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Abstract. For classes of differentiable periodic functions, defined by means of gener-
alized moduli of continuity Q,,(f,t), satisfying the condition

m/2

h
/ QMO pdt | < (h),
0

where m € N, r € Z,,h >0 and ® is a given majorant, under certain restrictions on
the majorant, the exact values of various n-widths in the space Lo are calculated.

1 Setting of extremal problems

Let Ly =: Ls[0,27] be the space of all real-valued Lebesgue measurable 27-periodic
functions f with finite norm

1/2

2m
9= 181 = | [ 1@
0

By 75,1 we denote the space of all trigonometric polynomials

—_

T 1(x) = % + Y (agcoskx + By sinkx)
1

=
Il

of order not exceeding n — 1. It is well known that for an arbitrary function f € Lo
with the Fourier series

Clo(f)

fla) ~ 2

+ Z (ax(f) cos kx + bi(f) sin kz)

oo
k=1
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the value of its best approximation by elements of the space 75, _; is equal to

En 1 (f) =if{||f = Toall : Taor(x) € Ton-1}

o 1/2
= [If = Sna (NIl = {Z pi(f)} > (1.1)

where

i
L

Sn—1(fyx) =Y (ax(f)coskx + bi(f)sinkx)

1

B
Il

is the partial sum of order n — 1 of the Fourier series of the function f and pi =
a2(f) + ().

By the modulus of continuity of order m (m € N) of a function f € L, we mean
the quantity

wn(f, 1) == sup {[[AF'(f)] = [h] <t} (1.2)

where

AR () = 3 (—1)mE (Zj) flw + kh)
k=0
is the difference of order m of the function f with step h at the point .

By Lgr) (r € Z,; LY = Ly) we denote the space of all 2r-periodic functions f € Ly
whose derivatives of order (r—1) are absolutely continuous and the derivatives of order
r are such that (") € L.

By inequalities of Jackson—Stechkin type in a normed space X inequalities are
meant in which the best approximation E,_;(f)x of the function f € X by a finite-
dimensional subspace M,, C X is estimated via the modulus of continuity of the func-
tion itself or its derivative:

Bua(D)x < X (10,2) (13)
nJx
where t >0, fWeX, reZ,, fO=f, meN,and X is independent of f and n.
Pointing at importance of studying the problem of minimization of the constant X
in inequality (1.3), the authors of the monograph [2] emphasize that “the interest to
sharp constants, which arose in connection with inequalities of Jackson—Stechkin type,
could be not that justified if each new case did not require implementing new ideas
and methods, which later appeared to be useful for solving other extremal problems”.
When solving extremal problems of the approximation theory for periodic differ-
entiable functions f € Lo, related to finding the sharp constant in inequality (1.3),
mathematicians considered various extremal characteristics. (See, for example, [1], [3],
[4], [6]-[10], [12]-[16].) In particular, in [13] the following extremal characteristic

h —m/2

X () = s 3 1 B () / 2O d | fe L9, 10 £ const
0
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was considered, where m,n € N, r € Z,, 0 < h < m/n, and it was proved that

Xm,n,r(h)—{% - )}m/2. (1.4)

nh — sinnh

Equality (1.4) implies in particular for m = 1 the result due to L.V. Taikov [10].

Sometimes, when solving similar extremal problems of the approximation theory
for periodic differentiable functions f € L, it is more convenient to use the following
characteristic equivalent to quantity (1.2)

1/2

t t
Q(f,1)2 = tim/---/IIAL”f(-)Hthl---dhm >0, (1.5)
0 0

where h = (hy, by, - - -, hun),
AP = A o0y AL f=f(4Ry) = f(), 5=T,m

(See, for example, [12], [14]). In order to obtain an analogue of equality (1.4) we
introduce the following extremal characteristic for the modulus of continuity (1.5)

h —m/2

Knr(h) =sup n"E,_1(f) /Q%m(fm,t)dt ; f € Lg), f(T) # const » (1.6)
0

and we shall prove the following statement.

Theorem 1.1. Let m,n € N, r € Zy and 0 < h < 7w/n. Then the following equalities

Koninr () = {Q(nh S }m/2 ’ (1.7)

hold, where Si(t / Smxdm 15 the integral sine.

0

Proof. Indeed, f € L;) and

flx) ~ —CL() +Z f) cos kx + b(f) sin kx)
k=1
is the Fourier series for f, by direct calculations we get
. inkt\"
Q2 (fO, 1) =2m > k2 (1 - 1.
where p2 = pi(f) = a2(f) + bi(f), k € N. By Holder’s inequality for sums and by
formulas (1.1) and (1.8), we have

> sin kt e sin kt
Ena(f) =i =2p2<1— kt)

k=n k=n
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00 . 00 I=1/m 7 oo . m\ 1/m
21-1/m)  2/m sin kt sin kt
=2 (1_ kt>§<zpi> (sz(l_ k:t))
k=n

k=n k=n

< (B (f) 7 L gim (s

2n27"/m

This implies that

Z 28111 kt E2 <f))1—1/m 1 Q%m (f(’");t) _

In2r/m

By integrating this inequality in ¢ from 0 to h and by using the definition of the integral
sine, we get

2n2r/m

h
+ (B2 (f))l_l/m-#-/fzi{m (fO5t)dt.  (1.9)
0

k=

Dividing both parts of inequality (1.9) by A > 0 and taking into account that the
function Si(z)/x is non-increasing on [0, 00) [15], we have

Si(kh) Si(nh)
> <.
ax{ o c k n} Ry O<nh<m

Therefore from inequality (1.9) it follows that

m/2

h

Si(nh)\™? 1 1 Jm ().

(1_W) .En_l(f)gw-F /an (f);¢) dt . (1.10)
0

Inequality (1.10) implies that

n" - E,_1(f) _ S{%nh_n&(nh»}m/"”

h
/Qf,{m (£, ¢) at
0

hence, taking into account the definition of quantity (1.6), we obtain the following

estimate above /
m/2
n
. ‘ 1.11

In order to prove equality (1.7), it suffices to consider the function fy(x) = cosnx €
Ly for which

sin nt

E.1(fo) =1, Q2 ( ") t) = 2"Mn? (1— >m,0<nt§7r, (1.12)

nt
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hence we obtain the estimate below

n" - B, 1(fo) n 2
nr(h) hy - m/2 2(nh — Si(nh)) (1.13)
Q" £yt dt)
(Joi ()
Comparing inequalities (1.11) and (1.13), we get equality (1.7). O

As a corollary of Theorem 1.1 we get the following statement.

Theorem 1.2. For each m,n € N, and r € Z, the following inequality

1 n" En,_1(f)
gn =P {Qmwf /)

™

L fe Ly, 0 2 const} < {Q(W_—Si(ﬂ))}mﬁ. (1.14)

holds. The lower estimate in (1.14) is attained for the function fy(x) = cosnx € Lg).

Proof. Indeed, taking into account that the modulus of continuity Q,,(f,t) is an
increasing function, by (1.10) we get

) m/2
(1—%) B, (f) < ! -i-Qm(f“"),h). (1.15)

Taking h = 7/n in (1.15) we can get for any f € Lg) the estimate above

B ™
L F 7 /n) {2(7r - Sz’(w))} : (1.16)

On the other hand, by using the function fy(z) = cosnx € Lg) and taking into account

equality (1.12), we get the estimate below.

"Ep_ "En— 1
Sup n :r) 1 (f) Z n 727")1 (fo) — m/2 . (117)
rery) Sa(f7m/n) = Qu(fo” m/n) 2
f('ﬂ#const
Estimates (1.16) and (1.17) imply the desired inequality (1.14). O

2 Widths of classes of functions

First we recall the notions and definitions required for for formulation of further results.
Let S = {x, ||z|| < 1} be the unit ball in Lo, 9T a convex centrally symmetric subset
of Ly, A, C Ly an n-dimensional subspace , A" C Ly a subspace of codimension n,
L : Ly — A, a continuous linear operator, and £ : Ly — A,, be the continuous linear
projection operator.
The quantities

b(M, Ly) =sup{sup{e > 0; eSNA, 1 CN}: Ayt C Lo},
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dn(N, Ly) = inf {sup {inf {[[f — [l : p € A} : f €N} 1 Ay C Lo},
A(M, Lo) = inf {inf {sup {||f — Lf]| : f €N} : LLy C A} Ay, C Lo},
d*(M, Ly) = inf {sup {|| /]| : f € MNA"}: A" C Ly},
I1,(N, Ly) = inf {inf {sup {||f — Lf||: f€N}: L Lo C A} A, C Lo}

are called the Bernshtein, Kolmogorov, linear, Gelfand and projection n-widths in the
space Ls. Since Ly is a Hilbert space, the following relations for the above n-widths

hold [11], [5]:
b(M, Ly) < d™(M, L) < dp(M, La) = (N, Ly) = I, (N, Ly). (2.1)

Let also
E, (M) :=sup{E,_1(f) : feN}.

We shall call a majorant any continuous increasing function ®(¢) on [0, 00) such
that ®(0) = 0. The set of all majorants we denote by 9. By 9, with & € N we denote
the set of all majorants ® € 9, satisfying the following conditions:

D) 1750 () < t57®(ty), if 0 <t <ty < 00;

2) Jim (1) = 0.

Form eN, reZ, and h > 0 we introduce the following classes of functions:

h
WO (Q, h) =4 fe L /an/m (FD, ) dt <1y,
0
h m/2
Wi (Q, @) = fe Ly /Qi{m (fO.0)dt|  <ah)p,

0

where ® € 9. Following paper [14], we denote by ¢, the value of the argument of
the function sint/t, at which it attains the minimal value on [0, 00). Clearly ¢, is the
minimal positive root of the equation ¢t = tant, 4,49 < t, < 4,51. Let

int int int,
(1—ﬂ) ::{1—%, if 0<t<t,: 1—81? if, tzt*}.

t *
Theorem 2.1. Let nh < t,. then the following equalities hold

Von (W(T)(Qma h); Lz) = Y2n-1 (W(r)(Qm, h); LQ)

n m/2
= But (WO, 1) = v {Q(nh - Si(nh))} ’ 22

n’f‘

where v, (+) is any of the n-widths mentioned above.
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Proof. By inequality (1.10) we get that for arbitrary function f € L, ()

/2 ' h m/2
n il 2/m( p(r)
0

hence, taking into account the definition of the class W) (Q,,, k) and also relations
(2.1), we have

Yon (WO Q) La) < 21 (W (Q, h); Lo)

n m/2
< By (WO, h)) < {2(nh — Sz'(nh))} ni (2.4)

For obtaining an estimate below we consider the ball of trigonometric polynomials

1 n m/2
= T T . T < I
Son+1 { n € Tt Tl < nr (Q(nh — Sz(nh))) }

and, by using the following inequality proved in [12]

. m/2
O (17, 7) < 272 (1= 2200) ), (25)

nrt

we shall show that the ball Sy, is contained in the class W) (€,,, h). Indeed, taking
into accopu8nt that nh < t,, by (2.5) we get

h h
/Q /m dT < 2n2T/m/ ( smnT) dr ||Tn||2/m
0 0 *

2(nh — Si(nh)) n 1
n " 2(nh — Si(nh)) n¥/m

which proves the inclusion S, C W(T)(Qm, h).
By the definition of the Bernshtein n-width and inequalities (2.1), we get

Yon (WO (Quy ) La) > bay (W (R, h); L)

n m/2
> bon(Sant1, L2) > {2(nh — Sz(nh))} % (2.6)

Comparing inequalities (2.4) and (2.6), we get the desired equality (2.2). ]

< n2r/m . _ 1’

Theorem 2.1 implies the following statements.

Corollary 2.1. Under the assumptions of Theorem 2.1 for alln € N

n'l’

n 2
sup {|an ()], [ba(H)]: €W (Qp,h)} = {Q(nh—Si(nh))} i’

where a,(f) and b,(f) are the cosine Fourier coefficients, the sine Fourier coefficients
respectively, of the function f.
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Proof. Without loss of generality we shall give the proof for the coefficients a,(f).
Taking into account the orthogonality of the function cosnz and the partial Fourier
sum S,_1(f,z), we have

27

an(f) =— /(f(x) — Sp—1(f, x)) cos nzdz.

0

By the Cauchy-Bunyakovsky inequality and relation (2.2), we get

sup {Jan(F)] : £ € WO 1)} <sup {Ilf = St (D £ € WO (1)}

n m/2
= Epy (W (Qn, b)) = {2(nh — Si(nh))} 1 (2.7)

nr

In order to obtain an estimate below we consider the function

f0le) = {2(nh —nSi(nh)) }m/2 ni cosn:

Elementary calculations show that go(z) € W) (€,,,h). On the other hand we have

n ™2
sup {|an(f) : f € W(r)(Qm,h)} > lan(g90)| = {Q(nh — Sz(nh))} — (2.8)

The statement of Corollary 2.1 follows by comparing inequalities (2.7) and (2.8). [

Theorem 2.2. Let for all 0 < t < oo and n € N the majorant & € My satisfy the

condition
nt

oy,
(@ir%)/ > s (29)

Then for allm,n € N and r € Z,.

Yan—1 <W1(r)(9ma P); L2> = Yon (W1r)(9m7 P); L2>

=E, <W1(T)(Qm, <1>)) - ni {m ) (g) }mm, (2.10)

where v, (+) is any of the n-widths mentioned above.
The set of majorants satisfying condition (2.9) is not empty.

Proof. By setting in inequality (2.3) h = 7/n and using the definition of the class
W (Q,, ), we get that for any function f € W (Q,, ®)

E,(f) < ni {m o (%) }m/g. (2.11)
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By using inequality (2.11) and taking into account relations (2.1), we get the following
estimate above for all n-widths mentioned above

Yon (Wl(r)(ﬂm, (I)); L2> < Yon-1 (WfT)(Qm, (I)); L2)

< dzn1 (Wfr)(ﬂma ‘P);L2> < B, (Wfr)(Qma @))

< ni {m P (g) }m/2. (2.12)

For obtaining an estimate below for all n-widths mentioned above we consider the

ball
m/2
n n
> = n n . n S - . : - .
Sio {T € Tonir : |Tull < n <2(7r—52(7r)) @(n)) }

Further, using inequality (2.5) and taking into account relations (2.9), we shall prove
that S3,.; C W) (Q,,, ®). Indeed, for any trigonometric polynomial T,, € Sj,.,

, h
in nt
/Q%m(Ty)yt)dt < 2n27"/m||Tn||2/m/ (1 B sz? ) at
nt J,
J 0

nh

1 int
— 2n2r/mHTnH2/m_/ (1 _ Sli) dt
n t /],
0
< op¥r/mp=m N O(m/n) - l/ 1-— sint dt
- 2(m — Si(m)) n t ),

_ %?(1%)*dt< B(h).

Consequently, the ball S5, is contained in the class W) (Q,,, ®). By the definition
of the Bernshtein n-width and by relations (2.1) we get the following estimate below

Yor (W (Qun, ®); L) > by (W (Q, @); L)

m/2
> b2n<S;n+17 LQ) > n" {2 & ’ q)(ﬂ-/n)} : (213)

(m — Si(m))
Comparing inequalities (2.12) and (2.13) we get inequality (2.10).
Let us show that the function ®,(t) = t*™/2, with

e

T — Si(m)’

a= 2,42 < o < 2,44, (2.14)
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satisfies condition (2.9). Substituting ®. in (2.9), we get the inequality

nt

) /(1—8127)*&
(n?t) e e

which is to be proved. Setting p = nt, 0 <t < oo, we rewrite the last inequality in
the following equivalent form

I

7TO[/(1_81117) ir
T *

o 0
m— Si(m)

, 0< < oo. (2.15)

e >

By considering the auxiliary function

m
B(p) = p® — 7(m — Si(ﬂ))_l/ (1 - Sm) dr (2.16)
0 T
we shall show that G(u) > 0 for all u € [0, +00). We shall consider the following three
cases:
No0<pu<m 2)m<p<ts 3)t <p<oo,
Let 0 < pu < w. We expand the function 3(x) in a neighbourhood of zero:

o

Bu) = p° (1 T - -O(M?"a)) :

(m — Si(m))
This equality implies that for sufficiently small g > 0 the function ((u) is positive.
Assuming the contrary, we shall prove that on the interval (0,7) the function 5(u)
does not change sign.

To this end assume that there exists a point £ € (0, 7) at which the function §(u)
changes sign. Since (3(0) = f(7) = 0, by the Rolle Theorem we conclude that the

derivative .
, a1 T _ smpu
ﬁ (:u) = ap ! T — SZ(TI’) (1 I )
1 N T . L Bi(p)
= p (au — 71'——52(71')('u — sin ,u)> = —,u (217)

should have at least two different roots on the interval (0, 7).

Clearly the same refers to the function (), which we shall investigate next.
Taking into account formulas (2.14) and (2.17), we deduce that ((0) = fy(7) = 0.
Consequently, the derivative

(e}

By(p) = a2t — — (1= cos) (2.18)

1 — Si(r
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by the Rolle Theorem should have at least three different roots on the interval (0, 7).
Since also 3;(0) = 0, by a similar argument the second derivative

,ﬂ.()t

By () = o®(0— 1) — = Si(n)

sin p (2.19)

should have at least three different roots on the interval (0,). Since £/ (0) = 0, the
same conclusion on existence of at least three different roots on the interval (0,7) can
be derived also for the third derivative

(6%
" m

B, (1) = a*(a—1)(a—2)u*? — P <) COS L. (2.20)

111

By (2.14) and (2.20) 5, () is the difference of two functions, one of which is convex and
another one is concave. From geometric point of view it is clear that the function 3, (1)
cannot have more than two zeros on the interval (0, 7). This contradiction proves the
validity of inequality (2.15) on the closed interval 0 < u < 7.

Next, let 7 < pu < t,. Assume to the contrary that there exists at least one point
¢ € (m,t.), at which the function B(u) changes sign. Since G(7) = 0, by the Rolle
Theorem and (2.17), the function 3 (1) and, hence, the function 3, (u) should have at
least one zero on the interval (,t,). By (2.19) it follows that for any u € [r,t.] the
function 3, (u) > 0. By using formulas (2.14) and (2.18), one can prove that

By () = mo <a — W_—SM)> > 0.

Consequently, the function (3, (1) is positive and increasing on the closed interval [, t,].
Since (1 (m) = 0, by the above argument follows that on (7, t,] the function 3 (1) should
be positive and increasing. The obtained contradiction proves the validity of inequality
(2.15) on the closed interval (7, t,].

Finally, consider the case t, < pu < co. By using (2.16), we write

Bu) = p* — W_W—;(W) (u (1 — Si?t*) + sint, — Sz’(t*)) : (2.21)
Hence _
ﬁl (/L) = Oé:u’ail - T —WSZ(TF) <1 - Sl?*t*) : (222)

Since, by elementary calculations, it follows that 3'(¢,) > 0, hence by (2.22) 3 (i) > 0
for all p € [t.,00). By (2.21) we have

t\" t.— Si(t,)
ty)=7"|—|] ————] >0.
)= ((3) -5
By the above arguments about 3 (1), we conclude that the function 3(y) is positive and
increasing on [t,, 00). Hence on the set ¢, < pu < oo inequality (2.15) is also valid. [
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Corollary 2.2. Under the assumptions of Theorem 4 for alln € N

Yon (W(T) (Qma (I)*)7 L2) = VYon—1 (W(T)(Qma CI)*)’ LQ)

w/(n—Si(n m/2
o/ (r=Si( >>)} = (rmSi(m) /2(n—Si(m)

= Ep1 (W(Q, @.)) = {m

Corollary 2.3. Under the assumptions of Theorem 4 for alln € N

swp L) IO W@ 2} = oo (D))

(m — Si(m n
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