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Abstract. In the paper exact values of the n-widths are found for the class of differ-
entiable periodic functions in the space Ls[0, 2], satisfying the condition

¢ m/2

/TQgr{m(f(r),T)dT < d(t),

0

where 0 < t < w/n, m,n,r € N, Q,,(f,7) is the generalized modulus of continuity
of order m of the derivative f) € L,[0,27], and @(t), 0 < t < oo is a continuous
non-decreasing function, such that ¢(0) = 0 and @(¢) > 0 for ¢ > 0.

1 Preliminaries and definitions

Denote by Ly := L]0, 27| the space of all real-valued 2r-periodic Lebesgue measurable
functions f with finite norm

1/2

I 1 = (5 [ IF@Pds) <o
0

Consider its subspace

n—1

Spo1 = {Tnl(a:) T (x) = % + (cy, cos kx + [ sin kx)}

k=1

of all trigonometric polynomials of order < n — 1. It is well known that for an arbitrary
function f € Ly with the formal Fourier series

o0

f(z) ~ % + Z (ay cos kx + by sinkx) ,
k=1
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its best approximation in the metrics of Ly by the subspace ,,_; is given by the

following formula

Eolf) “inf {||f — Toor]| : Tos € S}

- 1/2
1 S (Pl = {zmwz)} | W)

k=n
where X
aj .
Spoa(f;7) = EO + ; (ay cos kx + by sin kx)

is the partial sum of order n — 1 of the Fourier series of the function f.
Denote by Lg), r € N the set of all functions f € Lo, whose derivatives f"™1) are
absolutely continuous and f() € L.

Let
def m
wi(fit)2 = sup {[AFFC)I = |h] <t} (1.2)
be the modulus of continuity of of order m of the function f € Lo, where
- m
8y fia) = S0 () + m = )
k=0

is the difference of order m of the function f with step h.

Among extremal problems of the theory of approximations of functions f € Lo
one of the most important is the problem of finding sharp constants in inequalities of
Jackson-Stechkin type

E.(f) <x- n_rwm(f(r),T/n), fe Lg), >0, neN. (1.3)

Aiming at optimizing the constant y in this inequality various smoothness charac-
teristics were introduced (see, for example, [3], [10], [13], [1], [5], [4], [12], |2], [8] and
references therein). Application of such smoothness characteristics of 2m-periodic func-
tions as, for example, the trigonometric modulus of continuity in [2] and IC-functionals
in [12], allowed obtaining new significant results related to further studies of inequalities
of Jackson-Stechkin type (1.3).

When studying certain extremal problems of the theory of approximations of func-
tions f € L, sometimes it is more convenient to use the following characteristics equiv-
alent to (1.2)

1 t t 1/2
(it ={ g [ [IARFORa -, | 0

where h = (h1, ..., hm), AT = A} ooy A f = f(+hy) = f(), J=1,m (see,
for example, [7], [8], [10]). The following statement holds.
Theorem 1.1. Let m,n,r € N,;r > m. Then the following equality is valid

n" " EL(f) B 1
m/2 (7r2 _ 4)m/2'

My = sup (1.4)
fGLéT) w/n

£ 2const / T Q%m(f(r% T)dT
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Proof. 1t f € Ly and
~ 30 +; (ay, cos kx + by sin kx)

is its Fourier series, then direct calculation shows that

[e%S) in kT m
QQ (r). — om kZ'r 2 1— S 1.
m(f aT) ; O, ( k’T ) ( 5)

where o7 = ai + b2, k € N. By Holder’s inequality for sums and inequalities (1.1) and
(1.5) we get

9 SinkT 5 = sin kT (1—1/m) g/m sin kT
EL(f) — 0 = ng(l ) Z ==

k=n k=n k=

(Z) @a0-%))

< (E2(f)) ™ot 22 (£, 7).

Therefore

L sinkT
kr O

E2(f) < (B2(H) ™ot 2 /mQ2m (£ 1) +

k=n

Multiplying both sides of this inequality by 7 > 0 and integrating over 7 € [0, 7/n],
we get

w/n

3 (5) B < (B2 G | [ e im0 yar +—ng

0

Hence )
2
(T2 B2 < (20) e | [ roimgoinyar
0
and
*/n m/2
E2(f) < (7% - 4)~m/2pmrdm /TQ?T{m(f(T),T)dT ) (1.6)
0

Rewriting this inequality in the form

n""E,(f) < (r%— 4)—m/2

T/n m/2 _(
<f 92/mf ,T)dT)
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and taking into account the definition of the quantity M,, ,,, in the left-hand side of
equality (1.4) we get the following estimate above

Moy < (72 —4)7™/2, (1.7)

For obtaining an estimate below consider the extremal function fy(x) = sinnx € Ls.

. m/2
Since £, () = 1, O (557) =200 (1= Z2)
nr
*/n m/2
/ T Q%{m(fo(r); T)dT =n"""(7* — 4)m/2,
0
we get
T—mEn
Mm,n,?“ > i <f0) m/2 = (77'2 4)7771/2' (1 8)
w/n
(f TQ%m( é”;T)dT)
0
Combining inequalities (1.7) and (1.8) we obtain equality (1.4). O

2 Main results

Denote by b, (9N, Ls), d" (M, Ls), d, (I, Ls), 5,(IM, Ly), and II,(9M, Ly) Bernshtein,
Gelfand, Kolmogorov, linear, and projective n-widths respectively of a a centrally sym-
metric compact 9 in the space Lo (see the definitions, for example, in [12],[6]). These
n-widths satisfy the following relations

b (I, Lo) < d*(IM, Ly) < dn(IM, Ly) = 6,(9M, Ly) = IL,(9M, Ly). (2.1)

Let also E,(9M) := sup{E,(f) : f € M}.

Moreover, let @(t), t > 0 be an arbitrary continuous non-decreasing function, such
that @(0) = 0 and @(¢t) > 0 for t > 0. By W},f)(qﬁ),m, r € N we denote the class of all
functions f € Lg) , for which for all 0 < ¢t < w/n the following inequality

¢ m/2

/ QUm0 Ddr | < b

0

1s satisfied.

Theorem 2.1. For all m,n,r € N,r > m
P (Wi (®); La) = pan—1 (W, (®); L)

=B, WW(®)) = (x* = 4)"™2n """ ®(7 /n), (2.2)
where p,(+) is any of the n-widths b,(-), d"(+), du(+), d,(+), and I1,(+).
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Proof. Applying the definition of the classes Wi (@) and taking into account relations
(2.1), by inequality (1.6) we get the following estimate above

P2 (W(®); La) < pan—1 (WS(@); La) < dany (W (9); Lo)

< E, (W{(®)) < (7* —4) ™20~ ™ d(1 /n). (2.3)

For obtaining an estimate below for the Bernshtein width b, (Wg) (D), L2> we

consider the (n + 1)-dimensional ball of polynomials
Snp1 = {Tn(x) € Syt || T,|| < (7% — 4)=m/2 pram ®(m/n)}
and claim that S,41 C Wi (@). To verify this it is required to prove that for an

arbitrary polynomial T}, € S,,; the following inequality

*/n m/2

/ Tan/m(T,E’"),T)dT <o <z>

0

holds.
Let

T,(z) = % + Z (axcoskz + Bysinkz), of = aj + B

k=1
be an arbitrary polynomial, belonging to the ball S, ;. Then, since

(1 —sinkt/(k7)) < (1 —sinnt/(nT))

for all 1 < k < n, we get

< o ( smnr) ZQ _ omy (1 B smnT) T2
nT

Hence

*/n m/2

m/2
w/n :
/TQ%m(T£r>,r)dT < om/? (/ <T - Smm) dT) n" | T
0 n
0

= (1* = 4)"2 0" ||T|| < D(m/n).

Therefore the inclusion S, C W\ (®) is proved. From the Bernstein n-width [12] we
obtain the lower bound

ban (WS(D); La) > bay (Sni1; Lo) = (72 — 4) "™ 2" @ (7 /n). (2.4)

Taking into account relations (2.1) and combining inequalities (2.3) and (2.4) we
arrive at the statement of the theorem. O
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Corollary 2.1. Under the assumptions of Theorem 2.1
sup {Jan(f)] = f(x) € W(@)} =sup {[ba(f)]  f(z) € W)(®)}
= (7% — 42T B ), (2.5)
where a,(f) and b,(f) are cosine and sine Fourier coefficients of the function f.

Proof. Let us prove equality (2.5) for the cosine Fourier coefficients a,(f). Keeping in
mind that

27

a,(f) = %/f(x) cosnxdr = %/[f(a:) — Sn-1(f; )] cosnzde, (2.6)

by applying the Cauchy-Schwartz inequality to the integral in the right-hand side of
(2.6) and taking into account formulas (1.1) u (2.3), we obtain the following estimate
above

sup { [an(f)] : f(z) € WP(@)} < B, (W())
< (7?2 — 4)*m/2 n~"TP(w/n). (2.7)

In order to get an estimate below consider the function
filz) = (7% — 4)™™2 "™ @1 /n) cos na.
Clearly fi(z) € Wi (@). Hence
sup { [au(f)] : f(z) € WD(@)} 2 |an(fi)] = (7* — 4)"™ 20 """ D(x/n).  (2.8)

The statement follows by combining inequalities (2.7) and (2.8). O
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