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Abstract. A linear differential operator P(D) with constant coefficients is called
almost hypoelliptic if all derivatives P*)(¢) of the characteristic polynomial P(¢) can
be estimated above via P(£). In this paper we describe the collection of lower order
terms addition of which to an almost hypoelliptic operator P(D) (polynomial P(§))
preserves its almost hypoellipticity and its strength.

1 Introduction

We shall use the following standard notation: N- the set of all natural numbers, Ny =
N U{0}, N = Ny x ... x Np- the set of all n-dimensional multi-indices, R™ - the n-
dimensional Euclidean space. Ry = {¢ € R"; & ---&, # 0}. For £ = (&§,--+ ,&,) € R®
and o = (a1, ...,a) € NI we put || = /& + ...+ &, |a] = a1+ ... + ap, £* =
Lo, DY = DY L.Dgr, where D = a%- (j=1,---.n).
For a linear differential operator with constant coefficients P(D) = > 7, D%, let

P(&) = > 7. &™ be its characteristic polynomial (complete symbol), where the sum

extends over a finite collection of multi-indices (P) = {a € N§, v, # 0}.

Definition 1.1. The least convex polyhedron R = R(P) containing all points a € (P)
is called the Newton or the characteristic polyhedron of an operator P(D) (a
polynomial P(£)).

A polyhedron R with vertices from N§ is called complete (see [19]), if R has a
vertex at the origin and also it has vertices on each coordinate axis.

Let R be a complete polyhedron. A set I' C R is called a face of R, if there exist
a (unit) vector A = (A1,---,A,) and a number d = d(\,I") > 0 such that (\, a) =
(Mag + -+ + Aay,) = d for all points a € T, wile (A\,3) < d for § € R\ I'. The
unit vector A is called an outward normal ( R—normal ) of the face I'. The set of all
R—normals of I' we denote by A(T)-

It is clear, that for a k—dimensional face (0 < k < n —1) of T' of a complete
polyhedron R the set A(T") is an open (n — k)—dimensional cone. Observe, that the
R—normal of (n — 1)—dimensional face is determined uniquely.
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Definition 1.2. A face I' of a complete polyhedron R is called principal, if there exists
A € A(T") with at least one positive coordinate. If in A(I") there exists a A with nonnega-
tive (positive) coordinates, then the face I' we call proper (completely proper) (see
[21], [14] or [17].) A complete polyhedron R is called proper (completely proper)
if all its (n — 1)—dimensional non-coordinate faces are proper (completely proper). A
point « € R is called principal (proper, completely proper) if o belongs to a principal
(proper, completely proper) face of R.

A monomial £ is called a lower order monomial with respect to the polynomial P,
if 1) o € R(P), 2) « is non-principal point of R(P). A polynomial @ is called a lower
order term with respect to the polynomial P, if every monomial £* with a € (Q) is
a lower order monomial with respect to P.

Definition 1.3. We say that an operator P(D) is more powerful than an operator
Q(D) (apolynomial P(¢) is more powerful than a polynomial (&) ) and write @ < P,
if for some constant C' > 0

Q)| < CIL+|PE)]] V¢ e R™

Definition 1.4. A polynomial P(&) is called almost hypoelliptic if D*P < P for
all a € NJ.

It is well known that one can add any lower order term to an elliptic or semielliptic
polynomial without violating its ellipticity or semiellipticity. However adding some
lower order term to hypoelliptic (by L. Hérmander [16], by L. Garding - B. Malgrange
[8], by V.I. Burenkov [2] - [5], by V.V. Grushin [15] and others ), to hyperbolic (by
I.G. Petrovski 23], or by L. Garding [7], see also [14]) or to almost hypoelliptic (see
[19] or [12]) polynomials can violate their (almost) hypoellipticity or hyperbolicity.

The aim of the paper is finding algebraic conditions on a lower order term @)
with respect to an almost hypoelliptic polynomial P under which the polynomial
P(&) + Q(&) is almost hypoelliptic.

Let ® = R(P) be the Newton polyhedron of a polynomial P(£), and let %7
(¢=1,---,M;;5=0,1,--- ,n—1) be principal faces of R- With each iFBZ we associate
a subpolynomial

PY(€) = ) 1ag™
aG?R{

It is easy to check (see, for instence, [21]) that the polynomial P"/ is A— homo-
geneous (generalized homogeneous) for every vector A € A(R}), that is, there exists a
number d(\), satisfying the conditions

Pie)= 3 % PY(HE) = AWV (g), (1.1)
(na)=d ()

for every t > 0 and for all £ € R, where t’¢ = (tM&;, -+ t*E,)-
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Definition 1.5. A face §Rf (1 <i<M;;0<j<n-—1) of the Newton polyhedron
R = R(P) is called regular or non-degenerate (see [21]) if P"/(£) # 0 for £ € Ry If

P (n°) = 0 for some point 7° € R?, then face R/ is called irregular or degenerate.
A polynomial P is called regular if all its principal faces are regular.

In [22] S.M. Nikolskii showed that if the Newton polyhedron R = R(P) is com-
pletely proper and if for some constant C' > 0

L+|PE)|>C ) [¢] VEeR,

veR

then P is hypoelliptic. In [21] V.P. Mikhailov proved that every regular polynomial
with complete Newton polyhedron R satisfies this inequality.
Applying this fact and Lemma 2 in [21] one can easely prove

Lemma 1.1. If P is a reqular polynomial with a complete Newton polyhedron R and
Q@ is any lower term with respect to P then

a) P<P+Q<P,

b) if the polyhedron R is proper and P is almost hypoelliptic then P+ Q is almost
hypoelliptic.

Therefore it suffices to consider only the case in which the polynomial P isirregular.

2 Almost hypoellipticity of polynomials in terms of powers of
polynomials

Let P be an almost hypoelliptic polynomial with constant (generally complex) coef-
ficients. In this section we obtain some conditions under which the relation @) < P
ensures almost hypoellipticity of the polynomial P + Q-

Lemma 2.1. Let Ry and Ry be A—homogeneous polynomials (A € R") with A—orders
dy > dy such that Ry < Ry- Then

[R2(E)|/1R1(§)] — 0 as [Ry ()] — o0, (2.1)

&

2

[Ro(E)] < C(1+ Ry (] D) vE e R™ (2.2)

Proof. Tt is obvious that (2.2) implies (2.1). To prove (2.2) note that for £ € R" :
Ry1(&) = 0, inequality (2.2) immediately follows by the homogeneity of polynomials R;

and Ry and the condition Ry < Ry- Let Ry(§) #0 and t = |R1(£)|_i then by the
A—homogeneity of polynomials R; and Ry and by the conditon R, < R; we obtain

t2| Ry ()] = [Re(t*)] < C[1+ [Ri(t€)]] = C[1 + M| Ru(€)]] = 2C,

fe. |Ri(6)] % |Ro(€)] < 2C, which proves (2.2). 0



Addition of lower order terms preserving almost hypoellipticity of polynomials 35

Corollary 2.1. Let R(§) be a A—homogeneous polynomial with A—order d = dp,
Q;(&) be A—homogeneous polynomials with A—orders §; (j =0,1,--- M), d > §y >
01> >0n, Q(E) = Qo(§) + -+ Qu(§) and Q < R. Then

[QUDI/IRE — 0 as  [R()] — oo (2.3)

Proof. From the following system of linear algebraic equations with respect to the

{Q;(6)}

Zt%}l QW) t=1,--,M+1

(with a nonzero determinant) we obtain that for some positive constants C7, Cy, Cs

M M
Qi€ |<012\Qt*5 Z 1+ [R(#)]] = Co(1+ D t]|R(E)))
t=1 t=1 t=1

< Gyl1+ [R(©)]] Y€ R, i— 0.1, .
This means that Q; < R (i = 0,1,---, M) and (2.3) follows by Lemma 2.1, O

We denote by I,, the set of all polynomials P(§) = P(&y, -+ ,&,) such that

[P(§)] — o0 as [&] — oo

In [9] and [10] in the case n = 2 there were obtained necessary and sufficient
conditions ensuring that P € Io. In [12]| it is proved that all the solutions of the
equation P(D)u = f, where f and all its derivatives are square integrable with a
certain exponential weight, which are square integrable with the same weight, are also
such that all their derivatives are square integrable with this weight, if and only if
the operator P(D) is almost hypoelliptic. In [13] the existence of a constant kg > 0
is proved such that all solutions of a class of a partially hypoelliptic (with respect to
the hyperplane z” = (zo, ...,x,) = 0 of the space E") (see [16], Definition 11.2.4 and
Theorem 11.1.1 ) equation P(D)u = 0 in the strip Q. = {(z1,2") = (21,29, ..., 2,) €
E™ |z1| < K} are infinitely differentable when x > ko and D% € Lo(£2,) for all
multi-indices @ = (0,a”) = (0, g, ..., ;) in the Newton polyhedron of te operator
P(D).

Theorem 2.1. Let a polynomial P € I, be almost hypoelliptic and Q < P- Denote
by Cy the smallest positive constant for which

Q&) < Co[L +[P(§)]] VE € R

and put A = 1/Cy- Then, for any complex number a such that |a| < A, the polynomial
P+ aQ@ is almost hypoelliptic.
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Proof. Since P € I,, Q < P and |a| < A there exist some positive numbers M and
€ such that

Q) Lo vee R el
~ ol T 1+ gy ) 2 ¢ Ve € R Ie] > (24

On the other hand since P is almost hypoelliptic and ) < P, by Theorem 10.4.3
in [14] we get that for a certain constant C; > 0

DP(§) D*Q(s)
+la

o 1R

Let now v € N} and || > M- Then inequalities (2.4) and (2.5) imply that

|DY[P(E) +a Q]| _ [[D*PE)] + |a| [D*QE)]] _
IP(£)+aQ(£)| - HP( ) = la Q)]

1

7|

|<C) VEeR™ (2.5)

Sl +la
HEGIN
I-lel g [1 t \P(&)ﬂ
which completes the proof. ]

S C’1/57

Example 1. The following example shows that in general in Theorem 2.1 the number
A cannot be replaced by a larger one. Let n = 2, P(§) = (€2 — &2)%+ &+ & + 1,
and Q&) = & + &+ Tt is obvious that Q < P, where A = Cy = 1. By Theorem 2.1
in |17 | P is almost hypoelliptic. By the same theorem P + a @ is almost hypoelliptic
for any @ : —1 < a < 1. On the other hand for a = =1, P(&)+aQ(§) = (§2 —&2)*+1
is not almost hypoelliptic since D@ 9(P 4 aQ)(t,t) = 8t> — oo as t — 0o, whereas
(P +aQ)(t,t) =1 for any t € R"

Lemma 2.2. Let P be an almost hypoelliptic polynomial and P < () < P- Then Q) is
almost hypoelliptic.

Proof. By Lemma 10.4.2 in [16| for any polynomial S(§) = S(&,- - ,&,) there exists
a constant ¢ = ¢(5) > 0 such that

LS < sup | S(E+m) < e SE) VEe R

[n|<1

where S is L. Hérmander’s function, defined by formula

> DS

|v >0

This, together with the assumptions of the lemma, imply that for some positive
constants C; (j =1,---,5)

Q&) < Ci sup | QE+n)| < Co sup [1+] P(E+7)]

[ n<1 [ n|<1

< CyP(§) < Cil1+ | POI] < Cs[1+] Q(&)]] ve € R
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Below the notation ) << P means that

|Q€)/P(E)] — 0 as [¢] — oo

As a complement to Theorem 2.1 we prove the following statement.

Theorem 2.2. Let a polynomial P € I, be almost hypoelliptic and Q << P- Then
for any complex number a the polynomial P + a(Q) is almost hypoelliptic.

Proof. First note that the condition ) << P implies that P + a() < P for any a.
On the other hand, since P € I, and ) << P, for any a # 0 there exist a number
M = M(a) > 0 such that

|Q<£>rsﬁ|P<§>| vEe R €] > M.

Then for all { € R": || > M

[P < [P(E) +aQ(E)] + [al [QIE)] < [P(E) + aQ(E)] + %IP(S)I,

which means that P < P+ a@. Thus P < P+a( < P, hence (see Lemma 2.2) P+ a@)
is almost hypoelliptic. O]

Theorem 2.3. Let Py, P, be A—homogeneous polynomials with real coefficients and
with A—orders dy > dy, {Q;} be A—homogeneous polynomials with real coefficients
and with A—orders {0;} (j =0,1,--- , M) and Q(§) = Qo(§) +--- + Qum(&).

If the polynomial P = Py+ P, € I,, s almost hypoelliptic, dy > 69 > 01 > -+ >
Oy >dy and Q < Py, then

1) Py< P, P<P;

2)P<P+Q<P;

3) the polynomial P+ @ is almost hypoelliptic.

Proof. 1. Since |Py| < |Py|+]|P|, to prove statement 1) it suffices to show that Py < P.
It is proved in [17] that for the polynomial P = Py+ P; € I, with real coefficients
Py(&) > 0(<0) forall € € R and Pi(n) > 0(< 0) forall n € X(F) ={¢:¢ €
Ry, Po(§) = 0}. We can assume that Py(§) > 0 for all £ € R" and Py(n) > 0 for all
1 € X(H).
Let 0 # ¢ € R", we put

6= [ [P, 1y = G/ 60 (= 1)

j

Then |n,A\| = 1 and for t = |£, A we have & = t'n = (tMny,...,t*n,), where
| £, Al = 0 if and only if |£] = 0.

We divide the unit sphere ¥ in R"™ into two classes: ¥ = X' U Y, where Y =
{£: P& >0}, X ={: P(§) <0} and put pg = min{Fy(§);¢ € X"}, p1 =
max{|P(§)|;€ € X"}, po = max{|Py(§)];€§ € X"} The set ¥ is closed, X(Fy) C ¥’
and Py(&§) > 0 for £ € ¥, hence py > 0-

If n €Y then by the definition of ¥’ we have

P(&) = Py(&) +t™ Py(n) > Po(n)- (2.6)
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Let n € X", Since dy > d; there exists a number t;, > 0 such that p; % < %tdo
for all ¢t > ty. Then for t > t, we have

P(&) = ™ Py(n) +t™ Pi(n) > pot® — p, &

Do L4 1 po d 1 po d 1 po
>t = _ =yt > _ =P 9 = = — Py(&)- 2.7
> Bopn = 2By S B gt — S By )
For the points £ € R™ for which t <ty we have
Po(§) < ps = max{Ry(§); A, €] < to}- (2.8)

By (2.6) - (2.8) it follows that Py < P and statement 1) is proved.

2. The right-hand side of statement 2) follows immediately by statement 1). To
prove the left-hand side of statement 2) note that the inequality |P(§)| < C[1+]|P(&)+
Q(&)]], with a positive constant C, is obvious when |P(£)]| is bounded. Therefore it is
required to consider only the case in which |P(§)| is unbounded. In this case by Corol-
lary 2.1 there exists a number ¢; € (0.1) such that |Q(§)] < 1| FPo(€)| for sufficiently
large |P(£)|. Since by proved statement 1) Py < P, this means that |Q(§)] < e|P(€)|
for a number ¢ € (0.1) and for sufficiently large |P(£)|. Then

[P(E)] < [P(§) + QO + QO] < [P(&) + Q)] + £ P(¢)]

and statement 2) follows.

3. To prove statement 3) we need to show that D¥(P+@Q) < P+ (@ for any v € N{J.
By statement 2) P < P+ (@, hence it suffices to show that D"(P+Q) = DYP+D"(Q <
P- The relation DYP < P follows from almost hypoellipticity of P- To prove the
relations D¥() < P for all v € N} we show that Q < P, where Q is L. Hormander’s
function of the polynomial @). By Theorem 10.4.3 in | 16| for this purpose it is suffices
to show that for a constant C; > 0 |Q(€)] < C1P(§) V& € R™ Since the polynomial
P is almost hypoelliptic, this inequality is equivalent to the relation ¢ < P. By the
condition Q < Py of the theorem and by alredy proved statement 1) Py < P, which
completes the proof. O

Remark 1. By Theorem 10.4.3 in [16] one can replace the condition @Q < Py of
Theorem 2.3 by the weaker one: ) < P.

3 Comparison of powers of polynomials

Our purpose in this section is finding conditions under which the polynomial P € I,
with real coefficients is more powerfull than a polynomial (), i.e. for which () < P . First
note that any polynomial P € [, with real coefficients preserves sign for sufficiently
large | £|]- Therefore, without loss of generality, in the sequel we assume that P(£) > 0
for all £ € R™

For A € R" and a A—homogeneous polynomial R({) we set X(R) = {n €
R™%|n| = 1,R(n) = 0} and for a point n € X(R) denote R(n,R) = {v €
Ng, D”R(n) £ 0},
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A(n,R) = A(n,R,\) = min (\,v) (3.1)
ve R(n,R)

Let 3‘%{ (1<i<M;;0<j<n-—1) be a principal face of the complete Newton
polyhedron ® = R(P) of a polynomial P. It is clear that for every vector A € A(R)
there exists a natural number M = M (), ®!) and non-negative numbers d; = d;(\, %)
(=0,1,---, M), such that P can be represented as a sum of non-zero A—homogeneous
polynomials P; with A—degree d;:

NE

PO = BEO=3 Py =3 > & (3.2)

§=0 §=0 7=0 (\a)=d;

where dy > dy > -+ > dy > 0. It is also clear that Py (§) = P"/(&) for every
A€ AR

Let the principal face I' = RF (1 <1 < M;0 < k < n — 1) be irregular and
A € A(T) = A(RF). With the A—homogeneous polynomials Py, 7=01,--- M=
M(A,T) (with the face I' = R} ) we associate the sets X(), P;), R(n, P;) and the
numbers A(n, P;, A), defined by (3.1).

Remark 2. Let an irreqular principal face T = RF (1 <1< Mp;0 <k <n—1) of
a polynomial P € I,,, a vector X\ € A(T') and a point n € Z(P"*) be fived and P be
represented in form (3.2). Since P € I, there exists a number jo = jo(I',\,n) : 0 <
jO < M such that a) IDJO(S) 7& const, b) Pj(n) =0 (] =0, 17"' 7j0_1)7 Pjo(ﬁ) 7é 0-
Thus with any triplet (I'; \,n) we associate a unique number jo = jo(I, A\, n), which
we use in this section.

Similarly to (3.2) for every A € A(T') one can represent a polynomial Q) as the
sum of non-zero A—homogeneous polynomials:

MAQ)

QO = 3 Qi(®)

If Q; <P forall j=0,1,--- ,M(\Q), then it is clear that ) < P.

Therefore in order to simplify the formulations of results it is convenient to agree
that

a) Q is a A—homogeneous polynomial,

b) an irreqular principal face I is (n—1)—dimensional (in the two-dimensional case
only this is possible) with the R—normal X\, which is defined uniquely,

c) jo(I',\,n) =1 for alln € X(T).

A generalized homogeneous polynomial R is called a polynomial with characteristics
of constant multiplicity (see [6] or [24]) if for each 7 € X(R) there exists a neighborhood
U(n), sufficiently smooth generalized homogeneous functions ¢(¢) = ¢q(&,7n), r(§) =
r(§,m) and a natural number m = m(n), which does not depend on ¢ € U(n), such

that q(n) =0, r(n) # 0, gradq(n) # 0 and

R(§) = [q(O]"r(€) V€ U(n): (3.3)
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Remark 3. In the case n = 2, every generalized homogeneous polynomial R is a
polynomaial with characteristics of constant multiplicity, i.e. it has a representation of
form (3.3) in some neighborhood of each n € X(R) (see [ 17], Lemma 2.1). On the
other hand, for n > 3 not every generalized homogeneous polynomial can be represented
in form (3.8). Let n =3, and let R(§) = (§& — &§2)(§a — &) [t is easy to see that this
homogeneous polynomial is not representable in form (3.8) in any neighborhood of the
point n = (1,1,1) € 3(R).

Theorem 3.1. Let | = R(P) be the complete Newton polyhedron of a polynomial
P(&) = P&, - ,&) € I, all principal faces of which are regular except for one prin-
cipal (n —1)—dimensional irreqular face T' = R} Let X be the R—normal of this face,
and let (X, ) = dy be the equation of the (n — 1)—dimensional supporting hyperplane
going through this face. Let Q(&) be a A—homogeneous polynomial of \—degree d :
dy < dg < dp, R(Q) C R(P). Let us represent the polynomial P in form (3.2) with the
above vector \, where Py(n) #0 for all n € X(I') = X(PL 1.

Let Py and @ be polynomials with characteristics of constant multiplicity, i.e. for
each n € X(I') the polynomials Py and Q) can be represented in the form (see (3.3))

Bo(€) = [a(©]" () V&€ Un), (3.4)

Q) = [¢(O]™ ri (&) V€ € Ui(n), (3.5)

where q(§) = q(&,n), r(&) =7r(&n), (&) =ri(&n), aln) =0, r(n) # 0,r(n) # 0,
and if \y > Ao > -+ >\, then D, Py(n) # 0,
Then @ < P if and only if

1) (@) € E(R),
do — i _ A, o)

dQ - dl o AO%Q)

Remark 4. 1) It is obvious that one can assume that Uy(n) = U(n) for all n € A(T),
2) the fact that in the right-hand side of the representations (3.4), (3.5) q1(§) = q(§)

is motivated by condition 1) of this theorem and mentioned above Lemma 2.1 in [17].

2) ¥y € S(By)- (3.6)

Remark 5. Since a A— homogeneous polynomial is o A\— homogeneous for any o > 0
and relation (3.6) holds after replacing X\ by o X\, we can assume that the numbers
A(n, Py) and A(n,Q) are natural and m(n) = A(n, Py), mi(n) = A(n,Q) for all
n € X(F):

Proof of Theorem 3.1. Necessity of 1) is obvious. Indeed, if Q(n ) O or some
point n € X(F) then [P(#*n) | = t4[Pi(n)[[1 + o(1)] and [Q(t*n)| =172 [Q(n)| as
t — oo- Since dg > d; this means that |Q(t*n) |/|P(t*n)| — oo

Necessity of 2). For some point n € 3(Fp) let

d—di _ A, P)
do—di A, Q)

(3.7)
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For 9 = (¥4,---,9,) € R", t >0, and kK > 0 set

Si = t/\i (771 +19it_ﬁ)\i) Z = 1, e, N

Then by Taylor’s formula we have as t — oo
—K —K (e ea «
QE) =t Qn+ 0t~ =" 3 47— DQ(n)

_ tdQ—KA(T],Q) Z 0_6: DQQ(’f}) + 0<tdQ—ch('r},Q)).
Aa)=A1,Q)
Choose # € R™ in such a way that

0
>, gDem#o
N a)=An,Q)

The existence of such a vector § obviously follows the definition of A(n, Q))- Then
for all ¢ > 0 with a constant C; > 0

Q&) > CytPakam Q. (3.8)

For the polynomials P, and P, we obviously have for a constant Cy > 0

| Po(€) | < Cot 4B | P(€)] < Gyt - (3.9)

Obvious geometric arguments show that as t — oo

| P(§) = [Po(§) + Pi(&)]] = o(t™): (3.10)

Choose a number « so that dy—k A(n, Fy) = di < dg—rkA(n, Q), which is possible
by (3.7). Then by (3.9), (3.10) and (3.8) we have that for some constant C5 > 0

| P(€)] < C5t™(1+0(1)) = o] Q) ),

as t — oo, from which it follows that |Q(§) |/| P(§)| — oo ast — oo-

This proves the necessity of condition 2) for @ < P-

To prove the sufficiency we will use the method of V.P. Mikhailov, applied by
him in [21] for study regular polynomials, modified by us and adapted for non-regular
polynomials (see, for instance, [18]).

Suppose, to the contrary, that under the fulfillment of conditions 1) and 2) there
exists a sequence {£°}, such that |£°| — oo as s — oo and

| Q) I/II PE) [+ 1] — oo (3.11)

It can be assumed without loss of generality that all of the coordinates of the vectors
{&°} are positive. Let for s € N

g

=1, . 3.12
lnps (Z ) 7n) ( )
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Then &5 = p) (f’f:p?f; i=1,---,n) and |\ |=1(s=1,2,---)

Since the vectors A* are in the unit sphere, the sequence {\*} has a limit point
A> and by passing to a subsequence we may assume that \* — A* as s — oo. By
the convexity of the polyhedron R it follows that A\*> is an outward normal to one and
only one face of R-

In R™ consider an orthogonal basis el!,el?, ... eb" with el'! = \*®°. Then \* =
Y AT et Morever, since A* — A® = eb!, we have Aj | — 1 and A] ; = o()j ;) for
1=2,3,---,n as s — oo

If at the expense of an admissible choice of a subsequence we have X7 ;A7 eld =
0, for all sufficiently large s, we denote the basis eb! eb2 ... eb™ by el ... em.
Otherwise, by an appropriate choice of a subsequence we have that X7 _,A] el #£0
for all s € N and that as s — oo

n n
SIS e e 1 = 1
=2 =2

In the subspace spanned by eb2 ... e we pass to a new orthogonal basis

e2, ... e»™ with the vector e*? defined above. Then (for n > 3)

1I,n

n

1,1 2 : 2,4

)\S: ‘i71€ + )\3716 Z,
=2

where clearly

3,2 = of il)v gz = of 372)7 =3, ,n, §— 00
Proceeding analogously in the subspace with basis e*3,--- e*™ and so on, we
finally obtain (after modifying the notation ) to an orthogonal basis el,e? ... "

such that

XM=Y N AN o1 A, =0(X) (i=1,-+ ,n—1), s— o0
i=1
Moreover, there exist natural numbers sy and m; (m < n) such that for all s > s
we have \) #0 fori=1,--- ,mand A\ =0 fori =m+1,--- ,n- Without loss of
generality we may assume that sp = 1 and that A\ >0 (i=1,---,m) for all s € N-
To relate the constructed basis with the Newton polyhedron R = R(P) of the
polynomial P, we consider the faces R, RF2 ... ,ER?Z of R, where %fll lies in the

11 ? 22 )
supporting hyperplane of ® with outward normal e! while each face %i T (2<j<m)

either coincides with the face %Z_ﬂj or is a subfece thereof, and in either case §Ri 7 lies
in that predecessor, orthogonal to the supporting hyperplane for whose points « the
quantity (e¢’, ) is largest possible.

It is obvious by the construction of the faces 8%,’;11, %ZQ, e ,%ﬁ’: that their dimen-
sions are subject to the relation ky > ko > -+ > k-

As above, let P's*i be the subpolynomials of P corresponding to the faces %ZJ
(j=1,---,m), and {Q%*7} be subpolynomials defined by the polynomial Q and the
vectors {e/} analogously to the polynomials {P?i-¥i}.
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Compare the behaviour of the P(£%) and Q(£°) as s — oo, i.e. as p;, — oo and

s DIENPSEY
E=p=p"""" (s=1,2)
Since we may select a subsequence, we can assume that for some r (1 <r < m)

pir — o0, p?i“ —b>1 as s— oo (3.13)

(For r = m =n set A, =0 for all s € N and let "™ be an arbitrary unit
vector).

From the convexity of i and their faces and from e/ —homogeneity of polynomials
Piiki and Q's*i we obtain that for an arbitrary multi-index o belonging to all
Riiki (Le. a € Ri™) and for some positive €1, - &,

YT oAT e

P(§7) = pim I[P R (py

s

)+ o(p; )]

s K ; n >\é€ S
— pga, A7 el+)\2 62)[Pz 27k2(p82]:3 j J) i 0(p5—52 )\2)] —

a, X" s ed ’ ntl NS ed s
— pg » D5=127 ])[Pz v kr(pszj=r+1 J J) 4 0(p;€T Ar) ] (314)
For the polynomial @) we obtain similarly that, for a multiindex g € R(Q) and for
some positive 5’1, e

r-r

wrtl s el '

S (ﬁ7 Egzl)‘; ej) ’ir, r J=r+17%j —E il
Q&%) = ps [Q" 7 7 (ps 7= )+ 0(pg = ) - (3.15)

By our assumptions

»rtl s e r+1
s j=r+17j e
T] = ps — b

=n (0<n<oo; i=1---,n)

We consider two cases: (a,e') > 0 and (a,e') = 0- The case (a, e') < 0 is impossi-
ble, as can be seen from the fact that the equation for the hyperplane of support with
outword unit normal A of a proper polyhedron R can be written in the form (\, o) = d,
where d > 0 is the distance from the origin to the given hyperplane and « is a roving
point of the hyperplane (see, for example, [1]). In the case (a,e') > 0 the face §Rf: of
R(P) is principal and in the case (a,e') = 0, the face %f: is non-principal.

First let (a,e!) > 0 and Pi~*r(n) # 0. Then for the polynomials P and Q we
obtain by (3.14) and (3.15) that

S (a’ E;: Aj ej) i, ko
P(E)=ps 77T PR (n) (L4 o(1)),

S (/B’ Z;=1>\:7S ej) iy Ko
Q(E%) = ps Q"7 (n) (1+0(1))
as s — 00.
By the condition ®(Q) C R(P) in our theorem, by the positivity of A; (j =
1,---,7r; s € N) and by the definition of vectors e',---  ¢" we easily obtain that

(8, X5 X e?) < (o, B5_ A5¢7) for all s € N, hence the last two relations together
contradict (3.11).
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Let now (a,e') > 0 and Pi~*r(n) = 0. Since the face %f: is principal and we
assumed all principal faces of R to be regular except of the principal (n—1)—dimensional
face I' = R'"!, we obtain that the face Q%f: coincides with the irregular face I', i.e.

k,=n—1, %k“:F el =X, ,Q"" (&) = Q)

We represent P as the sum of A—homogeneous polynomials by (see ormula (3.2)).
Note that Py(n) = P~*(n) =0, Pi(n) # 0 and by condition 1) Q(n) =

Representations (3.14) and (3.15) for a v € N§ such that (\,vy) = ( ) take the
form

P(&%) = pdi™ Py(n®) + pdi®) Py(n®) + o(p3i), (3.16)

Q) = I Q). (3.17)
We will prove that there exists a constant C' > 0 such that for all s € N for which
ps € U(n) (see representations (3.4) and (3.5), where U;(n) = U(n))

[Q(n*) | < C| Po(n®) [/t yp, € U (n). (3.18)
By representations (3.4) and (3.5 ), where m(n) = A(n, Fy), mi(n) = A(n, Q) for
all n € ¥(P,) (see Remark 3.4), we obtain

[QQp)) = [q(p?)] (o)
[Po(n®)]te—dr [g(ne)]mda=—d)

ri(n®)]®”

[y
o

= lqtypm -t DOEEE (3.19

By our assumption r(n) # 0, i.e. r(n®) # 0 for all ps € U(n), hence there exists a
constant C'; > 0 such that

[ (n*)| ™ /| ()| 9™ < Gy Vps € Uln)- (3.20)

By condition 2) of our theorem my(dy — di) — m(dg — di) = A, Q)(do — dy) —

A(n, Py)(dg — dy) > 0. This, together with (3.19) and (3.20), proves (3.18).

By assumption P € I, Py(n®) >0 and P;(n®) > 0 for all p; € U(n). Consequently

from (3.16) we obtain that for S(&) = P(§) — [Py(&) + P1(€)] on our sequence {£°}

we have | S(¢°)|/| P(¢*)| — 0 as s — oo, which in turn shows that for sufficiently
large s

| P(&°)| = Calple Po(n®) + pd Pr(n®) | (3.21)

for a constant Cy > 0.
Now for zy, = ps > 1, ys = |Po(n®)] € [0,1] and a; > 0,as > 0 apply the
inequality
dey(dQ*dl)/(dO*dl) < C(l + a1$d0ys + a2xd1) s=1,2,-
( which can be proved simply if we choose y, = z%~% ). We obtain for all s € N
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da | Py(n?) |ta=d)/tdo=dh) < Oy [| pt Py(n®) + p Py(n®) | + 1]

with a constant C5 > 0.

This, together with (3.18), (3.21), contradicts (3.11) and completes the considera-
tion in the case (e',a) > 0, i.e. when the face %f; is principal. The case (e, a) =0,
when the face %Zf is non-principal can be treated analogously to the corresponding
case of Theorem 2 in [17]. O

4 Description of lower order terms preserving almost hypoel-
lipticity

For an arbitrary multi-index v € N§ the sets X(\, D*P;), X(n, D"P;) and the numbers
A(n, D" P;, \) for the A—homogeneous polynomials {P;} can be defined similary using
representation D” P in the form

DYP(§) = 3 van€™ =3 D"Pi(§) = 3 D" Py, (€) (4.1)

(see (3.1), (3.2))

In [20] it is proved that if a polynomial P(§) = P(&,&2) is almost hypoelliptic then
each principal irregular face of the proper Newton polygon $(P) is completely proper.
Thus the restriction to completely proper irregular faces below (see Lemma 4.1 and
Theorem 4.1 ) for almost hypoelliptic polynomials is motivated by this circumstance.

Lemma 4.1. Let T’ = ﬂ?f (1 <1< Mg;0 <k <n—=1) be an irreqular completely
proper face of the proper Newton polyhedron R = R(P) of an almost hypoelliptic poly-
nomial P. Then for any A € A(T') and n € L(P4F)

d]()\>_A(n7)‘7PJ)SdJO (.]:07177j0_1)7 (42)
where the number jo = jo(I', \,n) is defined as in Remark 3.1.

Proof. Suppose, to the contrary, that for some 0 < j < jo — 1 the inequality (4.2) is
violated. We denote by j; the least of such {j}. Thus, let

d]()‘> - A(% /\7PJ) < djo (0 S] < jl - 1);dj1(/\) - A(U,/\7 le) > dj()‘ (43)

Let 8 € N is chosen in such way that D°P;,(n) # 0 and (\,8) = A(n, A, P;,).
We consider the behaviour of the polynomials P and DPP on the sequence £ = s'n
(s=1,2,-)

Since d]()\) > d]l()\> j = 0717' o 7j1 - 17 it follows by (43) that A(nv)\>P]) >
A(na)\JP]1> j:()717 7j1_1' Then P](U) :Dﬁpj(n) =0 (j = 0717”' 7j0_ 1)7
DPP;,(n) # 0. Hence by representation (4.1) and inequality (4.3) we obtain P(£°) =
Pj,(n)stio + o(s%o) as s — oo. For the polynomial DPP, respectively, for all s =
1,2,
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M
Dﬁp(g) — gLt (N—Am A, Pyy) DﬁPﬁ(Ti) + Z & (N)—AMm, A, Pyy) Dﬁpj(n),

J=n+1
Since dj(A) < dj,(A\) (j=j1+1,---,M) we have

[DPP(E°)| = | D7 Py ()]s =20 A P) (1 4 0(1))

as s — 00.
These relations together with (4.3) show that

[DPP(E)/[1+|P(€)]] — oo
as s — 0o, which contradicts the almost hypoellipticity of P. O

Theorem 4.1. Let P(§) = P(&,---,&) € I, be an almost hypoelliptic polynomial
with the proper Newton polyhedron R, all the principal faces of which are regular except
of one (n — 1)—dimensional irreqular completely proper face I' = 3%?0_1 Let X\ be the
R—normal of this face, and let (A, ) = dy be the equation of the (n — 1)—dimensional
supporting hyperplane going through this face.

Let Q(&) be a lower order term with respect to P. Using the vector A represent the
polynomials P and Q) in form (see (3.2)):

M(P) M(P)
Z P =) P Z Z WE (4.4)
7=0 J=0 (A, a)=d;
M(Q) M(Q) M(Q)
SDIIGEDACEDY Z (45)
j=1 §=0 =0 (X, a)=6

where

1) joln) =1, i.e Pi(n) £ 0 for any n € (),

2)letdy > 6 >y - > 6 >dy andd; < dy j=1+1,--- ,M(Q) for any
n € X(I'), hence Py and Q; j = 1,---,1 are polynomials with characteristics of
constant multiplicity, i.e. for each n € X(I') the polynomials Py and Q; 1 < j <1
can be represented in form (see (3.8)):

By(&) =[] r(§) £ Un), (4.6)

where q(n) =0, r(n) # 0,7;(n) #0, and if \y > g > -+ > \,, then D, Py(n) # 0,
3) Q;(€) >0 VEeU(n) j=0,1,---,1.
Then the polynomial T = P+Q is almost hypoelliptic if and only if for alln € X(I)

0 =AM, Q) <dy (j=1,---,1)- (4.8)
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Remark 6. 1) It is obvious that one can assume Uj(n) = U(n) forallj=1,---,1 and
n € A(I'), 2) the consideration of the case jo(n) =1 for any n € A(I') does not re-
strict generality, since in the case of more than one P; (j > 0) such that P;j(n) =0 for
a point n € A(T), one can include such P; in the set of lower order terms, 8) the case
of several non-reqular faces of polyhedron R(P) may be considered analogously, 4) the
restriction to (n—1)— dimensionality of a irreqular face is motivated first by simplicity
and, secondly, by the fact that in the two-dimensional case this is only possibility.

Proof of Theorem /J.1. The necessity of conditions (4.8) is contained in Lemma 4.1.
To prove the sufficency suppose, to the contrary, that there exists a multi-index
v € N and a sequence {£°}, such that [€¥] — oo as s — oo and |DT'(&°) |/|T(€%) | —

00, where one can assume (see [15],Theorem 1.1) that |v| = 1. To be definite, let
v=(1,0,---,0) and as s — o0
[DIT(E)[/IT(E) | — 00 as s — o0 (4.9)

Reasoning as in the proof of Theorem 3.1, we obtain a representation for polynomial
T similar to representation (3.14) for the polynomial P. We consider only case (a, e') >
0- Since the polyhedron $(Q) consists only of non-principal points of R(7T") = R(P), in
this case RI" (T') = R (P) is a principal face of R(P)- First let 7%~ *r(n) = Pirkr(n) #
0- Then we obtain

(T() | = p2T D[P R () | (1 + (1)) (4.10)

as § — 0o. Similary, for the polynomial DT, we have that for some constant C; > 0

IDIT(E)| < Cy p)T D= Dy Pk () | 4 o(p) (D). (4.11)

If e} < 0, for simple geometric reasons it is clear that the face 3%?11 (and conse-
quently all its subfaces) of the proper polyhedron (7)) = R(P) lies on hyperplane
oy = 0, i.e. the polynomial P *(£) is not depend on &. Then Dy Pim*r(£) =0 for
all ¢ € R"™ and, in particular, Dy P’ *7(n) = 0. Reasoning as above (see representations
(3.14), (4.4) and (4.5)) we obtain for a certain number & > 0

IDIT(E°) | = [Di@i(n) | o2 =) (1 + 0(1))

as s — 0o, where d; < («, e!). This, together with (4.10), contradicts (4.9).
Let now Pir*r(n) = 0. Then R{" =T, i.e. k, =n—1, e! =X is the R— normal

»no A\sed r .
of T, n* = ps 2" = p™ = (0<m <o0; i=1,---,n) as s — 00, where

n € X(Fy) (see representation (4.4)).

The polynomials Pj7 D1Pj7 (] =0,1,--- 7M(P)); Qj’ Dle (] =1,-- vM(Q))
are A—homogeneous and %, ¢); (j =1,---,[) are polynomials with isolated charac-
teristics, i.e. represented in form (4.6) - (4.7). Then

Dy Py(€) = mlq()]™ ! D1g(€) (&) + [q(&)]™ Dur(€) (4.12)
and for any j =1,--- 1

D1Q;(€) = my[q(&)]™ ™" D1 (&) 15(€) + [a(€)]™ D1y (€)- (4.13)
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For convenience we denote Qg = Py, mg =m, rg =1, dy = dy and prove that for
cach j =0,1,---,[ there exists a constant w; > 0 such that

| D1Q;(87) | < w;[1Q;(&°) + [ Pu(€)|] Vs e N- (4.14)

Let the number sy € N be chosen in such a way that n* € U(n) for s > so. Then
for s > sy we get

Q;(€%) = pi% Q;(n*) = pdi% [q(*)™ r;(n®) (j =0,1,--- 1),

Py(&°) = p)i™ Pi(n®).

For the polynomials {D;Q);}, D;P; respectively, for s > s
D1Q;(¢%) = p3 i {my [q(n*))™ ™ Dag(n®) + [a(n®)]™ Diry(n°)},

D\P (&%) = P?i(dl_)‘l) D, P (n°),

where A\ — 1 as s — o0.
Since n°* — n, q(n°) — q(n) =0 as s — oo and r;(n) # 0, Pi(n) # 0, we obtain
from the last four representations with some positive constants C7, Cy and the same s

[Qi(€) | = CrpXi% Jq(m)|™, (j=0,1,---,1) (4.15)

| (&%) | > Cy pJih, (4.16)

| D1Q;(€°)| < Co p i [q(*)| ™Y, (5 =0,1,--,1), (4.17)
| DiPy(E°) | < Cy p il (4.18)

If m;, =1 for a jo, satisfying 0 < jo <[, then by the conditions D,q(n) # 0 and
An < A1 we get A(n, Pj,) = A, < Ay. Therefore §;, — Ay <6, — A, < d; by conditions
(4.8) and estimate (4.14) for @);, follows from estimates (4.17), (4.16).

Thus, we can assume that m; > 1 (j = 0,1,---,1). Arguing as above we ob-
tain A(n,Q;) = m;\, and by conditions (4.8) §; — m;A < §; — mi\, < dy
(j=0,1,---,1).

Applying Lemma 1.3 in [17] for z, = p = lgm®) ], a = Aj(6; — \1), b=
mj—1, ¢c=Ad;, d=m;, e=Xd (j=0,1,---,l; s € N) by (4.15) - (4.18) we
obtain (4.14). Note that x5 > 1 and y, € [0,1] for sufficiently large s.

We write

l

S =T() — [Po(&) + ) Qi(&) + A(&)).

J=1

Obvious geometric arguments show that
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|S(€°) | = 0o(pi™); | DiS(E°) | = o(pi ) (4.19)

as s — 00. By (4.14) and (4.19) follows the existence of a constant C3 > 0 such that
for sufficiently large s (satisfying n® € U(n)) we get

| DyT(€) | < Cs[[ Fo(€”) \+Z\QJ )+ 1R[] (4.20)

On the other hand, Q;(§°) >0 (j =1,---,1) by the assumption and Fy(£*) > 0,
Pi(€%) > 0 for s satisfying n® € U(n) since P € I, (see Lemma 1.2 in [17]). This,
together with (4.19) and (4.16), shows that for some constant Cy > 0 for the same s

| T(E) | > Ca[Po(¢ +ZQJ )+ Pi(€%)]. (4.21)

Estimates (4.20), (4.21) contradict (4.9). O]

The following example shows that condition 3) for lower order term ) in Theorem
4.1 is essential for the almost hypoellipticity of P + Q)

Example 2. Let n = 2 and P(¢) = (& —&)* (§14&5) +&5+ 1. The Newton polyhedron
R(P) is the triangle in R? with vertices (6,0),(0,6), (0,0) € NZ- Here Py(¢) = (& —
£ +8), Ple) = & S(R) = (20} = (F1/V3, £1/V3), Pi(+n) = 1/2
A(En, Py) =4, dy =6, dy =2 It is easily seen that all conditions of Theorem 2.1 in
[15] are satisfied, and hence P is almost hypoelliptic.

Let QF(&) = £(& — &)% (€2 4 2€2) be a lower order term with respect to P, where
Thus all the condition of Theorem 4.1 for polynomial P + Q" are satisfied, and hence
P + Q% is almost hypoelliptic.

For polynomial )~ condition 3) is not satisfied. We will show that P + @~ is not
almost hypoelliptic. Indeed, it is easy to check that for the sequence {£* = (s+1,s); s €
N} P(&)+Q (&) =2 forall s € N, whereas D?[P(&°) +Q(£%)] = 18s*(1+ o(1))
as s — 0o, i.e. P+ @~ is not almost hypoelliptic.

On the other hand the following example shows that a polynomial P, and a lower
order term () in Theorem 4.1 may have values of any sign outside of some neighborhood
of a point n € X(Fp)-

Example 3. Let n = 2 and P(§) = (& — &)HE2 + €2) — (&2 — 2€2)- Here Py(€) =
(& — &)U + &), P& = —(& — 263), where dy = 6, di = 2, X(Py) = {n*}
= (£1/v2,£1/V2), Pi(n*) = 1, A(n*, Py) = 4- It is easy to verify that a) P € I,
(see [9]), b) the polynomial P satisfies all assumptions of Theorem 2.1 in [15] and P
is almost hypoelliptic.

Let Q&) = —(& — &)* (282 — 3£2) be a lower term with respect to P- Here
do = 4, 2(Q) = X(R), A(n*,Q) = 2- Since dg — A(n*,Q) = dy = 2, Py and
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() are polynomials with characteristics of constant multiplisity, by Theorem 4.1 the
polynomial P + @) is almost hypoelliptic.

It should be observed that although P;(n*) = 1, and there exist a neiborhood
U(n*) such that Q(€) > 0 for & € U(n*), it turns out that the polynomials P, and
Q have values of any sign outside of U(n*)-

Replacing in presented examples (for instance) & by & we get examples of polyno-
mials with generalized homogeneous irregular principal parts.
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