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Abstract. We consider the minimization problems of obstacle type
min{/ |Du|?dx : uw > 1. on P, u =0 on 89},
Q

as ¢ — 0. Here Q is a bounded domain in R", . is a periodic function of period
g, constructed from a fixed function 1, and P CC () is a subset of the hyper-plane
{z € R" : x-n = 0}. We assume that n > 3 and that the normal 7 satisfies a generic
condition that guarantees certain ergodic properties of the quantity

#{keZ  :Pn{x:|v—ck| </ D}}.

Under these hypotheses we compute explicitly the limit functional of the obstacle
problem above, which is of the type

H&(Q)Bur—>/|Du|2dx+/G(u)da.
Q P

1 Preliminaries and main result

1.1 Introduction of the problem

We consider an obstacle problem in a domain 2 C R™ for n > 3. The obstacle is the
restriction to a hyper-plane of a rescaled, periodically extended function. The given
data in the problem is as follows.

1. A bounded domain €2 in R™, n > 3, i.e. a bounded, open, connected subset of
R™.

2. A continuous function ¢ with compact support in the ball By, = {z € R" : |z| <

1/2}.

3. A hyper-plane IT = {z € R" : - n = 0} with the unit normal n = (91,...,7,)
such that 7, # 0.
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Note that for any £ C R™, P := E' N1l can be represented as

P={(z',az"): 2" € H}, (1.1)
where 2’ = (z1,...,2,1), x = (2, z,),
H = projgn P
and
Oé:(Oél,...,Oén_l), o; = _771
Mn

Let Q. = (—¢/2,¢/2), and for any k € Z", let Q¥ = Q. + ek. Similarly, B denotes
the ball of radius r. and center ¢k, i.e. Bfe = B,_ + ¢k. Starting with a function 1 we
construct the oscillating function ., given by

Ylaz'(x — k), ifz e QENIL

—00, otherwise,

Yela) = { (12)
where
a. ="/, (1.3)

Remark 4. From the definition of 1. it can be seen that 1.(z) > —oo if and only if
zr € {afy: Y(y) > —oo} + ek} NII, for some k € Z".

For this reason it needs to be determined how often II intersects a neighourhood of size
comparable to a. of the lattice points {ek}rezn. This is possible in dimensions n > 3,
using the theory of uniform distribution of sequences. In general, this is possible when
a. is not “too small”. When n = 2 we would have to choose a much smaller a., due to
the logarithmic nature of the fundamental solution of the Laplacian. For this reason
we cannot include the two-dimensional case.

For any Borel subset B of Q and u € H}(), set

0, ifu>1. q.e on B,
oo, otherwise,

Fy (u,B) = { (1.4)

where ¢.e. means quasi everywhere, i.e. everywhere except for a set of zero capacity.
Note that B — Fy_(u, B) depends only on B NII. Our main goal is to determine the
asymptotic behaviour, as ¢ — 0, of minimizers of the functional

J-(u) = /Q |Dul*dx + Fy_(u, B). (1.5)

1.2 The notion of I'-convergence

Definition 1.1 (I'-convergence). A sequence of functionals J. on a topological space
V' is said to I'-converge to the functional Jy if the following hold for all v € V:
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(i) whenever v. — v in V,

Jo(v) < liminf J.(v.),

e—0

(i) there exists a sequence {v.}. such that v. — v in V' and

Jo(v) > limsup J.(ve).

e—0

The functional Jy is called the I'-limit of J..

Remark 5. It follows easily by this definition that if J. I'-converges to Jy, if v. € V
is such that infy J.(v) = J.(v:) and if v. — vy in V, then Jy(vg) = infy Jo(v). Indeed,
Jo(vo) < liminf. o J.(v:) by (i), and for any other v € V|, there exists, according to
(ii), a sequence {o.}. converging to v in V such that Jy(v) > limsup,_,, J-(v.). Since
J-(ve) < J(v:), Jo(vg) < liminf. g J.(v.) < limsup,_,y J-(v:) < Jo(v), which proves
the claim.

Next we quote a theorem of De Giorgi, Dal Maso and Longo from [4]. It is a
compactness result for quadratic functionals of obstacle type and states that there
is a representation theorem for the I'-limits of these functionals. The compactness
part of the theorem is valid for obstacle functionals for which there exists a sequence
u. € Hy(Q) such that both J.(u.) and [|u.| g3 (q) are bounded. This will be true if we
assume that the set B in (1.4) is compactly contained in €. For the formulation below
we refer to Attouch and Picard [1].

Theorem 1.1 ([4]). There is a rich family R of Borel subsets of ) such that for every
B € R satisfying B CC €2, the sequence of functionals

Jo(u) = / |Duldz + Fy_(u, B) (1.6)
Q
has a subsequence that I'-converges to
hfw) = [ DuPde+ [ fGo.wda+v(B), (1.7
Q B

where p1 and v are positive Radon measures, p € HY(Q) and f(x,u) is conver and
monotone non-increasing with respect to u.

Remark 6. It may be assumed that v = 0, c.f. [1], Theorem 4.1. We refer to [1] for the
definition of a rich family of Borel sets. However, we would like to point out that a rich
family R of the Borel sets of €2 is dense in the Borel sets, in the sense that for any Borel
sets A, B such that A C int B, there exists F € R such that A C int E C E C int B.

1.3 Main theorem
Next we define the functional that is the I'-limit of J. in (1.5). For any A € R, let

M) :{ U(x), x e {P+ A, (1.8)

—o00, otherwise,
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and set
g*(t) = min {/ |Dv|*dx : v —t € DY*(R™), v > 9" q.e. on R”} : (1.9)

where t is any real number and

DY(R") = {v € L¥ (R") : Dv € I(R")}, — —

1 1
2* 2 n

Theorem 1.2. Let I = {x € R" : x-n = 0}. Then the following holds for almost
every n € S™ 1. There is a rich family R of Borel subsets of Q such that for every
B € R satisfying B CC €1, the family of functionals

Je(u,B) = / |Du|*dx + Fy,_(u, B)
Q

I'-converges in the weak topology of Hg(2) to

Jo(u, B) :/QyDu|2d:c+/m (/ng(u(x))dx) do(z). (1.10)

In particular, the family of minimizers u. of J. converges weakly in H}(2) to the
manimizer u of Jy.

In the right-hand side of (1.10), o denotes the surface measure on II.

1.4 Related results

In the paper [6] a problem similar to the present one was considered. In [6] the obstacle
is given by
X, 5

where 1) is a fixed function and xpj, is the characteristic function of the intersection II,
of the a hyper-plane II and the set

U {a.T + ek},

kezn

where T is a fixed subset of the unit ball. Thus in both problems the obstacle is
defined on the intersection between the hyperplane II and a neighborhood of size a. of
the lattice points {ek}rezn. It is a crucial part of the problem to estimate the number
of lattice points at a given distance from a subset of II. For the necessary results in
this direction, which come from the theory of uniform distribution, we refer to [6].

However, a main difference between the present problem and that of [6] is that
the obstacle in (1.2) varies on a much smaller scale, of size a.. For this reason the
techniques used in [6] (essentially those developed in [2]) are not fit to deal with this
problem. Instead we use the methods of [3|, which are more adapted to the situation
at hand.
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2 Proofs

We start by establishing some continuity properties of a certain approximation of the
function g* in (1.9), that appears naturally in the proof of Theorem 1.2.

Lemma 2.1. Let
gn(t) = min {/ |Dv|?dz : v —t € H}(Bg), v >4 ge. on BR} : (2.1)
Br

Assume that Y| < A and that ¢ has the modulus of continuity p hence

(@) — ()| < plz —yl).
Then limpg_.oo gn(t) = gM(t), for any 2 < Ry < Ry < oo and any X € R

97, (t) — g7, ()] < C(A = )2 (Rg™" — RY™"), (2.2)
and for sufficiently small § > 0
957 (1) = ga()] < CL(A = )Z((R = 8)*™" — R*™") + Cap(6), (2.3)
where C,Cy, Cy depend only on n.

Proof. We may assume that ¢t < A, for otherwise gj(t) = 0. Let K* and K% be the
set of constraints appearing in the definition of g* and g% respectively. That is,

{U t € DY*(R"), v > ¢ q.e. on ]R”}
and
Kp={v—te€ H)(Bg), v>v¢" qe. on Bg}.

Since Kp, C K, C K* for Ry < Ry, we immediately obtain g*(t) < gp (t) < gp,(t).
The claim limg .o gp(t) = ¢*(t) follows by the fact that the space C°(R") of all
infinitely continuously differentiable functions is dense in D?(R™).

Fix a smooth cut-off function ¢ with compact support in By such that ( =1 on B;.

Then (A —t)( +t € Kp for any R > 2, A\ € R and any t < A. Thus
gp(t) < (A— t)2/ |D¢Pdr < C(A - t)i (2.4)
Bs
Let v € K* and vy € K3 satisfy the equalities

/ |DU|2dZE = g’\(t), /B |DvR|2dx = gg(t).
n R

To estimate v — vr we construct a barrier h that is the solution to Ah =0 in R"\ By,
h—t e DY (R") and h = A on By. In R"\ By, h — v is harmonic, on By, h —v > 0
and h — v — 0 at infinity. It follows from the maximum principle that v < h in R™.
The function A is spherically symmetric and has the explicit expression

h(r) = (A —t)r* " +1,
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for r > 1, where r = |z|. It follows that

v(r) < (A—t)R* ™+t on R"\ Bg.
Thus

bp = max (t,v — (1 = {)(A—t)R*™)

belongs to K%. Hence

s < [ Do
Br

< / Dof2de + 2(A — )Rz [ D¢Dvdz + (A —t)R2”)2/ D2
Br

Bgr Br

< gMt) +2(A = ) R*| D¢l 23y V9N 1) + (A = ) R*T)? / | D¢[da.

Bgr

Hence we obtain, using (2.4),

97(t) — gr(t)] < C(A —t)*R*™. (2:5)
If 2 < Ry < Ry, we find in a similar way that
2—n __ RQ*TL
VR, < th = (A — t)rlTjn +1¢ on BR1 \Bl,
—
and that P pon
UR, = Max (t,le —(1=0A- t)#)
belongs to K7, . From this we obtain the estimate
97, (8) = g7, (B)] < C(A=1)*(RG™" — R™"). (2.6)

Next we prove the continuity with respect to A. For any v > 0 there exists a § > 0
(6 = p~ (7)) such that

Yo+ 0n) —y <M (x) < PMa+on) + .
Let ) e
r2-mn _ —-n
e =R
for r = |z| > 1, hg = 1 on By. Let vy ; € Ky, satisfy [, |Dvy_s[’de = gp_s.

Then wg(z) = vy _s(x + 0n) + vhgr(z) belongs to K. Hence,
90 < [ |Dunfds
Br

= / |Dvyy,_s(x + 6n)Pdx + / |Dhg|*dx + 2 DhrDuvpy_sdx
Bgr

Bgr Br

< ga(t) + C(A=t)*(R = 0)*™" = R*™")

492 [ Dhafds + 221D} sl | Dhall o
Br
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It is easy to check that fBR | Dhg|*dz is bounded uniformly in R. In fact, as R — oo,

fBR |Dhg|?*dz — cap(B;), the capacity of the unit ball. By interchanging the roles of

grT(t) and g}(t) we obtain a lower bound on gy (t) — gp(t). Thus for any vy > 0, we

have (assuming v < 1)
9% (1) = gr(D)] < CL(A = )* (R = 8)*" = R*™") + Ca. (2.7)
O]

Proof of Theorem 1.2. Let wk be the solution to
min {/ |Dw|?dz : w > 1. q.e. on QF, w =t on QF\ Bf/Q} . (2.8)
Qk

The following definition will be important in the sequel. In order to simplify notation
we set P =1INB.

Definition 2.1. Let A\* be the unique real number such that
Q*NP=Q.Nn{P+ N5} (mode), if Q*NnP#0.
If Q"N P =0 we set \f = oo.
Let y =z — ck. Then
y+ek € QNP <= yecQ.N{P+ Ny}
Thus

/ | Dwk|?dx
(?k

£

:min{ \Dw|2dx:w2¢;\§ g.e. on Q., w=1on QE\BE/Q},
Qe

where 2/1?? is 1. with P + M\ in place of P. Clearly, w* = t if w?'g < t. In particular,
wh =tif Q¥N(QNP)=0. Let 2 = a_'y. Then, noting that a.z =y € Q. N {P +
)‘577} — 2 € Qefa. N {P+ (A’;/aa)n}a

/ | Dwk|?dz = min {a?_Q/ |Dw|?dz : w > /% q.e. on Q< /a. ;
QF Q

e/ag
and w =t on Qc/q. \BE/Q%}.

Let R. = €/2a.. The choice of a. implies that lim. g R. = oo. Since w — t has its
support in B, and @/JAE/QE = —oo outside B; C Bp., we have

min {a?_Z/ |Dw|?dz s w > /% qee. on Qe/a.
Q

e/ae

and w =t on Qc/q. \Ba/2a5} =
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. — k
:mm{a? 2/ |Dw|*dx : w > /% q.e. on By,
B,

and w—t € H&(BRE)}

n— >\§ Qg
= a"2gy /" (1),

It is clear that /% = —co for sufficiently small € > 0 if a. = 0(A¢). Choose Ay < A\
such that By N{P + An} = 0 if X & [Ao, \1]. Let 6 > 0 be a small number such that
A1 = Ao + M for some positive integer M, and let A\; = Ao + jo. Now set A, ; = a.A,
and let

Li={Q:-N{P+n}:A; <A< A},

1Y, ={IL;+¢ck}, keZ"
Let A.; be the number of k € Z" for which P and I¥; have non-empty intersection.

This is precisely the number of & = (¥, k,,) such that ¢k, and ack’ belong to the same
cube QF, and \F € I_;, where we use the notation in (1.1). Let

P.={kecZ": QNP #0}.

Thus, if
K., ={keP.:\el,}

then
As,j - #Kg’j .

It was proven in 6], Lemma 5.2.2, that for a.e. n € S"~1,
da. .
Aej = Pl +o(ae™). (2.9)
To make the statement more precise we introduce
N. = #{k' € Z" ' N projgn-16 ' P}.

Then, since the intersection of P and [ f ; 1s completely determined by the value of eak’
at the point (ek’, ack’) € P, we have

Acj=#{K € Z" Nprojg.e P : ak!/Z € [pj,p; + da. /()] /Z}
where p; is chosen in such a way that
PNIF;#0 if and only if ok'/Z € [p;, p; + 6ac/(ne)]/ Z.

Note that the distance da. in 7 (normal) direction between two planes, corresponds to
the distance da./n, in e, direction between these planes. Using tools from the theory
of uniform distribution mod 1, it can be shown that

A&j _ (5@6

N,  en,

= o0(e®), for any s € (0,1).
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This implies (2.9) since a./e > /g for n > 3. Define w. by w. = w* on Q. Since
wk =t on OBF , w. € H'(Q) and, noting that w? = ¢ if k ¢ K. ; for some j,

M
/|Dw5|2d:czz > /|Dw§|2dx (2.10)
Q Q

=0 keK. ;
M . M
n— As Ag Aj n— A
= Z Z ar 2 (938/ (t) — gé(t)) + Zae 2Ae,j gR]E(t). (2.11)
=0 keK. =0

Since [Af/a. — \;| < & when k € K. ;, we have for such k that
k Qg J —-n -n .
g (8) = g3 (O] < CrA— R ((Re = 0" = BE™) 4 Cap(6) = Bz, 0),

by (2.3) in Lemma 2.1. Hence the first term in (2.11) is bounded by

E(e,8) < C|P| E(e, ), (2.12)

n—1
a.
n

3

M M
D AjalPE(e,0) < C Y |PIS
j=0 j=0

where we used (2.9), the fact that a”~'/e" = 1 by the choice of a. in (1.3) and that
M =1/6. The right hand side of (2.12) clearly tends to zero as €,d — 0 in any order.

The term a”2A. ; g;\{;(t) converges to |P|0gY (t) as ¢ — 0. Hence,

M M
/ |DwPde =YY" / Dk Pz = O(p(8)) + Y A g (t)
Q Q j=0

=0 keK. ;

M

— > 3|P|g (1),
7=0
as ¢ — 0. Letting 6 — 0, we obtain
A1
/ |\ Duw, [2dz — Z/ DwtPdz — 1P| [ ¢t)dx. (2.13)
Q — Jo o

The next step is to show that w. — ¢ in H*(2). Since w. —t € HO(Bf/Q), Poincare’s

inequality implies that
/ lwk — t|?dr < 5/ | Dwk |*dz.
Bk BF

e/2 e/2

Indeed, the Poincare constant for a ball of radius R does not exceed R. Thus

w, — t]*dr = / w — t)2dx 2.14

J o >, -t (2.14)

< 52/ | DwtPdz — 52/ \Duw. 2 de. (2.15)
k B§/2 Q
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By (2.13) {w.}. is bounded in H} () and hence has a weakly convergent subsequence.
From (2.14)-(2.15) it follows that every weakly convergent subsequence must converge
to ¢, thus the entire sequence {we}. converges weakly to t.

By Theorem 1.1, J.(u fQ \Du!gd:l:jLFwE (u, B) has a subsequence that I'-converges
to a functional of the type Jo(u) = [ [Duldx + [, f(x,u)dp. We will prove that for
each t € R,

/B F@t)dp = o(TI N B) /R P ()N (2.16)

Let us show that the theorem follows by (2.16). Due to (2.16) and the fact that the
family of sets R > B is dense in the Borel subsets of Q, f(z,t)du is a measure on

I1, absolutely continuous with respect to o. Hence f(x,t)du = h(x,t)do for some
h(z,t) € L. (L, o). But

/H  hat)do = o0 B /R P (B)dA

for all t € R and all B € R implies that h is independent of x, thus h(z,t) = h(t) =

J g (t)dA

We now prove (2.16). Choose v € C'°(2) such that v = ¢ in a neighbourhood of B.

Let
we(x), if x € B,
ve(r) = { v(z), ifzeQ\B. (2.17)

Then clearly v. — v in H'(Q). According to Definition 1.1 (i),

/!DUIQda:jL/f(u,x)du:/Q\B|Dv]2d:c+/6f(t,x)du

< hmmf/ | Dv. |*dz —/ \Dv\deJra(BmH)/g*(t)dA.
R
It remains to prove that
/ f(z,t)dp > o(BNTI)gh(t)d. (2.18)
B

Let z. be a sequence given by Definition 1.1 (ii), i.e. z. — v and limsup, J.(z.) < Jo(v).
By (i) in the same definition, we have lim._o J.(2.) = Jo(v). Since v is bounded we
may assume that z. is bounded. To see this we assume that |v| < C and claim that

z. = min(z}, 2C) — min(z_,2C) — v.

Indeed, z. is uniformly bounded in H*(2) and therefore has a weak limit in this space.
Moreover,

/ |za—v|2d$:/ |za—v|2d:v—/ 12C — v|*dx
Q O\{|ze|>2C} {z:>2C'}

- / | —2C — v|*du.
{ze<—-2C}
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Since z. — v strongly in L*()) and
/ |ze —v[2dz > C*measure({|z.| > 2C}),
Q

measure({|z.| > 2C}) — 0 and hence z. — v strongly in L*(©). Additionally,

/|Dza|2d:p§/|DzE|2d1’,
0 Q

which implies, again by (7) in Definition 1.1,

lim J.(2.) = Jo(v) = / | Dof2dz + / F(t,2)d.
€0 o\B B
Thus if we let v. be the function given by (2.17), (2.18) follows if we prove

lim. g [, |Dve|*de < lim._q [, |Dz|*dx,
for all z. € H}(Q) such that z. > 1., (2.19)
ze = v and sup.. ||2z:||Le < 0.

By the convexity of the functional v — [, |Dv|*dz, we have
/ |Dz.|* — |Dv.|*dx > 2/ Dv.(Dz. — Dv,)dx (2.20)
0 0
= (—Ave, 2. —v.) = / —Av(z. — v)dr + Z(—Awf, ze —wh), (2.21)

where the sum is taken over
{keZ" - TINB C{afy:¢¥(y) > —o0} + ek} (C 355/2)}-

The first term in (2.21) goes to zero since v € C°(Q2) and z. — v. The Laplacian of

k

w? consists of two measures p* and v* such that

—Aw, = :u]; - va
where -
B =~ [ Sas
ENQk on
and
supppl C {wk =47} C By, (2.22)

which follows by the fact that w” solves (2.8) (see [5]). By (2.22) and the fact that
z. > 1), it follows that

/ (2 — wh)dul = / (ze — )dut +/ (Ve — wh)dpf
Qk Qk QF

=/<%—%m¢zo
Qk
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It remains to show that

Let WE solve
min {/ |DW *dx : W —t € H&(Bfm) and W > max1y = A on st} .
Qf

Since WF = w’ on 9BL,, WF > w! on Bf and W} and wf are harmonic in BY), \ By ,

we get WF > w” in B§/2 from the maximum principle, hence

oWk owk k
~ > — 5, 2 OB. /5.
Thus if we let e
W,
vME) = / ——=dS,
0Br,NE on
and set 0. = >, 0¥, v. =, vF, then 0. > v.. In [6] (see the proof of Lemma 2.0.8
therein) it was shown that
lim [ (h. — h)dv. =0, (2.23)
e—0 [

whenever h. — h in Hj(Q) and sup.. ||he|z= < o0o. Since v. < i, it follows that
(2.23) holds for v. after writing (h. — h) = (he — h)+ — (h. — h)_. This proves (2.19).
Since the I'-limit Jy does not depend on the particular I'-convergent subsequence, the
entire sequence J. I'-converges to Jy. ]
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