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Abstract. In this paper two-weighted inequalities for the Hardy operator and its
dual operator acting from one weighted variable Lebesgue space to another weighted
variable Lebesgue space are proved. In particular, sufficient conditions on the weights
ensuring the validity of two-weighted inequalities of Hardy type are found. Also an
embedding theorem for weighted variable Lebesgue spaces is proved.

1 Introduction

It is known that for constant exponent Lebesgue L,-spaces with 0 < p < 1 the Hardy
inequality is not satisfied for arbitrary non-negative measurable functions, but it is sat-
isfied for non-negative monotone functions. Moreover, in [6] and |7] the sharp constant
in the Hardy-type inequality for non-negative non-increasing functions was found. Re-
cently, in [8] the Hardy-type inequality for usual L,-spaces with 0 < p < 1 is proved
for some spaces of hypodecreasing functions (see also [17]). Therefore the investigation
of the Hardy inequality in variable exponent Lebesgue spaces Ly, for 0 < p(z) < 11is
actual. Note that many investigations are devoted to the problem of boundedness of
the Hardy-type operator in variable exponent Lebesgue spaces Ly, for p(x) > 1 (see,
for example, [2], [3], [9]). But the investigation of the Hardy inequality in variable ex-
ponent Lebesgue space Ly ;) for 0 < p(x) < 1is an open problem. It is well known that
the variable exponent Lebesgue spaces Ly, for p(x) > 1 appeared in the literature for
the first time in [14]|. Further development of this theory was connected with the theory
of modular function space. Somewhat later, a more explicit version of these spaces,
namely modular function spaces, were investigated by many mathematicians (see [13]).
The next step in the investigation of variable exponent spaces was made in [18] and in
[11]. But the variable exponent Lebesgue spaces for 0 < p(z) < 1 are much less studied.
Note that the space Ly, for 0 < p(z) < 1 is not a modular function space. The study
of these spaces has been stimulated by problems in elasticity, fluid dynamics, calculus
of variations and differential equations with non-standard growth conditions (see [15],
[19], [20]). For detailed information about variable exponent Lebesgue space Ly ) for
p(x) > 1 we refer to [10].
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In this paper two-weighted inequalities for the Hardy operator and its dual oper-
ator acting from one weighted variable Lebesgue space to another weighted variable
Lebesgue space are proved. In particular, sufficient conditions on the weights ensuring
the validity of two-weighted inequalities of Hardy type are found.

2 Preliminaries
Let R™ be the n-dimensional Euclidean space of points z = (1, ..., z,) , 2 be a Lebesgue

" 1/2
measurable subset in R", and |z| = Zazf) . Suppose that p is a Lebesgue mea-
=1

surable function on € such that 0 < p < p(x) < P < o0, p = ess infcqp(x),
D = ess Sup,cqp(x), and w is a weight function on Q,ie w is a non-negative, al-
most everywhere (a.e.) positive function on 2. The Lebesgue measure of a set Q will
be denoted by |©].

Definition 2.1. By L, .(2) we denote the set of all measurable functions f on Q
such that

L u(f) = / (If (@) w(2)"™) dz < co.

Note that the expression

p(x)
ey = [l = int § 405 [ (LN gr <4

Q

defines a quasi-norm on Ly, (). Lpw),(Q) is a quasi-Banach space equipped with
this quasi-norm (see [16]).

We note one important property of the spaces Ly, .,(£2). We have (see [16])

min { || £l .00 1f17.0.0) < Tpo(f) < max {[f1 000 I1F1}.0.0) - (2.1)
Theorem 2.1. Let 0 < p < p(z) < q(z) <7< o0 and r(x) = M
- q(z) — p(x)
Then the inequality
1/p
ol < (A4 B+ aullio@) W@l @ @2)
holds for every f € Lgqu)(), g € Lyq)(2), where Q& = {x € Q: p(x) <q(z)},
p(z) q(z) — p(z)
Qy ={zxeQ: plx)=q(x)}, A=sup —=, B= ——— and =
2 { p( ) q( )} x6f12:)1 Q(.T) e, Q([B) ||g||L7‘(-)(Q)

max{||gllz, @ |9l zc@2)}-

Proof. We have

1 lyer@0) < 1711, o 19115ty = 1 xallr, o) N9l2 o
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<110 I iy 91 -

Therefore < Ixeallz @ < 1. By virtue of inequality

Ly (€22)

p(x)
flx)g(x
/ ( (@) g(z)l ar < Ixoslo = Il (23)
Q

112,y 191l 2c02)

fg
||f||Lp(,)(Q) ||g||Loo(Qg)
(2.1)

It is well known that for s > 1 the inequality

a b

; (@) @\
holds, where s’ = —— a, b > 0. We take s = s(z) = q—, a=|—-""— and
S — 1 p .ZU) ||f||Lq(.)(Ql)

q(z) — p(z)

F@lle@l " _p@) (1@l N a@) =) (g )"
Mewron 195 an) = 4@ \ TPl a@  \Tolle,oyam

q(z) r(z)
ca (i@ g e |
171 gy 9l s com

Obviously, 1 < A+ B < 2. Integrating with respect to €2; and Definition 2.1, we get

p(z)
[ (et N
1Ty oz, o

1951

q(z) r(z)
gA/ @l dx+B/ @l Y <At B (2.5)
(PRGN 191z, @)
Ql Q1

Inequalities (2.3) and (2.5) imply that

[ (st S [ (o elote "
o Hf”Lq(-)(Q) HgHL Q) o HfHLq(-)(Q) HgHLT(J(Q)

p(z)
b= _lo@)l . Thus s’ = §'(z) = _a@) and by inequality (2.4) we have
Mol o

r(-)

p(z) p(z)
[ (st o< [ (o) L
||fHLq(-)(Q) ||g”LT(A)(Q) o HfHLq(-)(Ql) ||g||LT(A)(Ql)

Qo
p(z)
+/ |f(2)|lg(z)] dr < A+ B+ ||xoslly_ e -
4 1z, 119l n )
2
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From the last inequality we have

p(z)

1> / |f(x)1|/z|fx()x>| dx
b (A B+ vaullaw) " 1 i@ Il o

p(z)

. / If(x)lll/gp(x)l .
o \ (A4 B+ Ixaullnw) Il ol @
Hence (2.2) follows. L

Let wy and wy be weights functions defined on €). Replacing f by fws and taking
w
g = ZL in Theorem 2.1 we obtain the following corollary.

]
Corollary 2.1. Let 0 < p < p(x) < ¢q(x) <G < oo and r(z) = % Suppose
- q\r) — p\x
that wy and wo are weights functions defined in ) satisfying the condition
= < o0
W2 L.»(©)

Then the inequality

w1

%

1/p
1ty < (A+ B+ Ixeuly o))

[FATSNCE

holds for every [ € Lg(z)w,(€2).

Remark 1. Note that Theorem 2.1 in the case 1 < p < p(z) < q(x) < 7 < o0 was
proved in [10] (see [10], Lemma 3.2.20). If |Qs| = 0, then the constant in [10] is equal
to A+ B. Since (A + B)Y2 < A+ B, then the constant in (2.2) is better than the
constant in [10]. Note that Corollary 2.1 in the case w; = we = 1 and |Q| < oo was
proved in [16]. In the case 1 < p < p(x) < q(z) < G < oo for general measures
Corollary 2.1 was proved in [{] (see, also [10]).

The following Lemmas are known.

Lemma 2.1. [1] Let 1 < p < p(z) < q(y) < G < oo for all x € Q; C R" and

y €y CR™ Ifpe C(8y), then the inequality

<C
Loy (@) D,q

171,00 F{s

Lp(y (1)

1s valid, where

p_p
Cpq = (IIXmHOO il + = 5) (xas oo + [xas llo)s

q = ess infg(z), = ess s;)lpq(x), Ar = {(z,y) €U xQ: p(x) =q(y)}, Ao = x
2 2

Qo \ A1 and C () is the space of continuous functions in Qq and f: Qy X Qs — R is

any measurable function such that ||| f[|L, . @)L, @) < o0
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Lemma 2.2. [6] Let 0 < s < 1, —00 < a < b < o0 and [ be a non-negative and
non-increasing function defined on (a,b). Then

/bf(:v)dx <s/fS —a)* d.

Lemma 2.3. [6] Let 0 < s < 1, —00o < a < b < oo and [ be a non-negative and
non-decreasing function defined on (a,b). Then

/bf(x) dx 8 <s /be(x) (b—z)* " da.

3 Main results

We consider the classical Hardy operator and its dual operator defined as

/f tydt, Hf 7%

where f is a non-negative function on (0, c0).

Lemma 3.1. Let 0 < p < p, <P < 1, pp > puy1 and {x,},5, be any non-negative
sequence of real numbers such that xbr > bt for any no€ N.

Then »
(Z xnp> < Zxﬁ” [nPr — (n—1)P"] < Zxﬂ" (3.1)
n=1 n=1 n=1

Proof. First we prove that

(Z xpm> < Zxﬁ" [nPr — (n —1)P]. (3.2)

1+8)7 -1
We consider the function h(t) = %

. ¢[1—-(1+6)"]
vious that A'(t) = prm,

monotonically increases on the segment [0, B]. Therefore h(t) < h(B), i.e

, where ¢ > 0 and 0 < ¢ < 1. It is ob-

>0 for all ¢ > 0. In particular, the function h

1+t <1+t [(B'+1)"=B7] for any 0<t<B. (3.3)
r1
Since z§' > a5?, then xo < 272. Therefore taking t = x—fl, B =1 and q = py in (3.3),
we have

P1 D2
(xfg + 1’2) <t + a2 (2 —1). (3.4)
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It is obvious that inequality (3.4) is inequality (3.2) for m = 2. By the assumptions of
pL
p. P

Lemma 2.1 py > ps, and so 2P < 2P2. Since x5 < # by (3.3) for t = plx—BQ,

xlpli _|_ $2P3

1
B = 3 and ¢ = p3 and (3.4), we get

Pl P2 b3 P1 P2\ P3
(xf3 + x3? +x3) < (:cf‘”’ +x§3) + 25 (3P — 2P3)

<t ah? (2P — 1) 4+ 2k (37 — 2P3) < o' + 2 (272 — 1) + 28 (3P — 2P9).
The last inequality is (3.1) for m = 3. Clearly

p1 b2 Pm
Pm+1 Pm+1 Pm+1
o™ T e F g > (M D)X

Hence
_P1 _P2 Pm
R R A
Tm+1 S .
m
Therefore taking
Tm+1 1
= P1 P2 pmaB:Eaqu:pm+1

P p p
xlm-!—l + x2m+1 + . + xmm+1

m—+1 P Pm+1 m P Pm+1
P 1 p 1
E Tyt = g " m41

n=1 n=1

in (3.3), we have

Pn

m Pm+1
< (Z ) b (m - e — ]
n=1

m
< Dol I = (= )+ e [+ 1 =]
n=1

m+1

= Z abr [nPr — (n — 1)P].

By the induction principle inequality (3.2) is proved for any m € N.
Since the sequence {p,},, is decreasing, then lim p, = p. Therefore passing to

the limit as m — oo in (3.2) we have the left part of inequality (3.1). By using the

inequality nPr < (n — 1)P» 4+ 1, we have the right part of inequality (3.1). O
p
~Zpn — k2 p+1
Example 3.1. Let z,, = n Ze, forn=k and p < =——.
P { 0, for n # k2, P 2
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It is obvious that the sequence {aP} ., is not monotone and
o n
p? _ Pn Pn pn_l pn_l
Zmn —Zk—+oo On the other hand, n’"—(n—1)" ~p,n ~n

as n — oo. Therefore

oo o0 o
E xﬁn [np7L _ n _ 1 pn E ijn npn E k/:_B"‘Q Pr—2 S § ka2 17_8_2
n=1 k=1 k=1

i : - 2p—p—2 p +1
It is well known that the series Z kE=P7P™% converges if and only if p < =—— 5 . Thus
k=1

1
forp < = inequality (3.1) does not hold.

The example shows that the condition of monotonicity of the sequence {x?} ., is
essential. -

Remark 2. Note that Lemma 3.1 in the case py = ps = ... =p, = ... = p = const
was proved in [6]. The idea of proving Lemma 3.1 is taken from [6].
_ pp(x)
Theorem 3.1. Let z € (0,00), 0 < p < p(z) <qz) <g<1,r(z)= o) —p and f
- p\x)—p

be a non-negative and non-increasing function defined on (0, 00). Suppose that wy and
wq are weight functions defined on (0, 00).
Then for any f € Ly, w, (0, 00) the inequality

?HLQ(,)(t,oo)

\'ﬁ\*—‘

|| f”Lq() w2 p dp Wy ||f||Lp(»),w1(0700)
LT.(4)(U,OO)
holds, where
1 1
i =( I0t0 o0 + a0 +2 (= 2 ) J (ISt HXS: 00

P—p Ve
~ (e € 0.00)s o) =g}, 2= 00cNSwanddy = (147 Lt halom)

Proof. Taking a =0, b = x, s = p and applying Lemma 2.2, we have

I, oy = 2B S 0y = / (0

3(0,00)

T 1/p
512% @ /fp(t)tp—l dt
0

Lq(4)(0,oo)
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Now applying Lemma 2.1, we get

x 1/p
/ fE(t) et dt
0 Lq(4)(0,oo)
[e) » 1/8
wolz) [~
[ 2O 0 |22] o
0 a(-)(0,00)
00 » 1/p
x
D
1/p
i p
<t | [ [0x0n0 22 e i
x
1P
_ wa(x
:Cp,q /fp(t) tB 1 X(O z)(t) |: 2< ) dt
z L 4.y (0,00)
0 20 A
P
0 1/p
/ o) ! dt|  =c,, | FE7 |22 .
Ly(.)(t,00) ’ T WLg(y ) 1, (0,00)
0 2V
Finally, applying Corollary 2.1, we get
L Al P
Hftl/p ’_2‘ <d, a() (& 1AWy, 0y 0,000
L M Lg()(t,00) Lp(0,00) wi
LT(.>(0,oo)
Thus
o 2|
1 z Ly (t,00)
H f||Lq() w2 < pg dP W . ||f||Lp(.),w1(0700)’
Ly (1)(0,00)
O
x
Theorem 3.2. Let 0 < p < p(z) < q(x) < g <1, r(z) = pp(7)

p(x) —p

and f be a non-

negative and non-decreasing function defined on (0,1). Suppose that wy and wy are

weight functions defined on (0,1).
Then for any f € Ly, (0,1) the inequality

1 (z — )7 wy 1
L fllz, ) 00 S PP Cragdp ||| 11l

Lq<.>(t,1) 1

Lr()(ovl)
holds, where c,, and d, are the constants in Theorem 3.1

(3.5)

e (0,1)
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Proof. Taking a =0, b = x, s = p and applying Lemma 2.3, we have

w2
M o = sl o = |2 [ 7ttt
0

Lg5(0,1)
1/p
S(p 1/p w2 /fp pldt .
Ly(5(0,1)
Now applying Lemma 2.1, we get
1/p
/fp p Lt
Ly(y(0,1)
1 1/p
[ [ 20 vono |22 @ e
0 2 (0,1)
1 1/p
- /fp(t) X(0.2)(t) {wix)} (z —t)etdt
0 #(0,1)

1/p
( () {“’Qix)r (x — ) o dt

1/p
x — )7 .
/ 70 o ® [0 o) @
) L%(O,l)
1 1/p
)1/p P
/ W2 dt
0 Lq(.)(t,l)
x— )7
=c ||f %wg
Lay D11 L, (0,1
Finally, applying Corollary 2.1, we get
x — )P
Loy (D 1y (0,1)

<1

13
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(z — )P wy 1
< ‘ il P

Lq(y (1) Ly(5(0,1)

Hence inequality (3.5) follows. O
For the dual operator H* the theorem below is proved analogously.
_ pp()

Theorem 3.3. Let z € (0,00), 0 <p <p(x) <q(z) <7< 1, r(z)= o(2) — 7 and f

- p\r)—p

be a non-negative and non-increasing function defined on (0, 00). Suppose that wy and
wo are weight functions defined on (0, 00).
Then for any f € Ly, w, (0, 00) the inequality

=

(t — )P wy 1

T

Lgcy(0,8) %1

1H I, 11l

p
(0,00) < pEepqd (0,00)

q()W2 p(+), wq

Lr(.)(0,00)
holds, where c,, and d, are the constants in Theorem 3.1.

Remark 3. Note that Theorem 3.1, Theorem 3.2 and Theorem 3.4 in the case p(x) =
q(z) = p = const and wy(x) = wa(x) = x“ were proved in [6] with sharp constant in
Hardy inequality (see also [5]). In the case 1 < p(z) < q(z) < G < oo Hardy inequality
is well studied (see [2], [3], [9] and etc.). In the constant exponent case 1 < p < q < o0
for detailed information we refer to [12].

Example 3.2. Let x € (0,00), 0 < p(x) = p = const < 1, q(z) =
{ , forO<zx<l1

forx>1,
1 ) 1 1
0 <=2, 0+#—4 andﬁ+2—|——/<o¢<m1n{—,; 6+4+—/}, where () = oo.
p p p

Then the pair (wy,ws) satisfies the assumptions of Theorem 3.1.

?

DO = =

0<p<q(z)andp = Ll Suppose w (z) = 2%, wo(x) = 2P,
p—

Example 3.3. Let 2 € (0, @), 0 < p <p(x) <qlz) <g<1andp = Ll Sup-
p p—

pose wy(z) = /7

w
_2‘ . Then the condition |||z, 0,00) < 00 guarantees the
X Lq(.)(z,oo)

validity of the assumptions of Theorem 3.1. Note that by Definition 2.1 the condition
1]z, 0,00) < 00 is equivalent to

(o]

pp(z)
/5”(1)” dx < oo,
0

where § € (0,1). Then the pair (wi,ws) satisfies the assumptions of Theorem 3.1.
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