sj for

any x ∈ ΩDj,i,F .
Here we may assume that s ≥ 4. Given j ≥ j∗, t ∈ Ĩj, l ∈ Z+, we define Ĩ lj,t by

Ĩ lj,t = {i ∈ Ĩj+l : ξ̂j+l,i ≥ ξ̂j,t}.

Let A be the tree with vertex set {ηj,i}j≥j∗, i∈Ĩj and edge set defined by VA
1 (ηj,i) =

{ηj+1,s}s∈Ĩ1j,i
. In [9] it is proved that cardVA

l (ηj,i) .
a,d,c0

h(2−sj)

h(2−s(j+l))
, j ≥ j∗, l ∈ Z+.

Denote by Pr−1(Rd) the space of polynomials on Rd of degree not exceeding r − 1.
For a measurable set E ⊂ Rd we put Pr−1(E) = {f |E : f ∈ Pr−1(Rd)}.

Given j ≥ j∗, i ∈ Ĩj, we set

u(ηj,i) = uj = ϕg(2
−sj) · 2−(r− d

p)sj, w(ηj,i) = wj = ϕv(2
−sj) · 2−

dsj
q , (2.1)

Ω[ηj,i] := ΩDj,i,F . Given a subtree D ⊂ A, we write Ω[D] = ∪ξ∈V(D)Ω[ξ].
Define the summation operator Su,w,D by

Su,w,Df(ξ) = w(ξ)
∑
ξ′≤ξ

u(ξ′)f(ξ′), ξ ∈ V(D), f : V(D) → R.

Given 1 ≤ p, q ≤ ∞, by Sp,q
D,u,w we denote the operator norm of Su,w,D : lp(D) → lq(D).

Throughout the paper, we assume that

1 < p ≤ ∞, 1 ≤ q <∞, δ := r +
d

q
− d

p
> 0.

Let Z = (a, d, r, p, q, h, c0, g, v).
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Theorem 2.1. Let u, w be defined by (2.1) and let Sp,q
A,u,w < ∞. Then W r

p,g(Ω) ⊂
Lq,v(Ω) and for any vertex ξ∗ ∈ V(A) there is a linear continuous operator P :
Lq,v(Ω) → Pr−1(Ω) such that for any subtree D ⊂ A rooted at ξ∗ and for any function
f ∈ W r

p,g(Ω)

‖f − Pf‖Lq,v(Ω[D]) .
Z

Sp,q
D,u,w

∥∥∥∥∇rf

g

∥∥∥∥
Lp(Ω[D])

.

The proof is the same as in [8, 9]. In order to estimate Sp,q
D,u,w, we apply results

obtained in [1, 2, 5, 10] and the family of partitions of Γ constructed in [4].

Theorem 2.2. Let 1 < p < q <∞ and let u, w be defined by (2.1). Suppose that there

are l0 ∈ N and λ ∈ (0, 1) such that
‖w‖lq(Aξ′ )

w(ξ)
≤ λ, ξ ∈ V(A), ξ′ ∈ VA

l0
(ξ). Let

sup
ξ∈V(A)

u(ξ)‖w‖lq(Aξ) <∞.

Then W r
p,g(Ω) ⊂ Lq,v(Ω) and for any vertex ξ∗ ∈ V(A) there exists a linear continuous

operator P : Lq,v(Ω) → Pr−1(Ω) such that for any subtree D ⊂ A rooted at ξ∗ and for
any function f ∈ W r

p,g(Ω)

‖f − Pf‖Lq,v(Ω[D]) .
Z

sup
ξ∈V(D)

u(ξ)‖w‖lq(Dξ)

∥∥∥∥∇rf

g

∥∥∥∥
Lp(Ω[D])

.

Theorem 2.3. Let p ≥ q, ξ∗ ∈ VA
j0

(ξ0), and let u, w be defined by (2.1). We set

ŵj = wj ·
(
h(2−sj0 )
h(2−sj)

) 1
q , ûj = uj ·

(
h(2−sj)

h(2−sj0 )

) 1
p for any j ≥ j0. Let

Mû,ŵ(j0) := sup
j0≤j<∞

( ∞∑
i=j

ŵqi

) 1
q
( j∑
i=j0

ûp
′

i

) 1
p′
<∞ for p = q,

Mû,ŵ(j0) :=

 ∞∑
j=j0

(( ∞∑
i=j

ŵqi

) 1
p
( j∑
i=j0

ûp
′

i

) 1
p′

) pq
p−q

ŵqj


1
q
− 1

p

<∞ for 1 ≤ q < p ≤ ∞.

Then W r
p,g(Ω[Aξ∗ ]) ⊂ Lq,v(Ω[Aξ∗ ]) and there is a linear continuous operator P :

Lq,v(Ω) → Pr−1(Ω) such that for any subtree D ⊂ Aξ∗ rooted at ξ∗ and for any function
f ∈ W r

p,g(Ω)

‖f − Pf‖Lq,v(Ω[D]) .
Z

Mû,ŵ(j0)

∥∥∥∥∇rf

g

∥∥∥∥
Lp(Ω[D])

.

In conclusion, we notice that in [9] the functions h, ϕg, ϕv were defined as follows:

h(t) = tθ| log t|γτ(| log t|),

ϕg(t) = t−βg | log t|−αgρg(| log t|), ϕv(t) = t−βv | log t|−αvρv(| log t|),
where τ , ρg, ρv : (0, ∞) → (0, ∞) are absolutely continuous functions such that

lim
y→∞

yτ ′(y)

τ(y)
= lim

y→∞

yρ′g(y)

ρg(y)
= lim

y→∞

yρ′v(y)

ρv(y)
= 0,



Embeddings of weighted Sobolev classes on a John domain 133

0 ≤ θ < d, βv < d−θ
q

, βg + βv = δ − θ
(

1
q
− 1

p

)
+
. In [9] the inequality αg + αv >

(1 − γ)
(

1
q
− 1

p

)
+

was shown to be sufficient for the embedding W r
p,g(Ω) into Lq,v(Ω).

For βv < d−θ
q

estimating the norm of summation operator is fairly simple. However,
this simple method cannot be applied for βv = d−θ

q
.

Let θ > 0, βv = d−θ
q

, αv > 1−γ
q

. Then Theorems 2.2, 2.3 yield that the inequalities

αg + αv >
1

q
(for p < q) and αg + αv > 1 + (1− γ)

(
1

q
− 1

p

)
(for p ≥ q)

are sufficient conditions for the embedding W r
p,g(Ω) in Lq,v(Ω) (this can be proved by

quite straightforward calculation).
An informative historical account of embeddings of weighted Sobolev spaces may

be found in [8].
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