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Abstract. In this note we discuss new theoretical results on Sobolev lattice formulas
and applications to programmes for multi-dimensional approximate integrating and
solving integral equations.

S.L. Sobolev created the algorithm of lattice cubature formulas with boundary layer
for approximate integration of functions defined on multi-dimensional domains. He
derived the asymptotic optimality property of this algorithm for integrands in the L(m)

2

space [9]. Research was continued for the Wm
p spaces with p ∈ (1,∞) and fractional

m > n/p. It resulted in creating the theory of asymptotically optimal formulas with
bounded boundary layers (BBL-formulas):

Khf = hn
∑

dist(hk,Ω)6Lh

ck(h)f(hk), ck(h) ≡ 1 if dist(hk,Rn\Ω) > Lh.

We implimented algorithms of BBL-formulas in parallel programmes for calculating
integrals over multi-dimensional domains of arbitrary shapes and for solving integral
equations.

The first program “CubaInt" is for approximate integration in domains with di-
mensions from 2 to 10 (see [4]). It was designed by means of C++ programming
language with the library of parallel functions MPI. The program has high efficiency
of parallelism (about 0.8-0.9) and high precision. It was tested on the supercomputer
MVS-100k of the Joint Supercomputer Center, Russian Academy of Sciences, Moscow.

We also created a version of this programme for calculations on systems with the
accelerators on graphics cards (the technology NVIDIA CUDA, see [5]).

A programme was also written for solving integral equations of the form

u(x)−
∫
Ω

K(x, y)u(y)dy = f(x), x ∈ Ω ⊂ R2.

Here Ω is a two-dimensional bounded closed domain with smooth boundary,
K ∈ CM(Ω× Ω) and f ∈ CM(Ω). It was assumed that ||K||C(Ω×Ω) < 1.

This parallel programme was based on C++/MPI technology (see [8], [2]).
Our algorithms and programmes were named “conditionally unsaturated” because

respective cubature formulas are asymptotically optimal for any m < M .
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Below we give some results confirming the sharpness of our algorithms.
Theorem 1. ([6]) Let 1 < p1 < p2 <∞ and n

p1
< m1 < m2. Then the family {Kh} is

asymptotically optimal in every space of the family

{Wm
p (Ω)}m∈(m1,m2)

p∈(p1,p2)

,

if and only if it is optimal in order in every of these spaces.

Idea of the proof. We relied on estimates of differences between norms of error
functionals with equal orders of optimality O(hm). It was found that the difference
had the order o(hm) that implied the asymptotic optimality of the error functionals.

�

Theorem 2.([7]) Let χΩ be the characteristic function of a bounded domain Ω with
smooth boundary.

Let ck(h) ≡ C(x, h), x = hk, and C(x, h) be equal to zero if dist(x,Ω) > hγ, be
equal to 1 if dist(x,Rn\Ω) > hγ, and be equal to∫

Rn

χΩ(y)
n∏

j=1

sin
(
2π(xj − yj)/h

δ
)

π(xj − yj)
dy

if dist(x, ∂Ω) 6 hγ, with some 0 < δ < γ < 1
2
.

Then the lattice cubature formula is asymptotically optimal in all spaces Wm
2 with

m > n
2
.

This formula is unsaturated in the sense of K.I. Babenko [1].

Idea of the proof. We derive the optimal formula and then simplify it to the above
preserving the asymptotic optimality.

�

Plans. At the moment we are facing the following problems.
It is necessary to write our programmes for different platforms, including OpenMP,

MATLAB, Maple, and other languages.
We also need to make programmes based on our unsaturated algorithms.
Certainly we need to estimate, theoretically and by computational experiments,

remainder terms in the asymptotic formulas.
The programmes for solving integral equations should be extended to solving equa-

tions with less restrictive conditions on the smoothness of kernels of integral operators.
Problems of application of elastic and plastic deformations need calculations of inte-

grals on domains arising in computing processes [3]. Our model problem is calculating
integrals of smooth functions u on domains where they are positive,

∫
u+(x)dx.
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