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Abstract. Two-sided estimates are established for two types of generalized Hardy
operators on the cones of functions in weighted Lebesgue spaces with some properties
of monotonicity. In this paper we continue the proofs given in 9] for the main results
announced in our paper [7]. Also we present here some other equivalent descriptions,
consider some particular cases and establish results in the case of a degenerate measure.

1 Introduction

This paper is organized in the following way. For convenience of the reader we reproduce
in the introduction the setting of the problems, the main notation and results in [9],
Section 1. In the next Sections of this paper we preserve all the notation given in [9].
Anyway, in order to understand the content of this paper the reader has to be familiar
with the related notation and facts in [9)].
1.1. Let 8 and « be non-negative Borel measures on R,y = (0,00);p,q € R, and
2 be a certain cone of non-negative Borel measurable functions on R, and A be a
positive operator. Introduce
1/q —-1/p
Ho)=swp || [anyay) | [ras) | (L.1)

Ry Ry

Here, we consider the cones of functions that are monotone with respect to the pre-
scribed positive continuous functions £ and m :

U ={f20:f(0)/k(r)1}; Q"={f20:f(7)/m(7)T}. (1.2)

As operator A, consider the generalized Hardy operators A = A, and A = B,, where
1 is a non-negative Borel measure on R, ;

A= [ s B0 [ fau (13)

(0,¢] [t,00)
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1.2. First, we formulate the result for Hq, (B,). For this purpose we need some
notations:

1/p

wy (t) = /k”dﬁ , t>0; \If(t,T):/kd,u, t<T; (1.4)

(0,t) [t,7)

1/p
V, (t) = (tl) (1, 7) (—d |:ng1(7'):|> C p>1, %+% =1 (1.6)
1/q
W= | [ar] ¢ e s s, reR. @)

Here o € (0,1) is fixed; w, ! is the right-continuous inverse function for the (increasing)
continuous function w,. Obviously, &, (1) < 7.
The criterion of the boundedness for Hg, (B),) is determined by the following quan-
tities:
1/q

. p<q; (1.8)

B, = / /\IJq(t,T)dv(t) (—d[ ! D . p>q,  (L9)

Ry \ [Ea(r):7)

Fpy = sup V&)W, (@), p<gq, (1.10)
1/s
F = /v; WA @]y . p>a (1.11)

where as always in this paper s = pq/(p — q) for p > ¢. In addition, introduce the non-
degeneracy condition for measure (3 :

BeEN, (k) <« / kPdB = 1, / kPdp = co. (1.12)
(0,1) [1,00)

Theorem 1.1. Let § € N, (k) and functions w, and W, be positive and continuous
on Ry, w,(4+0) =0. Then there exists co = co (p, ¢, @) € [1,00) such that

051 (qu + qu) < Hq, (Bu) < ¢ (qu + qu) . (1.13)
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1.3. Now, we present the corresponding results concerning Hom (A,) (see (1.1)-
(1.3)). To this end we denote

1/p
wp (t) = /mpdﬁ , > 0; @(T,t):/md,u, T <t (1.14)
(t,00) (r.t]
1
VO (1) = sup [@ T,t) — , pe(0,1]; 1.15
O = s [0 =] peu (115
1/p
VO () — v 1] ,
(1) = o (7, 1)d | —; , op>1; (1.16)
wp (1)
(0,%)
1/q
Wy (1) = /dW D G (T) =" (aw, (1)), TE R, (1.17)

Here o € (0,1) is fixed; & ! is the right-continuous inverse function for the (decreasing)
continuous function w,. Obviously, 7 < ¢, (7). Now, we introduce

1/q

1
0 .
Ey) = sup / U(r,t)dy (t) | = , p<gq (1.18)

TER Wp (7)

(Ts5a(7)]

1/s

BO = / /(I)q(T,t)dy(t) dL_}l(T)] Cp>a (1.19)

FQ = sup VO ()W, (1], p<q, (1.20)

teR4

1/s

F;?{R/ VO 0 (=W @)y p>a (1.21)

Now, the non-degeneracy condition on measure 3 is the following:
BeN,(m) & / mPdf3 = oo, / mPdf3 = 1. (1.22)
(0,1] (1,00)

Theorem 1.2. Let 3 € N, (m) and functions &, and W, be positive and continuous
on Ry, w,(+00)=0. Then for ¢y € [1,00) from Theorem 1.1,

ot (B + FO) < Hon (A,) < ¢ (B + ED). (1.23)
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Remark 1. Let p < ¢ in Theorems 1.1 and 1.2. Then, we can change definitions

(1.8) and (1.18). Namely, the estimates (1.13) and (1.23) with a certain constants

co,c1; ¢ =¢(p,q) €[l,00), i=0,1, remain true if we replace E,, in (1.13) or EY

in (1.23), respectively, by

1/q
. 1
E, = su W9 (t,7)dvy(t , < q; 1.24
wes || [ wenan| Sl oe<e 02)
(0,7)
or by
1/q
. 1
EO = gy /<I>q T, t)dvy (t . p<uq. 1.25
Wl a0 | | P (1.25)

2 Some equivalent criteria and particular cases
2.1 Some particular cases of Theorems 1.1 and 1.2 are of spe-
cial interest

Proposition 2.1. Let § € N, (k) and function w, be positive and continuous on
R+, u)p <+0) = 0
1. If Vyow,t € Ay that is, for a = o= % with o € (0,1) from (1.7)-(1.9),

D, = sup [V, (w, " (1)) /V} (w, ! (at))] < oo, (2.1)

teR:
then there exists ¢ = ¢ (p,q,a) € [1,00) such that
c_leq < Hg, (By) < cFy. (2.2)
2. If for a = a3 with a € (0,1) from (1.7)-(1.9)

b, = inf [W, (w, ' (at)) /W, (w, ' (1)] > 1, (2.3)

teR4
then there exists ¢; = ¢1 (p,q, ) € [1,00) such that
¢1' Epg < Ho, (By,) < c1 By (2.4)

Now, we formulate corresponding result for Hom (A,,).
Proposition 2.2. Let 8 € N,(m) and function @, be positive and continuous on
R., @, (4+00)=0.

1. 1f v© 0w, € Ay, that is, for a = a~'/* with a € (0,1) from (1.17)-(1.19),

D, = sup [V(O) (@,! (t))/‘/;)(o) (@, (at))] < oo, (2.5)

p
teR4+
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then there exists ¢ = ¢ (p,q,«) € [1,00) such that

¢'FO < Hom (A,) < cEWD. (2.6)

P
2. If for a =a '3 with a € (0,1) from (1.17)-(1.19),

b0, = inf [W, (o, (at)) /W, (@," ()] > 1, (2.7)

teERL
then there exists ¢; = ¢1 (p,q, ) € [1,00) such that
¢ 'EQ) < Hom (A,) < cEY. (2.8)

Remark 2. It is easy to see that if (2.1) holds for a given a = a~*/% > 1 then it holds
for each a > 1, and (2.2) remains true with ¢ = ¢(p,q, @, a) € [1,00). Similar remark
is relative to (2.5), and (2.6).

2.2. Here we present several special cases where the criterion of the boundedness for
Hg, (B,) is obtained by application of some other approaches. Corresponding proofs
are given in Section 3. Also, we show there that these equivalent descriptions may be
obtained from the approaches developed in this paper.

Proposition 2.3. Under notation (1.1)-(1.7), (1.24) let 0 < p < min{1,q}. Then,

1/q
1

wp (7)

Hoy (B,) =By = swp || [ wtr)av (o) (2.9)

TERL )
\T

Proposition 2.4. Let the hypotheses of Theorem 1.1 be fulfilled with p > q = 1 .
Then,

/
P’ 1/p

ity ()| (—d|—t | (2.10)
wp ()

Ry \ (07)

I

HQk (BH)

3 Proofs of Propositions 2.1-2.4

3.1 Proof of Proposition 2.1.

1. First, we prove Part 1 of Proposition 2.1.
All the hypotheses of Theorem 1.1 are fulfilled, and we have assertions [9; (5.6) —
(5.8)]. For

Hﬂl (B/J,kup7 q, ﬁk;m ’Y)

we can apply [9; Theorem 2.1], so that

HQ1 (Buk;p7 q, ﬁkpa ’7) = E]?q (17 6kp7 7, Mk) + qu (17 516;07 7, Mk) ) (31)
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where

Ez())q (laﬁkpa’yvluk) = Za—ns /\Ijq (1 ,u]g,t )\n—f—l d’y

n A,

qu (176]€p7/y7:uk‘) Sup[ ( 5kp7//¢k7 )W v ) p

1/s
pq (1 ﬁkp77 ,uk {ZV 1 kaa,ulm ) [qu (77 >\n) - qu (77 )\nl)]} )

for p > ¢. Here A, is determined by [9; (2.2)] with w, () = w, (1, Bip; t) = w, (K, 55 1),
thus A, = w, " (k, 0;a"). Note that (2.1) coincides with [9; (3.16)], and we can apply
|9; Proposition 3.7]. Then,

qu (1’ 6’“?7 e :uk) < G’DGFP(] (1? ﬁkp; e :uk) )

and we obtain

Hﬂl (Buk;pa q, ﬁkpy /7) = qu (17 5kp7 v /Lk) = qu (L ﬁkpa e ,uk:)
(the last assertion follows from [9; (4.12))]. Together with [|9; (5.6) — (5.8)] it implies

Hﬂk (Bu7p7q7677> = qu (k76777ﬂ)7

thus proving the first part of Proposition 2.1.

2. Now, we prove Part 2 of Proposition 2.1.

As before, we have assertions [9; (5.6)] and (3.1). Thus, our aim is to estimate
Ho, (B,,;p: 4, Brp, 7). Note that (2.3) coincides with [9; (3.25)], so that [9; Proposition
3.9] is applicable here. Then, according to [9; (3.26)],

Fog (1, Bips s 1) < Epg (1, By 7 i) - (3.2)
Together with [9; (3.3)], it gives
Hﬂl ( s Py 4 ﬁkp? ) - pq (17ﬁkp777:u’k> . (33)

Now, we apply estimate [9; (4.5)] for p < ¢, or the first estimate from [9; (4.11)] for
p > ¢ and obtain

Epq (1, Brp, ¥, 1) < 1Epq (1, Brp, v, 1) - (3-4)
From the other side, [9; (4.4)] for p < ¢, or the second estimate from [9; (4.11)] for
p > g imply
Pq (17 ﬂkpa e ,uk) < Co [E;z())q (17 ﬁkpa 7, /,Lk) + qu (17 kaa 7, ,uk) .
It is obvious from definitions [9; (3.1)], and [9; (2.5)] that

EI?(] (1’ ﬁkl” e ,Ltk) < qu (]-7 616})7 7> luk) .
This inequality together with (3.2), yield the reverse estimate in (3.4), so that

qu (Lﬁkpa'y’:uk) = qu (1aﬁkp77>ﬂk) . (35)
We insert this estimate in (3.3) and obtain
Hﬂl (Buk§p7Qu6kp77) = qu (]‘7ﬁkp7’y:,uk> . (36)

Now, assertions [9; (5.6)] and [9; (5.7)] imply (2.4) O
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3.2 Proof of Proposition 2.2.

49

Here, we use approach developed in |9; Section 5.2] for reduction of Proposition 2.2 to

Proposition 2.1.

1. First, we show that (2.5) coincides with (2.1) for k (t) = m (¢7') , and measures

3, and ji. Indeed, we see from [9; (5.23)] that
w, (k,B;T) A G (k,B;t) — 1o, (1)
Now, [9; (5.25)] implies,
Vo (w,t (B 5it)) = Vo (1,1 () = VO (3, (1), L€ Ry,

so that,

ACHGED) Bl 0)) _
D= Vi (it (k. sa)) :EﬁQ@@¢@m>

Thus, the first Part of Proposition 2.1 is applicable here, and
Ho, (Biip0.0,7) = Fyy (k. 5.7, 71)
Moreover, we have equalities [9; (5.21)] and [9; (5.27)], so that
Har (430,0,8,7) = Ho, (Buip a.8.7) . Foo (K8,7,72) = F9).

and (2.6) follows.
2. Similarly, (3.7) and [9; (5.26)| imply

W, (wp_l (k,@;t)) =W, (1/@," () = Wy (@, (), te Ry,

and

teRy Wq (W;1 (k, B; t)) teRy

Therefore, (2.7) coincides with (2.3), and by Part 2 of Proposition 2.1,
HQk. (B[up7q7575/> = qu (ka Naiaﬁ) .

Now, we apply (2.5) and [9; (5.31)] and obtain (2.8). Proposition 2.2 is proved

(3.7)
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3.3 Proof of Proposition 2.3.

Under the hypotheses of Proposition 2.3, i.e., for 0 < p < min {1, ¢}, we can apply the
results of paper [2; Theorem 3| showing that sup ... in (1.1) is achieved on the family

e,
of functions {f;} .y, C %, where
£, (6) = k(1) xom (1) £ € R (3.5)
Therefore, see also (1.24),
[ 1/q ~1/p
Hoy (B) =swp || [ (Busan| | [ gras
T>
|\ Ry Ry
i q 1/q “1/p
= sug / / kxomdp | dy(t) /X(Oﬁ)l{pdﬁ = E,,.
T>
Ry [t,00) Ry

Remark 3. Let us show that the equivalent description follows from the results of
Section 1.

Let the hypotheses of Theorem 1.1 be fulfilled. Then, for 0 < p < min {1, g} we
obtain from Remark 1,

Hg, (Bu) = qua (3-9)
which corresponds to (2.9). Indeed, according to Remark 1,
Hg, (Bu> = qu + Fq, (3-10)
where F,, is determined by (1.10) with V}, from (1.5). It means that

1/q

F,, = sup sup vt7) W, (t) = sup sup VU (¢,7) / dv (€)

teRy T€(t,00) Wp <T> TERy Wp (T) te(0,7) 68
it

1/q

< sup —— sup /WQWMO < B,

TERy Wp (T) te(0,7)

Consequently, (3.10) implies (3.9).
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3.4 Proof of Proposition 2.4.

We apply equality [9; (5.6)] with ¢ = 1, and obtain by the change of the order of
integration

Ho, (BM>:?S£)1 / / fhdp | dy (t ( / fpkpdﬁ) o —

Ry [t,00)

-1/p
= sup R{ For© | [ar|due (R/ fpkpcw) =Gy (3.11)

(0]

Now, we denote

By () = k7 (€) B (€) . dro (€) = & (€) / dy | due)., (3.12)
(0,¢]

-1/p
Go = sup / Jdvo ( / fpdﬂo)
feh
R Ry

To estimate Gy we apply one result from [8; Theorem 1.1 in corresponding notations,
and obtain

so that,

1/p’ /v
Go = / / d d|—2 (3.13)
0 — Yo C(Jp/ (7_) . .
Ry (0,7)
Here,
1/p 1/p
w(r) = / d Sy = / kPds =w, (1),
(0,7) (0,7)
/ dryo = / dv) dp (& / kdp | dv (1),
(0,7) 0,7) (0.€] 07) \I[t:7)
so that,
/ dyy = U (t,7)dy(t
(0,7) (0,7)
These assertions show that,
1/p' /v

Ho, (B,) = Aq = / / U (t,7) dv (1) (—d[wﬂ;]) o (314)
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This completes the proof of Proposition 2.4 [l

3.5 Direct proof of estimate (3.14).

Below, we present the direct proof of assertion (3.14) without application of the result
from [8]. This illustrates the correspondence of the results given here to ones obtained
by applying of some other approaches.

So, let the hypotheses of Theorem 1.1 be fulfilled with p > ¢ = 1. Then, we apply
the equality [9; (5.6)], assertions [9; (2.8)], and [9; (3.45)], and obtain

Ho, (B,) = Ha, (Bp;p: 1, Bip,v) = E;?l + Fpl = E;?l + fplv (3.15)
where Egl, and f,; are determined by [9; (2.5)] and [9; (3.43)] withp > ¢=1,5s =0 =
p’, so that

I 1/p’
By =33 o [wit ) d , (3.16)

m Ao

1/p'
&z{ZEZWQMaﬂﬂW?wmwﬁunﬂ}

n m2>n

1/p'
- {Z [ (An)a ™" S [W{" (An) =W (An—l)]}

Now, our aim is to prove that . 3
Ay = E) + [ (3.18)

Let us take into account the increase of the non-negative function
o= [wena.
(0,7)

Then, we can apply the discretisation procedure [9; (2.2)—(2.4)| for Ay in (3.14), and
obtain, by analogy with [9; Proposition 2.2,

P VP
1/p'
Ay {Z R (Am)} =y am / W (L, M) dy . (3.19)
" " (0.Am)
Let us show that
/ U () dy = L + I (3.20)

(0,Am)
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where
In=>_ /\I/(t,/\lﬂ)d% (3.21)
lgm—lAl
m—1
=3 | o] e (322)
i<m—2 \ A, j=1+1
Indeed,
[ vernb= [ vergas Y [vead
(07/\7771) Amfl lgmiQAl
= [ veandrs 3 [veands 3 v0m) [@
A1 lﬁm—QAl I<m—2 A,
m—1
= Im + Z (Z \IJ()‘j7)‘j+1)>/d’7:m+Jm-
I<m—2 \j=I+1 A,

Now, we change the order of summation in (3.22) and obtain,

= e Y [ar= 3 w0y [ =3 vonwioy. 62

j<m—1 ISG-13, j<m—1 03) j<m—1

From (3.20), (3.21), and (3.23), we see that
/ V(A= S B = /qf (Ede) dy+0 ()W (). (3.24)
(0,Mm) tlsm—1 A
We substitute this equality in (3.19), and obtain by applying of [9; Proposition 2.3],

1/p'

P 1/p'
Ay = Za—mp’ ( Z ﬁl> = {Z a~ ' 5;1} =

m I<m—1 m

From here, from (3.24), (3.16), and (3.17), it follows (3.18).
Assertions (3.18), and (3.15) give (3.14) O
4 The case of degeneracy for measure (3

Here, we consider the case of degeneracy, when the condition § € N, (k) (1.12) is
violated. The essentially non-trivial situation appears in the following case (see (1.4))

wp (1) =1 < wp (00) < 0. (4.1)
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We preserve here the notations of Section 1 and introduce also

1/q
1
cw=sw || [ wEnno p<a (42)
r€(0,1] wy (7)
[€a(T),7)
s/q 1/s
1
€pg = / / W (¢, 7)dy(t) <—d L}S (7_)]> ., p>gq, (4.3)
0,1]  \ [fa(r),7)
fa= s [V, (0W,(1)], p<a (44)
te(0,1)
1/s
fra = Vo dw; 0]y o p>a (4.5)
(0,1)
where for ¢t € (0,1),
U (t,7)
Vt—sup{ 71,1960,1; 4.6
R A en . A (16
1/p
V,(t) = /\pr/(tT)(—d{ ! }) o op>1 14—1—1 (4.7)
p ) wgl (7’) 3 y D p/ . .

(t.1]

For t > 1 we assume that V, () = 0.
Theorem 4.1. Under the hypotheses of Theorem 1.1, let the condition (1.12) be
replaced by (4.1). Then, the following assertions hold

Hgq, (Bu> = epg + fpg T Dpgs (4.8)
HQk (Bu) = qu + qu + quv (4-9)

where y

q

1
D, = W (¢ dy (t . 4.10
"= o] R/ (t,00) d (1) (4.10)
+

Remark 4. The structure of the answers in (4.8) and in (4.9) is the same, but in e,
and in f,, only the values of functional parameters on (0, 1] are involved.

Remark 5. Analogously to Remark 1, if p < q in Theorem 4.1, we can replace the
answer (4.9) by the following equivalent one:

HQk (Bu) = qu + quv

with B,y from (1.24).
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Indeed, inequality [9; (4.2)] holds without assumption 3 € N, (k). Together with
(4.9), it gives

HQk (Bu) = qu + HQk (Bu) = qu + qu + qu = qu + qu'
Here, the last assertion follows from the inequality 0 < D, < qu.

Proof. 1. Our first aim is to prove (4.8). Let us note that under assumptions (4.1)

1/p 1/p 1/p
ras | < | [ras] <o ras| L feqn 1y
/ / .
Indeed,
feo=r1©> e ccon: rO<i W@t @)
) k(D)
Therefore
/ f7d8 > (f (1)/k (1)) / kdg = (f (1)/k (1)) (4.13)
(0,1) (0,1)
/ f7dB < (f (1)/k (1)) / KA = (£ (1)/k (1) [ (00) — 1]
[1,00) [1,00)
and
/ fPdp < [wﬁ (oo) — 1} / frdg.
[1,00) (0,1)
Consequently,
/ﬁw /7%% /ﬂw %()/f%i
Ry (0,1) [1,00) (0,1)

which gives (4.11). Now, (4.11) implies
—1/p

Ho, (B,) = I = sup L/@Jﬁh (/PM | (4.14)

FeQy
R, (0,1)

The denominator in H is independent of values of f (£) for &€ > 1. It means that sup ...
FeQ

is achieved on the most function fy € € which has the same values as f for £ € (0, 1),
namely on

fo€) =18, €€(0,1); fo(§)=777k(8),6=>1
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(see (4.12)). Therefore,

H = Hyg) + H), (4.15)

where g y

—1/p
Ho=sw || [ | [fa| av| | [ras| | @

feQ
(0,1) \ [t,1) (0,1)

q 1/q

/ /kdu dfy—i—/ /kdu dry . (4.17)
0,1) 1,00) [1,00) [t,00)

In (4.17) it was taken into account that

-1/p -1/p

sup (1) / #7dp IO /k”dﬁ =1,

FeQy 1
(0,1) (0,1)

because of (4.13). Now, (4.17) implies

1/q 1/q
Hy = / (1, 00) dy + / Ul (t,00)dy| < /\I/q (t,o0)dy | . (4.18)
(0,1) [1,00) R
Estimates (4.14), (4.15), and (4.18) show that
Ho, (By) + Dpg = Ho) + Hg) + Dyg = Hig) + Dy (4.19)

Let us note that £ € €, so that

1/q 1/q
[ (BLk)" d’y) ( Rf U (¢, 00) dfy)

Ry

}¥Qk(lgﬂ);z (

T = (59 = D,,. (4.20)
[ krdp
Ry
Therefore, from (4.19) we obtain,
Ho, (By) = Ho) + Dyq- (4.21)

Now, our aim is to estimate H) (4.16). We define measure 3; € N, (k) (see (1.12))
such that (1 (e) = [ (e) for each Borel set e C (0,1) and consider

=1/p

H(l):;;i / / fdu | dy / frds : (4.22)
Ry

(0,1) \ [t,1)
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Note that the numerator in (4.22) is independent of values of f (£) for £ > 1. It means

that sup ... is achieved in (4.22) on the smallest function f; € €} which has the same
feQy
values as f for £ € (0,1), namely on

fi@€) =18, €€(0,1); f(§) =061 (4.23)
Therefore, Hqy = H(py. From the other side, we see from (4.22) that
q 1/q —1/p
Hy) = sup / / fduy | dy /fpdﬁl , (4.24)
e,
Ry [t,00) Ry

where measure (i is extension by zero of measure p from (0,1) on Ry, i.e.,
w1 (e) = u(en(0,1)) for each Borel set e C R,. Thus, we have

Hq, (B#) = H(l) + Dy, (4.25)

with H ;) determined by (4.24), where measure #; € N, (k). It means that Theorem
1.1 is applicable for H(;), and we have

Huy = B + Fy),

pq

where E}(,}I) and Flg(}) are determined by formulas (1.4)-(1.11) with 5 and p replaced by
£y and p;. Thus,
Ho, (B,) = E\) + F)) + Dy, (4.26)

Let us describe explicitly the quantities E,g},) and Fp(;). We denote

1/p
Wp1 (t) = / k?pdﬂl y t e R+7
(0,t)
so that
wpr (t) =w, (1), t€(0,1].
Further,
U(t,r), 0<t<Tt<I;
\Ifl(t,r):/kdm: U(t1), O<t<l<r (4.27)
(tr) 0, t=>1
Then, for p < ¢
1/q
EW = gy / Wl (t,7)dy(t e +e 4.28
Pq TER% 1 ( ) 7( ) Wp1 (7_) Pq Pq ( )
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where e, was defined in (4.2), and

1/q
1 q
| < [resn

[€a(7),7) Ry

Go=sw || [ Wt

T>1

1/q

Here we take into account that w,; (7) > wp (1) = 1 for 7 > 1. Simultaneously, for

P>4q

s/ 1/s

EY = / / W (t,7)dy (1) (—d {WZII(T)]) = epg + €y

Ry \ [fa(m))7)

where e,, was defined in (4.3), and

s/q 1/s
o, = (1 Z) [ga(/m W (4,7 dy (1) <_d[wgll(r)D
1/q 1/s
<| [weeanw | / (‘d Lzllm])

Ry (1700)

- / W (1, 00) d ()

Ry
(recall that wy; (1) = 1,w,; (00) = 00). Consequently, for all p,q > 0,

1) ~ / /
E) e, +el, 0<e, <w,(00) Dy

It means that,
Ez(nlz) + Dpg = €pg + Dyg-

Now, we estimate

FD) = sup [V )W, (1], p<gq
t€R+

1/s
Fy) = /Vpsl (t)d [W; ()] , P>q.
Ry

Here,
Vpr (1) = sup (V1 (t,7)/wp (7)), pe€(0,1],

T€E(t,00)

(4.29)

1/q

(4.30)

(4.31)

(4.32)

(4.33)
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1/p'

Vo (t) = / o (¢, 7) (—d [wpll(T)]> ;op>1, ]1—) + % =1 (4.34)

(t,00)

We see from (4.27) that V,,; (t) = 0,¢ > 1. It means that

Vi () 2V, () +V, (t), t€ Ry, (4.35)
with V,, (t) from (4.6) or (4.7), and for t > 1 we have V,, (t) = 0 ; for t € (0,1) we have
= \Ill (t, T) 1
V,(t) = sup <V (t,00 =V (t,o0), pe(0,1],
PO B ) SV T hedh pe
or
1/p’
- / 1
o] [ tin(f )
[1.00) wpl (T>
1/p
1
<viteoy [ (-] — (o) p 1.
%131 (1)
[1,00)
We see that always )
0<V,(t) <V (t,oo), teR,. (4.36)
Now, we substitute (4.35) in (4.31) and in (4.32), and obtain
Fyy) = fog+ fpg (4.37)
with f,, from (4.4)-(4.5), and
foq = SUD [‘712 (1) W, (t)} , PG (4.38)
teRL
1/s
Foa = / Vyodwe e . op>a (4.39)

Ry

where V,, satisfies inequality (4.36). Our nearest aim is to show that (4.36) implies the
estimate

0< f;q < Cpgwp (00) Dy (4.40)
For p < ¢ we substitute (4.36) in (4.38) and obtain taking into account the decrease of
U (t,00) and equality (1.7):

1/q 1/q

fi, < sup | W (¢, 00) / dy < sup / (€, 00) dv (§)
teERy teER4
(0,t) (0,%)

= Wy (00) Dy
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This gives (4.40) for p < ¢ with ¢, = 1. If p > ¢, we substitute (4.36) in (4.39) and
obtain

1/s
fra < /\IJ (t,00)d [W7 (1)) : (4.41)
Ry
The decrease of ¥ (¢, 00) yields the following estimate
1/s 1/q
/\IIS (t,00)d [W7 (1)) < c(s,q) /\Ifq (t,00)d [WI(t)] . (4.42)
Ry Ry
Here s = pq/(p — q) > q. Now, (4.41), (4.42), and (1.7) imply
1/q 1/q
fusetal [ViesdWie)y =csal [V
Ry Ry

which gives (4.40) with ¢,, = ¢ (s, q).
Further, (4.40) and (4.37) imply

Fzgql) + Dypg = fpg + Dpg- (4.43)

Finally, by (4.26), (4.30) and (4.43) we have (4.8)
2. Now, to prove (4.9) it suffices to show that

Epg + Fpq + Dypg = epq + fpg + Dy (4.44)

The arguments are similar to ones given at the stepl. For p < ¢ we have from (1.8)
and (4.2)

Epq = max {€yq, €0, } | (4.45)
where
1/q
en. = sup / W (¢, 7)dy(t) ! : (4.46)
ST wp (7)
[a(T),7)
and
1/q
1
0< ey, < /\Ifq (t,00) dy (1) sup [ ] = w, (00) Dy, (4.47)
P ™>1 [Wp (7_)
+

because w, (1) T, w, (1) = 1. For p > ¢ we have from (1.9) and (4.3)

E,, = {e;q + (e” )5}1/5 >~ ey + € (4.48)

pq pg’

where

€y = / / W (t,7)dy (t) (—d[ ! D : (4.49)
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Therefore,
1/q 1/s
" 1
e, < / W (t,00) dy (t) / (—d LZ(T)D < wp (00) Dy,
Ry (1,00)
because
1/s
1/s
[ D] -Gl <
ws (1) wy (1) wp(o0) wp (1)

1700)

These estimates show that for all p,q > 0

Epg + Dpg = epg + Dpq- (4.50)
Now, let us prove that
Fpg+ Dpg = fpg + Dy (4.51)
From (1.5) and (4.6) we see that for p € (0, 1]
V() =max {V, (1), V, ()}, teR,, (4.52)
where W (1, 7)
_ T
V,(t) = sup (—’), 0y = max {1,t}. 4.53
J= s (ZED) s mex(n) (453
Also, from (1.6) and (4.7) it follows that for p > 1
V() =V, (0)+V, (1), teRy, (4.54)
where
1/p'
_ p 1
ACER S IR (—d { . D (455)
wp (7)

0¢,00)

(
recall that V, (t) =0, ¢ >1). For all p > 0 we have the estimate
P

0<V,(t) <VU(t,0), t€R,,
which is established by analogy with (4.36). It means that for all p > 0
V(1) =V, (1) +V, (1), 0< V(1) < U (t00). (4.56)
We substitute this estimate in (1.10) for p < ¢ or in (1.11) for p > ¢, and obtain
Fpg = fog + frg (4.57)
with f,, from (4.4)-(4.5), and

fog=sup [V, OW, ()], p<q (4.58)
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1/s
foa = / sdwe @]y . op>a (4.59)
Ry
Now, inequality
0< f;zlJ/q < Cpg wp (00) Dy (4.60)
follows from (4.58), (4.59), and (4.56) in just the same way as (4.40) follows from (4.38),

(4.39) and from estimate (4.36).
Then, (4.57) and (4.60) imply (4.51). Finally, (4.50), and (4.51) establish (4.44). O
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