ISSN 2077-9879

Eurasian
Mathematical
Journal

2014, Volume 5, Number 1

Founded in 2010 by
the L.N. Gumilyov Eurasian National University
in cooperation with
the M.V. Lomonosov Moscow State University
the Peoples’ Friendship University of Russia
the University of Padua

Supported by the ISAAC
(International Society for Analysis, its Applications and Computation)
and
by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University
Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL
Editorial Board

Editors—in—Chief
V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), O.V. Besov (Russia), B. Bo-
jarski (Poland), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bour-
daud (France), R.C. Brown (USA), A. Caetano (Portugal), M. Carro (Spain),
A.D.R. Choudary (Pakistan), V.N. Chubarikov (Russia), A.S. Dzumadildaev (Kaza-
khstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia), M.L. Goldman (Rus-
sia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany),
A. Hasanoglu (Turkey), M. Huxley (Great Britain), M. Imanaliev (Kyrgyzstan), P. Jain
(India), T.Sh. Kalmenov (Kazakhstan), K.K. Kenzhibaev (Kazakhstan), S.N. Kharin
(Kazakhstan), E. Kissin (Great Britain), V. Kokilashvili (Georgia), V.I. Korzyuk
(Belarus), A. Kufner (Czech Republic), L.K. Kussainova (Kazakhstan), P.D. Lam-
berti (Italy), M. Lanza de Cristoforis (Italy), V.G. Maz’ya (Sweden), A.V. Mikhalev
(Russia), E.D. Nursultanov (Kazakhstan), R. Oinarov (Kazakhstan), K.N. Ospanov
(Kazakhstan), I.N. Parasidis (Greece), J. Pecari¢ (Croatia), S.A. Plaksa (Ukraine),
L.-E. Persson (Sweden), E.L. Presman (Russia), M.D. Ramazanov (Russia), M. Reis-
sig (Germany), M. Ruzhansky (Great Britain), S. Sagitov (Sweden), T.O. Shaposh-
nikova (Sweden), A.A. Shkalikov (Russia), V.A. Skvortsov (Poland), G. Sinnamon
(Canada), E.S. Smailov (Kazakhstan), V.D. Stepanov (Russia), Ya.T. Sultanaev (Rus-
sia), I.A. Taimanov (Russia), T.V. Tararykova (Great Britain), U.U. Umirbaev (Kaza-
khstan), Z.D. Usmanov (Tajikistan), N. Vasilevski (Mexico), B. Viscolani (Italy),
Masahiro Yamamoto (Japan), Dachun Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor
A.M. Temirkhanova

Executive Editor
D.T. Matin

(© The Eurasian National University



For Individuals

e US$ 160 (or equivalent) for one volume (4 issues)
e US$ 50 (or equivalent) for one issue.

The price includes handling and postage.
The Subscription Form for subscribers can be obtained by e-mail:

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EM.J)

The Editorial Office

The L.N. Gumilyov Eurasian National University,
Main Building

Room 312

Tel.: +7-7172-709500 extension 31313

2 Mirzoyan Street

010008 Astana

Kazakhstan



To the authors, reviewers, and readers
of the Eurasian Mathematical Journal

The L.N. Gumilyov Eurasian National University was the main organizer of the
Eurasian Mathematical Journal in 2010.

The University provided essential financial support which allowed paying honorar-
iums to the authors and reviewers. This support, together with the efforts of the
international highly qualified Editorial Board consisting of more than 60 prominent
mathematicians from more than 25 countries, allowed establishing a top level journal,
which became a really international one.

In 2010 - 2013 there were published 133 scientific papers written by 182 mathe-
maticians representing 37 countries. Among the authors there are full members and
corresponding members of National Academies of Sciences of several countries.

The journal is indexed in the main mathematical reviewing journals: Mathemat-
ical Reviews (USA), Zentralblatt fiir Mathematik (Germany), Referativnyi Zhurnal
Matematika (Russia). Moreover, all papers published in the journal are included in
the lists of publications of mathematicians registered in MathSciNet (American Math-
ematical Society) and MathNet-Ru (Russian mathematical portal).

The journal has impact-factor of MathNet-Ru (0,328 for year 2012) and recently
the Content Selection & Advisory Board of Scopus has advised that the journal will
be accepted for inclusion in Scopus. The following comments of the reviewer were
attached: “This is a first rate journal with excellent contribution of many leading
figures (in partial differential equations especially though the standard is quite high of
all articles that I have seen).”

The main goal of financial support by the L.N. Gumilyov Eurasian National Uni-
versity being achieved, the University has informed us that it will stop financing hon-
orariums to the authors and reviewers starting with the issue EMJ, volume 5 (2014),
number 3.

On behalf of the authors, reviewers, and readers of the EMJ, the Editorial Board
expresses deep gratitude to the L.N. Gumilyov Eurasian National University for or-
ganizing the journal and generous financial support, and hopes that the journal will
preserve its high level and in future will become one of the leading mathematical jour-
nals.

Editorial Board
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Abstract. In an explicit quantitative and often precise manner, we construct the ho-
mogeneous Holder homeomorphisms and study the approximation of uniformly contin-
uous mappings by the Holder-Lipschitz ones between the pairs of abstract and concrete
metric and (quasi) Banach spaces including, in particular, Banach lattices, general non-
commutative L,-spaces, the classes /G and G of independently generated spaces (for
example, non-commutative-valued Bochner-Lebesgue spaces) and anisotropic Sobolev,
Nikol’skii-Besov and Lizorkin-Triebel spaces of functions on an open subset or a class
of domains of an Euclidean space defined with underlying mixed L,-norms in terms of
differences, local approximations by polynomials, wavelet decompositions and systems
of closed operators, such as holomorphic functional calculus and Fourier multipliers of
smooth Littlewood-Paley decompositions. Our approach also allows to treat both the
finite (as in the initial and/or boundary value problems in PDE) and infinite /,-sums
of these spaces, their duals and “Bochnerizations”. Many results are automatically ex-
tended to the setting of the function spaces with variable smoothness, including the
weighted ones. The sharpness of the approximation results, shown for the majority of
the pairs under some mild conditions and underpinning the corresponding sharpness of
the Holder continuity exponents of the homogeneous homeomorphisms, indicates that
the range of the exponents is often a proper subset of (0, 1], that is the presence of
Tsar’kov’s phenomenon. We also consider the approximation by the mappings taking
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the values in the convex envelope of the range of the original approximated mapping.
The negative results on the absence of uniform embeddings of the balls of some func-
tion spaces, particularly including BM O, V MO, Nikol’skii-Besov and Lizorkin-Triebel
spaces with ¢ = oo and their V M O-like separable subspaces, into any Hilbert space
are established. Relying on the solution to the problem of the global Holder conti-
nuity of metric projections and the existence of the Holder continuous homogeneous
right inverses of closed surjective operators and retractions onto closed convex subsets,
as well as our results on the bounded extendability of the Hélder-Lipschitz mappings
and re-homogenisation technique, we develop and employ our key explicit quantitative
tools, such as the global (on arbitrary bounded subsets) Holder continuity of the dual-
ity mapping and Lozanovskii factorisation, the answer to the three-space problem for
the Holder classification of infinite-dimensional spheres, the Holder continuous coun-
terpart of the Kalton-Pelczyriki decomposition method, the Holder continuity of the
homogeneous homeomorphism induced by the complex interpolation method and such
counterparts of the classical Mazur mappings as the abstract and simple Mazur ascent
and complex Mazur descent. Important role is also played by the study of the local
unconditional structure and other complementability results, as well as the existence
of equivalent geometrically friendly norms.

1 Introduction

This is the first part of the article. The content of the second part is briefly described
below.

While even uniform homeomorphisms of spheres play important role in nonlinear
functional analysis [15], the existence of a homogeneous Hélder homeomorphism be-
tween two spaces permits, for example, to transfer counterexamples [49], group action,
homogeneous Holder group structures (see Theorems 5.14 — 5.16 below), entropy and
non-compactness estimates, or topological results [40] used in PDE from one space
into another. It can be especially convenient when one of the spaces is as well stud-
ied as the Hilbert space. In turn, the knowledge of the Holder regularity exponents
allows to “measure the Holder closedness" of pairs of non-isomorphic spaces to each
other and to approximate uniformly continuous mappings by Holder-Lipschitz ones.
In the setting of infinite-dimensional spaces, the latter research direction goes back to
A.F. Timan [59], while the decisive contribution (including even the approximation of
set-valued mapping) was made by S.V. Konyagin and I.G. Tsar’kov [39, 62, 63, 64, 65]
(see Sections 10 and 11 for more details).

Namely, I1.G. Tsar’kov [39, 62, 63, 64, 15| had considered the pairs (X,Y’), where
X € {L,,l,}pei,o0) Or a metric space, and Y € {Lg,l;}qeq o0 OF a superreflexive space.
He discovered an interesting phenomenon: f can be arbitrary well-approximated in
C(Bx,Y) (Bx is the unit ball in X) by an a-Hélder function if, and only if, o €
(0, min(p, 2)/ max(q,2)]. In the case of a metric X and a superreflexive Y, he used
the Frechet extension theorem and embedding into /. (By), along with the existence
of 1/p-Hoélder retractions from [, onto the bounded closed convex subsets of a p-
uniformly convex space. Moreover, he reduced the case of the pairs of the Lebesgue
and [,-spaces to the case of the pair (l,l3) by means of studying and employing the
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Holder-Lipschitz regularity of the classical Mazur mapping and, eventually, utilising
Kirszbraun’s extension theorem.

Holder classification and approximation problems are very strongly related: the
sharpness of the latter can lead to the sharpness of the former (see Sections 6.2 and
11).

There are seven essentially different classifications (equivalence relations) of Banach
spaces by:

1) isomorphisms (preserving the linear structure and topology);

2) continuous homeomorphisms (preserving the topology);

3) isometries (preserving the metric);

4) local isomorphisms (preserving the linear structure and topology of finite-
dimensional subspaces);

5) uniform homeomorphisms (preserving the uniform structure);

6) uniform homeomorphisms of spheres (preserving the uniform structure and ho-
mogeneity);

7) Holder homeomorphisms of spheres (preserving the uniform structure in a strong
quantitative sense and homogeneity).

Using the notation X ~ Y for the ith equivalence relation between Banach spaces,
one can conclude that the relations (1,3,4,5) are too discrete, while the second is
too synthetic. Indeed, it was established by Banach himself that [, and L, are not
isomorphic for p # 2, while M.I. Kadets [38| proved that all separable Banach spaces
are (continuously) homeomorphic. In turn, S. Mazur and S. Ulam [47] discovered
that every isometry of two Banach spaces is a composition of a translation and a
linear isometry. The classification by local isomorphisms generated by the partial order
relation of A-finite representability (see Definition 2.3) attracted the most attention
thanks to its close ties with the Rademacher type and cotype and the super-properties

of Banach spaces. While X DG (principle of local reflexivity) and [, L L,([0,1]),

different Rademacher types or cotypes yield [, ;6 ly for p # q (p,q € [1,00)). The fifth
classification appeared to be even more discrete than the forth: M. Ribe [55] showed
that X 2 Y implies X 2 Y, while W.B. Johnson, J. Lindenstrauss and G. Schechtman
[36] have observed that, if a Banach space X is uniformly homeomorphic to [, for
p € (1,00), then it is isomorphic to [,. Moreover, [, 756 L, for p € (0,00)\ {2} according
to J. Bourgain [21] (case p € [1,2)), E. Gorelik [34] (p € (2,00)) and A. Weston [69]
(p € (0,1]). (See also [15].)

The most balanced sixth classification was established by E. Odell,
Th. Schlumprecht in their celebrated work [49]. Substituting 2 with 2 in their
result on the classification of the Banach lattices, we obtain Theorem 6.2 below,
meaning that 2 and L coincide on the class of Banach lattices. The investigation
of the properties of the more quantitative seventh classification has begun with the
introduction of the Mazur transform by S. Mazur [46], and is also the first main task
of this article.

It is well-known since the 19th century that a (uniformly) continuous function
f e C=C(la,b]) for [a,b] C (—00,0) can be arbitrary well-approximated in C ([a, b])
by smooth functions, such as S.N. Bernstein polynomials (Weierstrass theorem), Fejer
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trigonometric polynomials and Steklov averages

xT+e

fo) =2 [Fryar,

where f is the extension of f to R by the constants f(a) and f(b). Steklov’s approach is
suitable for both finite and infinite interval [a, b] and provides very convenient explicit
estimates in terms of the modulus of continuity (of the first order in C)

wie, f) = sup |f(z) = fW)l: [If = felle Swle, ), [[fellip S wle, f)/e

lz—y|<e

and
Je (la,b]) € f ([a,0])

for € > 0.

As the second main task, we study the counterparts of this result in the setting
of uniformly continuous functions from a bounded subset A of a metric or a (quasi)
Banach space X into a (quasi) Banach space Y for abstract and particular pairs (X,Y),
where X and Y satisfy certain natural additional conditions (like being isomorphic or
Lipschitz-homeomorphic to “better” abstract spaces). In particular, both X and Y is
allowed to be either contained or isomorphic to an arbitrary space from the union of
our six I'-groups of the classes of the specific parameterised spaces described below.

In fact, our approaches also permit to treat the pairs with X and/or Y taken to
be [,-sums of function spaces (that can correspond to the spaces naturally appearing
in some boundary, or initial value problem), function spaces with variable smoothness
(including weighted spaces) investigated by O.V. Besov [19], spaces with dominating
derivatives and both the duals and [,-sums of the spaces mentioned above. The basic
groups of the function spaces we are dealing with include anisotropic Nikol’skii-Besov
and Lizorkin-Triebel spaces of functions on an open subset of R™ that are defined in
terms of either averaged differences, or local polynomial approximation, or wavelet
decompositions, or systems of closed operators with underlying mixed L,-norms (see
subsection 2.1). Particular examples of the classes defined in terms of the systems
of closed operators are Nikol’skii-Besov and Lizorkin-Triebel spaces defined in terms
of the Fourier multipliers of the smooth Littlewood-Paley decompositions considered
by S.M. Nikol’skii, P.I. Lizorkin and H. Triebel [48, 61] (including Lizorkin — Triebel
spaces; see Remarks 2.4 and 10.3). The group I'; includes also the duals of these
function spaces. The classical information about function spaces is in [58, 22, 48, 20,
61, 29, 37, 52, 35, 60, 19]. In the setting of function spaces, it appears quantitatively
relevant to the problem that the domain of the definition of functions may satisfy the
C-flexible A-horn condition due to O.V. Besov [18].

The first step towards the application of the quantitative methods based on the
quasi-Euclidean approach developed in [5, 7, 9, 12| is the choice, if necessary, of a
geometrically-friendly equivalent norm in a space under consideration. Thus, in Sec-
tion 2 we define and divide into six I'-groups all the parameterised spaces under con-
sideration, describe subfamilies of equivalent norms on some of them and relations
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between different classes of space and provide a quantitative description of their asym-
metric uniform convexity and uniform smoothness. A large class of auxiliary I G-spaces,
including, in particular, [,-sums of L,-spaces with mixed norm (and other /G-spaces),
was introduced, studied and employed in [5, 6, 7, 9, 12]. The class IG, extends IG
including also the [,-sums and “Bochnerizations” of the Lebesgue and sequence spaces
of functions (possibly, on a discrete set) with values in noncommutative L,-spaces [53].

Section 3 contains the elementary properties of the Holder-Lipschitz mappings and
the auxiliary results (including some involving the matter of sharpness) on the exis-
tence of either ordinary or Holder continuous (globally on arbitrary bounded subsets)
homogeneous inverses for closed linear surjections between Banach spaces. We also
introduce the notions related to the Holder equivalence of spheres of abstract spaces.
Moreover, Lemma 3.2 constitutes the answer to the three-space problem for our classi-

fication rZJ, while Theorem 3.4 is the Holder continuous counterpart of the N. Kalton’s
nonlinear version of A. Pelczy1iki’s decomposition method.

Section 4 contains the definitions and properties of our relatively abstract but occa-
sionally sharp key explicit quantitative tools: the global (on arbitrary bounded subsets)
Holder continuity of the duality mapping and Lozanovskii factorisation and the Holder
continuity of the homogeneous homeomorphism induced by the complex interpolation
method. The latter mapping and its uniform continuity are due to M. Daher [28| and
N.J. Kalton [15].

In Section 5, we employ the latter key abstract tool and develop a re-homogenisation
technique to construct and study our counterparts of the Mazur mapping that we call
abstract and simple Mazur ascents and complex Mazur descent. Their compositions
appear to be the Holder homeomorphisms between the spheres of the pairs of compati-
ble IGy,-spaces that are sharp in the setting of the IGy-spaces and occasionally sharp
in the setting of the /G -spaces.

Section 6 contains the main results of the paper on the homogeneous Holder home-
omorphisms in a form that permits to trace the constants. We start with complete
description of the Banach lattices that are in one equivalence class with the Hilbert
spaces and proceed by employing our abstract and constructive tools from Sections
4 and 5 to provide quantitative Holder classification of the spheres of all the spaces
under consideration with respect to the spheres of the Hilbert spaces, including also
some spaces that are not equivalent to a Hilbert space. Indeed, relying on the so-
lution to Smirnov’s problem due to P. Enflo [32] and our results [3, 4, 11] on the
finite representability of ¢y in (anisotropic) BMO(G), VMO(G), BMO(G) N Loo(G),
VMONLy(G), Nikol’skii-Besov and Lizorkin-Triebel spaces, as well as their V M O-like
subspaces, we show that the unit balls of these spaces cannot be uniformly embedded
into any separable or nonseparable Hilbert space.

In Section 7, we introduce commutative homogeneous Holder group structures (com-
patible with the norm and the existing linear structure) on all our spaces under con-
sideration, even on those that do not admit any C*-algebra structure.

Section 8 contains various results related to complementability of subspaces of ab-
stract and specific Banach spaces, including the existence of certain complemented
subspaces, that are employed either directly in the second group of the main results
in Section 8, or via some key auxiliary results that are either our counterpart of the
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Kalton-Pelczyriki decomposition method in Section 3, or the presence of Tsar’kov’s
phenomenon (our main sharpness tool) in Section 11.

Section 9 comprises, in an explicit and quantitative form relying on the asymmetric
uniform convexity and smoothness and Markov type and cotype, the basic auxiliary
properties of abstract and specific Holder-Lipschitz mappings employed in our ap-
proaches to the second main task of the article: globally Holder-continuous retractions
and metric projections onto closed convex subsets of Banach spaces and the bounded
extendability of the Holder-Lipschitz mappings between Banach spaces.

The second group of the main results that are on the approximation of uniformly
continuous mappings is situated in Section 10, where we utilise all our key tools devel-
oped in the previous sections, as well as the sharpness tools from Section 11. We first
establish the approximation results in abstract and semi-abstract settings of mappings
from metric, quasi-Banach and IG-spaces into quasi-Banach and IG-spaces, and, then,
apply some of these results, as well as our other tools, to treat the approximation of the
uniformly continuous mappings between the pairs of either abstract Banach lattices,
or our I'-groups of the specific spaces under consideration.

In Section 11, we benefit from some uniform complementability results given in
Section 8 (see also [11]) by detecting the presence of Tsar’kov’s phenomenon for the
majority of the pairs of the specific spaces under consideration.

The numbering of the equations is used sparingly. Since the majority of references
inside every logical unit are to the formulas inside the unit, equations are numbered
independently inside every proof of a corollary, lemma and theorem, or a definition
(if there are any numbered formulas). The name of the corresponding logical unit does
not accompany the number of the formula in the references from inside this unit.

2 Definitions, designations and basic properties

Let N be the set of the natural numbers; Ng = NU {0}; I, = [1,n] "N for n €
N and I, = [[, I, for m € N"; for o, € Nj, assume that a < [ means the
partial order relation generated by the coordinate order relations; max(«, ) = min{~ :
v > a,y > [}; R™ is the n-dimensional Euclidean space with the standard basis
(et €™y, w=(T1,...,2p) = D7 xi€" = (2;); Typin := min; ; and Ty = Max; ;.
Let p’ be the conjugate to p € [1,00]", i.e. 1/p,+1/p; =1 (1 <i<n).
For A C Ny, let |A| designate the number of the elements of A; for a € Nf,

fla:{ﬁzﬁeNQ,ﬁga}; A:UAQ.

a€cA

In what follows, one can assume v, = ((Ya)1, - - -, (Ya)n) € (0,00)" and |, = > 7 (a)i =
n to be fixed.
For z,y € R", t > 0, let [z,y] be the segment in R" with the ends = and y;

xy = (zy5), tY = (t¥); x/y = (%) for y; # 0, and t/v, = (ﬁ) . Assuming |z|,, =

max; <<, ||/ ) we have

|'I + y|'Ya S C'Ya (|'I|'Ya, + |y|7a) :
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For E C R™ and b € R, let
|E|,, = in}fE|$|%, r+b0FE={y:y=x+bz,z€ E}
BAS
and
Gy ={z:z € G, |z - 0G|, >t}
for an open G C R".

Definition 2.1. Form € N, h > 0, v € R, x € R", assume that A"(h)f(x) is the
difference of the function f of the mth order with the step h in the direction of €' at
the point x, and

m [ A™n)f(x) for [z,z + mhe'| € E,
A B) f(x) = { 0 for [z,z +mhe'] ¢ E,
1/a
Siat,z, f,E)y /‘Am (t0iy, B) f(z 4 ) 1u)| du

Sometimes, in the absence of ambiguity, we use a shorter form 67, (t,x, f) instead of
5%(t,:c,f, E),.

If ¢ is an integrable function on a Lebesgue-measurable set £ C R", and |F] is the
Lebesgue measure, then ¢p = |E|™! [, ¢dx. Assume Qy = [—1,1]". For v € Ry and
x € R", we say that Q,(z) = x + v" Qg is the parallelepiped of the v,-radius v with
the centre x; yp is the characteristic function of £, and © = x(000) : R — {0,1} is
Heaviside’s ©—function.

For p € (0,00), ¢ € (0,00], a (countable) index set I, and a quasi-Banach space A,
let 1,(1, A) and l(I, A) be, correspondingly, the (quasi) Banach spaces of all sequences
a = {ag trer C A with the finite quasi-norms

1/q
[ally(1, A)| (Z HakHA> <00 and |laflo (L, A)| == iUIJ)II%IIA-
€

kel

Assume also that cy(7, A) is the closure in o (I, A) of all & € A! with the finite support
set {k € I : oy # 0}. More generally, for n € N and r € (0,00]", let I, (I", A) be the
(quasi) Banach space of all sequences o = {ay }rem C A with the finite quasi-norm

(I A) = (1, (s (i (1A ). ))
bracket

For the sake of brevity, we also use the notation
L.(I")=1.(I",R"), co(I) = ¢ ({,R") and [, = [,(N").

For p € (0,00], let L., = L,,(R;) be the (quasi) normed space of all functions f
measurable on R with the finite (quasi) norm

1/p
11 Lip (R = ( . If(t)lpdt/t) for p < 0o or || f[Luco(Ry)[| := [|f|Loo(R4)]|-
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For G C R” and f : G — R by means of f : R® — R, we designate the function

= | flx), forzeG,
f(@) ‘_{ 0, forzeR"\G.

For p € (0,00]", let L,(G) be the space of all measurable functions f : G — R" with
the finite mixed quasi-norm

1
p2/pP1 Pn/Prn—1 /Pn

i@l =| [ | [ [irae) | .
R

R R

where, for p; = oo, one understands ([ [g(z;)[" dxi)l/pi as esssup, cg |g(7;)|. The
classical quantitative geometry of these spaces had been studied for a long time (see,
for example, [45]).

For a measurable space (€, i), an ideal (symmetric) space Y = Y (2) and a Banach
space X, let Y(€Q, X) be the space of the Bochner-measurable functions f : Q — X
with the finite (quasi)norm

LAY (2, X[ == L Ol Y (I

If another measure v, absolutely continuous with respect to pu with the density Z—Z =w,
is used instead of u, the corresponding space is denoted by Y (G, w, X).

For example, L,(R",1,) with p,q € [1,00] is the Banach space of the measurable
function sequences f = {f;}7>, with the finite norm || ||{fx(-) }ren| lg|||Lp(R™)|].

For s € N*, ¢ € [1,00), p € [1,00|" and an open G C R", let the Sobolev space
W3(G) = W3 (G), be the Banach space of the measurable functions f defined on G
and possessing the Sobolev generalised derivatives D;* f and the finite norm

WG = I F LGN + L 1w (@ = IFILGII + D ID7 FIL (G

i=1
Definition 2.2. For p € (0,00)", ¢ € (0,00) and n € N, let It , = lt,(Z" x J) be
the quasi-Banach space of the sequences {t; ;Y.< with J € {No,Z} endowed with the
(quasi) norm

i€Z"

[t} it = {Ztm,j} Ly(R"1,()||
jeJ

where {Fm}fé}n is a fized nested family of the decompositions {F; ;}iczn of R™ into
unions of congruent parallelepipeds {F; ;}iczn satisfying

Uiezn F;; = R", |F;; N Fy ;| = 0 for every j € J, i # k,

and either |Fy, j, N Fy, 1| =0, or Fy, ;o N Fy, 4, = Fiyj, for every i, iy and jo > ji;. We
shall assume that this system reqular in the sense that the length of the kth side ly ; of
the parallelepipeds {F; ;}iczn of the jth decomposition (level) satisfies

b IO < < e bIODk for ke T,
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for some positive constants c;,c, and b > 1. Let also the 0-level parallelepipeds

{Fiotiezn e of the form Qu(z).
For a parallelepiped F € {F;;}/S, or F = R", by means of It,,(F) we designate
the subspace of lt, ,(Z" x J) defined by the condition: t;; =0 if F;; ¢ F.

The symbol lt, , denotes either lt, ,(Z™ x J) or lt, ,(F).

The space It , is isometric to a complemented subspace of L,(R",,), while its dual
Ity , is isomorphic to lt, , for p,q € (1,00) (see section 8).

Remark 2.1. To motivate a definition of anisotropic Nikol’skii-Besov and Lizorkin-
Triebel spaces in terms of the coordinates of wavelet decompositions, we need to intro-
duce the notion of the non-stationary multiresolution analysis of multivariable wavelets
and provide the characterisations (equivalent norms) of some anisotropic Nikol’skii-
Besov and Lizorkin-Triebel spaces of functions defined on R" in terms of these decom-
positions as has been done in [8] in exactly the sam setting. Since our approach does
not need all this information, we simply mention the properties of these spaces that
we shall employ.

Let us assume that anisotropic Nikol’skii-Besov and Lizorkin-Triebel spaces
By (R"), and Ly (R"), for s, € R, ¢ € (1,00) and p € (1,00)" endowed with the
wavelet norms are such sequence spaces that there are isometries I s and I, ¢ depend-
ing only on s that make them isometric, correspondingly, to the space [,(N,[,) and a
1-complemented subspace of lt,, , (Z" x J,l;(Mmax)) described by the zero values of the
coordinates with the indexes from a subset R C Z"x Jx Iy, .. with Z"x Jx{1}NR = ),
where M + 1 = sup;c; [[,, l:‘yﬁ (see Definition 2.2). Here the intersection con-
dition assures that the subspace iéomorphic to L;q(R”)w contains a l-complemented
(isometric) copy of It ,.

For (quasi) Banach spaces X and Y, C(X,Y) and L(X,Y) are the classes of the
closed and the bounded linear operators correspondingly. For C' > 1, we say that a
subspace Y of a (quasi) Banach space X is C-complemented (in X) if there exists a
projection P onto Y satisfying ||P|L(X)]| < C.

For B C X, let co(B) and ¢o(B) be the convex envelope and the closed convex
envelope of B in X correspondingly. Let also

Sx={re X :|jz||x =1} and By ={z € X : ||z||x < 1}

be the unit sphere and the unit ball of a Banach space X.
The bi-linear form representing the duality between a (quasi) normed space A and
A* = L(A,R) is written as
(A% A) 3 (f,z) = (f,2) = f(=).
For an operator 7" from X into Y, let D(T'), Ker T and Im T be its domain, kernel

and image correspondingly.

Definition 2.3. Let X,Y be (quasi) Banach spaces and A > 1. Then the Banach-
Mazur distance dgp (X,Y) between them is equal to oo if they are not isomorphic and
18, otherwise, defined by

dpn(X,Y) == inf{||T)| - | T~ : T: X Z8Y, KerT = 0}.
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The space X s A-finitely represented in Y if for every finite-dimensional subspace
X CX,
inf{dpn(X1,Y1) : Y1 is a subspace of Y} = .

If \ is equal to 1, then X is simply said to be finitely represented in Y .
It is said that Y contains almost isometric copies of X (or contains X almost

isometrically) if
inf{dpn (X,Y1) : Y1 is a subspace of Y} = 1.

We also say that X is A-isomorphic to'Y if there exists an isomorphism T : X <Y
with | TIL(X,Y)IT7HLY, X)|| < A

Metric spaces X and Y are C-Lipschitz homeomorphic if there exists an invertible
homeomorphism ¢ € H'(X,Y) satisfying

lel (X, V)| - [l HN (Y, X)| < C.

For r € [1,0¢], a finite or countable set I and a set of quasi-Banach spaces { X, };er,
let its l,-sum [,.(I,{A;}icr) be the space of the sequences x = {x;}icr € [[..; X; with

the finite norm y
|2 [l-(1, {Ai}ier)|| == (Z ||l‘i||f4i) :

el

i€l

For 7, € (0,00)" and s € [0,00), let A* = {a:a € NY, (a,7,) < s}.

For z € R™ and v > 0, assume that 7,f(z) = f(z — 2) and o,f(z) = f(v 7x).
For a finite A C Nf, let P4 be the space of the polynomials of the form ° _, coz®
with {cataca C R. For a € [1,00]", let pa € L(L,(Qo),Pa) be a certain projector
onto P4. To insure the translation invariance of P4, we shall always assume that
A= A. Recall that, for a Banach space X and its subspace Y C A, X/Y denotes their
quotient or factor space.

Definition 2.4. Fora € [1,00]", let pay, =T, 00,0paco, o1, L.

For e > 0, a € (0,00]", let Tay., : La(Qu(2)) — Pa be an operator of the best
Lg-approximation satisfying

1f = Ta0afILa(Qu(2))I = min [|f — g|La(Qu(2), f € La(Qu(2)-
For G CR™, f € Lajoe(G), v>0 and a € (0,00]", we define the D-functionals

Da(v, 2, f.G. A) {gﬂL“(Q”(”)/PA”“‘”“’”“)’ it Qu(x) C G,

T otherwise

and

N = PavelLa(@Qu(x)) o0t i Qy(x) C G,
Da(v; 2, f,G,pa) 1= { 0 otherwise.

Remark 2.2. (|1, 2|) Let us note that

||f - 7T-A,v,acf|La(62v(x))|| = ||f _pA,v,z|La<Qv(x))” = ||f|La(Qv(x))/PA||
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uniformly in v and =x.

It is interesting to note that, while switching from one D-functional to another pro-
vides only an equivalent norm, the geometric properties under consideration will depend
on the parameters only, remaining identical. The same is true regarding switching to
another projector in the definition of the second D-functional.

2.1 Classes of spaces of Nikol’skii-Besov and Lizorkin-Triebel
types

Above we have already considered Sobolev spaces and Nikol’skii-Besov and
Lizorkin-Triebel spaces endowed with the wavelet norms. Let us define several more
classes of spaces of Nikol’skii-Besov and Lizorkin-Triebel types. In these definitions,
we use a parameter ¢ € (0, 00|, which is essential in the study of the geometric prop-
erties of function spaces but not the topological (isomorphic) ones (we have equivalent
(quasi) norms for different ¢ € (0,00]). It will normally be omitted for the sake of
simplicity. If its presence and value should be emphasized, we say that the space under
consideration is endowed with the ¢-product norm, or, just, the ¢-norm, and/or
add ¢ as a subindex. For a seminormed (homogeneous) space z(G) of functions defined
on G C R™ and an ideal space Y (G), we assume that its intersection z(G) N Y (G) is
endowed with the ¢-norm too:

1f12(G) Y (G = AV (G + [l (G-

Moreover, we shall always assume the parameter ¢ to be equal to one of the other pa-
rameters or its components of z(G) and Y (G) except for the smoothness or anisotropy
components.

We start with the spaces defined in terms of the averaged (shifted) axis-directional
differences. While the study of these norms and their equivalence with the other norms
was one of the primary tasks of, for example, [2] (including the setting of arbitrary open
subsets (G), we shall refrain from the usage of the results of this type here in order to
cover the sets of the parameters not covered by the equivalence results, and because
the geometric constants depend on the specific equivalent norm chosen.

Let Pr; be the orthogonal projector on the ith axis in R”, and, for any y €
(L = Pr;)(G),

Iniy) .= —Pr)) '(y) NG ={r€G:a2=y+te,tc R}

Definition 2.5. For an ideal space Y = Y (G), p € (0,00]", ¢ € (0,00], >0, s €
(0,00), $/7%a < m € Nj, a € (0,00]", v > 0, and an open set G C R", by means
of b3, ,.(G), we designate the (quasi) semi-normed space of the measurable functions
f € La; joc(Ini(y), dx;) for a.e. y € (I — Pr;)(G) with the finite (quasi) semi-norm

s/q
dt

NCRCTESS / o7t 1. G V(@) &

t 1)
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By means oflc;f,’oo,a(G), we designate the subspace of b5 .(G) of the functions satisfying

Y,00,a

the condition lim,_, ||6Z”; (t, f, Grt)'yl}/(G)H =5 =0;

B34 1(G) = b0 (G) N Y(G) and B 1(G) =bn o(G) N Y(G).

Y,q,a
We designate the completions of these spaces by means of the same symbols whenever
they appear not to be complete.

Note that b3, (G) := b}

p:Q»a Lp)qaa

(G), and, for v = 0, one has B?

p,q,1

(G) = B,,(G) [20].

Definition 2.6. For an ideal space Y = Y (G), p € (0,00]", ¢ € (0,00], r >0, s €
(0,00), $/7a < m € Ny, a € (0,00]", v € R, and an open set G C R™, by means
of I ,.(G), we designate the (quasi) semi-normed space of the measurable functions
f € La; 1oc(Ini(y), dz;) for a.e. y € (I — Pr;)(G) with the finite (quasi) semi-norm

[e%) 1/q s
. - e dt
@l = S| | [ GG e T ) v@f - @
i=1 0

By means of (l)‘g,’oo,a(G), we designate the subspace of I, . ,(G) of the functions satisfying
the condition

lim

7—0

Sup (SZZI <t7 Y f7 Grt)*ytis = O7

te(0,7)

Y(G)

or, that is equivalent for Y = L, with p € (0,00)" due to the Lebesgue and Levi
theorems, satisfying Pr% Oia (t, 2, f,Gr) 72 =0 for a.e. x;

LS

Y,q,a

Q) =12

Y,q,a

(G)NY(G) and L . (G) =l o(G) NY(G).

We designate the completions of these spaces by means of the same symbols whenever
they appear not to be complete.

Note that I; , (G) =13 ,.(G), and, for v =0, one has L; ,(G) = L; ., (G) [20].
Let us define the anisotropic local approximation spaces of Nikol’skii-Besov and

Lizorkin-Triebel type in terms of the D-functional as follows.

Definition 2.7. For p € (0,00]",q € (0,00], a € (0,00]", s € (0,00), D = D c
Ng, |D| < oo and an ideal space Y = Y (G) by means ofgf}za(G) and ,lvf,’ﬁa(G), we
designate, correspondingly, the anisotropic (quasi) semi-normed space of the functions
f € Laioc(G) with the finite (quasi) semi-norm

- o dt\i -~ -
5@l = ([Pt £GDVEIT ) F26) = T2, (6, and

~ . i ~ .
T2 = || ([t scot) | vie)] B0 =T,
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Assume also that

Byl (G) = by (G)NY(G) and LyE (G) = 32 (G) N Y (G).

Y,q,a Y.q,a Y.q,a

O
7 s,D
By means of by,

satisfying the condition

(G), we designate the subspace of [ (G) of the functions f

Y,00,a
lltlr% ||Da(t7 ) fv G7 D)|Y(G)|| =0

By means of lYOoa(G), we designate the subspace of ZYOM( ) of the functions f satis-
fying the condition

lim

T—0

sup D,(t,-, f,G,D)t™*

te(0,7)

Y(G)|| =0,

or, that is equivalent for Y = L, with p € (0,00)" due to the Lebesque and Levi
theorems, satisfying

lin(l)Da(t, G, D)t™® =0 for a.e. x.

We designate the completions of these spaces by means of the same symbols whenever
they appear not to be complete.

Let us note that BMO"(G) = Ao (G) and VMO (G) =p%% G).

00,00,1 oo,oo,l(
Definition 2.8. Under the conditions of Definitions 2.5 — 2.7, we say that by, ,(G)

(Ban< )) qua( ) (Lan< )) b;’?a(G) (E)S;,ia(G))7 or l;?a(G) (Li/ga( )) is com-
patible with its underlying space Y (G) if, for some C' > 0 and every t > 0, one has,

respectively,

1/q
([l st GtV @)1dryr) < CE V@,

1/q
H (oo ,-,Gw,fquT/T) Y(@)| < crlAY @),

00 1/q
( [[+Dutr. 1.6 D)\Y(G)quT/T> < O Y (@), or

00 1/q
H ( /y—sm(r,-7f,G,D>>da/T) (@) < oyl

Generalized Minkowski inequality implies that we, particularly, have the compati-
bility for s > 0 and Y = L, with amax < pmin in the case of any Nikol’skii-Besov, or
Lizorkin-Triebel space under the consideration.

We assume all the non-homogeneous spaces under consideration to be compatible
with their underlying ideal spaces.
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Remark 2.3. a) It was shown by O.V. Besov that, when an open G C R" is a domain
satisfying the flexible A-horn condition (a class that is strictly larger than the class of
extension domains) and s > 0, By (G) = B, (G) [20], where the latter space is the
original Nikol’skii-Besov space endowed with the norm where the ordinary differences
(or L,-moduli of continuity) are replacing the averaged differences. The counterpart
of this result for L? (G) was established in [2] for s/A, > 1= (1,...,1).

b) Let us note that in the presence of the compatibility we obtain equivalent norms
in the nonhomogeneous Nikol’skii-Besov and Lizorkin-Triebel spaces defined above by
substituting the integration fooo in their seminorms with the integration foh for any
fixed h > 0.

To incorporate the definitions of function spaces in terms of the entire functions
of exponential type due to S.M. Nikol’skii [48] and in terms of more general smooth
Littlewood-Paley decompositions studied by P.I. Lizorkin and H. Triebel (including
Lizorkin-Triebel spaces F; ) [61], as well as spaces defined in terms of a holomor-
phic functional calculus, we define a very large class of abstract Nikol’skii-Besov and
Lizorkin-Triebel spaces that possesses quite a few interesting geometric properties even
in its full generality, not mentioning the coincidence of the former space with the cor-
responding spaces in Definitions 2.2, 2.5 — 2.7 above with admissible a (see Definition
2.8 below) and, for example, G = R™.

Definition 2.9. Let G C R", p € [1,00]", ¢,¢ € [l,¢], s € R, b > 1 and F =
{Fi}ren, C C(Ly(Q)) be a system of closed operators satisfying

feL,(G)and Ff =0 for ke Ny = f =0.

By means of B, #(G) and L3 | ~(G), we designate, respectively, the Banach spaces
of functions defined on G with the finite norms

</q
1By g7 (G = [[fILp(G)[* + (Z bkquFkﬂLP(G)Hq) :

keNy

<

1/q
1L 4 (G = I fILp (G + (Z b F f () ) Ly(G)

keNy

Remark 2.4. a) S.M. Nikol’skii [48] has defined functions spaces employing the
anisotropic Fourier multipliers Fy, : f —— ¢(b*.) % f, where ¢ and, thus, F} f are func-
tions of exponential type. These spaces appeared to be global approximation spaces
by the entire functions of exponential type, or the meeting place of the theorems of
S. Bernstein and Jackson type.

b) The Nikol’skii-Besov spaces B, (R") and Lizorkin-Triebel spaces F; (R") (see
[61]) are defined in terms of various more general smooth Littlewood-Paley decom-
positions (Fourier multipliers), than those with compact Fourier transforms, making
them (together with their restrictions B3 (G) and F; (G) on G) some of the most
popular particular cases of BS (G) and Ls (G) and their subspaces. This setting

g, F .4, F
includes the case of the spiral /parabolic anisotropy due to Caldéron and Torchinski [25]
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Unfortunately, this remarkably well-developed framework does not cover, for example,
Nikol’skii-Besov and Lizorkin-Triebel spaces defined on an non-extension domain, re-
quiring work with classical spaces endowed with intrinsic norms |20, 17].

¢) Under the conditions of the last definition, let also 2 C C be open with b=%Q C Q
for k € Ny, g € Hoo(2) (bounded holomorphic function on ), and let A € C(L,(G))
admit the bounded H,(2) functional calculus

Hoo(2) 3 h = h(A) € L(Ly(G)) with [[f(A)L(Ly(G)] < [If[Hoo ()]

Assuming that F), = g(b-FA), we obtain the Nikol’skii-Besov and Lizorkin-Triebel

spaces By | (G) and L;  »(G) defined in terms of the bounded H-calculus.

Definition 2.10. We say that the parameter a is admissible or in the admissible
range for Y € I'y if either

Y € {B510(G), L0a(G), B0l @), £,0(G))

p.g,a p,q,a p,g,a

and s > (V.(1/p — 1/a))max, o7

Y ¢ {BSA (@), L34 (@), B84 (@), A (G)}

p.g,a paa p.a.a p.a.a
and s > (Y, 1/p—1/a), or

Y e {B;/7q/7a/(G)*7 Ls/

v ,q,a

(G) by g () Iy g (G)'}

p'.q'.a > Uplga

and s > —(7,(1/p — 1/a))max, o

p,q,a p'.q'.a r'.q @ v 'plga!

Ve (B w(GY, Ly w(GY B o (G 1 (G}
and s > —(va, 1/p — 1/a).

The C-flexible A-horn condition was introduced by O.V. Besov [18] to solve the
problem of complex and real interpolation of Nikol’skii-Besov and Lizorkin-Triebel
spaces defined on an irregular domain.

Definition 2.11. ([18]) Let A = vy, (see the beginning of section 2). A domain G C R™
satisfies the C-flexible A~horn condition if, for some oy € (0,1] and T € (0,00), and
for every x € G, there exists a path

p(th) = (pl(t’\l,x), o ,pn(t)‘",m)) = p(t*,x), t € [0,T]

with the properties:

a) pi(u,x) is continuous in x on G, absolutely continuous in t on [0, TX] for every
i € I, |pis(x,t)| <1 for z € G and a.e. t € [0,T], and p(0,z) = 0.

b) For V(N z,00) = U [p(t") +t*63Q0], one has x + V(\,x,8) C G.

te(0,T]
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Remark 2.5. a) The admissibility of a for Y, when it is not a dual space, is closely
related to the cases when we do not need to take the completion in Definitions 2.5—2.7.

b) The results presented in this article, excluding some related to sharpness, hold
for the classes of function spaces of Nikol’skii-Besov and Lizorkin-Triebel type (and
there duals, subspaces, factor-spaces and finitely represented spaces) with variable
smoothness (including the weighted spaces) which are defined by substituting the power
t* in the definitions of the corresponding spaces in with a more general function w(¢, z)
(see [19]).

c¢) The same is true for the spaces with dominating derivatives and /,-sums of the
spaces under consideration.

d) The classical Nikol’skii-Besov and Lizorkin-Triebel spaces defined in terms of
the differences (used instead of the a-averaged differences in the definition of By  ,(G)
and L ,(G)) have the same properties (dealt with in this paper) as B; (R"), and
Ly (R™),, on almost all occasions when G satisfies the C-flexible A-horn condition (see
Definition 2.11).

e) The Besov B, (R™) (note that the original Nikol’skii-Besov spaces B, (G) de-
fined in terms of differences are denoted by the same symbol) and Lizorkin — Triebel
Fy (R™) spaces (see [48, 61]) defined in terms of Littlewood-Paley decomposition are
particular cases of By ~(G) and L3, ~(G) and their quotients (because, for example,
F; (G) is the image of the restriction operator with quotient norm). From the point of
view of the results presented here, they have the same properties (including sharpness)
as the spaces discussed in d).

2.2 Function spaces as subspaces of auxiliary spaces

In this subsection we show that the second (if not the first) major idea standing
behind the introduction of the Sobolev spaces in [58], besides the generalised functions
and generalised derivatives, still makes a lot of sense for various Nikol’skii-Besov and
Lizorkin-Triebel spaces.

It is possible to classify all the function spaces of Nikol’skii-Besov, Lizorkin-Triebel
and Sobolev types defined above into two categories: homogeneous (semi-normed)
spaces and normed spaces.

Given a linear topological space W, a (quasi) Banach space Y and an injective
linear operator A : W D D(A) — Y, let z4y be the completion of the linear space
{r € W: Az € Y} endowed with the (quasi) norm ||z|z4y| := ||Az|ly. If Ker A # {0}
is closed, we use W/ Ker A instead of W. We note that, according to this definition,

Zay 1s isometric to the closure my of the image of A in Y.

Given ¢ € (0,00], (quasi) Banach spaces X and Y and a closed linear operator
A: X DDA — Y, let Zyxy = Zaxyc be the (quasi) Banach linear space
Dx(A) = D(A) N X endowed with the (quasi) norm

2l Zaxyl* = Nzl + [|Az]5-

Note that the completeness of Z4 xy is equivalent to the closedness of A.
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In what follows we shall often deduce some properties of the spaces 24y and Z4 xy
from the corresponding properties of the spaces Y and the [.-sum [ (15, {X, Y }) respec-
tively.

The following auxiliary operators introduced in [3] are the particular choices of A
corresponding to the spaces

By 4a(G): Byga(G), Ly 4 o(G), Ly o (G), 54 1(G), Bt (G),

p’q?a p?q’a p’q?a p?q?a ’ p?q?a ’ p?q?a

I ,a(G). 122 (G), Bs, 7(G), L5, £(G).

P,q,0 ’ 'pyg,a P D:q,F

Definition 2.12. For s >0, a € (0,00]", A€ Ny, |A| < 400, let

" [ t7%Quaip00;toTt for Quz) C G,
S Y for Qu2) ¢ G,

where Q10 : La(Q1(0)) = Lo(Q1(0))/Pa4 is the quotient map.

- N 11
Stz = t Tou © Az l(“’ th)) 00y OT, .

Let us designate, by means of Tz and Y;, the operators

TB : BS’A (G) E— L*q (R+a Lp (G7 La(Ql(O))/PA» )

p,g,a

Ti: T (G) — Ly (G, Lug (R, Lo(Q1(0)) /Pa))

p?q?a

where
T;=Ts={Ti A

z€G
And by means of Zp and Zp, we designate the operators

Zp: b;,q,a(G) - H L*q (R-i-v Lp (Gv Lai([_L 1]))) )
i=1
Ep: lz,q,a(G) - H Lp <G7 L*q (R+v LQi([_17 1]))) )
i=1
where
- - - il
A {:iﬂt’Z}ZEEG, teR4 -~
In the case of By »(G) and L

s 4.7 (G), the corresponding closed operator A is
defined by

A f = {Fif b ren-

2.3 Independently generated spaces

The purpose of this subsection is to introduce a wide class of auxiliary spaces
containing not only almost all the auxiliary spaces related to the function spaces defined
above but also the Lebesgue spaces with mixed norm and [,-sums of various spaces that
can naturally appear, for example, in initial and boundary value problems in linear and
non-linear PDE.
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Definition 2.13. Independently generated spaces
Let S be a set of ideal (quasi-Banach) spaces, such that every element Y € S is either
a sequence space Y =Y (I) with a finite or countable I, or a space Y = Y (), where
(Q, ) is a measure space with a countably additive measure p without atoms.

By means of the leaf growing process (step) from some Y € S, we shall call the
substitution of Y with:
(Type A) either Y (I1,{Y:}ier) for some {Yitier €S if Y =Y (1), or
(Type B) Y(2,Yy) for some Yy € S if Y =Y (Q).

Here the quasi-Banach space Y (I,{Y;}icr) is the linear subset of ]
elements {x;}ic; with the finite quasi-norm

i yier[Y (1, {Yitie) || == [{ll2illy: ierlly -

Note that a type B leaf (i.e. of the form'Y =Y (Q)) can grow only one leaf of its
own.

We shall also refer to either {Y;}icr, or Yy as to the leaves growing from Y, which
could have been a leaf itself before the tree growing process. Let us designate by means
of IG(S) the class of all spaces obtained from an element of S in a finite number of
the tree growing steps consisting of the tree growing processes for some or all of the
current leaves.

Thus, there is a one-to-one correspondence between IG(S) and the trees of the
finite depth with the vertices from S, such that every vertex of the form Y (I) has at
most I branches and every vertex of the form Y () has at most one branch. The tree
corresponding to a space X € IG(S) is designated by T(X). The appearance of the
space forming the root of T(X) is counted as the first step of the tree-growing process.
The minimal number of steps necessary to “grow” X is designated by Ny (X).

The set of all vertices (elements of S) of the tree corresponding to some X € IG(S)
will be denoted by means of V(X).

We shall always assume that the generating set S of IG(S) is minimal in the sense
that there does not exist a proper subset @ C S, such that S C IG(Q).

If the set S includes only the spaces described by (different) numbers of parameters
from [1,00] and X € IG(S), we assume that I(X) is the set of all the parameters of
the spaces at the vertices of the tree T corresponding to X and

Y; of the

iel

Pmin(X) = 1nf I(X) and pmax(X) :=sup I(X).
For the sake of brevity, we also assume that

IG . ={X e [G(lp,Lp,ltp,qalt;’,q/) D [Pmin(X), Pmax(X)] C (1,00)},
IGy :={X € IG(l,, Ly) : [Pmin(X), Pmax(X)] C (1,00)}.

We say that two 1G-spaces are of the same tree type if their trees are congruent and
the spaces at the corresponding vertices are both either l,-spaces, or L,(2)-spaces on
two measure spaces (2, o) and (€, 1) with their (non-negative) measures py and puy
being absolutely continuous with respect to o-additive and o-finite a measure p on €,
or lt, 4-spaces, or Ity -spaces.
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It is convenient to think about the parameters of the spaces with the same tree type in
terms of the parameter functions p : P — [1,00] defined on the same parameter position
set P = V(X) (here we slightly abuse the notation in the sense that the vertices that
are lt, , and Ity are multiplied to cover all their parameters, or that the value of p on
them is multi-dimensional with the vector operations as in the beginning of this section)
determined by T and the spaces at its vertices.

For an IG-space X and some parameter functions p : P — [1,00] defined on the
same parameter position set P = V(X) as the function px describing X, we shall
denote by X, the IG-space with the same tree T(X) and the parameter function p.

FEvery IG space X can be interpreted as a space of functions defined on some set
Q= Q(X) that is obtained by (repeated) combinations of the operations of taking sums
and Cartesian products from a family of measurable spaces and index sets.

We also assume that an abstract L, is an IG space with I(L,) = {p}.

Let us also define the class IG. A space X belongs to 1G, if it is either in IG,
or obtained from a space X_ € IG by means of the leaf growing process, in the course
of which some leaves (or just one leaf) of X_ have grown some new leaves from

{Sp, Sy, Ly(M, 7))}

pe(1,00)”

where (M, 1) is a semifinite von Neumann algebra (defined below in subsection 2.4).
The set of the parameters p of these “last noncommutative leaves” is included into 1(X)
and they are part of the corresponding tree T(X). Let also

IGoy ={Y € IG, : Y_ € IG,}.

Remark 2.6. a) As shown [41] for ¢ > 1, every Banach lattice X (as a set) can be
endowed with the new addition z &y = (/7 + y*/?)” and multipliction by the scalars
a®r = ala|? 'z for ,y € X and a € R to become the Banach lattice X@ with the
norm ||z yw = ||a:||Xq that is lattice-g-convex in the sense

1 q
[Galr @ 0| < el + I9l%q for 2,y € X@

(equivalent to ||| + |yl|llx < ||z||lx + ||yllx for z,y € X). Moreover, the identity
mapping ¢, : X — X @ 2 +—— 2 behaves exactly as the Mazur mapping M,
Li(Q2) — Ly(Q), f+— fIf]7* [15] (see Theorem 6.1 below).

b) Interpreting an IG-space X with the parameter function p as a Banach function
space (and a Banach lattice), we observe that its g-convexification X@ is isometric to
the IG-space X, with the natural addition and multiplication by the scalars. Section 5
is dedicated to the detailed study of the Mazur mapping M, : X — X, [ — f|f|9*
and its generalisations

Remark 2.7. a) We shall deal with the set {l,, Ly, lt, 4, [ty ,}, where I, L, It,, and
lt;, , designate, respectively, the classes {l,(I)}pe(1,00s {Lp(€2)}pefi,0, Where (€2, 1)

is a measure space with a countably additive and not purely atomic measure u,
{ltpq}neN ,g€[1,00] and {lt }neN ,g€[1,00]
p7 :

pE[1,00|™ PE[1,00]™
b) The subclass of [,-spaces can formally be excluded from the definition of the
class IG because [, is isometric to lt,, = lt* but is left there for the sake of technical
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convenience. The subclass of [t} -spaces is included to make IG closed with respect to
passing to dual spaces.

¢) The Lebesgue or sequence spaces with mixed norm and the [,-sums of them are
particular elements of IG(l,, L,).

2.4 Noncommutative spaces

Definition 2.14. Let M be a von Neumann algebra, and M be its positive part
(cone). A trace on M is a map 7: My — [0,00] satisfying

a) 7(x+y) =71(x) + 7(y) for every x,y € M, (additivity);
b) T(Ax) = A7 (x) for every A € [0,00) and x € M (positive homogeneity);

c) T(u*u) = 7(uu*) for every u € M.

If a function ¢ : M, — [0,00| satisfies all the properties of the trace except for c),
then it is called weight. The trace T (weight ¢) is said to be:
normal if sup,, 7(z,) = T (Sup, ) for every bounded increasing net {x,} C M.y,
semifinite if for every non-zero x € M there exists a non-zero y € M, satisfying
y <z and 7(y) < oo,
faithful if 7(z) = 0 implies x =0, and
finite if 7(1) < oo (without loss of generality one assumes T(1) =1).

A von Neumann algebra M is said to be semifinite (finite) if it admits a normal

semifinite (finite) faithful (n. s.(f.) f.) trace. Let also |z| = (z*z)'/? for x € M.

Every von Neumann algebra admits a normal semifinite faithful weight. The ways
of defining a general noncommutative L,(M) = L,(M, ¢) for a von Neumann algebra
M with a normal semifinite faithful weight ¢ are described in [53]. We provide the
definition of L,(M, ¢) when ¢ is a normal semifinite faithful trace.

Definition 2.15. Let M be a semifinite algebra, and x € M. The support supp =
is the least projection in M satisfying px = x (or, equivalently, xp = x). Assume
also that S is the linear span of the set Sy of all x € M with T(supp x) < oo. For
p € (0,00) and x € S, let the min(p, 1)-norm of x be defined by

1
lzll, = 7 ()"

The corresponding noncommutative Lebesgue space L,(M,T) is the closure of S with
respect to || - ||p; Loo(M, T) is M endowed with the operator norm.

The linear manifold S is a w*-dense *-subalgebra of M. A trace 7 admits a con-
tinuous extension to S and, hence, to Ly (M, 7).

Examples 2.1. [30| Let H;, Hy be Hilbert spaces and p € [1,00). The Schatten-
von Neumann class S, = S,(H;, H) is the Banach space of all compact operators
A € L(H,, Hy) with the finite norm

* 1/
|Alls, = || A[Sy(Hy, Ho)|| := (tr(A*AP) 7"
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The class Sy (Hi, Hy) is the space of all compact operators with the norm inherited
from L(Hy, Hy). The trace of a projector P, 7(P) = tr(P) = dim(Im P) corresponds
to the counting measure and

Sp(Hl,HQ) = Lp (,C(Hl, HQ),tT) and Sp = Sp(Hl,Hl) fOl" dlm(Hl) = Q.

This trace is normal, semifinite and faithful. When dim(H;) = dim(Hz) = n < oo, the
elements of the Schatten-von Neumann classes can be represented by matrixes with a

dense subset of the invertible matrixes, and the trace is finite. In this case we designate
S;L = Sp(Hl, HQ)

The next theorem from [53] (see also [27]) implies the superreflexivity and, thus,
Radon-Nykodim property of the noncommutative Lebesgue spaces. It also implies that
the spaces from the class /G are UMD spaces (see [12]| for this and more properties
of IG spaces).

Theorem 2.1. (|27], Corollary 7.7 in [53]). Let M be a von Neumann algebra with a
normal semifinite faithful weight ¢ and p € (0,00)). Then Ly(M, @) is a UMD-space.

2.5 Groups of spaces under consideration

For the sake of convenience and brevity we divide the spaces that we will consider
most often into the following 6 numbered groups of spaces. Let J be a convex subset
of [1,00], and let G be an open subset of R” for some n € N.

p7q7a p1q7a p?q?a p?q’a

(@),

D1(J) = { B}a(G). Byl G), L3 0l G), LG,
b (G), 052 (G), 15, . (G), 154 (G), B

P,q,a ) Upg,a » 'p,g,a ) 'p,g,a p',q' '
Hs,A * s * T8,A *
Bplyq/,a/ (G) 7Lp/’q/,a/<G) 7Lp/’q/’a/<G) 9

s x 78,4 * 7S * 78,A *

(G By (G B (G T (G}

where p,a € J", q,s € J, s € (0,00) and A C N} with |[A| < 0.

[y(J) ={W;(G), Wy(G)": peJ", se€ Ny}

p

Ty(J) = { B (R, L5 (R, By (R™), LY (RY),: peJ, g€ J, s € (0,00}

F4(J) = {B;,q,f(G>7L;S),q,_7-'(G)7 B;’,q’,.?’-'(G>*7 L;’,q’,}'(G)* S pE Jn» q,S € J, s € R}

F5(‘]) - {LP(M7T)7 SP7 Sg I pe J}7

where (M, 7) is a von Neumannn algebra with a normal semifinite faithful trace 7.
For the sake of further convenience we also assume that G C R™ if it is not stated
otherwise, and that

FO = IG+ and Fz = Pl ((1, OO)) for i € ]5.
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Remark 2.8. a) Note that the idea of §2.2 and the closedness of the /G ;-class with
respect to taking [,-sums permit us to cover (in the sense of the applicability of the
results presented) also the [,-sums of the spaces from these groups and their weighted
and variable smoothness counterparts, or the spaces of the same type with dominating
derivatives, as well as the [,-sums of their subspaces, quotients and other related spaces,
that may be convenient to deal with for a particular problem. For example, it could
be an [,-sum of the initial part, boundary part and the right hand side of a partial
differential equation (or WDE), or some divergence-free subspace, or a closure of a
linear span and so on. Same weighted variants of the spaces could be of use for the
application of fixed point theorems.

b) The spaces from all groups T'; are reflexive ([12]). In particular, the proof of the
reflexivity of the function spaces under consideration from 2| demonstrates the presence
of UMD property as well. This observation suggests the approach via the variants of
the asymmetric representation of the uniform convexity and smoothness below.

2.6 Asymmetric uniform convexity and smoothness

To be able to obtain explicit estimates of the constants in the following sections,
we need the detailed description of the asymmetric uniform convexity and smoothness
in the following homogeneous form. The description of the background, the full state-
ments including the sharpness, the proofs and various applications can be found in
[9, 12]. More applications are in [5, 6, 7, 10] and below.

Definition 2.16. ([12]). Let X be a Banach space and 2 € [q,p] C [1, 00].
We say that the space X is (p, he)-uniformly convez if, for every x,y € X and
p=1—ve(0,1), we have
pllizll + vyl = [l + vyl + he(p)pvlly — |-
We say that the space X is (q, hs)-uniformly smooth if, for every x,y € X and
p=1—ve(0,1), we have
pllzll + vyl < llpe + vyl + ho(pvlly — 2%

Having in mind the non-improvable estimates
max (||pz + vyl x, |z — yllx/2) < max(([z]|x, [yl x) and

pllellx +vllyllx < llpe+vyllx +2pvlle —yllx,

valid for every Banach space X, we shall refer to them as to (0o, 1)-uniform convezity
and (1, 1)-uniform smoothness respectively for the sake of the convenience, explained in
the proof of Theorem 3.15, a) in [12] (see also [9]) and the preservation of the duality.

To formulate the main theorems of this section determining the (p, h.)-uniform
convexity and (g, hs)-uniform smoothness, we define two functions. For s,t € (1,00)
and p € [0,1/2], let

(1, 5,1) = (s —1)227t for s<2
Welkh, 8:8) = Ye(p)257t for s> 2;
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[ W) T2 for s <2
ws(p, 5,1) { (s — 1)1t for s> 2,

where ()
1+ (zs(p))*™
Ys(p) = ————— and
(1+ 25(p))>
positive root of vz*1 — = (vz — p)*7? for s 2 and p #0,
zs(11) = ¢ positive root of (s —2)25" 1+ (s —1)z52=1 for s#2and u=0,
1 for s=2.

Theorem 2.2. (|9, 12]|). Let 1 —v = p € [0,1], and let X be either a subspace or a
quotient of a space Y € IG, or finitely represented in'Y with [pmin(Y), Pmax(Y)|U{2} C
[r,q] C (1,00). Then, for f,g € X, we have

a) |nf +vgllx + prwe(min(p, v), puin(Y), Ol f = 9ll% < pllflI5% + vl

b) ull flx +vllglly < lwf + vl + prws(min(u, v), puax(Y), 7)1 f — gll’-

Remark 2.9. a) The finite representability of [, . (v) and/or [, (v)in Y € IG is
relatively easy to check. The “worst" cases may look like [, (N, {l,,(I,,) }ien) for some
unbounded {n;}ien C N with infien, pi € {pi}ien, and/or sup;cy, pi & {Pi}ien,-

b) The sharpness of the range for 7, is important, for example, for estimating the atomic
Lyapunov and Kadets constants in Corollary 5.4 and Theorem 5.17 in [12] and for the
variety of results in section 6 and section 7 in [12] (see also [9]).

Before presenting the next theorem describing the (g, h.)-uniform convexity
and (r, hs)-uniform smoothness properties of noncommutative Lebesgue spaces (ex.
Schatten-von Neumann classes), we recall that, for s,¢ € [1, 0c|, one has

we(1/2,5,t) = (min(s,2) — 1)227%

ws(1/2,5,t) = (max(s,2) — 1)1 227,

The midpoint case u = v = 1/2 of the next theorem was considered by Dixmier
[31] in 1953, Simon [56] in 1987 and Ball, Carlen and Lieb [14] in 1994. Namely (for
= 1/2), the cases of both Part a) with p = ¢ € [2, 0] and Part b) with p = r € [1, 2]
were treated in [31, 56|, while the cases of both Part a) with p = r € [1,2] and Part b)
with p = ¢ € [2, 00| were considered in [14].

Theorem 2.3. ([9, 12]). Let 1 —v =p € [0,1], r,q € [1,00] and p € (1,00), and let
X be either a subspace or a quotient of Y € {L,(M,1),S,}, or finitely represented in
Y, where (M, 1) is a von Neumannn algebra with a normal semifinite faithful weight
7. Assume also that {p,2} C [r,q|. Then, for f,g € X, we have

a) |nf +vglls + prw.(1/2,p, )N f — gll% < pllfl% + vllgll%:

b) pll fI% +vllgllx < llwf +vallx + prws(1/2,p, )l f = gl
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Theorem 2.4. (|9, 12]). Let 1 —v = p € [0,1], and let X be either a subspace or a
quotient of a space Y € IG, or finitely represented in' Y with [pmin(Y"), Pmax(Y)]U{2} C
[r,q] C (1,00). Then, for f,g € X, we have

a) [[nf + vl + mwe(1/2, puin(Y), @ lf = gll% < pllf1% + vlgllk:

b) pllfl% +vllgll’y <lluf +valx + prws(1/2, pmax(Y), )| f — gll’x-

Remark 2.10. To illustrate the reason for the sharpness of some constants in Theorems
2.2 — 2.7, let us notice, in particular, that the space [,(A) with A = [}, A; and
p € (1,00)" for U A; C N, we necessarily have |A;| > 1. Otherwise, it would be just

the space [; (H;Z}n AZ-> with the corresponding p € (1,00)" 1.
Theorem 2.5. ([9, 12]|). Let G C R", p,a € (1,00)", ¢,s € (1,0), s € (0,00) and
[min(Pmins ¢, Gmin, 2), MaX(Pmaxs ¢, Gmax, 2)] C [1s,7e] C (1, 00).

Assume also that

Y € {BS (@), BSA (@), L2, .(Q), 154 (@),

p?q?a p’q7a p?q?a p?q7a

b (G), 052 (G, 15, (G), 154 (@), B

P:q,a ) Vp.g,a ’ 'p,g,a ’ "p,q,a p',q ,a

BS,A (G)*,LS (G)*,E87A (G)* s (G>* BS,A (G)* s (G)*,ZS’A (G)*},

! ol ql ! al gl ' ol al ! ql gl ! ol ol ! ol ! ! ol ol
pHq;a pLa,a pLq,a 1 Uphqa ?Uphga 7'phg,a pr,q,a

(@),

and X s either a subspace, or a quotient, or almost isometrically finitely represented
in'Y. Then

a) the space X is (re, he)-uniformly convex and (rs, hy)-uniformly smooth with
he(p) = we(p, min(pumin, ¢, Gmin), 7e) and hs(p) = ws(p, Max(Pmax, ¢; Amax ), T's) for some
p e [0,1].

b) If a is admissible for'Y that is (S, he)-uniformly convex with h.(u) > 0 for some
p € (0,1) and (Bs, hs)-uniformly smooth with hs(p) for some p € (0,1), then

[min(pmim Q’ 2)7 max(pmaxa Q> 2)] - [ﬁsa /60]

Theorem 2.6. ([9, 12]). Let Y € {W;(G), Wy (G)*} for G C R*, p € (1,00)",
s€(l,00), s € Nj and

[min(pumin, 2), max(Pmax, 2)] C [rs, 7] C (1, 00).

Assume also that X is either a subspace, or a quotient, or almost isometrically finitely
represented in'Y . Then

a) the space X is (re, he)-uniformly convex and (rs, hs)-uniformly smooth with h.(u) =
We (s Pmin, Te) and hs(p1) = Ws (1, Pmax, 7s) for p € [0,1].

b) If Y is (Be, he)-uniformly convex with h.(u) > 0 for some p € (0,1) and (Bs, hs)-
uniformly smooth with hs(p) < oo for some p € (0,1), then

(min(pmin, 2), max(pmax, 2)] C [Bs, Bel-
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Theorem 2.7. ([9, 12]). LetY € {B; (R")w, L (R")w, By ,(R™):, L2 (R™):} for
GCR", pe(l,00)", q,¢ € (1,00), s € (0,00) and

[min(pmim q, 2)7 maX(pmaxa q, 2)] C [7’5, ’r'c] - (1, OO)

Assume also that X is either a subspace, or a quotient, or almost isometrically finitely
represented in Y . Then

a) the space X s (1, he)-uniformly convex and (rg, hs)-uniformly smooth with

he(pt) = we(pt, Mn(pmin, q), 7e) and hs(p) = ws(p, max(pmax, q), 7s) for p € [0,1].

b) If Y is (Be, he)-uniformly convex with h.(un) > 0 for some p € (0,1) and (fs, hs)-
uniformly smooth with hs(p) < oo for some p € (0,1), then

[min(pmin, ¢, 2), max(Pmax, ¢, 2)] C [Bs, Be-

Theorem 2.8. ([9, 12]). Let Y € {B;, »(G),L; , 7(G), By, » 2(G)*, L3, o 2(G)*} for

2,4, F
GCR" pe(l,00)", ¢,s € (1,0), s € R. Assume also that

[min(pmim q, 2)7 max(pmaxa q, 2)] - [Tm Tc] C (17 OO)7

and X 1s either a subspace, or a quotient, or almost isometrically finitely represented
inY. Then the space X is (e, he)-uniformly convex and (rs, hg)-uniformly smooth with

he(pt) = we(pt, min(pmin, @), 7¢) and hg(p) = ws(pt, max(Pmax, q), s) for p € [0,1].

Remark 2.11. a) For some combinations of the parameters (and parameter functions),
sharper estimates for the midpoint (¢ = 1/2) uniform convexity and smoothness con-
stants w,(1/2,-,-) and w.(1/2,-,-) (and, thus, also the Rademacher type and cotype
constants for all the spaces under consideration) for all the groups of spaces under
consideration are established in subsection 4.6 of [12] (see also [9]).

b) Let us note that wg(u, s,t) is non-decreasing in p, and w.(y, $,t) is non-increasing in
p thanks to Theorem 4.13 from [12] (see also [9]).

3 Holder-Lipschitz mappings: basic mappings and properties.
Part I

In this section we introduce some notation and auxiliary mappings, discuss the basic
properties of Holder-Lipschitz mappings and investigate, in an explicit quantitative
manner, our such new tools as the homogeneous Holder-smooth right inverses of closed
(linear) surjections and the Holder-smooth version of the Kalton-Pelezyniki decomposi-
tion approached by means of solving the three-space problem for homogeneous Hélder
homeomorphisms of Banach spaces.

3.1 Holder-Lipschitz mappings and related parameters

Definition 3.1. For a metric space X, v,y € X, B C X and a bounded A C X, let
dx(x,y) be the distance between x and y and dx(y, B) = inf,cp dx(y, z). Assume also
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that the Chebyshev radius of A relative to B and the asymmetric error of A relative to
B are, correspondingly,

r(A, B) = rx(A, B) = inf supdx(z,y) and &(A, B) = sup inf dx(z,y).

zeB yeA yEA reB

For the sake of brevity, let also
rx(A,z) =rx(A,{z}) and rx(A) =rx (4, X).
The diameter of the set A is

d(A) = sup dx(z,y) =suprx(A,z).

z,yeA z€A

Note that rx({z}, B) = dx(z, B).
The next definition provides an important example of a metric space.

Definition 3.2. Let X be a metric space and B C X. The metric space H(B) is the
set of all closed bounded subsets of B endowed with the Hausdorff metric

dH(Fa G) = max (%(F7 G)7 %(Ga F)) = max (Sup dX(‘Ta G)7 sup dX(y7 F))
xeF yeG

for FUG C B.
The (closed) e-neighborhood F. of a subset F C X in X is{zx € X : dx(z, F) <¢e}.

Note that, if A and B are subsets of a normed space X and r > 0, then
dx(A,;) = dx(A) +2r and rx(A,, B) =rx(A,B) + .

Definition 3.3. Assume that X and Y are metric spaces and o € (0, 1].
For f: X =Y, its (first order) modulus of continuity on a subset A C X is defined

by
w(t, f,A) =sup{dy (f(x), f(y)): =,y € A, dx(z,y) <t} fort>0;

w(t, f) =w(t, f, X).

The mapping f is uniformly continuous on A if

w(to, f, A) < oo for some ty > 0 and %ir%w(t,f, A) =0.

By means of H*(X,Y'), we designate the family of all mappings f : X — Y
satisfying:

If1H(X, Y| == sup{dy (f(2), f(y)) [dx(z,y)* :x,y € X, & # y}
w(t, f, X)

=sup ———= < 0.
>0 t>

Note that H*(X,Y) is a seminormed space if Y is a (complete) linear metric space,
and that f € H*(X,Y) is a Holder (Lipschitz for & = 1) mapping.
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Remark 3.1. If X is a convex subset of a normed space endowed with the inherited
metric, Y is a metric space, and f: X — Y with a finite w(tg, f, X) for some tq > 0,
then f is Lipschitz for large distances: for every d > 0,

w(t, f) <2w(d, f)t/d for t > d.

Therefore, we will primarily be interested in the dependence on d € (0,00) of the
constant ¢, and the smoothness parameter « in

w(t, f) < cat® for t < d.

Corollary 3.1. a) Let X,Y,Z be metric spaces and ¢ € HY(X,Y), v € HA(Y,Z).

Then one has
[ 0 ¢| H(X, Z)|| < ||| H*(X,Y)||° || H*(Y, Z)||.

b) If X is a bounded metric space with the diameter d = dx(X) and ) # [5,a] C (0,1],
then the norm of the embedding H*(X,Y) — HP(X,Y) is equal to d*="°.
¢) If X and Y are normed spaces, a bounded F UG C X, and A € L(X,Y), then

duey) (A(F), A(G)) < [|AIL(X, Y)||dux) (F, G) and r (A(F), A(G))
< [JAILX Y)|[r(F, G).

Retractions, metric projections and homogeneous inverses of linear operators be-

tween Banach spaces are important examples of Hélder mappings dealt with in Sections
3.2 and 9.

Definition 3.4. Let X and Y be (quasi) Banach spaces and o, € (0,1]. We say
that the unit spheres Sx and Sy are (a, 3)-Hélder homeomorphic, or that X and Y

are homogeneously («, 3)-Hélder homeomorphic, and write X {&h) Y if there exists a
homeomorphism ¢ : Sx < Sy satisfying

¢ € H*(Sx,Y) and ¢~* € H(Sy, X).

The (positive) homogeneous extensions ||x||x¢ (x/]|z]|x) and ||y|ly o~ (y/||ylly) will be
designated by ¢ and ¢~* as well. Let also

a(X,Y) = sup {a €(0,1): X LBy for some (3 € (0, 1]}

For example, the properties of the classical Mazur mapping [46, 69] mean that
min(%,l),min(%,l)
P . a
As in the case of the uniform homeomorphisms of unit spheres (see subsection 9.1
in [15]), it is easier to check an equivalent condition.
Lemma 3.1. Let X and Y be Banach spaces and o, € (0,1]. Then X i

if, and only if, there exists a (positive) homogeneous bijective and surjective mapping
Y X <Y satisfying ¢ € H*(Bx,Y) and ¥~! € H?(By, X).



34 S.S. Ajiev

The proof of Lemma 3.1. The necessity of the condition is clear since (the homoge-
neous extension of) ¢ from Definition 3.4 can be taken as such . The same argument
that leads to the boundedness of a continuous linear operator provides the boundedness
of 1 and =1 on the spheres (i.e. ||¢(z)|x/l|z]x € [c,C] C (0,00) for x € X \ {0}).
Thus, Corollary 3.1, a) and the estimate ||7|H*(Z\ 0Bz, Z)|| < 2/o for 7 : z — z/||z||z
and a normed Z imply the sufficiency. O]

Remark 3.2. Corollary 3.1, a) provides the transitivity: if X (o) Y and Y (o) Z,

then X (cog1.fof) Z.
3.2 Homogeneous right inverses: regularity and sharpness

In different branches of mathematics, one needs to find a solution of an equation of
the form Ax = y with a closed operator A from a quasi-Banach space X onto a quasi-
Banach space Y, while the solution is not unique. Moreover, the solution x is better
depend continuously on y and possess the norm that either minimal, or comparable to
it. For example, A could consist of both the linear partial (pseudo) differential operator
and the initial and/or boundary value trace operators, and every solution operator is
a right inverse to A. The next theorem from [5, 12| shows that a linear or Liptschitz
right inverse to A does not always exist.

Theorem 3.1. ([12, 5|). Let X be a Banach space. Then the following properties are
equivalent.

a) The space X is isomorphic to a Hilbert space.

b) For every bounded linear operator A from X onto a Banach space Y, there exists
its right inverse B € L(Y, X).

c) For every closed linear operator A from D(A) C X onto a Banach spaceY, there
exists its right inverse B € L(Y, X).

d) The space X is reflexive, and for every bounded linear operator A from X onto
a Banach space Y, there exists its right inverse B, that is Lipschitz on'Y and B0 = 0.

e) The space X is reflexive, and for every closed linear operator A from D(A) C X
onto a Banach space Y, there exists its right inverse B, that is Lipschitz on Y and
B0 =0.

The last theorem relies on the deep result due to Lindenstrauss and Tzafriri [42]
that the only Banach spaces possessing only complemented subspaces are those that
are isomorphic to the Hilbert spaces (see also Theorem 7.1 below). It was shown by
Skaletskiy [57], that, if X has a uniform normal structure, then there exists a bounded
homogeneous right inverse B that is uniformly continuous on every bounded subset of
Y (see also [54, 15]). Moreover, Tsar’kov [66] had proven that, whenever the kernel
of a surjective A € L(X,Y) is reflexive, the existence of the linear (bounded) right
inverse to A is equivalent to the existence of a Lipschitz right inverse defined on a
neighborhood of the origin of Y. He had also provided a counterexample showing that
a surjective A € L(X,Y") does not even have to possess a uniformly continuous right
inverse without additional restrictions.
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This subsection is devoted to the existence of the right homogeneous (but non-
additive) inverses for the closed linear surjective operators from a (p, h.)-uniformly
convex (and, possibly, (g, hs)-uniformly smooth) Banach space X onto a Banach space
Y that are also Holder-regular mappings on bounded subsets of Y.

It appears that the ordinary continuity can be characterised in therm of Vlasov’s
condition. Let us recall that a Banach space X is said to satisfy Viasov’s condition
[68] (see also Theorem 9.2) if every subsequence {zg}treny C X with [|z,|x = 1 for
every n, satisfying the condition limy_ . f(zx) = 1 for some f € X* with || f|
is convergent in X.

X*:17

Theorem 3.2. ([12]). Let X andY be (quasi) Banach spaces, and let X be isomorphic
to a Banach space Z satisfying Vlasov’s condition and dppy(X,Z) < d. Then, for
every (linear) closed surjective operator A from D(A) C X onto Y, their exists a
homogeneous right-inverse operator B : 'Y — X satisfying

Ao B =1, B\x = ABx and sup ||By|lx <d||A7YL(Y,X)].

yEBy

The following results are extracts from the corresponding results in [12] (their coun-
terparts in [5] are less precise in the general setting but still lead to the same numerical
estimates for the spaces under consideration). According to Theorem 6.16 from [12],
the Holder-Lipschitz regularity exponent of the homogeneous right inverse given in
the next theorem and corollary are sharp for X € IG, under the restriction that,
if pmin(X) < 2, X (Y) contains isometric 1-complemented copies of {l,, }ren with
pr € 1(X) for every k € N and limy_,o0 pr = Pmin(X), and, if ppax(X) > 2, X con-
tains isometric 1-complemented copies of {l,, }reny With ¢ € I(X) for every k € N and
hmk—>oo qr = pmax(X>‘

Theorem 3.3. (|5, 12]). For 2 € [q,p] C (1,00), let X and Y be quasi-Banach spaces,
and let X be isomorphic to a (p,h.)-uniformly convex and (q, hs)-uniformly smooth
Banach space Z with dgpy(X,Z) < d. Assume that A is a closed linear surjective
operator from D(A) C X onto Y, and that a bounded F' C'Y and

ce= sup (1 —p)he(u) and cs = inf (1 —p) " 9h.(p).
1e(0,1/2] 1e(0,1/2]

Then there exists a homogeneous right-inverse operator B : 'Y — X satisfying Ao B =
1

)

Bz = ABz, sup |By|lx < d|A"|L(Y, X)),

yEBy

1By — Bl x

1/p

T > pCs _ 1/g—1/p

< ALY, B)| ||y—x||y+( HWP)(||x||%+csccq/pny—x||%) Iy — 2]/
qCc
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for every x,y € Y and
IBIHY?(F, X))

1/p
S d||jzi_1|£(y7 X)H d(F)l_q/p —|— (&) (T(F, {0})(1 + Cscc_q/pd(F)q)l/q_l/p 7

1+q/p
qcCc

where
X = X/ Ker A and A: X =Y is defined by the canonical factorisation A = AoQyer 4.
If, in addition, p = q = 2, then we also have

. ~ 1/2
IBIHY?(Y, X)|| < d| ALY, X)|| (1 n CZ ) ‘

(o

Moreover, if X is a (p, h.)-uniformly convex and a (q, hs)-uniformly smooth Banach
space itself, one takes d =1 in these estimates and | By||x = min{||z||x : Az =y} for
yeyY.

Corollary 3.2. Under the conditions of Theorem 3.3, one has

|BIHY?(F, X)|

1/p
< dr(F, {0} ALy, X)) 21—q/p+< bes )(1+csc;q/f’2q)”q‘”p

1+q/p
qCc

Using also ||I|L(l1,1,)|| = 1 for ¢ > 1 and d(F') < 2r(F,0), we obtain the important
estimates in Section 4.

3.3 Holder-smooth Kalton-Pelczyriki decomposition and three-
space problem

The three-space problem for a property A of a Banach space X is the relation be-
tween X possessing A and both its subspace Z and its quotient X/Z possessing A.
In our setting, A means the existence of a homogeneous Holder homeomorphism (or a
Holder homeomorphism extended by homogeneity) with a given Banach space Y (es-
pecially a Hilbert Y = H). A natural technical question is the validity of the principle
of “two policemen” for A: knowing that Y is a subspace or quotient of a Banach space
X possessing A, and Z possessing A is a subspace or a quotient of Y, can one conclude
that Y is possessing A7 To answer this question in the setting of the uniformly continu-
ous homeomorphisms of spheres, Nigel J. Kalton [15| found an abstract approach in the
style of the Petczyniki decomposition method for complemented subspaces in the linear
setting, leading to the uniform classification of spheres of wide classes of spaces (see
[15]). In this subsection, we develop its counterpart in the Holder-continuous setting.

The next two lemmas are our sharpened versions of Lemmas 9.10 and 9.9 from
[15]. The first lemma solves the three-space problem for homogeneous Hélder homeo-
morphisms of uniformly convex and smooth Banach spaces in an explicit quantitative
manner.
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Lemma 3.2. For 2 € [q,p] C (1,00), let X be a quasi-Banach space isomorphic to a
Banach space Y that is (p, he)-uniformly convex and (q, hs)-uniformly smooth. Assume
also that Z C X 1s a subspace. Then one has

x U e X7,

The proof of Lemma 3.2. Let Q7 : X — X/Z be the quotient map. Theorem
3.3 and Corollary 3.2 provide us with its right homogeneous inverse operator By €
H9Y?(Bx,z, X) and

1/p
- PCs - 1/q-1/
| B HY By, X)| < € = 297 + <q/> (14 cucsr2) )
ce= sup (1 —p)he(u)and ¢, = inf (1 — p)'"9h(p).
1e(0,1/2] ne(0,1/2]

Then the mapping ¢, : X — Z ® X/Z defined by ¢, : ©+— (x — Bz (Qzx),Qz)
is (positive) homogeneous and

¢z € H'" (Bx,Z ® X/Z). (2)

Moreover, it has the inverse
07 Z®X/Z — X (y,2) — y+ Bz(z) with ¢, € H'? (Byox/z,X).  (3)
The combination of (2) and (3) is what is claimed in the lemma. O

The proof of Part b) of the next lemma is a typical application of Corollary 5.3 and
Lemma 5.4 in combination with Lemma 5.2 (Holder inequality). Its variations with
different combinations of the homogenization and smoothness can be found in Lemma
5.5. The main conclusion is that the S-homogenization defines the summability and
can worsen the smoothness.

Lemma 3.3. Let X,Y, X1,Y] be Banach spaces, o, 3,a1,51 € (0,1] and p € [1,00].
Then

o) X Ny and x, &2

)

(min(a,a1),min(3,31)
>

Y1 imply X & X4 )Y@Yl;

The proof of Lemma 3.3. Part a) is an immediate consequence of the definition. To

establish Part b), we assume that ¢ : X — Y is a homogeneous homeomorphism

realizing X &h Y and construct its point-wise extension

YV=0&1,: {z;} — {¢(x;)}. For z,y € By (vx) and i € N, we have

lo(y:) — d(@i)lly < NolH* (B, V) (il X + vl x ) lyi — @il %- (1)
Hence, Lemma 5.2 and the triangle inequality for [,/1_q)(N, X) imply
[(y) = D(@)|L,(N,Y)|| < 27 ¢ H(Bx, Y)lllys — ill%- (2)

We finish the proof by changing the roles of X and Y (and ¢ and ¢ ') and applying
Lemma 3.1. 0
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Theorem 3.4. For 2 € [q,p] C (1,00) and a (p, he)-uniformly convex and (q,hs)-
uniformly smooth Banach space X, let Y be either a subspace or a quotient of X, and
let Z be either a subspace or a quotient of Y. For «, 3, a1, 5 € (0,1] and a Hilbert

space H, assume that

(a.8) (a1,81)

X - H and Z +——" H.

Then we have

(6,9)

Y <5 H for § = aBaiBi(q/p)".

Moreover, 6 = afa131(q/p)?* if either Z is a complemented subspace, or a quotient
with respect to a complemented subspace of Y, orY is a complemented subspace, or a
quotient with respect to a complemented subspace of X. One also has 6 = afaiB; if
they both have these properties.

The proof of Theorem 3.4. Considering finite sums as ls-sums, we have the isometries
H=H®H=1[0(N,H)and [,(N,Y) =5(N,Y) ® Y. Thanks to Lemmas 3.2 and 3.3,
they imply the following chain of Hélder homeomorphisms

(¢/p.a/p) (a1,81) ( ) (q/p q/p)
—>

Y 762, Y Henez, YV ez 2 HeY =0LNHaeY

C LN X) Y Y LN Y @ LN, Y) ey LY N, x) 22 N, B = |,

where Z; = Y/Z if Z is a subspace of Y, or Z =Y/Z;, and also Y} = X/Y if Y is a
subspace of X, or Y = X/Y;. We finish the proof in the general case by employing
the transitivity property in Remark 3.2. The complementability means the (linear)

Lipschitz version of Lemma 3.2. O
4 Homogeneous Holder homeomorphisms: abstract ap-
proaches

4.1 Duality mapping: quantitative monotonicity and Holder
regularity

In this section, we provide an explicit quantitative description of the Holder reg-
ularity and monotonicity of the duality mapping that is the simplest homogeneous
Holder homeomorphism available even in the setting of classes of spaces without the
local unconditional structure (such as S, and many noncommutative L,-spaces) or nice
complex interpolation properties.

Let us recall that the duality mapping Jx : Sx — Sx» is correctly defined by
(Jxx,z) = 1 in the case of a smooth X thanks to the Hahn-Banach theorem. It has
its natural inverse J)}l = Jx~ if X is also strictly convex and reflexive.

The following lemma, describing the monotonicity of the duality mapping in a
quantitative manner, is a particular case of Part a) of Lemma 4.1 in [12] (see also [9])
combined with the quantitative duality of our notions of smoothness and convexity
established in Theorem 4.5 in [12]| (with two different proofs).
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Lemma 4.1. (|9, 12|). For 2 € [¢,p] C (1,00), let X be a (p, h.)-uniformly convex
and (q, hs)-uniformly smooth Banach space and x,y € Sx with f,, f, € Sx~ satisfying
(fesx) = (fy,y) = 1. Then we have

suphe(p)l|z —yllP /o < (fo — fy, v —y) and
1e(0,1)

1-¢
( inf hs(,u)) e = £ M7 /d < {fo— fyrx —y).

ne(0,1)

xo < pp?Vinf hy(p) e —ylI% " < pe?’inf hy(u)lle — %
€(0,1) ne(0,1)

Moreover, the corresponding relation holds if X is either (p, h.)-uniformly convex, or
(q, hs)-uniformly smooth.

fo - fy‘

We reformulate an immediate corollary to this lemma in terms of the following
explicit estimates for the Holder noms of the duality mapping. Theorems in subsection
2.6 provide explicit expressions for the quantities in brackets in terms of the parameters
of the spaces from the groups I';.

Theorem 4.1. For2 € [q,p] C (1,00), let X be a (p, h.)-uniformly convex and (q, h)-

uniformly smooth Banach space and Jx : Sx — Sx+ the duality mapping. Then we

have X L5V X+ with Jx' = Jx-,

| Tx|H(Sx, Sx-)|| < ¢ inf hy(n) and

S
ne(o,1)

(1-p)~!
H‘])_(1|H(p_1)71(SX*>SX)H < pp,/p< suphc(,u)> :

ne(0,1)

One has a related uniform bound max (q’q/q/,pi”//p) < e¥e <e.

Remark 4.1. Let us note that the exponents of the Holder regularity can be the
same as with the constructive approach. For example, the duality map for the pair of
Lebesgue spaces (L,, L,y) is just the Mazur map m,_, and either m,_; or its inverse
is Lipschitz.

4.2 Lozanovskii factorisation: quantitative Holder-regular ver-
sion

In this subsection, we rely on Theorem 4.1 and Lemma 4.1 from the preceding
subsection to establish, in an explicit quantitative manner, the Holder regularity of the
Lozanovskii factorisation mapping introduced and studied in [43, 44] (see [15, 26, 49, 33|
for more references and related applications), that had become the major tool of study
in the uniform setting thanks to E. Odell and Th. Schlumprecht [49].

The following theorem contains strengthened versions of Lemma 9.5 and Corollary
9.6 from [15] where the same mapping was shown to be a uniform homeomorphism.
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Theorem 4.2. For2 € [q,p] C (1,00), let X be a (p, he.)-uniformly convex and (q, hs)-
uniformly smooth Banach space that is also a lattice. Then there exist Lozanouvskii
mappings Lx : X — Ly(E,u) and Lx+~ : X* — Li(E,p) for some measure space
(E, p) that are correctly defined and realise the equivalences

(g—1 1/p)

X Lo(E, ) MY x,

Moreover, we also have the estimates

| Lx|H ' (Sx, SLymw)| < 2°7 ¢4 g1 l?)fl? s(1),

-1/p
L H (S, (00, Sx)|| < <2p>1/p( suphcm)) , and

ne(0,1)

E <2q'>1/q( inf b (1 >)1/q-

LA HYY (S Sy
| (St Sx) Jnf

One has a related uniform bound max (¢/7/7, (2¢')/7, (2p)/P) < e¥/¢ < e.

Remark 4.2. Let us note that the exponents of the Holder regularity provided for
L;(l are sharp for X = L, for p > 2.

The proof of Theorem 4.2. According to the representation theorem for the lattices
(see [41, 15]), X and X* are (linearly) isometric to some Banach function or sequence
spaces on a measure space (£, ) with (h,z) = [, h( wu(t) for h € X* and z € X.
It is known (for example, see the proof of Theorem 9 7 and subsectlon 9.6 in [15]) that
the mapping

Lx: X — Li(Qp): v— |z(t)|Jxx(t) (L)

is the uniform homeomorphism of the unit spheres but we only need to know that
it is a homeomorphism of dense subsets (such as the union of the finite-dimensional
subspaces spanned by simple functions). The “onto" property for the restrictions onto
the finite-dimensional subspaces follows from the continuity (particularly, the Holder
estimates) and the Brouwer theorem (the argument from [23, 15]). Thus, we only
establish the estimates for the Hélder norms assuming that || - ||; is the L;(E, p)-norm.

Let x,y € Sx, f = Lxx = |z|Jxx € Spyw, 9 = Lxy = |y|Ixy € St,(py and
|f —glli = €. Assume that G = {t € E: z(t)y(t) > 0} and

x .
h = XGTT min(|f], g]). (1)
Comparing |f| + |g| with |f — g| on G and E \ G, we see that ||kl = 1 —¢/2. For
A> 2 let

B)\:{tGG%‘F%Z)\} andD,\:G\B,\ (2)

The lattice properties also suggest that |z|,|y| € Sx and |Jxz|,|Jxy| € Sx+ meaning
(x|, [yl) <1, ([Jxxl],|y[) <1, and

2> (el ol + Qo) = o (24 2)

> 2[hlls + (A= 2) lIxs,bll, - (3)

1
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Therefore, comparing with the norm of A, we see that
IxBhll; <e/(A=2) and |[xp,hll; =21 —-2/2—¢/(A=2). (4)

Now remembering the definition of D), we deduce from (4) that

<|‘]X‘r|7 |y|> + <|‘]Xy|7 |I|> > <XD)\JXZE,y> + <XDAJX?J7$> >

XD, h (E + y)
Yy T

Combined with the first inequality in (3), this gives us

2 ‘

> 2 ||XD>\h’||1 >2—c

. =2

A
A—2

[(xpyIxw )| + [(xp, Jxy, @) <€

where Dy = E'\ D). Now (5) and (6) naturally imply the key estimate

A
where we take the limit A — oo and obtain
(Jxx — Jxy,x —y) < 2e. (8)

Combining (8) with Lemma 4.1, we arrive at the desirable estimates for the Holder
norms of L;(1 and L. To finish the proof, we deduce the first estimate of the theorem
from Theorem 4.1, the triangle inequality and the representation

Lyx — Lxy = (x| = |y]) Jxa + [yl (Jxz = Jxy) -

[Lxz = Lxylly < o —yllx +[[Jxz — Jxy|

< (229 4 ¢ inf h
X = ( 1 uE(O,l)S

) b=l

]

4.3 Homogeneous Holder homeomorphisms via complex inter-
polation method

Relying on the results on the Holder continuity of homogeneous inverses from Sec-
tion 3.2, we employ the complex interpolation method to construct the Hélder-smooth
homeomorphisms between the spheres of couples of Banach spaces from the classes
closed with respect to the complex interpolation and establish their Holder continuity
with explicit estimates and occasionally sharp exponents. As an example, we apply
our results to the scale of the noncommutative L,(M, 7), where M is asemifinite von
Neumann algebra. Further applications are in Sections 5.2 and 6.2.

Let the boundary 0S of the strip S = {z € C: Rez € [0, 1]} consist of 05; = {z €
C: Rez=j} for j =0,1.
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Definition 4.1. ([24]). Let A = (Ay, A1) be a compatible pair of Banach spaces,
p € [1,00) and Rez € (0,1). The symbol F,(z) = F,(z, A) denotes the completion of
F = F(A) in the l,-sum L, ({0,1},{L, (0S;,w. j, Aj)}jeq0.1}) of the weighted Aj-valued
Lebesgue-Bochner spaces Ly, (05;,w. j, A;) (with respect to the Lebesgue measure on the
lines {0S;}) for j = 0,1, where the weights {w. ;}j_, correspond to the (probability)
harmonic measure on 0S (see [16]):

e™Im==7) gin(rRez)

sin?(mRez) + (cos(mRez) — em(iitimz=7))

wz,;(T) = 5 for j=0,1.

The next lemma is Proposition 1.2 in [15].

Lemma 4.2. ([24, 15]). Let (Ao, A1) be a compatible pair, 6 € (0,1) and p € [1,00).
Then one has

el i, = inf {fll e FO) =2}

The next lemma is a slight variation of Proposition 1.3 in [15]. There is only
one difference in the proof: one uses the strict convexity of A; and A} (thanks to
V.L. Shmul’yan’s duality) instead of the uniform convexity assumed in [15].

Lemma 4.3. Let (Ag, A1) be a compatible pair, 0 € (0,1) and p € [1,00). Assume also
that both Ay and Ay are reflexive. Then, for every x € Ay, there exists g, € Fp(0)
satisfying ||z]| 4, = 9:17,0). Moreover, if both Ay and Ay are also strictly convex,
the bijection Jyg i x v gy is correctly defined and ||gs |4, = [|%|/ 1, a.e on 0S; for
j =0,1. If, in addition, both Ay and Ay are smooth, then ||g.(2)| 4., = =4, for
every z with Rez € (0,1).

The following theorem is the Holder counterpart of Theorem 9.12 in [15] due to
M. Daher [28| and N.J. Kalton [15].

Theorem 4.3. Let (Ag, A1) be a compatible pair, 6,m € (0, ) [ p] C (1,00) and
a bounded A C Ap). Assume also that the l,-sum'Y =1, ({0, (10,1], Aj)}jeqo.13)
is (p, he)-uniformly convex, and the mapping myg, A[g] — An] 1s defined by
Moy = gz(n), where g, = Jrgx with J,g from Lemma 4.3. Then myg, is a homo-

geneous Hélder homeomorphzsm of Ag] and its unit sphere onto A[nb its unit sphere
respectively, satisfying mem = My9,

1 1
Imo.y = moel a, < lly = lla, (1 + (/) + (p/cd) P ly — 57 ll2ll{?
or every x,y € Ay and
yr.y [6]
I HVP(A, Agg)| < r(A, 007 (27 1 o ingii).

Moreover, if Y is also (q, hs)-uniformly smooth, then we also have

pcl+p/q L/p pe 1/p
S S / 1— /
0y — manallz,, < (q—/> 1 ||y—x||AM+(m> Iy — <l )57
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for every x,y € /_1[9], and

1+q/p

1/p
o HYP(A, Ayl < r(A,0)' -2/ 21—q/p+( b )(Hcsﬁ/%”q o
qCc

The constants c. and cs are defined by

ce= sup (1 —p)he(u) and co = inf (1 — p) " 9hy(p).
1E(0,1/2) ue0,1/2)

The proof of Theorem 4.3. Note that Z, g = I, ({0, 1}, {L,(05;,ws j, Aj)}je{o,l}) is iso-
metric to I, ({0,1}, {L([0,1], Aj)}je(0,13). We provide the proof in the case of Z,g
that is both (p, h.)-uniformly convex and (g, hs)-uniformly smooth. When Z, 4 is only
(p, he)-uniformly convex, one uses the counterparts of Theorem 3.3 and Corollary 3.2
from [12] (Theorems 6.9 and 6.10 there) with slightly better constant c. than in [5]. The
mapping my,, is the composition R, o Iy, o J,4, where R,.,, : F.(n) — Ay, f — f(n)
and Ip, : F.(0) — F.(n),f — [ are the restriction and identity mappings respec-
tively. The former is linear with the norm 1 thanks to Lemma 4.2. While the latter
is linear with the norm dominated by max;—g 1 ||wy.;/Waj|Leo(9S;)[|1/", we need its re-
striction to the image er(A[Q}) of J,, only, where it is isometric. In turn, J,, itself is
exactly the homogeneous inverse dealt with in Theorem 3.3 and Corollary 3.2 because
it provides the unique minimal norm pre-image according to Lemmas 4.3 and 4.2. The
application of Corollary 3.1, a) provides the desirable estimate of the Holder seminorm.
Since Z,p and Z,, are isometric (just different weights), Z,,, is both (p, h.)-uniformly
convex and (g, hs)-uniformly smooth, and the mappings J,, and m, ¢ are well-defined
and possesses the same properties as J, g and my,. To see that m,y = n ,17, we note
that, thanks to Lemma 4.3, g, also satisfies

ng(m&nx)”ﬁ[n] = HmQ,anA[n] = ”ng]:T(U)

and minimises the Z,,-norm. The uniqueness means that g, = J,gv = J,,me,x
finishing the proof. m

As seen from the results in subsection 2.6, one or both of the parameters p and ¢
in Theorem 4.3, can be strictly worse than the convexity and smoothness parameters
of both A[g] and fl[n] leading, for instance, to worse Holder-Lipschitz regularity than
the one provided by the Mazur mappings (see subsection 5.1) even in the setting of
Lebesgue spaces. The following corollary addresses this problem.

Corollary 4.1. Under the conditions of Theorem 4.3, assume that {(Ok, nk) }ren is a
decreasing system of open subintervals of [0, 1] with

Nken (O, mk) = [min(6, n), max(6,n)] .

Let also, for every k € N, the l,-sum Yy, = I, ({0, 1}, {L,([0, 1], Ap,)), L-([0, 1], Ap,))) be
(Pks her)-uniformly convex for a non-increasing {pg bren C [2, oo) wzth po = limy_o P
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and limy_,o Cor = 0. Then my,, is a homogeneous Holder homeomorphism of /_1[9} and
its unit sphere onto Ay, its unit sphere respectively, satisfying my, }] = Mye,

1
0.0 = 02115,y < (14 (Bo/cco) ) 1y = 2] 3 + 0/ )7 1y — L0 )40

for every x,y € /_1[9], and
g | HYP (A, Ayl < (A, 0)/70 (21/p6 +p01/poc(;)1/p031/p6> '

Moreover, if Yy, is also (qy, hsi,)-uniformly smooth for a non-decreasing {qx }ren C (1, 2]
with gy = limg_ . @& and limy_, cg. = cs0, then we have

Poc 1+P0/¢]0 1/po
0
Hm9777y - mgv"]wHA[n] S §+q0/p0 + 1 ”y - x”A[g]
doCeo

1/po

PoCso 1

+< 1+qso/p0> Hy :UHqO/pOH HA[;Jo/po
doCco

for every x,y € A and
Y (0]

([mg,y| HO/P0 (A, Apy) |

14+qo/po

1/po
<r(A, 0)17q0/p0 ol—ao/po (M) (1 + sl ~a0/Po9qo > 1/q0—1/po
4oCeo

For k € N, the constants c., and cg, are defined by

Cr = sup (1 — p)he(pn) and cge = inf (1 — p) "% hg(p).
1e(0,1/2) 1E(0,1/2]

The proof of Corollary 4.1. According to the reiteration theorem for complex method
(see [16]), Ajg and A}, are interpolation spaces for the pairs (Ap,), A["]k]) for k € N. By
re-scaling we see that switching from the pair (Ao, A1) to (Ap,], Ap,)) in the definition
of Ajg and Ay, corresponds to switching from the construction on the strip S = {z €
C : Rez € [0,1]} to the same construction on the strip Sy = {z € C : Rez €
[0k, M)} Relying on Lemma 4.3, we note that the restriction of g, = J, gz defined on S
onto Sy, satisfies the same minimisation properties as a member of F, ()\k, (A[Gk]’ fl[nk]))
(for A defined by the re-scaling A\, = (6 — 6x)/(nx — 6x) transforming Sy onto 5)
and, thus, coincides with J,, = (re-scaled to Si). This observation shows that the
homeomorphism my,, : A 0 — A i does not depend on the interpolation pair that
was used to construct it, or, that is equivalent, on the strip Sy used to construct the
mapping. We finish the proof by taking the limit & — oo in the estimates given in
Theorem 4.3. O

The interpolation properties of the noncommutative L,-spaces were established by

V. I. Ovchinnikov [50, 51].
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Theorem 4.4. ([50, 51]). Let M be a semifinite von Neumann algebra with an n. s. f.
trace T, po,p1 € [1,00|, 8 € (0,1) and 1/p= (1 —0)/po+6/p1. Then

a) (Ly, (M77)7Lp1(M77')>[9] = Lp(M, 7) (isometry);
b) (Lpy(M,7), Ly, (M, 7)), = Lyp(M,T) (isomorphism).

Combining Corollary 4.1 with Theorems 2.4 and 4.4, we obtain the following re-
markable homeomorphism.

Theorem 4.5. Let M be a semifinite von Neumann algebra with an n. s. f. trace
7, a bounded A C L,(M,7), p,q € (1,00), . = max(p,q,2), rs = min(p,q,2) and
a =r1g/r.. Then there exists a homogeneous Holder homeomorphism

Mpg: Lp(M,T) e Ly(M,7),
that is also a homeomorphism of the unit spheres of these spaces, satisfying m;j] = Mygp,

1/re

"mp,q|Ha(A, Lq(M,T))H < T(A, 0)1—04 (21—a i ( T'cCs ) (1 + Cscc—a2r5)1/rsl/rc> 7

rscite

rooiti/e 1re recs \ /T

S _

gty — Mgzl < ( ) . ||y—xr|p+( ) ly — el 2]
TSCC TSCC

for every x,y € L,(M, ), where c. = w.(1/2,7r5,7) and c¢s = w(1/2,7.,75) (see sub-
section 2.6) and || - ||, = || - |Lo(M,7)|| for r € {p,q}.

Remark 4.3. Note that, in the case 2 € [p, ¢], the Holder regularity of m, , between
the noncommutative L,-spaces is the same as the regularity of the Mazur mapping
between the corresponding Lebesgue spaces.

The proof of Theorem 4.5. Let us choose Ay = L, (M, 1), Ay = L, (M, 7) and r = 2
in Theorem 4.3 and Corollary 4.1 with p,q € (po,p1). Since the class /G contains
the ly-sum Z,,,, = > ({0,1}, Ly([0, 1], Ap), L2([0,1], A;)), we apply Theorem 2.4 to
establish the (r.,w.(1/2,rs,r.))-uniform convexity and the (rs,w(1/2,7.,s))-uniform
smoothness of Z,,, ,,. According to Theorem 4.4, L,(M, 1) = Ajg and L,(M, 1) = Ay,
for some 6,7 € (0,1). We choose the mapping my, as our homeomorphism. We
take the limits py — min(p,q,2) and p; — max(p, ¢,2) in Corollary 4.1 finishing the
proof. O]

5 Homogeneous Holder homeomorphisms: constructive ap-
proach

In this section, we develop a general homogenisation technique to construct our coun-
terparts of the classical Mazur mapping between the compatible pairs (i.e. with the
common tree) of IGy([1,00)), IGo; and G spaces. They appear to be homogeneous
Holder-Lipschitz homeomorphisms with occasionally sharp exponents of the Holder
continuity.
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5.1 Simple Mazur ascent and complex Mazur descent: /G, set-
ting

Let us define the simplest generalizations of the classical Mazur map [46] that we
study and employ to construct more involved variants.

Definition 5.1. For 3 > 1, a measure space ), an index set I, Banach spaces
X and {X;}ier and appropriate ideal spaces Y;(2) and Y;(I) for j € {0,1}, we
define the X-valued Mazur descents Mg x : Yp(2,X) — Yi(Q,X) and Mgx,y :
Yo (1,{X;}) — Y1 (I,{X;}) and the homogeneous X-valued Mazur descents mg x :
Yol X) — V(. X) and mg g,y Yo (1 {X.}) = Vi (1, {X.}) as:

O
||f|Yo<Q,X>||> fo),

. i) — i 6-1 i) and m . D) — ||f(2)|Xz B_li
Magsy S0 — QI and magy s 10— (TS o)

For X = R and 3 € (0,1), we also define the (simple) Mazur ascent Mgz, and the
homogeneous (simple) Mazur ascent mg, by means of

Mix : f(7) — SN (), mx () s (

- o\,
Maas $0) — [P 1) andma: 567)— (L) 1o
’ ’ 1 ¥o(Q)l]
We also use the same notation when §) is discrete. One also assumes that all these
mappings send origin to origin.

The next lemma reveals the basic Holder-Lipschitz regularity properties of the
vector-valued Mazur descents and simple Mazur ascents.

Lemma 5.1. For p,q € [1,00), B = p/q > 0, a measure space ), an index set I,
smooth Banach spaces X and {X;}ier, let Mg x, mgx, Mg x,) and mgx, for f>1
and Mg, and mg, for B <1 be the Mazur mappings from Definition 5.1. Then one
has

a) || Msx| H(A, Ly(, X))|| < Br(A,0)°~" for A C L,(, X);

b) ||ma x| HY(Ly(92, X), Ly(Q, X))|| <28 - 1;

¢) || Mg x| H(A Ly (I, {X:}ien) || < 8r(A,0)°7" for A C 1, (I, {Xi}ier) ;
d) ||ms x| H'p (I, {Xi}Yier)  lg (I, {Xi}ier))|| <26 - 1;

e) || Mgal HALy(Q), Ly(Q))]| <27

£ |msal HAA, Ly()|| < (1+2'77)r(A4,0)' 77 for A C L,(Q).
The operators in a) — f) remain bounded if X and {X;}ier are not smooth.

The proof of Lemma 5.1. Let D be the Gateaux derivative. Since the smoothness of X
is equivalent to the Gateaux differentiability of ||-|| x, we use the Lagrange and Lebesgue
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theorems to compute the Gateaux derivatives of Mg x and mg x at f € L,(€, X) with
an increment h € L,(€Q, X):

DMpx (f)h(r) = (B=D) S (D)5 *(gs(r), (D) F ()OI h(7) for a. e. 7 € 2 and

)||f(7)’|§(_2<9f(7')7h(7)>f(7') N L ()lIx A7)

Dmax(PR(r) = (5 = D=2 (w0, X0 11 Lo(w, )71
eI )

A=A L p e Te ()

where g¢;(7) € X* is defined by (gs(7),f(7)) = |[f(7)|lx and gf(r) =

£ FILy(w, X)||7Pgs(7). Applying the triangle and Holder inequalities (1/q =
B/pand 1/qg—1/p=(6—1)/p) to (1), we obtain

I DM ()b Lg (2, X)| < BILFI Ly (2. X7 [ 2] L (2. X)|| and

| Drmg x ()R] Le (2, X)|| < (26 — 1) [| 2] L, (2, X)||, (2)

implying Parts a) and b. In the same manner one checks the validity of ¢) and d).
To establish e), let us note that the triangle and Hélder inequalities provide the
estimates

[ Mp,af(T) = Mpag(7)| < [Mpo(f —g)(r)] for f(7)f(7) = 0 and
Mo f(7) = Mpag(r)| < 277 [Mpa(f = g)(7)] for f(r)g(r) < 0. (3)

because of the invariance

1Ms.of ILg()Nl = I fILp(D]”. (4)

The homogeneity [|[¢p(A\-)|H*|| = A¥||¢|H®||, ¢ : Zy C A — Z; of the Holder seminorm
implies

[61H(A, Z0)]| < |SH® (B, Z0)lIr(A,0)1 5)
Assume that [|y|lx < ||z|][x = 1 and a homogeneous ¢;(z) = |z||% “¢(z), where
lp|H*(Bx,Y)|| = C with ¢(Bx) C By. Then the triangle inequality implies, for
T,y € BXa

l61(2) = o1y < llé(@) = d()lly + (1 = Iyl oWy < Cllz —ylls+
+ (lzllx = lyllx) < Cllz = yll% + (lellx = lyllx)"™ lle =yl < (C+ Dz — yll-
The last estimates show that e) and f) hold too. To finish the proof we note that

Corollary 5.3 and Lemma 5.4 below imply similar estimates with worse bounds in the
case of non-smooth spaces (see the proof of Theorem 5.2). []

The preceding lemma stands behind our following definition of the complex Mazur
descent and simple Mazur ascent between IGg-spaces.
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Definition 5.2. Let X € IGy = IGNIG ({L,,l,: r € (1,00)}) with the parameter
function px : P = V(X) — [1,00) defined on the vertices of the corresponding tree
T(X). Thus, a “leaf" Z; € T(X), grown at the kth step of the “tree-growing” process
and corresponding to j € P, is either L, ;(Q) for a measure space Q, or l,, (1)
for an index set I. Together with all the “leaves” originating from Z; during the later
steps, it s Zj of the form of either

pr(j)(Qv W)? or lpx(j) (Ia {Wi}iel) )

where W and {W; }ier are Banach spaces from IGq themselves.

For o > 1, by means of mjo : X — X;,, where px(l) = p;(l) for j #1 € P
and p;(j) = p(j)/a, we designate the mapping induced by maw if Z; = Ly;)(82), or
Ma,w;y if 25 = lp)(I), changing only the Zj—component of every f € X. (Recall that
Xp, 18 an [Go-space with the same tree as X but different parameter position function
Pj-)

Assume that : P — [1,00) and Y € IGy with T(Y) = T(X) and py = px/[.
Let the complex Mazur descent mg: X — Y, be the composition

my = [ [ mjs0).
JjeEP

Assume that v € (0,1) and Z € 1Gy with p; = px /7. Let the simple Mazur ascent

mp: X — Z, be the mapping
/] )
Moyg: fH— | —— |f.
i 1= ()

The correctness of this definition is discussed in the next remark and theorem.

Remark 5.1. For the sake of the future usage and the matter of correctness, let us
note the following algebraic properties of the Mazur mappings defined above.

a) mjomyg = mygm;je and m;am;z = m;j.s fori,j € P,a, > 1;
b) mgm., = mymg = mg, for B,v: P — [1,00);
¢) MMy q = M qamp = I for a € (0, 1] and constant §: P — {1/a};

d) both mg and m.,, preserve the /G, — norms.

Theorem 5.1. Let X,Y € IGy with the same parameter position set P, A C X and
B = px/py. Then we have

a) [lms| H' (X, V)| <128 = 1 Loo(P)[|* =) if 52 P — [1, 00);
b) [[Mmau H* (A, Y)]| < (1+2'7%) (4,00 if B: P — {a} and a € (0,1].
The proof of Theorem 5.1. Part b) follows immediately from Part f) of Lemma 5.1

applied to the last “leaves” of X and followed by the multiple usage of the identity (4)
from the proof of Lemma 5.1.
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To establish a), we represent mg as a finite product of the products of the groups
of m; g(j) dealing with the “leaves grown” during one and the same step of the “tree-
growing” process creating X. Indeed, assume that X is created in Ny, (X) steps, and
the “leave” Py, appeared during the kth step of the process. Then Parts b) and d) of
Lemma 5.1 provide us with the estimates

m . .
Hl_‘[jépk 33

leading to a) with the aid of Corollary 3.1, a). O

) < SuP@ﬁ(j) - 1) < ||2ﬁ - 1|L<>O(P)|| for k € ‘[Nmin(X)

H JEP

Corollary 5.1. Let X,Y € IGy([1,00)) have the same tree T(X) =T(Y) (and, thus,
common P). Then

x &y wz’tha:inf{px@,l}, 5:inf{pY(Z,),1}.
icP py(z) j

The exponent o is sharp in the following cases:

a) px > py;

b) Puin(Y) € [Pmin(X), 2] and there exists {ix} € P satisfying limy_ .o px (ix) = Pmin(X)
and hmk—>oo pY(Zk) = pmin(Y);

€) Pmax(X) € (2, pmax(Y)] and there ezists {ix} € P satisfying limg_.o px (ix) = Pmax(X)
and hmkﬂoo pY(Zk) = pmax<Y)-

The proof of Corollary 5.1. If « = 1, we take the homeomorphism ¢ = m, with u =
px/py and use the representation ¢~ = my,gmgs, (see Lemma 5.1, Theorem 5.1 and
Corollary 3.1,a)) to establish ¢ € HY(X,Y) and ¢! € H?(By, X). Switching X and
Y covers the case g =1. If a, § < 1, we take

¢ = My/aMa,a and ¢_1 = M1/upMp,a (1)

Theorem 5.1 and Corollary 3.1,a) provide the smoothness exponents. Eventually we
deduce the sharpness in a), b) and ¢) from Theorem 11.1. O

Corollary 5.2. Let X € IGy([1,00)). Then (for the constant function: 2: P — {2})

X &0 [ = Xy with sharp o = min(puin(X),2)/2, 5 = 2/ max(pmax(X), 2).

5.2 Abstract Mazur ascent and complex Mazur descent: Gy,
setting

The next lemma is the Holder inequality for IG-spaces. Since I G-spaces are lattices
of functions, the operation of the pointwise product is well-defined for the functions
from the IG-spaces with the same tree. It can be interpreted as the Hélder inequality
for convexifications of a lattice (see Remark 2.6, a)). Recall that, for a parameter
function ¢ : P — (1,00) defined on the same same parameter position set P as the
parameter function py of X € IG,, the space X, is the space with the same tree as
X and the parameter function q.
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Lemma 5.2. Let X € IG with the parameter function p = px and o € (0,1). Then
we have

gl XN < [IFIX 2 " llglX 2]
Let us define the abstract Mazur ascent mapping between IGq, spaces.

Definition 5.3. For X € 1Gq,. with the parameter position set P, let Py be the set
of the last leaves of T(X), and let P = P_ U P,. be the decomposition into the union
of the parameter position set P_ of X_ (from which X was created by “growing” the
noncommutative leaves) and its part P,. corresponding to the noncommutative spaces
that are some of the last leaves from {Z;}icp,, where every Z; has the parameter p(i).
Thus, every f € X is defined on some set 2 = Q(X) and takes values in Uicp, Z;.
Assume that g : P — (1,00), 5 € (0,00), 1 <inf{p(i),q(i) : @ € Py, p(i) # q(i)}

and
win (). 00).2)
O g2} € P HOF A0

For every i € Pu. and myg) g4 provided by Theorem 4.5, let My q¢),8,a be the B-
homogenisation of my) q) defined by

a=a(X,q) = inf{l

i
7 M(0).a(i) (—Z) : (Aay)

Mp(i),q(i),ﬁ,a T ||I| Hl"’

Now let the abstract Mazur ascent mapping M, , 3 4. be defined, for every w € Q1 and
i =i(w), by the relation

(Mpgp.a0f) (W) = My (i),q(i),8,a (f(w))

if p(i) # q(i) and Z; is noncommutative, defined by the relation
(Mygp.40f) (@) = My q(iy0.0 (f@)) = [ @)IIZ " F(w) (Aaz)

on the corresponding noncommutative leaf Z; if p(i) = q(i), and defined as the classical
Mazur ascent or simple descent (see Definition 5.1)

(Mp.g.5.40f) (W) = Mp.a (f(w)) (Aas)

on the corresponding last leaf Z; if it is “commutative” (not noncommutative).
We shall also define the homogeneous abstract Mazur ascent mapping

Mpg6.A0: frH— Hf”;ﬁMp,q,ﬁ,Aaf for X € X. (aa)

We also continue to use the notation m,, for the complex Mazur descent acting on the
“commutative” vertices of X (i.e. on the vertices of X_).

Remark 5.2. The abstract ingredient of the proof of Lemma 5.1, f) shows that, for
B € (0,1], one has

| Mpg,8.40] H(Bx,Y)|| < 1+ || Mpgp.40 H?(Bx,Y)|| -

The corresponding re-homogenisation (or F-homogenisation) is the subject of Corollary
5.3 and Lemma 5.4. Together with Theorem 4.5, they also imply

1 o -1 _
Mp,q,ﬁ,Aa - Mq,p,l/ﬁ,Aa and mp,q,ﬁ,Aa - mq7p71/67Aa'
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Lemma 5.3. For Banach spaces X and Y with the unit spheres Sx and Sy and
B e (0,a] C(0,1], let ¢ € H*(Sx,Y). Assume also that v» € H° ((0,00),R) satisfying
0 < o(t) < Cyth fort € (0,00) and

by X Y, 2 (lallx) 6 (H — ) 60(0) =

Then we also have
lou| HP(X, V)| < || [H ((0,00),R) | |6|C(Sx. Y)I| + Cp2*||¢| H*(Sx, Y)].
Moreover, ¢pyu(X) =Y if $(Sx) = Sy and 1 ((0,00)) = (0,00), and also

%%y):wl(uyuy)w(w) F o and v eaist

The proof of Lemma 5.3. Let us start by noting that
gl H?(Sx, Y)|| < 2°77||¢| H* (Sx, V). (1)

For z,y € X with ||z]|x > |ly||x, we use the representation

ou(a)=00(0) = o 1) (Wlllall) — el oleli) (o 15 ) - (”yHX))

(2)
and the observation (used, particularly, in [5])
x y e —yllx | lzlx —llyllx
|- <oyl @
el llylixllx = llelx ]l x ]| x

helping us with estimating the Y-norm of the second summand in (2) in the view of
(1), to conclude with

|0y (2) — Dy () |ly
< (||1H? ((0, 00)) || IRIC(Sx, V)| + Cp2°|| | HP (Sx, Y)I) |2 — yll%
< (||1H? ((0,00))|| lRIC(Sx, V)| + Cp2%||g| H*(Sx, Y)I) ll= — yl%

where we have also used the triangle inequality in X. Using the polar decomposition
Y =Sy x (0,00)) in X and Y, one finishes the proof. O

Corollary 5.3. For Banach spaces X and Y with the unit spheres Sx and Sy and
g€ (0,a] C(0,1], let € H*(Sx,Y) and

x
a2 X —Y,a— lalfto =) . 9a(0) =0
]| x
Then we also have
s HP (X, Y)| < [|6|C(Sx,Y)|| + 2% ¢|H*(Sx, V).
Moreover, ¢p3(X) =Y if p(Sx) = Sy, and

( ) =lly Hl/ﬂ <m> if o1 exists.
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Lemma 5.4. For Banach spaces X andY with the unit spheres Sx and Sy, a € (0, 1]
and 3 € (0,00), let p € H*(Sx,Y) and

b5 X—>Yx~||xr|x¢(” — ) 95(0) = 0

Then we also have
lpsl H™™ P (By, V)| < max(83, 1)20FD=)4 6] C(Sx, V)| + 2%||¢|H*(Sx, V).

Moreover, ¢p3(X) =Y if ¢(Sx) = Sy, and

654 (w) = Iyl L% (ﬁ) if 6! oxists.

The proof of Lemma 5.4. The case 8 € (0,a] is Corollary 5.3. For z,y € X with
1 > ||lz|lx > llyllx, we use either the fact that X is a linear metric space with the
metric ||z — y||? for 8 € (a, 1], or the Lagrange theorem for 3 > 1 to obtain

l2]% = lyl% < max(8, )]~ lr—y )"0 < 27D max(8, 1)||lz -y (1)

This estimate, along with the representation (2) and relation (3) from the proof of
Lemma 5.3 with ¢(t) = t?, implies the estimate for the H®norm of ¢4 sought for. The
proof is finished by using the polar representation in X and Y. O]

The next lemma demonstrates the roles playing by the homogenisation parameter 3
and the smoothness « for the boundedness of basic Mazur mappings on the model case
of the Bochner-Lebesgue spaces: the lower homogenisation provides global regularity
at the expense of, possibly, worse smoothness, while upper homogenisation preserves
the smoothness.

Lemma 5.5. For p,q € [1,00], let (E, ) be a measure space with countably additive
i, and X a Banach space. Under the conditions of Lemma 5.4, let 3 = p/q and

Ut (B, X) — Ly(B,Y), f(r) — 63 (f(7)) for a.e. 7 € E.
Then we have

a) |[¢slH” (Ly(E, X), Ly(E,Y))|| < [6|C(Sx, V)|l + 2*(|¢|H*(Sx, V)| if B € (0, ];
b) |[wslH® (B, (p.x) Le(E,Y))||

< max(d, 1202 6 C(Sy, V)| + 22| $|H (S, V)|

if B € (a,00).

The proof of Lemma 5.5. Let f,g € L,(E,X). In the case of Part a), we just take
L,norm of the both sides of the following estimate provided by Corollary 5.3:

s f (7) = ag(7)lly < (IS1C(Sx, V)| + 2| H(Sx, V) 1f(7) = (Dl (1)
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In the case of Part b), we have from Lemma 5.4

s f(T) = g (r)lly < (max(s, 1)2 D= [g|C(Sx, )| + 27| ¢| H*(Sx, Y)||)
< (IF@)lx + g()lx)"* 1 (1) = g%, (2)

and assume also that f, ¢ are in the unit ball of L,(E, X). Applying Lemma 5.2 with
X = L,(E) and the parameter o/ (Holder inequality) and the triangle inequality for
L,(E) to (2), we obtain

|Vsf — pg|Le(E,Y)| <
< 207 (max(3, 1)2™mBD=2| 6| C(Sx, V)| + 2% 6| H* (Sx, Y)|) | f — 9| Ly (E, X>||“(, |
3

finishing the proof. [

The following theorem describes the Holder smoothness of the abstract Mazur as-
cent mapping that forms the complete system of the Hélder homeomorphisms of the
spheres of IGg, spaces in composition with the complex Mazur descent (see Remark

5.3, ¢)).

Theorem 5.2. Let X, Y € IGyy ([1,00)) be spaces with the same tree T(X) = T(Y),
B >0 and px (i) = Opy (i) fori € P\ Py and P = {i € P,.: px(i) =py(i)}. Assume
also that

mln(pX »PY )2)

maX(px,PYQ)‘l P P H P )2
1< inf {px(i),py(7)} andl/a:{H S loo(Pre \ Pr)|| if Pr # Pc,

€ nc\Pr 1 if Pr = P,
Then m;;pyﬁ’Aa = Mypypy,1/8,40 and there exists a constant C depending on

{px (i), py (1) Yicp,\p, and B, such that
”mpx,pYﬂ,Aa‘Hmin(a’ﬁ)(BXa Y)H <C.

Remark 5.3. a) Theorem 5.2 is naturally extended (with the same bounds) to the
setting of IG(S) 4 classes, where S is the class of Banach function and sequence lattices,
while the noncommutative leaves are still noncommutative L,-spaces with the set of
exponents strictly separated from 1 and oo.

b) The results involving the complex Mazur descent (applied to X_ of X € IGy,)
are transferred to the setting of Gy, spaces without any changes.

¢) Note that in the degenerated case, when the parameters of all noncommutative
leaves of X and Y coincide (P; = P,.), the construction in the proof of Theorem
5.2 gives the inverse of the complex Mazur descent m;,s with the constant descent
parameter 1/ (naturally acting on the vertices of X_) if 5 € (0,1) and the descent
itself (that is simple this time) if 3 > 1.

d) The major advantage of Theorem 5.2 is that o depends only on the parameters
of the noncommutative spaces that we want to change. Further reduction to § permits
to change also the extreme “commutative” parameters.
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The proof of Theorem 5.2. The identity follows from Corollary 5.3 and Theorem 4.5.
For f,g € X and w € Q = Q(X) = QY), let f(w),g(w) € Z; for some i € P,
where Z; = Ly, (;(M;, 7;). Then the corresponding mapping my ;) py (i) from Theorem
4.5 maps Z; onto the corresponding leaf L, ;(M;,7;) of Y and satisfies, for a; =
min(p(i), q(i), 2)/ max(p(i), q(i),2) > a and C; > 0 (provided in Theorem 4.5)

|10 | H (B2, Lpy (M, 7)) || < Ci. (1)

Let us start with the case § € (0, ). Applying Corollary 5.3 to (1) if px (i) # py (i),
or to the identity mapping (with C; = 1) if px (i) # py (i), we see that

1Moy, 8.0F (©) = M a,8.09(@) gty < (14+2%C) [ f(w) = g(@)lpey  (2)

for all noncommutative leaves i € P,.. If, in turn, Z; (i € Py) is a leaf that is not
noncommutative, then My q(:),8,a 15 just the classical Mazur map M, , (see Lemma
5.1,¢e)), and one has

1Mpoa),.0f (@) = Ma(iya0,8.09@) gy < 272 1F (@) = 9(@)l- (3)

The explicit expressions for C; given in Theorem 4.5 and the definition of IGyy class
imply the uniform boundedness

sup{2' 77 1 +2%C;, 3} = C < 0.

1€l

Now we combine the relations (1), (2) and (3) (with the common C) and finish the
proof for § € (0, a] by means of the multiple usage of the identity

I1721*]p/e = l[Al[}; for p € (0, 00]. (4)

Assume now that § > a and f,g € Bx. Keeping in mind Theorem 4.5, we apply
Lemma 5.4 to (1) if px(2) # py (), or to the identity mapping (with C; = 1 and a; = 1)
if px (i) # py (i), we see that

H p(i),q(4) 5af(w)_Mp(i),q(i),ﬂag(w)nq‘ <
< (max(8, 12707 4 2%C) ([ F@)lo + 9(@lloa)” 17 (@) = 9(@)lley <
< (max(3, 1)2mn P07 4 274G (| f (w Hp@ + 9@l 1 (@) = g@)ligy (5)

for all noncommutative leaves i € P,.. If, in turn, Z; (i € Py) is a leaf that is not
noncommutative, then M q(i) 8, is just the classical Mazur map (see the scalar-valued
case of Lemma 5.1, ¢)), and one has

| Moy (i) 5.0 (@) — Mpgiy,q(i),8,09(W) gy <
< max(8, 1)20 2% () £(@) ) + 19(@) o) © " M1 (w) — g(w)
< max(8, )25 (| ()l + 9@ llpw) " £ )—g(w)llg‘(i) (6)

&
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Theorems 4.5 and 2.4 (2.3) demonstrate the uniform boundedness of the constants in
(5) and (6). Hence we apply the Holder inequality
-3

Jub=20%12]) < [[0?) Z,e0 ’
B—a

V2| Zozs

from Lemma 5.2 for the space Z € IGy, whose tree T'(Z) is the subtree of Y obtained
from T'(Y') by eliminating (not “growing”) all the last leaves with p; being the restriction
of py, the identity (4) and the triangle inequality for X to establish the key estimate

1My 5. 10f = Mpsepy 5,009y < C (I fllx + llgll )" 1 = gll%- (7)

To finish the proof with the aid of (7), we apply Lemma 5.4 to the restriction of
My py.3,4a Onto the unit sphere Sx to obtain

1My py 5.0 H (B, V)| < max(s, 1)20m D7) 4 25C,
O

Corollary 5.4. Let X,Y € IGo([1,00)) have the same tree T(X) = T(Y) (and, thus,
common P) and Pr = {i € P,.: px(i) = py(i)}. Assume also that

1< inf A{px(i),py(i)} and ozm:inf{l, min(px(i),py(i),QQ) ; iGPnC\PI}.

1€ Py \Pr max (pX (Z)7 by (2)7 )

Then we have

X {&f) Y with o = inf {px(z‘)’ 1,oznc} .
icP | py (i)

The exponent o is sharp in the following cases:
CL) Px 2 Py and Pnc = P],‘
b) 2 € {px(i),py (i)} and px(i) < py (i) for every i € P,. and either

(1) Pmin(Y) € [pmin(X),2] and there ezists {ix} € P satisfying limy_ . px (i) =
pmin(X) and hmkﬂoo py(Zk) = pmin(Y), or

(17) Pmax(X) € [2,Pmax(Y)] and there exists {ix} € P satisfying limg_,o px (i) =
Pmax(X) and limg_ oo py (ix) = Pmax(Y)-

The proof of Corollary 5.4. With respect to X_ and Y_, it is conducted exactly as the
proof of Corollary 5.1: the abstract Mazur ascent parameter is chosen to, at least,
elevate all the (commutative) px (i) above py (i) and, then, adjust with the aid of
the appropriate complex (but Lipschitz) Mazur descent. The only difference is that
changing the parameters px (i) of those noncommutative leaves that have to be changed
(i.e. ¢ € P, \ Pr) may require the further decrease in the abstract Mazur ascent
parameter. Moreover, we need to start with the abstract Mazur ascent if any of the
noncommutative parameters py (i) need to be changed (even to be decreased). The
sharpness follows from Theorem 11.1. O

Theorem 6.7 extends the following immediate corollary.
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Corollary 5.5. Let X € Gy ([1,00)) with 1 < inf{px(i): i € P, \ P1} if Po. # Py

and _ Ao
am:mf{l,%: iepm\p,}.
max (px (1), 2)

Then we have

x 9P = X5 with o = min(pmin(X) /2,1, ane) and f = min(2/pmax(X), 1, ane).

The parameters o and/or [3 are sharp if, respectively, ape > pmin(X)/2 and/or ay,. >
2/Pmax(X).
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