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Abstract. In the paper exact values of the n-widths are found for the class of differ-
entiable periodic functions in the space L2[0, 2π], satisfying the condition t∫

0

τ Ω2/m
m (f (r), τ)dτ

m/2

≤ Φ(t),

where 0 < t ≤ π/n, m, n, r ∈ N, Ωm(f (r), τ) is the generalized modulus of continuity
of order m of the derivative f (r) ∈ L2[0, 2π], and Φ(t), 0 ≤ t < ∞ is a continuous
non-decreasing function, such that Φ(0) = 0 and Φ(t) > 0 for t > 0.

1 Preliminaries and definitions

Denote by L2 := L2[0, 2π] the space of all real-valued 2π-periodic Lebesgue measurable
functions f with finite norm

‖f‖ def
= ‖f‖L2 =

 1

π

2π∫
0

|f(x)|2dx

1/2

<∞.

Consider its subspace

=n−1 =

{
Tn−1(x) : Tn−1(x) =

α0

2
+

n−1∑
k=1

(αk cos kx+ βk sin kx)

}

of all trigonometric polynomials of order ≤ n−1. It is well known that for an arbitrary
function f ∈ L2 with the formal Fourier series

f(x) ∼ a0

2
+

∞∑
k=1

(ak cos kx+ bk sin kx) ,
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its best approximation in the metrics of L2 by the subspace =n−1 is given by the
following formula

En(f)
def
= inf {‖f − Tn−1‖ : Tn−1 ∈ =n−1}

= ‖f − Sn−1(f)‖ =

{
∞∑

k=n

(a2
k + b2k)

}1/2

, (1.1)

where

Sn−1(f ;x) =
a0

2
+

n−1∑
k=1

(ak cos kx+ bk sin kx)

is the partial sum of order n− 1 of the Fourier series of the function f.
Denote by L(r)

2 , r ∈ N the set of all functions f ∈ L2, whose derivatives f (r−1) are
absolutely continuous and f (r) ∈ L2.

Let
ωm(f ; t)2

def
= sup {‖4m

h f(·)‖ : |h| ≤ t} (1.2)

be the modulus of continuity of of order m of the function f ∈ L2, where

4m
h f(x) =

m∑
k=0

(−1)k

(
m

k

)
f(x+ (m− k)h)

is the difference of order m of the function f with step h.
Among extremal problems of the theory of approximations of functions f ∈ L2

one of the most important is the problem of finding sharp constants in inequalities of
Jackson-Stechkin type

En(f) ≤ χ · n−rωm(f (r), τ/n), f ∈ L(r)
2 , τ > 0, n ∈ N. (1.3)

Aiming at optimizing the constant χ in this inequality various smoothness charac-
teristics were introduced (see, for example, [3], [10], [13], [1], [5], [4], [12], [2], [8] and
references therein). Application of such smoothness characteristics of 2π-periodic func-
tions as, for example, the trigonometric modulus of continuity in [2] and K-functionals
in [12], allowed obtaining new significant results related to further studies of inequalities
of Jackson-Stechkin type (1.3).

When studying certain extremal problems of the theory of approximations of func-
tions f ∈ L2 sometimes it is more convenient to use the following characteristics equiv-
alent to (1.2)

Ωm(f ; t)2 =

{
1

tm

∫ t

0

· · ·
∫ t

0

‖∆m
h
f(·)‖2dh1 · · · dhm

}1/2

, t > 0,

where h = (h1, . . . , hm), ∆m
h

= ∆1
h1
◦ · · · ◦∆1

hm
, ∆1

hj
f = f(·+hj)− f(·), j = 1,m (see,

for example, [7], [8], [10]). The following statement holds.

Theorem 1.1. Let m,n, r ∈ N, r ≥ m. Then the following equality is valid

Mm,n,r = sup
f∈L

(r)
2

f(r) 6=const

nr−mEn(f) π/n∫
0

τ Ω2/m
m (f (r); τ)dτ

m/2
=

1

(π2 − 4)m/2
. (1.4)
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Proof. If f ∈ L2 and

f(x) ∼ a0

2
+

∞∑
k=1

(ak cos kx+ bk sin kx)

is its Fourier series, then direct calculation shows that

Ω2
m(f (r); τ) = 2m

∞∑
k=1

k2r%2
k

(
1− sin kτ

kτ

)m

, (1.5)

where %2
k = a2

k + b2k, k ∈ N. By Hölder’s inequality for sums and inequalities (1.1) and
(1.5) we get

E2
n(f)−

∞∑
k=n

sin kτ

kτ
%2

k =
∞∑

k=n

%2
k

(
1− sin kτ

kτ

)
=

∞∑
k=n

%
2(1−1/m)
k %

2/m
k

(
1− sin kτ

kτ

)

≤

(
∞∑

k=n

%2
k

)1−1/m( ∞∑
k=n

%2
k

(
1− sin kτ

kτ

)m
)1/m

≤
(
E2

n(f)
)1−1/m

2−1n−2r/mΩ2/m
m (f (r), τ).

Therefore

E2
n(f) ≤

(
E2

n(f)
)1−1/m

2−1n−2r/m Ω2/m
m (f (r), τ) +

∞∑
k=n

sin kτ

kτ
%2

k.

Multiplying both sides of this inequality by τ > 0 and integrating over τ ∈ [0, π/n],
we get

1

2

(π
n

)2

E2
n(f) ≤

(
E2

n(f)
)1−1/m · 1

2
· n−2r/m

 π/n∫
0

τ Ω2/m
m (f (r); τ)dτ

+
2

n2

∞∑
k=n

%2
k.

Hence (
π2 − 4

n2

)
E2

n(f) ≤
(
E2

n(f)
)1−1/m

n−2r/m

 π/n∫
0

τ Ω2/m
m (f (r); τ)dτ


and

E2
n(f) ≤ (π2 − 4)−m/2n−r+m

 π/n∫
0

τΩ2/m
m (f (r), τ)dτ

m/2

. (1.6)

Rewriting this inequality in the form

nr−mEn(f)(
π/n∫
0

τ Ω
2/m
m (f (r); τ)dτ

)m/2
≤ (π2 − 4)−m/2,
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and taking into account the definition of the quantity Mm,n,r in the left-hand side of
equality (1.4) we get the following estimate above

Mm,n,r ≤ (π2 − 4)−m/2. (1.7)

For obtaining an estimate below consider the extremal function f0(x) = sinnx ∈ L2.

Since En(f0) = 1, Ωm(f
(r)
0 ; τ) = 2m/2nr

(
1− sinnτ

nτ

)m/2

,

 π/n∫
0

τ Ω2/m
m (f

(r)
0 ; τ)dτ

m/2

= nr−m(π2 − 4)m/2,

we get

Mm,n,r ≥
nr−mEn(f0)(

π/n∫
0

τ Ω
2/m
m (f

(r)
0 ; τ)dτ

)m/2
= (π2 − 4)−m/2. (1.8)

Combining inequalities (1.7) and (1.8) we obtain equality (1.4).

2 Main results

Denote by bn(M, L2), d
n(M, L2), dn(M, L2), δn(M, L2), and Πn(M, L2) Bernshtein,

Gelfand, Kolmogorov, linear, and projective n-widths respectively of a a centrally sym-
metric compact M in the space L2 (see the definitions, for example, in [12],[6]). These
n-widths satisfy the following relations

bn(M, L2) ≤ dn(M, L2) ≤ dn(M, L2) = δn(M, L2) = Πn(M, L2). (2.1)

Let also En(M) := sup{En(f) : f ∈ M}.
Moreover, let Φ(t), t ≥ 0 be an arbitrary continuous non-decreasing function, such

that Φ(0) = 0 and Φ(t) > 0 for t > 0. By W (r)
m (Φ),m, r ∈ N we denote the class of all

functions f ∈ L(r)
2 , for which for all 0 < t ≤ π/n the following inequality t∫

0

τ Ω2/m
m (f (r), τ)dτ

m/2

≤ Φ(t)

is satisfied.

Theorem 2.1. For all m,n, r ∈ N, r ≥ m

p2n

(
W (r)

m (Φ);L2

)
= p2n−1

(
W (r)

m (Φ);L2

)
= En

(
W (r)

m (Φ)
)

= (π2 − 4)−m/2 n−r+m Φ(π/n), (2.2)

where pn(·) is any of the n-widths bn(·), dn(·), dn(·), δn(·), and Πn(·).
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Proof. Applying the definition of the classes W (r)
m (Φ) and taking into account relations

(2.1), by inequality (1.6) we get the following estimate above

p2n

(
W (r)

m (Φ);L2

)
≤ p2n−1

(
W (r)

m (Φ);L2

)
≤ d2n−1

(
W (r)

m (Φ);L2

)
≤ En

(
W (r)

m (Φ)
)
≤ (π2 − 4)−m/2 n−r+m Φ(π/n). (2.3)

For obtaining an estimate below for the Bernshtein width b2n

(
W

(r)
m (Φ);L2

)
we

consider the (n+ 1)-dimensional ball of polynomials

Sn+1 =
{
Tn(x) ∈ =n : ‖Tn‖ ≤ (π2 − 4)−m/2 n−r+m Φ(π/n)

}
and claim that Sn+1 ⊂ W

(r)
m (Φ). To verify this it is required to prove that for an

arbitrary polynomial Tn ∈ Sn+1 the following inequality π/n∫
0

τ Ω2/m
m (T (r)

n , τ)dτ

m/2

≤ Φ
(π
n

)
holds.

Let

Tn(x) =
α0

2
+

n∑
k=1

(αk cos kx+ βk sin kx) , %∗k
2 = α2

k + β2
k

be an arbitrary polynomial, belonging to the ball Sn+1. Then, since

(1− sin kτ/(kτ)) ≤ (1− sinnτ/(nτ))

for all 1 ≤ k ≤ n, we get

Ω2
m(T (r)

n ; τ) = 2m

n∑
k=1

k2r%2
k

(
1− sin kτ

kτ

)m

≤ 2mn2r

(
1− sinnτ

nτ

)m n∑
k=1

%∗2k = 2mn2r

(
1− sinnτ

nτ

)m

‖Tn‖2 .

Hence  π/n∫
0

τ Ω2/m
m (T (r)

n , τ)dτ

m/2

≤ 2m/2

(∫ π/n

0

(
τ − sinnτ

n

)
dτ

)m/2

nr ‖Tn‖

= (π2 − 4)m/2 nr−m ‖Tn‖ ≤ Φ(π/n).

Therefore the inclusion Sn+1 ⊂ W
(r)
m (Φ) is proved. From the Bernstein n-width [12] we

obtain the lower bound

b2n

(
W (r)

m (Φ);L2

)
≥ b2n (Sn+1;L2) = (π2 − 4)−m/2 n−r+m Φ(π/n). (2.4)

Taking into account relations (2.1) and combining inequalities (2.3) and (2.4) we
arrive at the statement of the theorem.
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Corollary 2.1. Under the assumptions of Theorem 2.1

sup
{
|an(f)| : f(x) ∈ W (r)

m (Φ)
}

= sup
{
|bn(f)| : f(x) ∈ W (r)

m (Φ)
}

= (π2 − 4)−m/2 n−r+m Φ(π/n), (2.5)

where an(f) and bn(f) are cosine and sine Fourier coefficients of the function f.

Proof. Let us prove equality (2.5) for the cosine Fourier coefficients an(f). Keeping in
mind that

an(f) =
1

π

2π∫
0

f(x) cosnxdx =
1

π

2π∫
0

[f(x)− Sn−1(f ;x)] cosnxdx, (2.6)

by applying the Cauchy-Schwartz inequality to the integral in the right-hand side of
(2.6) and taking into account formulas (1.1) и (2.3), we obtain the following estimate
above

sup
{
|an(f)| : f(x) ∈ W (r)

m (Φ)
}
≤ En

(
W (r)

m (Φ)
)

≤ (π2 − 4)−m/2 n−r+m Φ(π/n). (2.7)

In order to get an estimate below consider the function

f1(x) = (π2 − 4)−m/2 n−r+m Φ(π/n) cosnx.

Clearly f1(x) ∈ W (r)
m (Φ). Hence

sup
{
|an(f)| : f(x) ∈ W (r)

m (Φ)
}
≥ |an(f1)| = (π2 − 4)−m/2 n−r+m Φ(π/n). (2.8)

The statement follows by combining inequalities (2.7) and (2.8).
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