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Abstract. In this work, based on the method of Everitt-Zettl and using the Calkin-
Gorbachuk method, all normal extensions of the minimal operator generated by a linear
singular formally normal differential-operator expression of the first order in Hilbert
spaces of vector-functions on the right semi-axis in terms of boundary values are de-
scribed. Furthermore, the structure of the spectrum of these extensions is investigated.

1 Introduction

Many problems arising in the modeling of processes of multi-particle quantum mechan-
ics, in quantum field theory, in the physics of rigid bodies, in boundary value problems
for differential equations Hardy-Morrey etc. support studying singular normal opera-
tors in Hilbert spaces (see [1], [20]). It is known that the general theory of selfadjoint
extensions of symmetric operators in a Hilbert space and their spectral theory have
been investigated by many mathematicians (for example, see [5], [19], [18], [20] and
references therein). On the other hand, note that in the multi-interval linear sym-
metric ordinary differential expression case the deficiency indices may be different for
each interval, but equal for the direct sum of Hilbert spaces on different intervals. The
selfadjoint extension theory for the case of an ordinary linear differential expression
of arbitrary order is known due to the famous work of W.N. Everitt and A. Zettl [6]
for any number of intervals of real-axis, finite or infinite. This theory is based on the
Glazman-Krein-Naimark Theorem. Deep information on the selfadjoint extensions and
direct and complete characterizations for the Sturm-Liouville differential expression on
a finite or infinite interval with interior points or endpoints singularities can be found
in the significant monograph of A. Zettl [20]. In special cases, the selfadjoint extension
problems for multi-interval linear symmetric ordinary differential-operator expressions
of the first order in a Hilbert space of vector-functions have been investigated in [2],
[8], [9].
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It is known that a densely defined closed operator N in any Hilbert space is called
formally normal if D(N) ⊂ D(N∗) and ‖Nf‖ = ‖N∗f‖ for all f ∈ D(N).

If a formally normal operator has no formally normal extension, then it is called
maximal a formally normal operator. If a formally normal operator N satisfies the
condition D(N) = D(N∗), then it is called a normal operator [4].

Generalization of J. von Neumann’s theory to the theory of normal extensions of
formally normal operators in Hilbert space has been done by E.A. Coddington in work
[4]. Some applications of this theory to two-point regular type differential operators in
Hilbert spaces can be found in [10]-[17].

In this work, in the second section all normal extensions of the minimal formally
normal operator generated by a linear differential expression in Hilbert spaces of vector-
functions defined in right half-infinite interval are described. Furthermore, the spec-
trum of such extensions is investigated.

2 Description of normal extensions

Let H be a separable Hilbert space with a scalar product (·, ·)H and norm ‖·‖H . In the
Hilbert space L2(H, (a,+∞)), a ∈ R consider a linear differential-operator expression
of first order in the form

l(u) = Ju
′
+ Au, (2.1)

where E is the identity operator in H, J∗ = J , J2 = E, A∗ = A ∈ L(H), A ≥ 0,
A

1
2J = JA

1
2 .

It is clear that the formally adjoint expression in L2(H, (a,+∞)) has the form

l+(v) = −Jv′ + Av. (2.2)

On the set D′
0 of continuously differentiable vector-functions u(t) on (a,+∞) with

compact support such that l(u) ∈ L2(H, (a,+∞)) consider the operator

L0 : L
′

0u := l(u), u ∈ D′

0.

The closure of the L′0 in L2(H, (a,+∞)) is called the minimal operator generated by
differential-operator expression (2.1) and it is denoted by L0.

In a similar way the minimal operator L+
0 in L2(H, (a,+∞)) generated by

differential-operator expression (2.2) may be defined. The adjoint operator of L+
0 (L0)

in the space L2(H, (a,+∞)) is called the maximal operator generated by (2.1) ((2.2))
and is denoted by L (L+).

It is clear that

L0 ⊂ L, L+
0 ⊂ L+, D(L0) =

0

W
1

2 (H, (a,+∞)), D(L) = W 1
2 (H, (a,+∞)).

In the case when J = E, then it is easily shown that the minimal operator L0 is
a maximal formally normal in L2(H, (a,+∞)) and therefore has no normal extensions
[4].
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Theorem 2.1. Let

A
1
2W 1

2 (H, (a,+∞)) ⊂ W 1
2 (H, (a,+∞))

For every normal extension Ln, L0 ⊂ Ln ⊂ L, of the minimal operator L0 in
L2(H, (a,+∞)), there exist a hyper maximal J-neutral subspace M such that the ex-
tension Ln is generated by differential-operator expression (2.1) and the boundary con-
dition

u(a) ∈M, A
1
2u(a) ∈M. (2.3)

The subspace M is determined uniquely by the extension Ln, i.e. Ln = LM .
To the contrary, the restriction of the maximal operator L0 to the linear manifold of

vector-functions u(t) ∈ W 1
2 (H, (a,+∞)) that satisfies (2.3) with any hyper maximal J-

neutral subspaces M is a normal extension of a minimal operator L0 in L2(H, (a,+∞)).

Proof. If Ln is any normal extension of L0, then

Re(Ln) = A⊗ E, Re(Ln) : D(Ln) → L2(H, (a,+∞)),

Im(Ln) = E ⊗ (−iJ d
dt

), Im(Ln) : D(Ln) → L2(H, (a,+∞)),

where the symbol ⊗ denotes a tensor product, are selfadjoint extensions of Re(L0)
and Im(L0) in L2(H, (a,+∞)) respectively. The operator Im(L0) is generated by
the differential expression −iJ d

dt
and the condition u(a) ∈ M , where M is a hyper

maximal J-neutral subspace in H such that it determined uniquely by the extension
Ln, i.e. Im(Ln) = Im(LM) [7].

On the other hand since the extension Ln is a normal operator, then for every
u ∈ D(Ln) the following equality holds

(Re(Ln)u, Im(Ln)u)L2 = (Im(Ln)u,Re(Ln)u)L2 .

In other words, for every u ∈ D(Ln) the equality

(Ju
′
, Au)L2 + (Au, Ju

′
)L2 = 0

is satisfied. From last relation and the condition

A
1
2W 1

2 (H, (a,+∞)) ⊂ W 1
2 (H, (a,+∞))

we have
(Ju,Au)

′

L2 = −(Ju(a), Au(a))H = 0.

That is for every u ∈ D(Ln) holds the following second condition of normality

(Ju(a), Au(a))H = 0.

On the other hand since the operator A is a selfadjoint positive operator in H and
A

1
2J = JA

1
2 , from the last condition it follows that

(JA
1
2u(a), A

1
2u(a))H = 0.
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This means that A
1
2u(a) ∈ M . It is clear that the hyper maximal J-neutral subspace

M is determined uniquely by the extension Ln [7].
To the contrary, now let LM be an operator generated by differential-operator ex-

pression (2.1) and boundary condition (2.3) in L2(H, (a,+∞)), that is

LMu = l(u), D(LM) = {u ∈ W 1
2 (H, (a,+∞)) : u(a) ∈M, A

1
2u(a) ∈M},

LM : D(LM) ⊂ L2(H, (a,+∞)) → L2(H, (a,+∞)).

In this case for the adjoint operator L∗M we have

L∗M = (ReLM + iImLM)∗ = ReLM − iImLM .

Hence
L∗Mv := −Jv′ + Av,

D(L∗M) = D(ReLM ∩ ImLM) = D(ImLM) = D(LM).

On the other hand it is easy to check that the other condition of normality of the
extension LM is satisfied. This completes the proof of the theorem.

3 Spectrum of normal extensions

Here the spectrum of the normal extension LM of the minimal operator L0 gener-
ated by linear differential-operator extension (2.1) and boundary condition (2.3) in
L2(H, (a,+∞)) will be investigated.

Theorem 3.1. The point spectrum of any normal extension LM of the minimal oper-
ator L0 in the Hilbert space L2(H, (a,+∞)) is empty, i.e. σp(LM) = φ.

Proof. Consider the following problem for the point spectrum of the normal extension
LM in L2(H, (a,+∞)), LMu = λu, λ = λr + iλi ∈ C, u ∈ W 1

2 (H, (a,+∞)), that is,{
Ju

′
+ Au = λu, u ∈ W 1

2 (H, (a,+∞))

u(a) ∈M, A
1
2u(a) ∈M, λ ∈ C

If λ̄ ∈ σp(L∗M), then −Ju′ + Au = λ̄u.
In this situation from the above two equations we have{

Ju
′
= iλiu,

Au = λru, λi, λr ∈ R, u(a) ∈M, A
1
2u(a) ∈M, u ∈ W 1

2 (H, (a,+∞)).

It is clear that the general solution of the first of the above equations has the form

uλ(t) = eiλiJ(t−a)fλ, fλ ∈M.

Therefore

‖uλ(t)‖2
L2 =

∫ +∞

a

‖eiλiJ(t−a)fλ‖2
Hdt =

∫ +∞

a

(eiλiJ(t−a)fλ, e
iλiJ(t−a)fλ)Hdt
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=

∫ +∞

a

(eiλiJ(t−a)−iλiJ(t−a)fλ, fλ)Hdt =

∫ +∞

a

‖fλ‖2
Hdt = (+∞)‖fλ‖H .

In order that uλ 6= 0 and uλ ∈ W 1
2 (H, (a,+∞)) it is necessary and sufficient that fλ 6= 0

and fλ ∈ M ⊂ H. But in the case fλ 6= 0, uλ(t) /∈ W 1
2 (H, (a,+∞)). This means that

σp(LM) = φ.

In general the following result is true.

Theorem 3.2. For any normal extension LM of the minimal operator L0 in the Hilbert
space L2(H, (a,+∞)) the following inclusion

σ(LM) ⊂ {λ = λr + iλi ∈ C : 0 ≤ λr ≤ ‖A‖, λi ∈ R}

holds.

Proof. Indeed in this case for any for every u ∈ D(LM) we have

2Re(LMu, u) = (LMu, u) + (u, LMu) = (Ju
′
+ Au, u) + (u, Ju

′
+ Au)

= (Ju, u)
′
+ 2(Au, u) = 2(Au, u).

The last relation implies that

0 ≤ Re(LMu, u) ≤ ‖A‖(u, u).

Since the residual spectrum of any normal operators in any Hilbert space is empty,
it suffices to investigate the continuous spectrum of the normal extensions LM of the
minimal operator L0 in the Hilbert space L2(H, (a,+∞)).

Theorem 3.3. For any normal extension LM of the minimal operator L0 in the Hilbert
space L2(H, (a,+∞)) the relation σc(LM) ⊂ σ(A) + iR holds.

Proof. It is known that for the spectrum of a normal operator the following relation is
true

σ(LM) ⊂ σ(ReLM) + iσ(ImLM),

where ReLM = 1
2
LM + L∗M and ImLM = 1

2i
(LM − L∗M) are selfadjoint operators. Now

consider the selfadjoint operator

S : L2(H, (a,+∞)) → L2(H, (a,+∞)), Su(t) = Au(t).

In this case 1
2
(LM + L∗M) ⊂ S and S is a bounded operator in L2(H, (a,+∞)). Hence

the equality ReLM = S is obtained. Since the spectrum of S is σ(A ⊗ E), it follows
that σ(ReLM) = σ(A) [3]. Consequently σc(LM) ⊂ σ(A) + iR.

Example 1. For any λ ∈ C the system of differential equations{
v
′
(t, x) + e−2|x|u(t, x) = λu(t, x),
u
′
(t, x) + e−2|x|v(t, x) = λv(t, x)

with boundary condition
u(a, x) = iv(a, x), x ∈ R
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does not have a non-zero solution (u, v) in the space L2(H, (a,+∞)), H = L2(R) ⊕
L2(R), a ∈ R. This is a result of Theorem 2.1 and Theorem 2.2 in the case when
J : H → H, E is a identity operator in L2(R),

J :=

(
0 E
E 0

)
, A : H → H,A :=

(
e−2|x|E 0

0 e−2|x|E

)
and

M = {(u(a, x), v(a, x)) ∈ L2(R)⊕ L2(R) : u(a, x) = iv(a, x)}.



Normal extensions of a singular differential operator in the right semi-axis 123

References

[1] S. Albeverio, F. Gesztesy, R. Hoegh-Krohn, H. Holden, Solvable Models in Quantum Mechanics,
Springer, New-York, 1988.
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R. Öztürk Mert
Department of Mathematics
Hitit University
19030, Corum, Turkey
E-mail: rukiye-55@hotmail.com

Received: 06.02.2014


