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Abstract. We establish conditions for localization of generalised Riesz means of spec-
tral decomposition by system of fundamental functions of Laplace operator in terms of
belongingness of the decomposing function to the spaces of generalised smoothness.

1 Introduction

In this paper we establish a condition for localisation of ®—means of spectral de-
composition by the system of fundamental functions of Laplace operator in arbitrary
multi-dimensional domain. The result is obtained in terms of belongingness of the
decomposing function to the spaces of generalised smoothness, in which the modulus
of continuity of a function is estimated by the majorant of non exponential form con-
structed by the function ®. The result generalises known theorems in [4] on conditions
for localisation of Riesz means given in terms of exponential scale of smoothness and
extends our publication in [1].

The structure of the paper is as follows: In Section 2 we give basic definitions,
statement of the problem and formulation of the basic theorem on conditions of lo-
calisation. Section 3 is devoted to justification of basic results. Namely, Subsection
3.1 contains preliminaries on properties of fundamental functions and Bessel integro-
differential operators. Subsection 3.2 being the central part of the work contains the
integral representation for ®—means of spectral decomposition. Further, in Subsection
3.3, quantities defining this representation were estimated. Based on these, in Sub-
section 3.4 we establish estimates for ®—means of spectral decomposition and prove a
theorem on conditions for localisation of spectral decomposition.
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2 Statement of the problem and formulation of the result

Let R™ be an n-dimensional Euclidean space and for 1 < p < oo, L,(R") denote a
Lebesgue space with the norm

1 fllz, @y = "

Denote by A <— B the topological inclusion of space A in space B and observe that
A= Bifand only if A BN B — A. The notation a < b means that ¢ < ¥ < d with
0 < ¢ < d depending on non significant parameters. For u > 0 and function ¢ in R!,
the notations p(u) al. | and ¢(u) al. T are used to mean that ¢(u) is almost decreasing
and (u) is almost increasing respectively.

Further, let G C R™ be an arbitrary domain whereas (—3) an arbitrary self adjoint
non-negative extension of Laplace operator in n-dimensional domain G, u(z,t) an
ordered spectral representation of the space Lo(G) with respect to (—3), dp(t) is the
corresponding spectral measure and {w;(x,t)};", is a system of fundamental functions,
where m < oo is the multiplicity of the representation. Moreover, for any fixed ¢ >

0, u;(z,t) € C*°(G) and
Au;i(z,t) + t2u;(z,t) = 0, r€QG. (2.1)
For each f € Lo(G) defined are the Fourier transforms

Fe{f0} . R0 = [ f@uei 22

1=

and the spectral decomposition by system u(x,t) = {w;(x, )},

S.0.0) = [ Futatiane). o (2.3

with
m " 1/2 m 1/2
fu=>Y" fu, |f|:{zj?} and |U|:{ZU?} -
i=1 i=1 i=1
Let s > 0 and ¢ is a function on R! with properties: ¢(u) = 0, if u < 0, p(u) >
0, ¢(u) almost decreasing for u € (0,1] and p(u) < ¢(v) if u < v for u,v € (0, 1].
Moreover for s > 0 set sg = sif s < 1, sg =1 if s > 1 and require that

u

1) s (u) = /vso_lgo(v)dv < oo, wue€(0,1], (2.4)
2) p € C*(0,1), |¢'(w)] < cop(wu™, [¢"(u)] < ep(u)u?, (2.5)

u

3) /(1 — ) p(v)dv = T'(s).

0
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Define ® as s-th integral of Riemann-Liouville

u

D(u) = — /(u — ) o(v)dv u € (0,1]. (2.6)

Let us introduce the ®—means of spectral decomposition as

— jf(t)u(m,t)@ (1 - Z—Z) dp(t), f € La(G), (2.7)

We observe that ®(1) =1 and if p(u) =T(s+ 1), u € (0, 1], then ®(u) = u® and the
®—means reduce to the Riesz means o;,(f,z) of order s.

The problem consists in obtaining conditions for localisation of ®—means of spectral
decomposition. For Riesz means a similar problem has been solved completely by
[lin and Alimov [4] in the framework of spaces of exponential order of smoothness.
The result, substantially, was due to the possibility of giving a two-sided estimate
of exponential type for Lebesgue function of Riesz means in spaces with exponential
order of smoothness. For ®—means of spectral decomposition such an estimate does not
posses exponential character. Thus, for multiple Fourier integral with assumption of
convexity on o(u) in [2], the following estimate was established for Lebesgue constant:

- (2.8)

|D§’|dm =
Ri<|z|<R>

Here, 0 < R; < Ry < o0, are fixed and for z,§ € R",

Dy(x) =F 21— [¢*/p*)] ()

is the Kernel of ®—means. These estimates hint that the result on conditions for
localisation of ®—means to be formulated in terms of spaces of generalised smoothness.

Let 2 C R™ be a domain and (2 CC G, that is, Q is compact and Q C G. Let
w(0) = 0, w(u) is increasing and w(u)u~* is almost decreasing for k& € N.

Definition 2.1. The Nikol’skii type space with generalised smoothness H;(')(Q) 18 de-
fined as follows:

HyO(Q) = {f € Ly(Q) : || yooqy < 00},
where k

and

w;;@(f; u) = sup HAZ,QfHLp(Q)’ u >0

|hl<u

is the modulus of continuity of order k for function f € L,(2) with

k
Af o f(z) = Aff(x) = n;o(—l)k_mC;Tf(x +mh), [z, +kh] CQ

0, [z, x4+ kh] € Q.
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We denote by f[:;(')(Q) the closure in Hy”)(Q) of C5°(£2) and note that ﬁ:(')(Q) —
Hy (')(Q), moreover, the inclusion is strict. Then holds true the following:

Theorem 2.1. Let s >0, 0 < «, 8 are such that,

n—2
2

3
—s<a§ﬁ<mm{a+?g+1} (2.9)

and let a function w satisfy the conditions

ww)u™al. T, wual| on (0,1], (2.10)

u((n=1)/2)+s0s

w(u) < cwo(u),  ue (0,1], wolu) = Pso(u)

(2.11)

Let DCQCCG and f Eﬁ;(’)(ﬁ) be a function satisfying the condition f(x) =0 for
all x in D. Then for each compact K C D uniformly in x € K holds true the relation:

lim af(f, x)=0.

p—00

The theorem gives conditions for localization of ®—means of spectral decomposi-
tion. In typical situations when

Vs (u) <X uPp(u), wolu) = , u € (0,1], (2.12)

appears a function wg(u) of the form (2.8). In particular, for Riesz means, that is, for
o(u) = ['(s + 1) we obtain the requirement

olu) <cuz ~° (2.13)

For s < ”T’l, this results to the sharp condition of localization in terms of exponential

order of smoothness for a function f € H ;(Q) with o = 25% —s established by V. A. Ilin
and Sh. A. Alimov in [4]. Moreover, as shown by M. L. Goldman in [2] this condition
is also sharp in terms of spaces of generalised smoothness. Namely, if

. e n
lim |eo(u)u"s" | = <s< - 2.14
Jim w(u)u®” 2 00, 0<s< 5 (2.14)

then for all zo € Q, 1 < p < oo, there exists a function fy Eﬁ[:(')(Q), which is zero in
some neighbourhood of xy and the Riesz means of spectral decomposition O'Z( fo, xo) is
unbounded as y — oc.

In obtaining this result the implementation of generalised kernels of fractional or-
der and the corresponding integral operators in the spaces of generalised smoothness,
investigated by M.L. Goldman in [3] played an important role.
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3 Justification of properties of localisation

3.1 Preliminaries
Properties of fundamental functions

Throughout the paper we use notations and definitions from Section 2. The following
properties of fundamental functions are described in [4].

1. ui(.,t) € C°(G), Aui(z,t) + tPui(z,t) =0 inG.
2. Holds true the following mean value formula

J(n—2)/2(r)

e (3.1)

/ui(aro + 70, t)dd = (QW)%Ui(xo, t)
9

where J,(.) is Bessel function. The integral is evaluated in all angles 6 of spherical
system of coordinates (r,0), 0 < r < p(xg, 0G).

3. For any subdomain Q CC G, p>1, vell,y]

sup / lu(z, t))?dp(t) < c(Q)uu™* (3.2)
e
[t—pl<v

4. For f € Ly(9) holds true Parseval’s equality.
[ 1F0Ra0 = [ 1@
0

5. If f € C§°(G), then for any subdomain 2 CC G holds true uniformly convergent
in ) decomposition

f(x) = / " Fityu(e, () (3.3)

Bessel integro-differential operators

Let g € C*(RL) be a finite function in the neighbourhood of zero. We define “Bessel’s
derivative" as follows

d
D'[g](r) = <T‘1d—) g(r), D'=DMD), 1=23,...
r
Let us introduce the corresponding operator of integration

P g)(r) = (2T () ! / g(n(r® — ) dn, 0< <1,

0
I" =TT for y=142x leN, 0<x<1.
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Fory=1—3, [€N, 0<x<1,putD?=DT* On the functions of these type
these operators are inverses of each other, and

D[g] = DI"[g] = g.

In such a way we define the notation D7 = I for ~ < 0. The operators can be
extended to wider classes of functions for which the introduced formulae make sense.
Holds true the following formula (cf. [5, 6]).

DY [r7J,(rt)] = "V, (rt), o>-1, yeR!, (3.4)

where the operators are acting in .

3.2 Representation of P—means of spectral decomposition for
a finite function

Fourier-Bessel representation for function

Using change of variables in (2.6), we obtain the following formula for later use.

o(1-5) v [0 () e

We shall also use the following notations

[e.9]

I=1,,(ut R)=u"stt /rlsJ,,(tr)JHs(ur)dr (3.6)
R
I
s, —2s u2
Ag(p,t) :=2°u /go (1 - E) I, (u,t, R)du (3.7)
0

Proposition 3.1. For s >0, v > —1 holds true the following formula

t? L
o (1 — E) =1 /Bf(T)Jy(rt)dr, t, >0 (3.8)
0

where

1 523 L U2
BY(r / viatl ( —> T s (ur)du. (3.9)
0

Proof. For 0 < A < oo we denote
A

Talpt) =t / BY ()], (rt)dr

0

25 v+s+1 4
Yalu,t) = o ( )/7"1 STyys(ur)J, (tr)dr. (3.10)
0
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Then substituting (3.9) in 74 and changing the order of integration we obtain

o
Ta(p,t) = /QSA(u,t)du, 0< A< oo
0

From the formula (Bateman-Erdelyi)
/T’l SJ (UT)J (17’)d7" = —1 v (u - 12)3 1
v+s 14 F(S)’U,V s +

0

follows that

2 2 s—
woo(u,t) = F(S—;iﬁ%go (1 — %) (U2 — t2)+ 1 .

Taking into account equations (3.5)—(3.7), we obtain
n n P
Ta(p,t) = /@Z)oo(u, t)du—/ (Voo (u, t) —tha(u, t)]du = @ (1 - P) —Aa(p,t) (3.11)
0 0
and to show relations (3.8)-(3.9), we only need to check that
As(p,t) =0 as A—oo, p,t>0.

The estimate for A4(u,t) is given in Subsection 3.3. O

Representation of ®—means

Let xg € G, f € C3°(Kym), where Ky = {x @ |z —x0| < M}, 0< M < p(z9,0G)
and

F(r) = (2m) 22 /ef(% + r0)dr (3.12)

Put x = 2o + rf in (3.3) and integrate with respect to #. By virtue of uniform
convergence, the integral with respect to 6 can be taken inside and the mean value
formula (3.1) be applied to get

F(r)= /]/"\(t)u(xo,15)75(2_”)/2 [r(”_%/QJ(n,Q)/Q(rt)} dp(t).

For f € C§°(K, m) such decomposition is fast convergent. Applying operator D7, v €
R! under the integral sign with respect to ¢ and taking into account equation (3.4), we
obtain

D F(r) = / F)ulzo, )t 1" J,(rt)dp(t), v = — . (3.13)



68 T.G. Ayele, M.L. Goldman

Prop031t10n32 Let xg € G, f € C3(Kyonr)y M < p(20,0G), s >0,y <n/2v=
——7, d=v+1/2—5<0. Then

o)

O'S(f, xy) = /r‘”D”’F(r)Bf(T)dr (3.14)

0
where By, (r) is of the form (3.9).
Proof. For A > 0 denote

/A ~DYF(r) B (r)dr

Substitute here expansion (3.13) which is fast convergent and interchange the order of
integration with respect to ¢ and r. Then

7 u(zo, t ( /0 h t—”ij(r)Jy(rt)dr) dp(t).

The internal integral is T'4(u, t), and equations (3.11) and (2.7) result in

Sap) = 00 (f.20) - / (0, ) A, ) dp ().

To prove relation (3.14) we need to show that

o) i= o f.m0) = [ F(Oulan )Audp() >0 as A= oo (319
0
The proof of relation (3.15) depends on proposition 3.4 of Subsection 3.3. n
Corollary 3.1. Let in Proposition 3.2 f(x) =0 if |t —xo| < R forO< R< M .
Then .
af(f, xy) = /r”D”’F(T)BS(T)dr (3.16)
R

Actually in (3.14), D"F(r)=0for 0 <r < R.

Proposition 3.3. Let in Proposition 3.2 f(z) = 0 if |[v — x| < R for 0 < R < M.
Then holds true the representation

f,yco = u(zo, ) Aa(p, t)dp(t). (3.17)

0\8
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Proof. Put decomposition (3.13) in (3.16). As in the proof of Proposition 3.2 inter-
change the order of integration with respect to ¢ and r to obtain

o0

T(f wo) = / u(xo, t ”(ZBE(T)Jy(rt)dr)dp(t).

0

Let us substitute representation (3.9) for B (r) and interchange the order of integration
with respect to u and r (correctness of such operation can be verified as in the proof
of Proposition 3.1). Finally using notations (3.6)—(3.7), we arrive at the representation
(3.17). O

Corollary 3.2. The value of v in representation (3.17) remains free within the intervals
—1 <v <s—1/2. We shall make use of this, choosing v depending on the property of
smoothness of decomposable function.

3.3 Estimate for Ag(u,t)

Below we give estimates for the value of Ag(p,t) in all domains of the arguments. The
estimates are necessary for the study of properties of a7 (f,zo) (cf. (3.17)) as well as
for verification of representations in Subsection 3.2.

Proposition 3.4. Let ) = v + % —s

1. Forpu> 32 = 0<t<1/R, ¢ <0 holds true the estimate

MMMWSQWM%MQ%) (3.18)

2. For u > %, t > 1/R holds true the estimates

1 1
mamms@Rﬂﬁw>Q£)t”WuL\% pt> 5 (319

1 1
Agr(p,t)] < cgReos 0t ¢~ H1/2) T 3.20
Al O] < ot g, () L it < (3.20)
where ¢y, co, c3 do not depend on t, u, R.
Proposition 3.5. Let 0 < u < 3R, d=v+ % —s. Then
Ar(p,t)] < e if 0<t<2u, §<0 (3.21)
1
Ar(p,t)] < cop? 2=+ f > 2 v > —5 (3.22)

where ¢y, co do not depend on t, i, R.
The proofs of Propositions 3.4 and 3.5 depend on the following lemmas.

Lemma 3.1. Let s >0, v>—-1, [I=1I,,(;t, R), see equation (3.6).
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1. Foru > %, 0<t< }% holds true the estimate
I < ey’ V2RSS i < s —1/2. (3.23)

2. Foru > %, t > % holds true the estimate

1] < eaR*5u s tY2=H3) (Rt — | 4 (RJt — u])' ] - (3.24)

3. ForO<u< % holds true the estimate

u?st if 0<t<u/2, v<s-—1/2
I <cgQu?ou—¢t|~0=0) if 4/2 <t<2u (3.25)
w282 i s 2u, v —1/2.

Here cy,co,c3 do not depend on t, u, R.

4. Holds true the following formula

u

/ISW(U,t,R)dU = u_1[S+1,V(u,t,R) (3.26)
0
and
B = /(u2 — ), (v,t, R)dv = 2u™ ' I;11,(u, t, R) (3.27)

0

The estimates (3.23)-(3.25) are obtained in standard way with the help of asymp-
totic formula for Bessel functions. Some of these estimates are well known in [8] and
[4] and the remaining can be proved in similar way. Formula (3.26) is based on the
well known relation from [5]. To get relation (3.27) integrate B by parts. Then taking
into account (3.26), we obtain

B = 2_ U2)U_lfs+1’,,(v,t,R) v=o + 2/]s+1,l,(v,t, R)dv.
0

Both substitutions are zero (the lower because of (3.25)) and using relation (3.26) we
arrive at the required value of B.

Remark 3.1. For the Riesz means put p(u) = ['(s+1) in (3.7), and then use equation
(3.26) to get

AR(M; t) - CO/'L_(28+1)-[S+1,V<,U/7 t? R)?

and all the required estimates follow from Lemma 3.1. However, in general cases, the
proofs of Propositions 3.4 and 3.5 require additional efforts.
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Lemma 3.2. Let py>1/R, s>0, v > —1. Then

1
H=3R

2 u’
Br(p,t) = 25172 / © (1 - E) I, (u,t, R)du
0
hold the following estimates: for p > 1/R t>1/R

1 | .
|Br(p, 1) < exR™% (E) p e (L Rl — )

and for p >3/R, 0<t<1/R

1
|Br(p, )] < e (ﬁ) (nR)"™*Y2 for v < s+1/2.

Here ¢y, ¢y do not depend on p,t, R.

Proof. 1. Let 5 =1— (u— 55)?/p?. Holds true a type of Taylor’s formula

(-2)-s 22 (3

2 v?
+E / (v? —u?)p" (1 - E) vdv,

which can be checked using integration by parts for the integral on the right-hand
side. Put this in Bg(p,t) to get three summands. The first is calculated using
equation (3.26) and the second using (3.27). In the third interchange the order
of integration with respect to u and v and then apply equation (3.27) w.r.t u to
the resulting integral. Finally, we arrive at the representation

s+2, —2s—4 p 1\ 1
BR(:U’Jt) =2 K ng(%> =355 Is+1,y n—= _7t7R +

2R 2R
o 1 o v
P pe (- =t R " (1= ) Iyon(v,t, R)do Y.
) [ () ]
0
2. Note that p — 5= =< u, %XP%R if u>1/R and
¢ (0)| < esp(o0) = uRp | =
< =)

Therefore taking into account Lemma 3.1, the first two summands in Bg(u,t)
give the required estimates. For the third summand we notice that

(1 U] < 2=t delaut (1 pR)u?
7 (1 u2)‘ R (T R 7 B A prgus
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and it gives an increment on Bgr(u,t) which is at most

=

N
_os_ 1 _
B2 () Z|Aﬁuuu3nw—v>%u

. Let o > 1/R, t > 1/R. Comparing estimates (3.24)—(3.25) evaluated for

Isi0,(v,t, R) we observe that

CR*S*1US+V+5/2.[:7(V+1/2)

| Isi2.(v,t, R)| < 0<v<pu—1/2R.

1+ R|t — | ’
Therefore
Bl < cR—"ly (MLR) V20D g )
where

Aﬂmw—-/X1+Rw—wr%u—w*m

0
So, for > 1/R, t > 1/R, it remains to check that

Ag(pt) < cR[1+ Rlp—t]7".
1) Let t > p—1/2R, then
[1+ Rt — v|]_1 <[A4+R(t—(u—1/2R)) "= [1+ Rlp— tH_l.
And indeed,

H—3R

Ag(p,t) < c[1+ Rt — uﬂ_l / (—v)2dv=rc [1+ RJt — pl] "
0

2) Let t < u—1/2R, then
t =5

AR(,u,t):/... + / =AY 4 AP

0 t

Let us estimate Ag). Ift <p/2 thenpy—t>t, p—t>p/2>1/2R and
t

Ag%<gk¢r{/p_+3@—vﬂldvx
0

If t > pu/2, then p —t < t and

In(Rt+ 1) < < R
(=R~ p—t = 1+ (p—t)R

Rt R(pu—t) Rt

o _ 1 o, w1 l/
AR—R/(I-i-u) (u t+R> du= — / e

0 0 R(u—t)
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The first integral is at most
R(p—t)
Rt [ du= (=) < RO+ Ria— )
0
and the second integral is at most
Rt
R+ Rl — ] / w2du < cR[1+ Rlp— 1] 2
R(p—t)

which gives the required estimate for Ag). The value of Ag) can be estimated in

similar way.

4. Let now p > 3/R, t < 1/R. Then comparing estimates (3.23) and (3.25) for
Isi9,(v,t, R) shows that

2s5+3 . <
Lgou(v.t, R)| <" if 0<v<2/R, v<s+1/2,
| pUsTBRRV=ST3/2 if 9 /R < v < pu—1/2R, v < s+ 3/2.

Partition the integral B} into two, using the estimates provided and taking into
account that v < 2/R implies that y — v < p. Finally we obtain the required
inequality for Bj which means for Bg(u,t).

m
Lemma 3.3. Let s >0, 0 < pu,t, R < o0, 0 <o < u. Then
i u? o?
Ay = /gp <1 — —2> it — ul* udu < cptt0p,, <1 — —2) ,
M M
0
where ¢ > 0 does not depend on u,t, R, 0.
Proof. 1. In the case s > 1, sg = 1 the lemma is obvious.
1-22
Tz
o2
Ay =2 / o(v)dv = <1 — —2> (3.28)
i
0

2. Now let 0 < s < 1,59 = s. Denote

2

o) =p (1= 25 ) wxen(v). - &lw) = It~ ul*~

Without loss of generality, it is possible to assume that ¢(u) is decreasing. Then
non-increasing rearrangements are equal:

00 = 0(= 0 =9 (L) (0= Do) €0 =20



74 T.G. Ayele, M.L. Goldman

Therefore using a well known theorem on rearrangements (cf. |7, p. 94|), we
obtain

A, = 7¢(U)§t(U)du < 71#*(@)52‘(@)611) = /0#_0 ¥ (%) (1= )" dv

12
m

s+1 s—1 s+1 o s41 o?
< (&)EdE = s 1—; = 17, 1_E :
0

O
Lemma 3.4. Let p>1/R,s>0,v>—-1,0=v+1/2—s,
i 2
Crlp, t) = 2572 / 0 (1 - “_2> I, (u,t, R)du.
1
n=3R
Then hold true the following estimates: For u>1/R, t>1/R
Cali )] < CLR= gy (—= ) D — g7 =] > (3.29)
) f— MR ) — R7
1 1
Crlp,t)| < CoRO™ T [ — | ¢~/ —t] < — 3.30
Cain ) < Colt =g () EOD, ] < (3.30)
foru>3/R, 0<t<1/R
1 :
|Cr(1,t)] < Cs(uR)’ s, (E) , it v<s—1/2 (3.31)

Proof. 1. If |p —t| > %, then for u € (u — 5%, p) we have |u —t| > 5= and

lu—t| > @ Therefore employing estimate (3.11) with the second summand in
[...] neglected leads to the estimate

n
e Sl (v _ u?
|Cr(p, )] < CR™p> M 2 — ¢~ / w(l—ﬁ> udu.

H—3R

Recalling the notation A, for sy =1 o = p — 5% in equation (3.28) and we
arrive at (3.29).

2. If |p—t| < &, then for u € (u— 55, 1) we have |u—t| < 2. Estimate (3.24) with
the first summand in [.. .| neglected leads to the estimate

|Cr(pt)| < CRO5 YDA, 0= p—1/2R

and employing Lemma 3.3 we obtain the estimate (3.30).



Spaces of generalised smoothness in summability problems for ®— means of spectral decomposition 75

3. Estimate (3.31) follows from the relations (3.23) and (3.28).
0

Proof of Proposition 3.4 Lemmas 3.2 and 3.4 result in Proposition 3.4. Indeed,
Ag(u,t) = Br(u,t) + Cr(u,t), estimates for Cr(u,t) are of the required form and
estimates for Bgr(pu,t) in any case are not worst, because

u

s (1) > /g&(v)vso_ldv = (u)u®, u e (0,1].

u/2

Proof of Proposition 3.5. We have 0 < u < 3/R.

1. Let t > 2u. Substituting in (3.7) the last estimate from (3.25) and for u/pu = v,
we obtain

1

B 0] < cuft) ¥ [ oot = P)dv, se=v 254172
0

Since » > —1 and the integral is convergent this gives estimate (3.22).

2. Let t < 2u. For s > 1 comparison of estimates (3.25) shows that |I| < cu*~!, 0 <
u < pufor =1/2 < v < s —1/2 from which in similar way to item 1, we obtain
(3.21) for 0 < s < 1. These considerations are true everywhere except the interval
A = (t/2,min{2t,1}) on which we need to employ the second estimate from
(3.25) and require to estimate the integral

w2
N = cop™ /usgo (1 — —2) lu — t|* *du.
i
A

Ift < p/4, thengp(l—”—i) = (1) for u € A and

I

2t
N = = %t5p(1) / lu —t)* " tdu = p*t**p(1) = O(1).

t/2

And if t > p/4, then u*~! < ! foru € A

2
N = / ? (1 B %) [u =t udu < 7T Ag < erps(1)
A

also cf. Lemma 3.3 for o = 0 and finally we again obtain (3.21).

Proof of relation (3.15). og(u) -0 as R — oo, u > 0.
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1. Assume that R > 3/p and R > 1. Then

1/R /2 oo

UR(,u):/... +/ +/ =09+ 01 + 03.

0 1/R /2
To estimate oy we use inequality (3.18), then

1/R

o0l < c(uR)’y ( ) / (0o, )dp(t). (3.32)

But from properties (3.3) and (3.4) follows that

1 ) 1 12
[ Ol 0ldote) < ellslen{ [utmobasto} 3

and therefore op — 0 as R — oo.

2. To estimate o, we use inequality (3.19), and

ol < R () [ 1Ot Ol 2yt

1/R

If v < —1/2, then the integral is O(1). And if v > —1/2, then

ol < e R () [ ten a0

0

and since ) =v+1/2—s<0, 0y —0as R — 0.

3. Let us estimate g9. Taking into account that, if 0 < s < 1, then

u u

o1(u) = /go(u)vs_lul_sdv < ul_s/gp(v) Sy = ul . (u), (3.34)

0 0

we employ estimate (3.20) for oy to get

N / O, Ol dp(e),

w/2

and oy — 0 as R — oo.
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3.4 Estimate of ®—means of spectral decomposition

Proposition 3.6. Let s > 0, a, 5,w(u) be as in Theorem 2.1, Q CC G, 2y € 2, 0 <
R < p(xg,00), R<1, f€CPQ), f(x) =0 for |x —xo| < R. Then for all p > 3/R
holds true the following inequality:

ol < el s Gy, (Yoo (1) i umybion (5 ) stmatn

(3.35)
Here ¢ does not depend on p, R, f,xq and

=
=
Il
= bclj =
ISISERNE
5}
03
no
—
ol
XD
VoIl A
RISNISNIS

6 <min{0, (n +1)/2 —s — G}.
To proof Proposition 3.6, in addition to Proposition 3.4 we require the following:

Lemma 3.5. Let condition (2.11) be satisfied for a < < a + 3/2. Then for any
domain Q@ CC G and function f € C$° ()

3p 1/2
sup{ / rf<t>\2dp<t>} < (@ () | Flls (3.36)

p>1

The proof of the lemma is similar to that of Lemma 3.1 in [4], giving the estimate
for Hj.

Proof of Proposition 3.6
1. In virtue of conditions on « and 3 we have
go:=min{s+a—(n—2)/2, 3/2+a— [} >max{0, a — (n—1)/2} = ¢,

Putv=(mn—-3)/2—a+e, d=v+1/2—s, wheree; <e <¢eyg. Thenv > —1
and the conditions

m=3)2<a4+v<pF+v<n/2, §<min{0,(n+1)/2—s—08} (3.37)

are satisfied. We use this value of v in representation (3.17) and estimate the
contribution of each summand.

/R /2 3u/2 o0
Uf(f’xo)—/--- —|—/ +/ —|—/ =09+ 01+ 03+ 03.
0 1/R w/2 3u/2

2. Let us estimate 0y. Inequalities (3.32) and (3.33) show that the integral over the
interval (0,1) gives the value which is not greater than the value of the second
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summand on the right-hand side of (3.35). Further, based on (3.36) and (2.2),
we obtain

VR [logzl/R] 2ett gk+1 p
'/‘_ {/|f|dp} {/luxo,|dp>}
1
10g21/R]
<clfllay D>, w(27F) 252 =c||f|luySr.
k=0

But w(u)u~" is almost decreasing on (0, 1] and therefore

logs 1/ gz 1/7)
Sp= Y w(27F) 252K < cw(R)RP Z 2k (n/2-8),
k=0

Finally |og| gives the second term on the right-hand side of (3.35).

. To estimate o1 we use inequality (3.19) with g — ¢ < u and obtain

w/2
1 R
ol < eriton (og) [ OO, 639
1/R
Similar to step 2 for A\ = [log,(uR)]
w2 A i —(v+1/2) n/2* R 1/2 n/2h 1/2
[z (%) ([ roran) (] utmokao)
1/R k=1 /I‘/2k+1 M/2k+1
A L ”Tflfy 2k
< C1||f||H§J Z (?) w (g) = C1||f||H§JEM,R. (3.39)
k=0

And we have

' M”T_l—”—ﬁ, it v+8<(n—1)/2,
Yor<cw <—> 17 < log, (1R), if v+p=(n-1)/2,
K R if v+ B> (m—1)/2

Since v + 3 < n/2,
S < op’T w(1/p) (nR)2. (3.40)
The estimates (3.38)—(3.40) show that oy contributes to the first summand on the

right hand-side of (3.35) and for 0 < s < 1 inequality (3.34) should be considered
in addition.

4. Let us estimate oy. Inequalities (3.19)—(3.20) and (3.34) result in

1
(A )] < RO " 0y, (M R) (14 Rlpp— )72,
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Using inequality (3.34)

[

3u/2
o1 1 1 u(xo, t)|2dp(t
ool < i) e () () Wl | [ {100/
n/2
3u/2 00 00
/ .o < CZ 22k / |u(zo,t)*dp(t) < eyp" TR Z 27k,
1/2 h=0 2k —1<R|p—t|<2k+1 F=0

Finally o, gives the required contribution to the right-hand side of (3.35).

5. To estimate o3 we use (3.8) and take into account that ¢t — pu < ¢

1 T A
03] < Ry (E) [ e Bt 0ldpto)
3u/2

Partition to the integrals over the intervals [u2*, u28+1], in similar way to steps
2 and 3, we obtain the estimate

> n=2_, 1
/ o Selfllmy Y (u2Y) 7w (?) = cf| f1| g -
5 k=0 K
w2

Taking into account results of step 1 and that w(u)u~* is almost increasing,
o A a— _k
=3 (2) w(ﬁ)gw Ew(;)22 3
k=0 k=0
Substitute these estimates and take into account (3.34) if s < 1. Finally we get

the contribution of o3 which is even of smaller order than the first summand on
the right hand-side of (3.35).

0J

Proof of Theorem 2.1 Let R = p(K,0D). Then for any function f € C§°(£2) such that
f=01in D and any point zo € K the estimate (3.35) applicable with R = R(K) > 0

fixed. Then
o0 < 0l [o (1) o (1) e ()]

Since § <0, plpy <l> — 0 as u — oo. And finally apply condition (2.11) to get
(

foa0)| < et g Voo € K, Vi 1.

Then using the densness of C§°(92) in ]f[:(’)(Q) and uniform convergence of spectral
decomposition and hence ®—means for C§°(2), in standard scheme we obtain that
oy (f,z) — f(x) as p — oo uniformly in & € K for any function f EFI:(')(Q), f=0
in D. 0J
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