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Abstract. Let (X,d, ) be a metric measure space satisfying both the upper dou-
bling and the geometrically doubling conditions. In this article, the authors give a
survey on the Hardy space H' on non-homogeneous spaces and its applications. These

results include: the regularized BMO spaces RBMO(u) and P{/BM/()(M), the regu-

larized BLO spaces RBLO(u) and R/B\If)(,u), the Hardy spaces H'(u) and H'(u),
the behaviour of the Calderén-Zygmund operator and its maximal operator on Hardy
spaces and Lebesgue spaces, a weighted norm inequality for the multilinear Calderén-
Zygmund operator, the boundedness on Orlicz spaces and the endpoint estimate for
the commutator generated by the Calderén-Zygmund operator or the generalized frac-

tional integral with any RBMO(u) function or any RBMO(u) function, and equiva-
lent characterizations for the boundedness of the generalized fractional integral or the
Marcinkiewicz integral, respectively.

1 Introduction

The real-variable theory of the Hardy space on the D-dimensional Euclidean space R”
initiated by Stein and Weiss [34] plays an important role in various fields of analysis
and partial differential equations; see, for example, [34, 32, 7, 33|. It is well known
that the Hardy space is a good substitute of LP(R”) when p € (0,1] since some of
the singular integrals (for example, the Riesz transform) are bounded on HP(RP),
but not on LP(RP) when p € (0,1]. In 1972, Fefferman and Stein |7] showed that
the Hardy space H'(RP) is the predual of the space BMO(R?). Later, Coifman |2]
obtained the atomic characterization of HP(R), which was extended to D > 1 by
Latter in [21]. In 1974, Coifman 3| introduced the notion of molecules on R to obtain
the characterizations of Fourier transforms of boundary distributions of functions in
HP(R), with p € (0, 1], which were further applied to establish some Fourier multiplier
theorems on HP(R). Moreover, the atomic and the molecular characterizations enable
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the extension of the real variable theory of the Hardy spaces on R” to general metric
measure spaces.

In 1971, Coifman and Weiss [4] introduced the following setting of the space of
homogeneous type which generalizes the Euclidean space R” with the D-dimensional
Lebesgue measure.

Definition 1.1. A metric space (X, d) equipped with a nonnegative measure  is called
a space of homogeneous type if the measure p satisfies the doubling condition: there
exists a positive constant C'(x) such that, for any ball B(z,r) :={y € X : d(z,y) <r}
with x € X and r € (0, 00),

u(B(x,2r)) < C(wu(Bla, ). (L1)

Typical examples of spaces of homogeneous type include Euclidean spaces, Eu-
clidean spaces with weighted measure satisfying (1.1), Heisenberg groups, and con-
nected and simply connected nilpotent Lie groups. Since 1970s, there have been a lot
of fruitful results on the theory of function spaces and singular integral operators on
spaces of homogeneous type; see, for example, |4, 5, 35, 11, 6]. The space of homoge-
neous type is seen as a natural setting for the study of the theory of Hardy spaces and
singular integrals.

In the last two decades, some research indicates that many results in the theory
of the classical Hardy spaces and singular integrals are still valid for non-doubling
measures; see, for example, [28, 29, 37, 38, 30, 31, 39, 40, 41, 42]. In particular, let
i be a non-negative Radon measure on the Euclidean space R” which satisfies the
polynomial growth condition: there exist positive constants Cy and x € (0, D] such
that, for all z € RP and r € (0, c0),

pu(B(x,r)) < Cor", (1.2)

where B(z,r) := {y € RP : |y — x| < r}. The measure p does not necessarily satisfy
(1.1). We mention that the analysis with non-doubling measures, especially, the T'(b)
theorem and the L?(u)-boundedness of the Cauchy integral, plays an important role in
solving the long open Painlevé’s problem by Tolsa in [40]; see also [41, 42].

However, as pointed out by Hytoénen [17], (R”,] - |, 1) (or more generally, a metric
measure space (X, d, ) with p satisfying the polynomial growth condition (1.2)) is
different from, but not more general than, the space of homogeneous type. Hytonen
further introduced the following new class of metric measure spaces, which unifies the
spaces of homogeneous type in the sense of Coifman and Weiss and (RP, |- |, ) with
w satisfying (1.2); see also [1, 20]. In what follows, let R, := (0, c0).

Definition 1.2. A metric measure space (X, d, u) is said to be upper doubling if u is
a Borel measure on X and there exist a dominating function X : X x R, — R, and
a positive constant C'(\), depending on A, such that, for each z € X, r — A(x,r) is
non-decreasing and, for all x € X and r € (0, c0),

w(B(z,r)) < Mz, r) < C(A)A(z,r/2).
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Remark 1.1. (i) Let (X, d, 1) be upper doubling with A being the dominating function
on X x (0,00) as in Definition 1.2. It was proved in [20] that there exists another
dominating function X such that A < X\, C(X) < C(\) and, for all z, y € X with
d(z,y) <,
Nz, ) < C’(X)X(y,r)

(ii) It was shown in [36] that the upper doubling condition is equivalent to the weak
growth condition: there exist a dominating function A : X xR, — R, with r — A(z,r)
non-decreasing and positive constants C'(A) and ¢ such that,

(a) for all r € (0,00), t € [0,7], z, y € X and d(z,y) € [0, 7],

d(z,y) +t
T

Ay, +t) — Az, r)| < C(N) { T)\(x,r);

(b) for all z € X and r € (0, 00),

w(B(z, 7)) < Xz, 7).

Obviously, a space of homogeneous type is a special case of upper doubling spaces,
where one can take the dominating function A(z,r) := u(B(z,7)). Moreover, let u
be a non-negative Radon measure on R” which only satisfies the polynomial growth
condition (1.2). By taking A(x,r) := Cr" for positive constants C' and x € (0, D], we
see that (RP, ||, ) is also an upper doubling measure space.

In [17], Hytonen also introduced the following notion of geometrically doubling
metric spaces.

Definition 1.3. A metric space (X,d) is said to be geometrically doubling if there
exists some Ny € N := {1,2,...} such that, for any ball B(x,r) C X, there exists a
finite ball covering { B(z;,7/2)}; of B(x,r) such that the cardinality of this covering is
at most N.

Remark 1.2. Let (X, d) be a metric space. In [17], Hytonen showed that the following
statements are equivalent:

(i) (X,d) is geometrically doubling;

(ii) For any ¢ € (0,1) and ball B(z,r) C X, there exists a finite ball covering
{B(z;,er)}; of B(x,r) such that the cardinality of this covering is at most Noe ™",
where here and in what follows, Ny is as in Definition 1.3 and n := log, Ny;

(iii) For every ¢ € (0,1), any ball B(z,r) C X contains at most Noe™™ centers of
disjoint balls {B(z;,er)}i;

(iv) There exists M € N such that any ball B(z,r) C X contains at most M centers
{x;}; of disjoint balls {B(z;,r/4)}M,.

It is well known that the doubling condition (1.1) implies the geometrically doubling
condition; see [4, pp. 67-68|. Conversely, if (X, d) is a complete geometrically doubling
metric space, then there exists a Borel measure p on X' satisfying the doubling condition
(1.1); see [17] and its related references.
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In what follows, a metric measure space (X,d, u) satisfying both the upper dou-
bling and geometrically doubling conditions is simply called a non-homogeneous space.
A natural and interesting question is how to generalize the classical theory of function
spaces and singular integrals to the non-homogeneous context. This question has been
answered from many aspects concerning the atomic Hardy space H'(u), the regular-
ized bounded mean oscillation space RBMO(u), the Calderén-Zygmund operator, the
fractional integral and the Marcinkiewicz integral. However, there are still many open
problems such as the characterization of H'(ux) in terms of the maximal function and
the Littlewood-Paley function, and the theory of the Hardy space H?(u) for p € (0, 1);
see [44] for the details and some other unsolved questions.

One of main motivations for developing harmonic analysis on the non-homogeneous
space is the natural existence of some important singular integral operators on some
non-homogeneous spaces, such as Bergman-type singular operators from several com-
plex variables (see [43, 19]).

The purpose of this article is to give a survey about the Hardy space H'(u) over a
non-homogeneous space and its applications. The main results that we review include:

the regularized BMO spaces RBMO(u) and RTB\M/O(M), the regularized BLO spaces

RBLO(u) and ﬁ)(u), the Hardy spaces H'(;) and H'(u), the behaviour of the
Calderén-Zygmund operator and its maximal operator on Hardy spaces and Lebesgue
spaces, a weighted norm inequality for the multilinear Calderén-Zygmund operator,
the boundedness on Orlicz spaces and the endpoint estimate for the commutator gen-
erated by a Calderén-Zygmund operator or the generalized fractional integral with
any RBMO(p) function or any RBMO(u) function, and equivalent characterizations
of the boundedness of the generalized fractional integral, the Marcinkiewicz integral
respectively.

This survey is organized as follows.

In Section 2, we begin with some basic facts on non-homogeneous spaces (X, d, ).
Then we review the results on the regularized BMO space RBMO(u) and its vari-

ant, RB/\M/O(M), including the John-Nirenberg inequality and the John-Strémberg
sharp maximal characterization of RBMO(u) or RBMO(p), and the relation between

RBMO(u) and P{/BM/()(M) Some related topics on the space of type BLO are also
included in this section and, in particular, we show that, if (X, d, i) is a space of ho-
mogeneous type and pu(X) = oo, then RBLO(pu) = BLO(u). At the end of Section 2,
we review the results on the atomic Hardy spaces H'(u) and H'(y). In particular,
we discuss the molecular characterizations of H'(u) and H Y(u), the duality between

—_—

H*(p) and RBMO(y), or between H'(y) and RBMO(u), and the relation between
HY (1) and H7 (1),

Section 3 is mainly devoted to the boundedness of the Calderén-Zygmund oper-
ator and its maximal operator on Hardy spaces and Lebesgue spaces. We first dis-
cuss the Calderon-Zygmund decomposition and two interpolation theorems in the non-
homogeneous space. Then we review the results of the equivalent boundedness of 7" on
LP(u) for all p € (1, 00) and the boundedness of T on H' (). We also review the bound-
edness of the maximal Calderén-Zygmund operator T# on LP(u) for all p € (1, 00) and
its endpoint estimate. We further survey the weighted norm inequality for the multi-
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linear Calderon-Zygmund operator and the boundedness on Orlicz spaces, especially,
on LP(u) with p € (1,00), and the weak type endpoint estimate of the commutator
generated by the Calderén-Zygmund operator with any RBMO(u) function or any

R/B\M/O(u) function.

In Section 4, we first present some equivalent characterizations of the boundedness
of the generalized fractional integral, then review the boundedness of the commutator
generated by the generalized fractional integral with any RBMO(u) function or any
R/B\M/O(u) function on Orlicz spaces, especially, on LP(u) with p € (1,00), and its
weak type endpoint estimate. At the end of Section 4, we review the results on the
equivalent boundedness of the Marcinkiewicz integral and its endpoint estimates.

Finally, we make some conventions on notation. Throughout the whole paper, C'
stands for a positive constant which is independent of the main parameters, but it
may vary from line to line. Further, we use C(p,q,...) to denote a positive constant
depending on the parameters p, «, ... For any ball B, its center and radius are denoted,
respectively, by c¢g and rg. Moreover, for any ball B := B(cg,rg) and p € (0, c0),

pB := B(cg, prp).

Furthermore, for any subset E of X', we use yg to denote its characteristic function.

2 The Hardy space H' on non-homogeneous spaces

In this section, we review the results on RBMO(u) and R/B\M/O(,u), the Hardy spaces
H'(1) and H'(z1), and RBLO(p). To this end, we first recall some geometrical prop-
erties of the non-homogeneous space. Then we state some results of RBMO(u),
R/EK/I/O(N) and the regularized BLO spaces RBLO(u) and ﬁéﬁ)(p) We further
discuss the results on H'(y) and H'(u), including the duality between H'(y) and
RBMO (1), or between H' (1) and RB/\I\/[/O(M), the molecular characterizations of H*(u)
and H'(z1), and the relation between H'(z1) and H(y).

2.1 Doubling balls and coefficients Kp ¢ and [}](3&)5

In this subsection, we recall some necessary notions and notation, and we also state
some known basic facts and fundamental results on non-homogeneous spaces.

Though the doubling condition on the measure p is not assumed uniformly for all
balls in the non-homogeneous space (X, d, 1), there still exist many balls which have
the following (7, 3)-doubling property.

Definition 2.1. Let n, 8 € (1,00). A ball B C X is said to be (1, 3)-doubling if

1(nB) < Bu(B).

The upper doubling condition ensures the abundance of large doubling balls. On
the other hand, for § big enough, there exist many small (7, 3)-doubling balls under
the assumption of the geometrically doubling condition. To be precise, Hytonen [17]
obtained the following properties; see [17, Lemmas 3.2 and 3.3].
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Lemma 2.1. Let (X,d, ) be upper doubling, n, 8 € (1,00) and 3 > [C(\)]'°&2" =: n”.
Then, for every ball B C X, there exists j € Z, = N U {0} such that n’ B is (n,3)-
doubling.

Lemma 2.2. Letn € (1,00), (X, d) be geometrically doubling and 3 > 0™, where n is
as in Remark 1.2(ii). If p is a Borel measure on X which is finite on bounded sets,
then, for almost every x € X, there exist arbitrarily small (n, 3)-doubling balls centered
at x. Indeed, their radii may be chosen to be the form n=Ir for j € N and for any
preassigned number r € (0,00).

In what follows, for any 7 € (1,00) and ball B, the smallest (1, 3,)-doubling ball of
the form 1’ B with j € N is denoted by B", where

By = (max{n™, n*}) + 30" 4 30" = P> 4 30" + 30, (2.1)

The following coefficient Kp ¢ for all balls B C S was introduced in [17] as an
analogue of the coefficient K¢ g from Tolsa [37]; see also [38, 39].

Definition 2.2. For any two balls B C 5, let

1
Kp g := 1+/ du(x),
2.8 515 Mea,d(@, c)) )

where cp is the center of the ball B.

The coefficient K ¢ measures how close the ball B is to the ball S geometrically.
Here, we state some useful properties of Kp ¢ established in [17, 20].

Proposition 2.1. (i) For all balls BC RC S,

Kp r < Kp.s.

(ii) For any p € [1,00), there exists a positive constant C(p), depending on p, such
that, for all balls B C S with rg < prp,

Kp s < C(p).

(iii) For any a € (1,00), there ezists a positive constant C(«), depending on o, such
that, for all balls B,
Ky 50 < Cl0).

(iv) There exists a positive constant ¢ such that, for all balls B C R C S,
Kp s < Kp r+cKp,s.
In particular, if B and R are concentric, then ¢ = 1.
(v) There exists a positive constant ¢ such that, for all balls B C R C S,
Kr s < cKp,s;
moreover, if B and R are concentric, then

Kr s < Kp,s.



110 Da. Yang, Do. Yang, X. Fu

The following coefficient K l(;f)s, introduced by Fu, Yang and Yuan [9], is the discrete
version of Kp g, which was introduced by Tolsa [37] when (X, d, ) := (RP, ||, u) with
p as in (1.2), and by Bui and Duong [1]| in a general non-homogeneous space with
a:=06.

Definition 2.3. For any two balls B C S and a € (1,00), let

(@)
B,S

~ ’“B)
K@ =1 —u(a
B,S + ; )\(CB’Q{’C’T‘B)7

where cg denotes the center of the ball B, rp and rg respectively denote the radii of
()
B and S, and N,(;’?g is the smallest integer satisfying o’ &.srg > rg.

When (X,d,p) :== (RP|-|,p) with g as in (1.2), it is easy to see that, for any
a € (1, 00),
Kps~ K (2.2)

see [37]. For a general non-homogeneous space (X, d, ), obviously, Kp g < I?](Ba)s for
any a € (1,00) and all balls B C S of X. On the other hand, for a given o € (1, 0),
in general, (2.2) is not true. Nevertheless, the coefficient [?fga)s also has the following
useful properties similar to those of Kp ¢ (see [8, 9]). Observe that the coefficient
I?J(BO‘)S preserves most of the properties of the coefficient Kp ¢ from (i) through (v) in
Proposition 2.1 except those when the balls B and R are concentric in (iv) and (v) of
Proposition 2.1.

Proposition 2.2. Let a € [0,1).
(i) For all balls B C R C S,
K}y < 2K,
(ii) For any p € [1,00), there exists a positive constant C(p), depending only on p,
such that, for all balls B C S with rg < prg,

Kj% < C(p).
(iii) There exists a positive constant C(«), depending on «, such that, for all balls B,

K'Y < C(a).

B, Be

(iv) There exists a positive constant ¢, depending on C(\) and «, such that, for all
balls BC R C S, B B N
Ky < K§op + cK 5.

) )

(v) There exists a positive constant ¢, depending on C'(\) and «, such that, for all
balls BC R C S, B B
Ky <K%,
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Remark 2.1. We remark that, among the results related to Kp g or K ) )S we review

below, all conclusions, from Theorems 2.2, 2.3, 2.5, 2.6, 2.7, 3.1, 3.2, 3 3 3.4, 3.12,
3.14, 3.15, 3.16, 4.2 and 4.3 below, hold true for both Kp g and ngg. On the other
hand, Theorems 3.6, 3.7, 4.1, 4.4 and 4.5 only hold true for K g, while Theorem 3.8
is only established for [?;a)s To be precise, let B C S be two balls with ©(25\B) = 0.
Then we see that

Kpg=1, (2.3)

which plays an important role in the proofs of Theorems 3.6, 3.7, 4.1, 4.4 and 4.5.
However, (2.3) is not true for K j(ga)s and it is unclear whether, for two balls B C S with
1(2S5\B) = 0, there exists a positive constant C', independent of B and .S, such that

Kgf)s < C or not. Thus, it is unknown whether the conclusions of Theorems 3.6, 3.7,
4.1, 4.4 and 4.5 are true or not for [N(J(;S; see Remarks 3.2, 3.3, 4.2, 4.4 and 4.5(iv)

below. Also, the discrete form I?j(g)s plays an important role in the proof of Theorem
3.8. It is still unknown in general whether the conclusion of Theorem 3.8 holds true
for K g or not; see the statement below Corollary 3.1.

At the end of this subsection, we discuss the sufficient condition for (2.2). To this
end, we first recall the following notion of the weak reverse doubling condition for the
dominating function A from [10].

Definition 2.4. The dominating function A as in Definition 1.2 is said to satisfy the
weak reverse doubling condition if, for all r € (0,2 diam (X)) and a € [1,2diam (X)/r),
there exists a number C(a) € [1,00), depending only on a and X, such that, for all
re X,

9
~ 1
Mz, ar) > Cla)A\(z,r) and ; ) < 00,
where ¥, is the smallest integer such that 9, > log,(2diam (X')/r) if diam (X) < oo
and ¥, := oo if diam (X) = oo.

Remark 2.2. It was shown in [10, Example 3.2| that there exists a large class of
spaces with dominating functions satisfying the weak reverse doubling condition. To
be precise, let (X, d, 1) be a connected metric measure space with a doubling measure
. The minimal dominating function Fg(x,r), defined in [36] by setting, for all z € X

and r € (0, 00),
(x, sr)
(x,r) = ﬁ/ g ds

satisfies Definition 1.2 and the weak reverse doubling condition with C'(a) ~ a™ for
some m € (0,n].

The following sufficient condition of Kp g ~ KJ(B ¢ in terms of the weak reverse
doubling condition was obtained in [10].

Theorem 2.1. Let a € (1,00). If the dominating function X satisfies the weak reverse
doubling condition, then, for any two balls B C S,

Kp.g~ f(gf{g.
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On the other hand, it was shown in [10, Example 3.6 that the weak reverse doubling
condition is necessary to guarantee Kp g ~ K ](30‘)5 for all balls B C S in the sense that,
there exists a large class of spaces which do not satisfy the weak reverse doubling
condition and Kp g » K](;)S for some balls B C S and a € (1, 00).

2.2 The regularized BMO spaces RBMO(;) and }m(u)

This subsection is devoted to some results of RBMO(u) and RT3\/MO(,u) To be pre-
cise, we first state the John-Nirenberg inequality and an equivalent characterization of

RBMO(). Then we discuss the relation between RBMO() and R/B\M/O(,u)

Now we recall the following notion of the space RBMO.,,(x) from [17, 20].
Definition 2.5. Let p € (1,00) and v € [1,00). A function f € L _(p) is said to be
in the space RBMO,, (1) if there exist a positive constant C' and, for any ball B C X,
a number fp such that

1 /
— flz)— [l du(z) < C 24
and, for any two balls B and B; such that B C B,

\fB — fB,| < C(Kpp,)" (2.5)

The infimum of the positive constants C' satisfying both (2.4) and (2.5) is defined to
be the RBMO, (1) norm of f and denoted by || f]| rBmoO, (11)-

The space RBMO, (1) was proved to be independent of the choices of p € (1,00) in
[17, Lemma 4.6] and v € [1,00) in |20, Proposition 2.5]. Moreover, similar to the case
that (X,d,u) := (RP, ||, u), several equivalent characterizations of RBMO(u) were
established in [20]. In what follows, we denote RBMO, (1) simply by RBMO(p).

Let (X,d, ) be a space of homogeneous type in the sense of Coifman and Weiss
[4, 5] with g as in (1.1) and BMO(u) as in [5]. Then it is easy to see that RBMO(u) C
BMO(p). Moreover, if u(X) = oo, by [17, Proposition 4.7] (which is false when
u(X) < 00), we know that BMO(r) = RBMO(i). However, for a general doubling
measure p with p(X') < oo, it may happen that

RBMO(u) G BMO(j);

see |37, p.106, Example 2.13]. Nevertheless, RBMO(u) is still seen as a suitable
substitute for BMO(IRP) since many properties fulfilled by BMO(RP) are still satisfied
by RBMO(p).

The following theorem is a version of the John-Nirenberg inequality for RBMO(u)
obtained by Hytoénen [17, Proposition 6.1]; see [37] for the case when

(dehu’) = (RD7|' ‘nu)

with g as in (1.2).
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Theorem 2.2. Let (X, d, p) be a non-homogeneous space. Then, for every p € (1,00),
there exists a positive constant c¢ such that, for all f € RBMO(u), balls By and t €
(0, 00),

p({z € Bo: |f(2) = fr| > t}) < 2u(pBo)e” /I rwniow,

where fp, is as in Definition 2.5 with B replaced by By.

The following result stated in [17, Corollary 6.3] is a straightforward consequence
of Theorem 2.2.

Corollary 2.1. Let (X,d, ) be a non-homogeneous space. Then, for every p € (1,00)
and p € [1,00), there exists a positive constant C' such that, for all f € RBMO(u) and
balls B,

1 » 1/p
U=} - d <
[N(PB) /B |f(z) — [B] M(:r:)] < C|If]l rBMOG)
where fg is as in Definition 2.5.

Remark 2.3. As a consequence of Corollary 2.1, together with the Holder inequality,
we obtain an equivalent definition of RBMO(u) by replacing (2.4) with

[M(;B) /B [f (@) = fol" dﬂ(x)] " <,

where fp and C' are as in Definition 2.5.

In [15], Hu, Meng and Yang established an equivalent characterization of RBMO (1)
in terms of the John-Stréomberg sharp maximal function. To be precise, let f be a pu-
measurable function. If f is real-valued, then, for all balls B with p(B) # 0, the median
value of f on the ball B, denoted by my(B), is defined to be one of the numbers such
that

p{z € B: f(z) >my(B)}) < u(B)/2
and
p{z € B: f(x) <my(B)}) < u(B)/2.
For all balls B with p(B) =0, let my(B) := 0. If f is complex-valued, we take

my(B) := mper(B) + imims(B),

where Ref and Imf denote the real part and the imaginary part of f, respectively.
Let s € (0,1) and p € (1,00). For any fixed ball B and u-measurable function f,
define mg .. 5(f) by setting

mg o, p(f) = f{t € (0,00) : p{y € B: [f(y)] > t}) < sp(pB)}

when p(B) > 0, and
mg,s;B(f) =0
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when p(B) = 0. For any pu-measurable function f, the John-Strémberg sharp mazimal
function Mops#(f) is defined by setting, for all x € X,

736p° me(B) —mg(S
MEE(f) ) = supmf (£ = my (B%)) + sp my(8) = g (5]
B>z 2€BCS, B.S
B,S (602756p2)—d0ubling

Using M§ ' # we define a version of RBMO(y) as follows.

Definition 2.6. Let s € (0,1) and p € (1,00). A p-measurable function f is said to
belong to the space RBMOy () if M&’f(f) € L>°(u). Moreover, ||M&’f(f)||Loo(u) is
defined to be the RBMOy (1) norm of f and denoted by || f|lrBmog, ,(4)-

Now we state the following equivalent characterization of RBMO(u) in terms of
M(’i’s# from [15].

Theorem 2.3. Let p € (1,00) and s € (0,56;22/4). Then the space RBMO(u) and
RBMOy (1) coincide with equivalent norms.

Let ¢ be a strictly increasing and nonnegative continuous function on [0, c0) such
that

tlim o(t) = oo. (2.6)
Then, by Theorem 2.3, the following conclusion holds true.

Corollary 2.2. Let p € (1,00) and ¢ be a strictly increasing and nonnegative con-
tinuous function on [0,00) satisfying (2.6). If f € L (1) and there exists a positive
constant C' such that, for all balls B C X,

— 55 | ¢ (|r@)=ms(B)) dute) < ©

and that, for all (6p°, Bs,2)-doubling balls B C S,
ims(B) —my(S)| < CKp,s,
then f € RBMO(p).

Notice that a typical example of ¢ satisfying Corollary 2.2 is ¢(r) := r? for all
r € [0,00) and p € (0,00). Thus, Remark 2.3 also holds true for p € (0,1); see [15].

If we replace the coefficient Kp g with its discrete version Kg),)s for p € (1, 00), we
have the following version of the BMO-type space RBMO(p).
Definition 2.7. Let p € (1,00) and 7y € [1,00). A function f € L (u) is said to be

loc
in the space RBMO,, ,(p), if it satisfies (2.4) and (2.5) with Kp p, replaced by K,(;)Bl.
The infimum of the corresponding positive constants C' satisfying both (2.4) and

(2.5) with Kp_ g, replaced by f(g)& is defined to be the R/B\l\—/[/Opﬂ(u) norm of f and

denoted by ||f||R/l§l\716p,w(u)'
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As is shown in [10], the space RB/\M/OPW(M) is independent of the choices of p €

(1,00) and 7 € [1,00). In what follows, we denote RTB\M/OP’V(,M) simply by R/B\M/O(u)

By [10, Remark 2.5], when (X,d, i) :== (RP, |- |, 1) with p as in (1.2), by (2.2), we
see that RBMO(u) becomes the regularized BMO space RBMO(u) introduced in [37]
for v =1 and in [14] for v > 1. Moreover, for p € (1,00) and 7 € [1, 00),

RBMO(1) € RBMO(p).

However, it is still unclear whether we always have RBMO(u) = P{/E;I\_/[/O(/L) or not.
Nevertheless, as an application of Theorem 2.1, we obtain the following result from
[10].

Corollary 2.3. Let (X, d, i) be a non-homogeneous space with the dominating function

satisfying the weak reverse doubling condition. Then RTiNTO(u) = RBMO(u) with
equivalent norms.

Remark 2.4. (i) If (X, d, pn) := (RP,|-|, ) with g as in (1.2) and A(x,r) := Cor* for
all z € RP and r € [0, 00), where k € (0, D], it was proved in [10, Remark 3.5 that the
weak reverse condition holds true automatically in this case and hence the conclusion
of Corollary 2.3 is true in this case.

(ii) If (X,d, p) is a space of homogeneous type in the sense of Coifman and Weiss
with g as in (1.1), and X connected, it was proved in [10, Remark 3.5] that A(z,r) :=
w(B(x,r)) for all x € & and r € [0,2diam (X)) satisfies the weak reverse condition
and hence the conclusion of Corollary 2.3 is also true in this case.

(iii) However, if (X, d, ) is a non-homogeneous space without the dominating func-
tion satisfying the weak reverse doubling condition, then it is still unclear whether

R/B\M/O(u) = RBMO(u) or not.

2.3 The regularized BLO spaces RBLO(u) and fm(u)

In this subsection, we first review the regularized BLO space RBLO(u) introduced in
[22]. We begin with the notion of RBLO(u) as follows.

Definition 2.8. Let ¢, p € (1,00), and 3, be as in (2.1). A real-valued function
fe Ll (u)issaid to be in the space RBLO(pu) if there exists a non-negative constant

loc

C such that, for all balls B,

M(;B) /B lf(y)—essginff] dp(y) < C (2.7)

and that, for all (p, 8,)-doubling balls B C S,

essBinff — essSinff < CKgp,s. (2.8)

Moreover, the RBLO(u)-norm of f is defined to be the minimal constant C' as in (2.7)
and (2.8) and denoted by || f|| rBLO()-
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Remark 2.5. By [22, Propositions 2.1 and 2.2|, we see that RBLO( ) is independent of
the choices of the constants ¢, p € (1,00). Moreover, Lin and Yang established several
equivalent characterizations of RBLO(x) and showed that RBLO(x) C RBMO(p) in
[22].

Recall that, on a space of homogeneous type, (X, d, 11), a real-valued function f €

Li . (u) is said to be in the space BLO(u), if there exists a non-negative constant C'
such that, for all balls B,
1 / [ .
— fly) — essmff] du(y) < C. 2.9
i [ [0 = essjnts] duty (2.9

Moreover, the BLO(u)-norm of f is defined to be the minimal constant C' as in (2.9)
and denoted by || f|| BLo(u)-

Now we discuss the relation between RBLO(i) and BLO(p) when p is as in (1.1).
We first show a positive result.

Proposition 2.3. Let (X, d, 1) be a space of homogeneous type, with u(X) = oo, and
Mz, r) = pu(B(z,r)) for allx € X and r € (0,00). Then RBLO(p) = BLO(p) with

equivalent norms.

Proof. 1t is obvious that RBLO(u) € BLO(u) and, for all f € RBLO(u),

If I BLo) < [If]l rBLO(KW)-

Conversely, let f € BLO(u). By the facts that BLO(xu) € BMO(p) and, for all
f € BLO(u),

1l BMow) S 111l BLo(w)

where BMO(u) is defined as in [5], and the fact that RBMO(u) = BMO(u) when
pu(X) = oo, we see that, for all balls B C S,

eSSBinff - esssinff < essBinff —mp(f) + mp(f) — [l + |fp — fs
+fs = ms(f)] +ms(f) — essinff

< @ /B () — Fol du(y) + |fz — Ts)

1 1 .
+m/slf(y) —fsldu(y)+m/5 [f(y) —essslnff] du(y)

S fllBrow + Kb sl fll Byow < K, sl fll Lo,

where, for all balls B, fg is as in Definition 2.5 and

1
mo(f) =~ / £() dy(z).

This shows that (2.8) holds true. We then obtain BLO(x) € RBLO(u) and, for all
f € BLO(u),

| fll rBLOG) S [If]l BLO(W)-
This finishes the proof of Proposition 2.3. O
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We further borrow an example from |37, Example 2.13| to show that, when p is as
in (1.1) with (&) < oo, it may happen that RBLO(u) & BLO(u).

Example 1. Let (X, d, u) := (R?,|-|, ), with p the 2-dimensional Lebesgue measure
restricted to the unit ball B(0,1), and A(z,r) := r for all z € R? and r € (0,00).
This measure is doubling and u(R?) < oco. Now we claim that RBLO(u) = L>(u)/C,
L*(u) modulo constant functions, with equivalent norms. Indeed, by an argument
similar to that used in [37, Example 2.13|, we see that RBMO(u) = L*>°(u)/C with
equivalent norms. Then, from the fact that

L*(p)/C C RBLO(p) € RBMO(p),

the claim follows. On the other hand, it is not difficult to see that

—(10g o)) grez: ool (@) € BLO(\(L=(1)/C)
see Zhou [45]. We further conclude that, in this case,
RBLO(x) = L™(1)/C & BLO().
which completes the proof of Example 1.

Now we state a result from [22] about the boundedness, from RBMO(u) into
RBLO(p), of the natural maximal operator N defined by setting, for all f € L _(p)
and r € X,

Nw= s ) i)

B>z,B (6,06)

Theorem 2.4. Let f € RBMO(u). Then N(f) is either infinite everywhere or finite
almost everywhere and, in the latter case, there exists a positive constant C, indepen-

dent of f, such that
IN ()l rBLo) < CIlfll rBMO()-

Then we review the equivalent characterization of RBLO(u) from [22] in terms of

N.

Theorem 2.5. A locally integrable function f belongs to RBLO(u) if and only if there
exist h € L>(u) and g € RBMO(p) with N'(g) finite p-almost everywhere such that

f=N(g)+h. (2.10)

Furthermore,
I/l rBLOGy ~ Inf{[|gll rBMOG) + 1Al (1)}
where the infimum is taken over all representations of f as in (2.10) and the equivalent

positive constants are independent of f.

If we replace the coefficient Kp ¢ with its discrete version K ](3’)7)5 for p € (1,00), we
have the following version of the BLO-type space.
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Definition 2.9. Let ¢, p € (1,00). A real-valued function f € L () is said to be in

loc

the space R/]_B\If)(u) if it satisfies (2.7) and (2.8) with K g g replaced by lN(gf)S. Moreover,

the m(u)—norm of f is defined to be the minimal constant C' as in (2.7) and (2.8)
with K, s replaced by Kis and denoted by || f|| s "

Remark 2.6. (i) Arguing as the proofs of |22, Propositions 2.1 and 2.2|, we conclude

that RBLO(u) is independent of the choices of the constants ¢, p € (1,00). Moreover,
it is easy to see that the equivalent characterizations of RBLO(y) in [22] also hold true

for R/B\IY)(,u), and

—~—

RBLO(x) € RBMO(y).

(ii) We point out that the conclusions of Proposition 2.3 and Example 1 are also

true for RBLO(p).
(iii) It is easy to see that the conclusions of Theorems 2.4 and 2.5 also hold true

with RBLO(u) replaced by R/]_3\If)(,u) and RBMO(u) by R/B\/MO(M)

e~

(iv) For any p, ¢ € (1,00), it is obvious that RBLO(u) C RBLO(p).
As an application of Theorem 2.1, we obtain the following result.

Corollary 2.4. Let (X, d, i) be a non-homogeneous space with the dominating function

satisfying the weak reverse doubling condition. Then m(u) = RBLO(u) with
equivalent norms.

Remark 2.7. (i) If (X, d, ) is as in Remark 2.4(i), by the same reason as therein, we
see that the conclusion of Corollary 2.4 is true in this case.

(ii) If (X, d, p) is as in Remark 2.4(ii), by the same reason as therein, we know that
the conclusion of Corollary 2.4 is also true in this case.

(iii) However, if (X, d, i) is a non-homogeneous space without the dominating func-
tii)giatisfying the weak reverse doubling condition, then it is still unclear whether

RBLO(u) = RBLO(u) or not.

2.4 The Hardy spaces H”(1) and H.P(u)

In this subsection, we discuss the duality between H;P(1) and RBMO(y), or between

H%P (1) and R/B\l\-/[/O(u) The molecular characterizations of H5P (1) and HLP (1) are
also included in this subsection. To begin with, we recall the notion of the atomic
Hardy space (see, for example, [20]).

Definition 2.10. Let p € (1,00), v € [1,00) and p € (1,00]. A function b € L*(u) is
called a (p,y)r-atomic block if
(i) there exists a ball B such that supp (b) C B;

(i)
| e duta) =
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(iii) for any j € {1, 2}, there exist a function a; supported on ball B; C B and a
number \; € C such that
b= /\1(11 + )\2@2 (21].)

and
lasll oy < [u(pB)YP~ (K, ).
Moreover, let
(bl = (Al 4 Ao (2.12)

A function f € L'(u) is said to belong to the atomic Hardy space Hiéé’,’,?(u) if there

exist (p,y)r-atomic blocks {b;}3°, such that f =7, b; in L'(x) and

o)
E |bi’H;é§;;(M) < Q.
i=1

The H:P7 (1) norm of f is defined by

atb, p
Hf”H;t’g’;’(y) = inf {Z |bi’H;t’§”;(u)} ;
i=1
where the infimum is taken over all the possible decompositions of f as above.

Remark 2.8. (i) It was proved in [20] that, for each p € (1,00], the atomic Hardy

space Halt’é)”;(,u) is independent of the choice of p € (1,00). Thus, we denote Hi{ﬁ’l(u)

simply by Hul" (1)

(i) When v = 1, we denote HyP" (1) simply by HyF(1). Let us denote by f];t’lf(u)
temporarily the atomic Hardy space, defined by (p,1),-atomic blocks, introduced by
Bui and Duong [1]. Recall that, in the definition of (p, 1)-atomic blocks in [1], instead

of (2.11) and (2.12), it requires that

o0

b= Na; and |Blgie =Y [l

J=1 J=1

It was proved, in [27, Remark 1.3(ii)], that the atomic Hardy space H LP(u) and HLP (1)
coincide with equivalent norms.

The duality between RBMO,(p) and H, ;ﬁf,’;(ﬂ) is the following result obtained in
[20]; see also [1] for v = 1.

Theorem 2.6. (i) Let v € [1,00) and p € (1,00). Then the spaces HLP () and
HL2%7 (1) coincide with equivalent norms and

(527 (1)]" = RBMO, (1)

(ii) Let vy € (1,00) and p € (1,00]. Then the spaces H3P7 (1) and HLP (1) coincide
with equivalent norms.
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Remark 2.9. (i) By Theorem 2.6(ii), we see that, for each p € (1, 00|, the atomic
Hardy space HY”7(u) is independent of the choice of v € [1,00). Thus, in what
follows, we denote HP7 (1) simply by H:P ().

(ii) By Theorem 2.6 and Remark 2.8(i), we denote the atomic Hardy space HyP (1)
simply by H'(11).

Replacing the coefficient Kp g by its discrete version I~(](3p)s as in Definition 2.3, we

present the following notion of the atomic Hardy space H. LP(1) from [10].

Definition 2.11. Let p € (1,00), p € (1,00] and v € [1,00). A function b € L'(u)
is called a (p,~, p)r-atomic block if b satisfies (i)-(iii) in Definition 2.10 with Kp,
replaced by I?g;{ 5 A function f € L'(p) is said to belong to the atomic Hardy space
HLP () if there exist (p, 7, p)a-atomic blocks {b;}32, such that f = 37 b; in L' ()

atb, p i=
and

00
E ’bl‘ﬁié}i’;{(“) < Q.
i=1

The H%Y (1) norm of f is defined by

atb, p
oo
Wi =063 laggnn
i=1
where the infimum is taken over all the possible decompositions of f as above.

Remark 2.10. (i) When (X, d,u) := (RP,| - |, u) with p as in (1.2), by (2.2), we see
that H;,;é)”;(u) becomes the atomic Hardy space H;t’g’g(u) in [37] for v = 1 and in [14]

for v > 1. Obviously, for p € (1,00), p € (1,00] and v € [1,0), we always have
Hyl () € Hyl ().

atb, p atb, p

(ii) It was shown in [10] that, for each p € (1, 00|, the atomic Hardy space fligé’j,?(u)

is independent of the choices of p and v and that, for all p € (1,00), the spaces

f[;t’ﬁ’g(u) and H ;t’];o 2 (1) coincide with equivalent norms. Thus, in what follows, we

denote ﬁit’]fjg(u) simply by H:P(p) or HY (). Moreover, it was shown in [10] that

[t (w))* = RBMO(p) for all p € (1,50
(iii) Let (X, d, ) be a space of homogeneous type with u as in (1.1) and H"? (),
the atomic Hardy space as in [5] with p € (1, 00]. Then, it is easy to see that

H"P(p) € H5P (1) € H5E(u).

Moreover, if pu(X) = oo, by [17, Proposition 4.7] and [20, Proposition 3.5|, together
with [25, Lemma 2.12|, we know that

HYP (i) = Hygl () = Hyl (1),

However, for general doubling measure p with p(X) < oo, it may happen that
H"P(1) G Hyf (1) © Hyl (u);

see [39, p. 317, lines 15 to 16] and [37, p. 125, Example 5.6].
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The boundedness of Calderén-Zygmund operators on H;t’}f (p) is still unknown.
However, it turns out that Calderén-Zygmund operators are bounded on H ;t’é’ (u), which
was proved via the molecular characterization of H LP(1) in [10]. We first state the
notion of the molecular Hardy space.

Definition 2.12. Let p € (1,00), p € (1,00], 7 € [1,00) and € € (0,00). A function
be LY (p) is called a (p, 7, €, p)x-molecular block if

(i)

| Ha)dutz) =0
X

(ii) there exist some ball B and some constants M, M € N such that, for all
keZ,and je{0,..., My} with My := M if k = 0 and M}, := M if k € N, there
exist functions my, ; supported on some balls By ; C Ug(B) for all k € Z,, where
Uo(B) := p*B and Uy(B) := p"™?B\p" 2B with k € N, and ), ; € C such that

oo My

b= ZZ)\k,jmk,ja

k=0 j=1

_ -1 [z -
il < 77 (pBl )[R ]

and
o Mk

Dzt ooy = D1 D1l < oo

k=0 j=1

A function f € L'(y) is said to belong to the molecular Hardy space H:PV¢(p) if

mb, p

there exist (p,7, €, p)r-molecular blocks {b;}°, such that f = > b; in L'(u) and
. 1Bl 02y < 00
i=1

The HP7%(11) norm of f is defined by

mb, p
[e.9]
||f||ﬁ$bf’/j'5(p) = inf {Z |bi|ﬁ;§vg»f(u)} )
i=1
where the infimum is taken over all the possible decompositions of f as above.

Now we present the molecular characterization of the atomic Hardy space H, ;t’é’,’;(u)
obtained in [10].

Theorem 2.7. Let p € (1,00), p € (1,00], v € [l,00) and € € (0,00). Then

ﬁ];t’é’”;’(ﬂ) = ﬁ;ﬁ’g’e(ﬂ) with equivalent norms.

Remark 2.11. (i) It was shown in [10] that the conclusion of Theorem 2.7 is still valid
with Kg)s in Definitions 2.10 and 2.11 replaced by Kp s in Definition 2.2.
(ii) We point out that there exists no equivalent characterization for H:P () or

H ;t’{; (1) by the maximal function or the Littlewood-Paley function in the present set-
ting.



122 Da. Yang, Do. Yang, X. Fu

Now we discuss the relation between H.P(u) and Halt}f (1). As an application of
Theorem 2.1, we obtain the following result from [10].

Corollary 2.5. Let (X, d, 1) be a non-homogeneous space with the dominating function
satisfying the weak reverse doubling condition. Then

Hod (1) = Hyf (1) = Hyil (1)
with equivalent norms.

Remark 2.12. (i) If (X,d, i) is as in Remark 2.4(i), by the same reason as therein,
we know that the conclusion of Corollary 2.5 is true in this case.

(ii) If (X, d, p) is as in Remark 2.4(ii), by the same reason as therein, we find that
the conclusion of Corollary 2.5 is also true in this case.

(iii) However, if (X, d, ) is a non-homogeneous space without the dominating func-

tion satisfying the weak reverse doubling condition, then it is still unclear whether
Y1) = H.2 (1) o mot.

3 Calderé6n-Zygmund operators

In this section, we mainly discuss the boundedness of the Calderén-Zygmund operator
on the Hardy space as well as the Lebesgue space. We also consider the boundedness
of the maximal Calderén-Zygmund operator, the multilinear Calderén-Zygmund oper-
ator and the multilinear commutator generated by the Calderén-Zygmund operator on
various function spaces.

To this end, we first introduce the notion of the Calderén-Zygmund operator in [19]
(see also [18]).

Definition 3.1. A function K € L{ (X x X)\{(z,z) : x € X}) is called a Calderdn-
Zygmund kernel if there exists a positive constant C'(K), depending on K, such that,
(i) for all z, y € X with = # v,

1

|K(z,y)| < C(K)m;

(3.1)

(ii) there exist positive constants d € (0, 1] and ¢(K), depending on K, such that,
for all z, 7, y € X with d(z,y) > ¢(K)d(z,T),

[d(z, 7)]°
[d(z, )P Aw, d(z,y))
A linear operator T is called a Calderon-Zygmund operator with kernel K satisfying

(3.1) and (3.2) if, for all f € Lg°(u), the space of all L>®(p) functions with bounded
support, and = & supp (f),

(3.2)

K (z,y) = K(Z,9)| + |K(y, 2) — K(y,7)| < C(K)

/ny ) du(y). (3.3)
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Moreover, let . (X) be the space of all complex-valued Borel measures on X. The
maximal operator T# associated with T is defined as follows. For every f € L°(u),
ve#(X)and x € X, let

T# f(x) := sup |T.f(x)] and T#v(z):= sup |T.v(z)|, (3.4)

re(0,00) r€(0,00)

where, for every r € (0, 00),

T, f(x) = / K (. 9) () duly)
{yeXx: d(z,y)>r}

and
T,v(x) :—/ K(x,y)dv(y).
{yeXx: d(z,y)>r}

Remark 3.1. (i) We remark that a new example of operators with kernel satisfying
(3.1) and (3.2) is the so-called Bergman-type operator appearing in [43]; see also [19]
for an explanation.

(ii) We note that the Tb theorem for the Calderén-Zygmund operators was estab-
lished by Hytonen and Martikainen [19] via the construction of the random system of
dyadic cubes, and later Tan and Li [36] obtained the T'1 theorem by establishing the
Littlewood-Paley theory.

3.1 Boundedness of Calderén-Zygmund operators

This subsection is devoted to the boundedness of the Calderén-Zygmund operator on
HLP(1) as well as other function spaces. To this end, we first state the following
Calderén-Zygmund decomposition theorem obtained by Bui and Duong [1, Theorem
6.3] (see [37, Lemma 7.3] for the case (X,d, u) := (RP, ||, u) with p as in (1.2)). Let o
be a fixed positive constant satisfying that vy > (216)™{* "} where v is as in Lemma

2.1 and n := log, Ny as in Remark 1.2(ii).

Theorem 3.1. Letp € [1, 00), f € LP(u) and t € (0, c0) (t > ’yé/pl\fHLp(“)/[u(X)]l/p
when u(X) < oo). Then
(1) there exists a family of finite overlapping balls, {6B;},;, such that {B;}; is pairwise

disjoint,
1 tP .
5 / AP dute) > S o all
1 » tP .
e / P du(e) < 5 for alj andy < 0, )
and

|f(x)| <t for p-almost every x € X \ (U,;6B;);
(ii) for each j, let R; be a (108, (216)")-doubling ball of the family {(108)*B;}1en,

and
Wi 1= XGBj/ (Z XGBk> .
k
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Then there exists a family {p;}; of functions such that, for each j, supp (¢;) C
R;, ¢; has a constant sign on R;,

[ etarinto = [ , @) )

Z ;)] <At for p-almost every x € X,

and

where 7y is a positive constant depending only on (X, 1) and there exists a positive
constant C', independent of f, t and j, such that, if p =1, then

sl By) < C /X 1 (@)ws ()] du(a)

and, if p € (1, o), then

1/p
[/lesoj(x)lpdﬂ(x)] W < o5 [ 1@l duto);

(iii) when p € (1,00), if, for any j, choosing R; to be the smallest (108, (216)")-
doubling ball of the family {(108)* B;}ren, then

= (fw;— ;) € H'(p)

J

and there exists a positive constant C', independent of f and t, such that

X | S HfH

=

Using Theorem 3.1, Bui and Duong [1] established the following interpolation result
for linear operators.

Theorem 3.2. Let T be a linear operator which is bounded from H' (i) into L'(u) and
from L>(u) into RBMO(u). Then T can be extended to a bounded linear operator on
LP(u) for all p € (1,00).

In [23], Lin and Yang obtained the following interpolation theorem which is useful
in the study for the boundedness of sublinear operators.

Theorem 3.3. Let T be a sublinear operator that is bounded from L*(u) into
RBMO(u) and from H'(p) into LV (u). Then T can be extended to a bounded sub-
linear operator on LP(u) for all p € (1,00).

Now we state the following results for the boundedness of the Calderén-Zygmund
operator associated with kernel K satisfying (3.1) and (3.2) obtained by Hytonen, Da.
Yang and Do. Yang [20] and, independently, Bui and Duong [1].
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Theorem 3.4. Let T be a Calderon-Zygmund operator associated with kernel K satis-
fying (3.1) and (3.2), which is bounded on L*(p). Then the following conclusions hold
true:

(i) T is of weak type (1,1);

(ii) T is bounded from L*°(u) into RBMO(u);

(iii) T is bounded from H'(u) into L'(u);

(iv) T is bounded on LP(p) for all p € (1,00).

Moreover, it was shown by Hytonen, Liu, Da. Yang and Do. Yang in [18| that the
L?(p)-boundedness of a Calderén-Zygmund operator T is equivalent to that of T on
LP(p) for all p € (1,00) and its endpoint estimate as follows.

Theorem 3.5. Let T' be a Calderon-Zygmund operator associated with kernel K sat-
isfying (3.1) and (3.2). Then the following statements are equivalent:

(i) T is bounded on L*(u);

(i) T is bounded on LP(u) for all p € (1,00);

(iii) T is of weak type (1,1).

Now we investigate the equivalent characterization of the boundedness of T on
L*(p) and from H'(u) to L'(p). Let u(X) = oo and the kernel K of T satisfy (3.1)
and the Hormander condition that there exists a positive constant C' such that, for all

T #7T,

/{ €X' d(z,y)>2d( N)}HK(x,y) B K(f, y)| + |K(y,x) - K(yﬁ)ll dp(y) <C. (3.5)

Liu, Da. Yang and Do. Yang [27] obtained the following conclusion.

Theorem 3.6. Let p € (1,00] and T be a Calderdn-Zygmund operator associated with
kernel K satisfying (3.1) and (3.5). If u(X) = oo, then the following statements are
equivalent:

(i) T is bounded on L*(u);

(ii) T is bounded from H'(p) into L'(p);

(iii) T is bounded from H'(u) into LY (u).

Remark 3.2. Tt is still unclear whether the conclusions of Theorem 3.6 hold true or
not, if we replace the coefficient K g by its discrete counterpart K 1(3&)5 Precisely, since,
for any balls B C S with u(25\B) = 0, it is unclear whether there exists a positive
constant C', independent of B and S, such that I?g")s < C or not, the method used in

the proof of [27, Lemma 3.1] does not apply to [?1(306)5

Using Theorems 3.6 and 2.3, Hu, Meng and Yang [15] further obtained the following
characterizations for the boundedness of Calderén-Zygmund operators.

Theorem 3.7. Let p € (1,00) and T be a Calderén-Zygmund operator associated with
kernel K satisfying (3.1) and (3.2). Then the following seven statements are equivalent:
(i) T is bounded from H'(p) into L'(p);
(ii) T is bounded from H'(p) into L (u);
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(iii) for some v € (0,00), there exists a positive constant C' such that, for all
g, t € (0,00), balls B and bounded functions f with supp (f) C B,

p{z € B [Te(f)(2)] > t}) < O p(pB) | 7 )

(iv) for some o € (0,1), there exists a positive constant C' such that, for all ¢ €
(0,00), balls B and bounded functions f with supp (f) C B,

1 o o .
5 | ITD@F dua) < ClS Iy

(v) T is bounded from L*(u) into RBMO(u);
(vi) T is bounded on LP(u) for some p € (1,00);
(vii) T is bounded on LP(u) for all p € (1, 00).

Remark 3.3. For the same reason as in Remark 3.2, the results in Theorem 3.7 are
also unknown when Kp g is replaced by K j(ga)s

Now we turn our attention to the boundedness of T on H'(y1) and H' (1) established
in [10]. To be precise, let T be bounded on L?*(u) and T*1 = 0, where, by T*1 = 0, we
mean that, for any g € L°(p) and [, g(y) du(y) = 0, it holds true that

/XTg(x) du(x) = 0.

Theorem 3.8. Letp € (1,00). Suppose that T is a Calderdn-Zygmund operator associ-
ated with kernel K satisfying (3.1) and (3.2), which is bounded on L?(u), and T*1 = 0.
Then there exists a positive constant C such that, for all f € H (), Tf € H'(u) and

T 1y < Ol )

As a corollary of Theorem 3.8, we obtain the boundedness of Calderén-Zygmund
operators on RBMO(y) in [10] immediately.

Corollary 3.1. Let T be as in Theorem 3.8 and T* the adjomt operator ofT Then

there exists a positive constant C such that, for all f € RBMO( ), T*f € RBMO( )
and

||T*f||RBMO CHfHR%(u)

We remark that the method used in the proof of Theorem 3.8 does not work for
the boundedness of T on H!'(u). Moreover, it is still unknown in general whether T
is bounded on H'(1) or not. However, if the dominating function A satisfies the weak
reverse doubling condition (see Definition 2.4), then we have the following conclusion;
see [10].

Corollary 3.2. Let (X, d, 1) be a non-homogeneous space with the dominating function
satisfying the weak reverse doubling condition.

(i) If T is as in Theorem 3.8, then T is bounded on H'(u).

(i) If T is as in Theorem 3.8 and T* the adjoint operator of T, then T* is bounded
on RBMO(p).
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Remark 3.4. (i) When (X, d, u) is as in Remark 2.4(i), by the same reason as therein,
we see that all the conclusions of Corollary 3.2 are true in this case.

(ii)) When (X, d, i) is as in Remark 2.4(ii), by the same reason as therein, we know
that all the conclusions of Corollary 3.2 are also true in this case.

3.2 Boundedness of maximal Calderén-Zygmund operators

This subsection is devoted to the LP(u)-boundedness, with p € (1,00), of the maxi-
mal Calderén-Zygmund operator T# and its endpoint estimates. We start with the
following result established in [18].

Theorem 3.9. Let T' be a Calderon-Zygmund operator associated with kernel K sat-
isfying (3.1) and (3.2), which is bounded on L*(n), and T# the mazimal Calderon-
Zygmund operator associated with T'. Then the following statements hold true:

(i) T# is bounded on LP(u) for all p € (1,00);

(ii) for a measure v € M (X), let

ol = /X du(z)|.

Then, there ezists a positive constant ¢ such that, for allv € #(X),
IT#v| 1oy < €.
Moreover, T# is of weak type (1,1).

For the maximal Calderén-Zygmund operator associated with kernel K satisfying
(3.1) and (3.5), Liu, Meng and Yang [26] obtained the following conclusions.

Theorem 3.10. Let T# be the mazimal Calderon-Zygmund operator as in (3.4) as-
sociated with kernel K satisfying (3.1) and (3.5). Then the following statements are
equivalent:

(i) T# is bounded on LP°(u) for some py € (1,00);

(ii) T# is of weak type (1,1);

(iii) T# is bounded on LP(u) for all p € (1,00).

Using Theorem 3.10, Liu, Meng and Yang [26| further showed the following result,
which is an improvement of Theorem 3.9.

Theorem 3.11. Let T be an L*(p)-bounded Calderdn-Zygmund operator associated
with kernel K satisfying (3.1) and (3.5), and T# the mazimal operator associated with
T. Then the following statements hold true:

(i) T# is bounded on LP(u) for all p € (1,00);

(ii) T# is of weak type (1,1).

On the other hand, in the case when p = oo, Lin and Yang [22| showed that T% is
bounded from L*>°(u) into RBLO(u), which is stated as follows.

Theorem 3.12. Let T be a Calderén-Zygmund operator as in (3.3) associated with
kernel K satisfying (3.1) and (3.2), which is bounded on L*(u). Then the mazimal
operator T# is bounded from L>(u) to RBLO(j).
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3.3 Weighted estimates for multilinear Calderén-Zygmund op-
erators

In this subsection, we review a weighted norm inequality for the multilinear Calderén-
Zygmund operator obtained by Hu, Meng and Yang [16]. We first recall some notation
and notions.

Let m be a positive integer, A := {(z,...,z): = € X} and K(x,y1,...,Ym) & p-
locally integrable function mapping from (X x - - - x X')\A to C, which satisfies the size
condition that there exists a positive constant C' such that, for all x, vy, ..., ¥, € X
with = # y; for some j,

1
Doty A, d(z, i)™

and the regularity condition that there exist some positive constants 7 and C' such that,
for all x, T, y1, ..., Ym € X with max{d(x,y1),...,d(x,yn)} > 2d(x, ),

|K(x7y17"'7ym)‘ SC

(3.6)

|K(x7y17"'7ym) _K(f,yl,,ym”
ce i) |
Doy d(z,ya)]T 220, Az, d(z, )™
A multilinear operator T associated with kernel K is called a multilinear Calderdn-

Zygmund operator, if it is bounded from L*(p) x - - - x L' (1) into LY/ (1) and satisfies
that, for all f1,..., f,n € Li®(p) and p-almost every x € X'\ (N, supp (f;)),

T(fi,-- s fm)(2)

(3.7)

When m = 1, the operator T defined by (3.8) is a version of the Calderén-Zygmund
operator. When m > 2 and (X,d,u) := (RP,]| - |,dx), the operator defined by (3.8)
is just the classical multilinear Calderén-Zygmund operator. The study of multilinear
Calderén-Zygmund operators is not motivated only by a mere quest to generalize the
classical Calderén-Zygmund theory, but rather by their natural appearance in analysis.
In what follows, we always assume m = 2 for brevity.

Let p € [1,00), P := (p1,p2) with py, po € [1,00) and 1/p := 1/p; + 1/p2. A map
& = (wi,ws) is said to belong to A%4(y) if wi and w, are nonnegative y-measurable
functions and there exists a positive constant C' such that, for all balls B C X,

2

ﬁﬁéwmwwﬂ&ﬁgémwmeﬁwga

Jj=1

where, for all x € X,

vg(a) = ] Jlws ()17

J=1

{M(;B) /B[wj(:v)]l—p;- du(x)}l/’%'

and, when p; =1,
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is understood as (infpw;)~* for j € {1,2}.
The following result was obtained by Hu, Meng and Yang [16].

Theorem 3.13. Let K be a p-locally integrable function mapping from (X x X x X)\ A
to C, which satisfies (3.6) and (3.7) with m = 2, and T as in (3.8). Then, for all
P = (p1,p2) with p1, p2 € [1,00), 1/p:=1/p1 + 1/ps and & := (w1, w2) € A%(n) with
p € [1,00), T can be extended to be a bounded bilinear operator from LP'(wq) X LP?(ws)

into LP(vg) and, moreover, there exists a positive constant C such that, for all f; €
LPr(wy) and fo € LP?(wy),

1T (f1, fo)llzr o (vg) < Cllf1llLes i)l f2ll Lot (ws)-

Remark 3.5. (i) In the case of non-homogeneous spaces, it is still unknown whether
T is bounded from L*(u) x L*(u) into LY/?°° (1) or not, if we only assume that T is
bounded from L% (u) x L% (p) into L?>°(u) for some ¢p, ¢o € (1,00) and ¢q € (0, 00)
with 1/q :=1/q1 + 1/g2 and that there exist positive constants C' and 7 such that, for
all z, y, z, y € X with max{d(z,y), d(z,2)} > 2d(y,7),

’K(LE,y,Z) - K(l’,g, Z)‘ + |K<£L’,Z,y) - K(Z’,Z,g)’

Ay, DI
= Cldlay) + dlz, T N, dlw 9) + Ma d(z, )P

Even in the case when (X, d, i) := (RP,|-|, u) with p as in (1.2), this is also unknown.

(ii) In [16], the authors concluded that, if we only assume that 7" is bounded from
L () x L% (p) into L% (p) for some qq, g2 € (1,00) and ¢ with 1/q := 1/q1 + 1/¢o,
then the ranges of indices p; and p, in Theorem 3.13 are p; € [g1,00) and py € [ga, 00),
which are narrower than Theorem 3.13, and & belongs to some smaller weight class
than Theorem 3.13.

3.4 Boundedness of multilinear commutators

In this subsection, we mainly discuss the boundedness of the multilinear commutator,
generated by the Calderén-Zygmund operator with any RBMO(u) function, and its
weak-type endpoint estimate.

Let b € RBMO(u) and T be a Calderén-Zygmund operator as in (3.3) associated
with kernel K satisfying (3.1) and (3.2). For any f € Ly°(u) and € X'\ supp (f), the
commutator [b,T] is defined by setting

[0, T](f)(2) := b(x)T(f)(x) = T(0f)(2)- (3.9)
Under the additional assumption: there exists m € (0, 00) such that
Mz, ar) = a™A(z,r) for all z € X and a, r € (0, 00), (3.10)

where A is the dominating function of the measure p, Bui and Duong [1| obtained the
following LP(p)-boundedness, with p € (1, 00), of [b,T].
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Theorem 3.14. Assume that \ satisfies (3.10). Let b eRBMO (u) and T be as in
(3.3) associated with kernel K satisfying (3.1) and (3.2), which is bounded on L*(u).
Then the commutator [b,T] in (3.9) is bounded on LP(u) for all p € (1,00).

Theorem 3.14 was extended by Fu, Yang and Yuan [8] to the boundedness of the
multilinear commutator on the Orlicz space. We first recall some notions and notation
from [8].

Let ® be a conver Orlicz function on [0, 00), namely, a convex increasing function
satisfying ®(0) = 0, ®(¢) > 0 for all t € (0,00) and ®(¢) — oo as t — oco. Let

(1) t®'(t)
ae = inf and bg := su .
® te(0,00) D(1) ® te(O,Io)o) o(1)

The Orlicz space L® (1) is defined to be the space of all measurable functions f
on (X,d,u) such that [, ®(|f(x)])du(z) < oo; moreover, for any f € L®(u), its
Luzemburg norm in L®(p) is defined by

1 lego o= inf {t € 0o): [ WS (o) < 1} |

For any sequence b= (b1,...,bx) of functions, the multilinear commutator Ty of
the Calderén-Zygmund operator T" and b is defined by setting, for all suitable functions
fand x € X,

Ty f () i= [bg, [br—r, -, [0, TT - ] f (). (3.11)

Now we state the following result about the boundedness of multilinear commuta-
tors on Orlicz spaces from [§].

Theorem 3.15. Let k € N, b; € RBMO(p) for alli € {1,...,k}, ® a convex Orlicz
function satisfying that 1 < ag < by < 0o. Assume that T is as in (3.3) associated with
kernel K satisfying (3.1) and (3.2), which is bounded on L*(n). Then the multilinear
commutator Ty in (3.11) is bounded on Orlicz spaces L*(p), namely, there exists a
positive constant C' such that, for all f € L®(p),

| T3/ le(uy < Cllbrll RBMO() * * * [0k | RBMO) | f1] 22 (10)-

Let ®4(t) := t* for all t € (0,00) with p € (1,00). Then ®; is a convex Orlicz
function, with ag, = b, = p € (1,00), and L®1(u) = LP(u). In this case, for k = 1,
Theorem 3.15 also essentially improves Theorem 3.14 by removing the assumption
(3.10).

The endpoint counterpart of Theorem 3.15 was also considered in [8]. To begin
with, we recall the following Orlicz type function space OSCexp 1+ (11)-

Definition 3.2. For r € [1,00), a function f € Li._(u) is said to belong to the space
OSCexp - (1) if there exists a positive constant C' such that,

(i) for all balls B,

||f - mg(f) HexpLT,B,u/u(QB)
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u(213) /BeXp (If(:c) _Amé(m)r dp(z) < 2} < C;

(ii) for all doubling balls B C S,

ims(f) —ms(f)] < CKps.

The Oscexp - (1) norm of f, || fllosces, 1r(u)> 18 then defined to be the infimum of all
positive constants C' satisfying (i) and (ii).

— inf{A € (0,00) :

Now we state the endpoint estimate for the multilinear commutator from [8] as
follows.

Theorem 3.16. Let k € N, r; € [1,00) and b; € OSCexprri (1) fori € {1,...,k}. Let T
be as in (3.3) associated with kernel K satisfying (3.1) and (3.2), and Ty as in (3.11),

respectively. If T is bounded on L?*(u), then there exists a positive constant C such
that, for allt € (0,00) and f € L°(u),

p{z € X = [Tf(2)] > 1}) < CPup(llballose oy pra ) =~ 10kl 0se 1y e ()

></X<I>1/r <|f(t_y)|> dp(y),

where 1/r:=1/r1 + -+ 1/, and, for all s € (0,00) and t € (0,00),

O, (t) == tlog (2 + 1).

4 Generalized fractional integrals and Marcinkiewicz integrals

In this section, we review the results on the equivalent boundedness of the generalized
fractional integral, the boundedness of the multilinear commutator associated with the
generalized fractional integral. The equivalent characterization of the boundedness of
the Marcinkiewicz integral and some endpoint estimates for the Marcinkiewicz integral
are also considered in this section.

4.1 Generalized fractional integrals

This subsection is devoted to the equivalent characterization of the (LP(u), L(u))-
boundedness of the generalized fractional integral T,, and the boundedness of the
multilinear commutator associated with 7, on Orlicz spaces and its endpoint estimate
established by Fu, Yang and Yuan in [9]. We begin with the notion of the generalized
fractional integral.

Definition 4.1. Let a € (0,1). A function K, € LL (X x X\ {(z,z) : = € X}) is
called a generalized fractional integral kernel if there exists a positive constant C'(K,,),
depending on K, such that,

(i) for all z, y € X with o # v,

1

e PYeaea) ek

(4.1)
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(ii) there exists a positive constant § € (0, 1] such that, for all =, 7, y € X with
d(z,y) > C(Ka)d(z, ),
[d(z, 7))°
[d(z, )’ [Nz, d(2,y))]

A linear operator T, is called a generalized fractional integral with kernel K, sat-
isfying (4.1) and (4.2) if, for all f € Ly°(u) and x & supp (f),

[ Ka(2,y) = Ka(T,y)| +[Kaly, ©) = Ka(y, )| < C(Ka) (4.2)

T.f(x) = /X Ko, 9)f () du(y). (4.3)

Remark 4.1. It was shown in [9] that there exists a specific example of the generalized
fractional integral, which is a natural variant of the so-called Bergman-type operator;
see [9] for the details.

Then we state the following result on the equivalent characterizations for the bound-
edness of the generalized fractional integral over (X, d, u) from [9].

Theorem 4.1. Let o € (0,1) and T, be a generalized fractional integral as in (4.3)
with kernel K satisfying (4.1) and (4.2). Then the following statements are equivalent:
(i) T, is bounded from LP(u) into Li(u) for allp € (1, 1/a) and 1/q :=1/p — a;
(ii) T, is bounded from L'(u) into LY~ (p);
(iii) there exists a positive constant C such that, for all f € LY*(u) with T,f being
finite almost everywhere,

“TafHRBMO(u) < C”f”Ll/a(u);

(iv) T, is bounded from H'(p) into LY~ (p);
(v) T, is bounded from H' () into L= (p).

Remark 4.2. By the same reason as in Remark 3.2, we see that the results in Theorem
4.1 are also unknown for K j(ga)s instead of Kp_ g.

Now we turn our attention to the boundedness of the multilinear commutator of
the generalized fractional integral. For any sequence b= (b1, ...,bx) of functions, the
multilinear commutator T ; of the generalized fractional integral T;, with b is defined
by setting, for all suitable functions f,

T, 5f = [br, - [, Ta] -], (4.4)

where
[bb Ta]f = blTaf - Ta(blf)'

The following theorem was established in [9].

Theorem 4.2. Let a € (0,1), k € N and b; € RBMO(u) for all j € {1,...,k}. Let @
be a convex Orlicz function and V defined, via its inverse, by setting, for allt € (0, 00),

U Ht) = o (1),
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where
d~(t) ;= inf{s € (0,00) : ®(s) > t}.

Suppose that T, is as in (4.3), with kernel K, satisfying (4.1) and (4.2), which is
bounded from LP(u) into LI(p) for allp € (1,1/a) and 1/q :=1/p —a. If1 < agp <
by < 0o and 1 < ay < by < oo, then the multilinear commutator T, ; as in (4.4) is

bounded from L*(u) to LY (), namely, there exists a positive constant C' such that, for
all f € L*(u),

k
1T, 51y < C T 10511 msoqol| £l -

J=1

Now we consider the endpoint counterpart of Theorem 4.2. For i € {1,...,k}, the
family of all finite subsets o := {o(1),...,0(i)} of {1,...,k} with i different elements
is denoted by CF. For any o € CF, the complementary sequence o’ is defined by
o' :={1,...,k}\ 0. For any 0 := {o(1),...,0(i)} € CF and k-tuple r := (ry,..., 1),
we write that

Vre :=1/roqy+ -+ 1/ropy and 1/ry :=1/r —1/r,,

where 1/r:=1/ri + -+ 1/ry.
For r € [1,00), let OSCexp - (1¢) be as in Definition 3.2. Then we are ready to state
the result in [9].

Theorem 4.3. Let o € (0,1), k € N, r; € [1,00) and b; € Osceyp i () for j €
{1,... k}. Let T, and T ; be, respectively, as in (4.3) and (4.4) with kernel K,
satisfying (4.1) and (4.2). Suppose that T, is bounded from LP(p) into L(u) for all
p € (1,1/a) and 1/q := 1/p — . Then, there exists a positive constant C' such that,
for allt € (0,00) and f € Ly°(u),

p{z € X 2 [T, 5 f(2)] > t})

k k
o (Tl )| [32 35 01 101, 600 |
j=1

j=0 UEC’J’-c

<C

where, for all s € (0,00), ®s is as in Theorem 3.16.

Remark 4.3. For all a € (0,1), f € Ly°(n) and « € X, the fractional integral I, f(z)
is defined by

- fy)
L) = | St g 0

[t is easy to see that, under the assumption (3.10), the fractional integral I, is a special
case of the generalized fractional integral. Moreover, in [9], the authors showed that
all the conclusions of Theorems 4.1, 4.2 and 4.3 hold true, if T, is replaced by I,.
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4.2 Marcinkiewicz integrals

In this subsection, we discuss equivalent characterizations for the LP(u)-boundedness,
with p € (1,00), of the Marcinkiewicz integral and its several endpoint estimates
obtained by Lin and Yang in [24]. To this end, we first recall the notion of the
Marcinkiewicz integral; see [12] for the case (X,d,u) = (RP,|-|,u) with p as in
(1.2).

Definition 4.2. A function K € L. (X x X \ {(z,z) : =z € X}) is called a
Marcinkiewicz integral kernel if there exists a positive constant C'(K), depending on
K, such that,

(i) for all z, y € X with = # v,

K < O g s (15)
(ii) for all y, y € X,
/ 1K @y) - K@Dl + K (@2) - K@ o) 24 < o(x). (4.6)
{zeX: d(ey)>2d(y.§)} d(z,y)

The Marcinkiewicz integral M(f) associated to the above kernel K is defined by
setting, for all suitable functions f and = & X,

/OO ’/ K(z,y)f(y) du(y)
0 {yeXx: d(z,y)<t}

When (X,d,p) == (RP,|-|,dx), M is just the classical Marcinkiewicz integral.
Thus, M is a natural generalization of the classical Marcinkiewicz integral in the
present setting.

The following conclusion was obtained in [24].

M(f)(z) = (4.7)

1/2
2 dt
3

Theorem 4.4. Let M be a Marcinkiewicz integral as in (4.7) associated with kernel
K satisfying (4.5) and (4.6). Then the following statements are equivalent:

(i) M is bounded on LP°(u) for some pg € (1,00);

(i) M is of weak type (1,1);

(iii) M is bounded on LP(u) for all p € (1,00);

(iv) M is bounded from H'(p) into L'(p).

Remark 4.4. By the same reason as in Remark 3.2, we see that the results in Theorem
4.4 are still unknown when Kp g is replaced by K](;)S.

Comparing with the corresponding result in [12|, Theorem 4.4 makes an essential
improvement.

To discuss the corresponding endpoint estimate, we recall the notion of the space
of all finite linear combinations of (p, 1) -atomic blocks.
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Definition 4.3. Let p € (1,00]. The space HgP(u) is defined to be the vector space
of all finite linear combinations of (p, 1) -atomic blocks. Moreover, the norm of f in

HyP(u) is defined by

||f||Hé’np(,u)

N
= inf {Z |bj|H§é§ : Zb b; is a (p, 1)\ — atomic block, N € N} :

j=1
Now we are ready to state the results on the endpoint estimate of M in [24].

Theorem 4.5. Let M be a Marcinkiewicz integral as in (4.7) associated with kernel
K satisfying (4.5) and (4.6).

(i) If M is bounded from H'(u1) into L' (), then, for f € L>(u), M(f) is either
infinite everywhere or finite p-almost everywhere; more precisely, if M(f) is finite at
some point xo € X, then M(f) is finite u-almost everywhere and

M)l rBLOG) < Clf Lo (1)

where C' 1s a positive constant independent of f.
(ii) If there exists a positive constant C' such that, for all f € Ly°(u),

M) rByow) < ClLF Lo
then M is bounded from Hg () into L' ().

Remark 4.5. (i) It was shown in [24] that, if M is bounded from H'(u) into L'(u),
then, for any f € L>®(u), M(f) is either infinite everywhere or

M) rBro) < Cllfllzoe

with the positive constant C' independent of f, which improves the known correspond-
ing result even on the classical Euclidean space R”.

(ii) By Theorem 4.4, if M is bounded from H'(u) into L'(1), then it is also bounded
on LP(u) for all p € (1, 00) and, for any f € L°(u), M(f) is finite at some point 2y € X.
This, together with Theorem 4.5(i), further shows that M is bounded from Ly°(u) into
RBLO(u) and hence, it is bounded from Lg°(u) into RBMO(pu).

(iii) In the present setting, it is still unclear whether the uniform boundedness
in some Banach space B of a sublinear operator 7' on all (0o, 1)-atomic blocks can
guarantee the boundedness of T' from H'(p) into B or not. Thus, under the assumption
of Theorem 4.5, it is still unknown whether the Marcinkiewicz integral M can be
extended boundedly from H'(p) into L*(u) or not.

(a)

(iv) The results in Theorem 4.5 are also unknown, when Kp g is replaced by K B. s
by the same reason as in Remark 3.2.



136 Da. Yang, Do. Yang, X. Fu

Acknowledgments

The authors would like to express their sincere thanks to Professor Yan Meng for her
article [13].

Dachun Yang is supported by the National Natural Science Foundation of China
(grant no. 11171027) and the Specialized Research Fund for the Doctoral Program of
Higher Education of China (grant no. 20120003110003). Dongyong Yang is supported
by the National Natural Science Foundation of China (grant no. 11101339).



(1]

[2]
3]

14]

[5]

[6]

7]

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

The Hardy Space H'! 137

References

T.A. Bui, X.T. Duong, Hardy spaces, reqularized BMO spaces and the boundedness of Calderén-
Zygmund operators on non-homogeneous spaces, J. Geom. Anal. 23 (2013), 895-932.

R.R. Coifman, A real variable characterization of H?, Studia Math. 51 (1974), 269-274.

R.R. Coifman, Characterization of Fourier transforms of Hardy spaces, Proc. Nat. Acad. Sci. U.
S. A. 71 (1974), 4133-4134.

R.R. Coifman, G. Weiss, Analyse Harmonique Non-Commutative sur Certains Espaces Ho-
mogénes, Lecture Notes in Math. 242, Springer-Verlag, Berlin-New York, 1971.

R.R. Coifman, G. Weiss, Extensions of Hardy spaces and their use in analysis, Bull. Amer. Math.
Soc. 83 (1977), 569-645.

D. Deng, Y. Han, Harmonic Analysis on Spaces of Homogeneous Type, Lecture Notes in Math.
1966, Springer-Verlag, Berlin, 2009.

C. Fefferman, E.M. Stein, H? spaces of several variables, Acta Math. 129 (1972), 137-193.

X. Fu, D. Yang, W. Yuan, Boundedness on Orlicz spaces for multilinear commutators of
Calderon-Zygmund operators on non-homogeneous spaces, Taiwanese J. Math. 16 (2012), 2203-
2238.

X. Fu, D. Yang, W. Yuan, Generalized fractional integrals and their commutators over non-
homogeneous spaces, Submitted.

X. Fu, Da. Yang, Do. Yang, The molecular characterization of the Hardy space H' on non-
homogeneous spaces and its application, Submitted.

Y. Han, D. Miiller, D. Yang, A theory of Besov and Triebel-Lizorkin spaces on metric measure
spaces modeled on Carnot-Carathéodory spaces, Abstr. Appl. Anal. 2008, Art. ID 893409, 250

pp.

G. Hu, H. Lin, D. Yang, Marcinkiewicz integrals with non-doubling measures, Integral Equations
Operator Theory 58 (2007), 205-238.

G. Hu, Y. Meng, Calderdn-Zygmund operators with non-doubling measures, Adv. Math. (China)
(to appear).

G. Hu, Y. Meng, D. Yang, New atomic characterization of H' space with non-doubling measures
and its applications, Math. Proc. Cambridge Philos. Soc. 138 (2005), 151-171.

G. Hu, Y. Meng, D. Yang, A new characterization of regularized BMO spaces on mnon-
homogeneous spaces and its applications, Ann. Acad. Sci. Fenn. Math. 38 (2013), 3-27.

G. Hu, Y. Meng, D. Yang, Weighted norm inequalities for multilinear Calderdn-Zygmund op-
erators on non-homogeneous metric measure spaces, Forum Math. (2012) DOI: 10.1515/forum-
2011-0042.

T. Hytonen, A framework for non-homogeneous analysis on metric spaces, and the RBMO space
of Tolsa, Publ. Mat. 54 (2010), 485-504.

T. Hyt6nen, S. Liu, Da. Yang, Do. Yang, Boundedness of Calderdn-Zygmund operators on non-
homogeneous metric measure spaces, Canad. J. Math. 64 (2012), 892-923.



138

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

Da. Yang, Do. Yang, X. Fu

T. Hytonen, H. Martikainen, Non-homogeneous Tb theorem and random dyadic cubes on metric
measure spaces, J. Geom. Anal. 22 (2012), 1071-1107.

T. Hytoénen, Da. Yang, Do. Yang, The Hardy space H' on non-homogeneous metric spaces,
Math. Proc. Cambridge Philos. Soc. 153 (2012), 9-31.

R.H. Latter, A characterization of HP (R™) in terms of atoms, Studia Math. 62 (1978), 93-101.

H. Lin, D. Yang, Spaces of type BLO on non-homogeneous metric measure spaces, Front. Math.
China 6 (2011), 271-292.

H. Lin, D. Yang, An interpolation theorem for sublinear operators on non-homogeneous metric
measure spaces, Banach J. Math. Anal. 6 (2012), 168-179.

H. Lin, D. Yang, Fquivalent boundedness of Marcinkiewicz integrals on non-homogeneous metric
measure spaces, Sci. China Math. (to appear).

L. Liu, Da. Yang, Do. Yang, Atomic Hardy-type spaces between H' and L' on metric spaces with
non-doubling measures, Acta Math. Sin. (Engl. Ser.) 27 (2011), 2445-2468.

S. Liu, Y. Meng, D. Yang, Boundedness of maximal Calderén-Zygmund operators on non-
homogeneous metric measure spaces, Proc. Roy. Soc. Edinburgh Sect. A (to appear).

S. Liu, Da. Yang, Do. Yang, Boundedness of Calderdn-Zygmund operators on non-homogeneous
metric measure spaces: Equivalent characterizations, J. Math. Anal. Appl. 386 (2012), 258-272.

F. Nazarov, S. Treil, A. Volberg, Cauchy integral and Calderdn-Zygmund operators on nonho-
mogeneous spaces, Internat. Math. Res. Notices 15 (1997), 703-726.

F. Nazarov, S. Treil, A. Volberg, Weak type estimates and Cotlar inequalities for Calderdn-
Zygmund operators on nonhomogeneous spaces, Internat. Math. Res. Notices 9 (1998), 463-487.

F. Nazarov, S. Treil, A. Volberg, Accretive system Tb-theorems on nonhomogeneous spaces, Duke
Math. J. 113 (2002), 259-312.

F. Nazarov, S. Treil, A. Volberg, The Tb-theorem on non-homogeneous spaces, Acta Math. 190
(2003), 151-239.

E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton University
Press, Princeton N. J., 1970.

E.M. Stein, Harmonic Analysis: Real-variable Methods, Orthogonality, and Oscillatory Integrals,
Princeton University Press, Princeton, N. J., 1993.

E.M. Stein, G. Weiss, On the theory of harmonic functions of several variables. 1. The theory of
HP-spaces, Acta Math. 103 (1960), 25-62.

J.O. Stromberg, A. Torchinsky, Weighted Hardy Spaces, Lecture Notes in Math. 1381, Springer-
Verlag, Berlin, 1989.

C. Tan, J. Li, Littlewood-Paley theory on metric measure spaces with non doubling measures and
its applications, Sci. China Math. (to appear).

X. Tolsa, BMO, H', and Calderén-Zygmund operators for non doubling measures, Math. Ann.
319 (2001), 89-149.

X. Tolsa, Littlewood-Paley theory and the T'(1) theorem with non-doubling measures, Adv. Math.
164 (2001), 57-116.



(39]

[40]

[41]

42]

[43]

[44]

[45]

The Hardy Space H'! 139

X. Tolsa, The space H' for nondoubling measures in terms of a grand mazimal operator, Trans.
Amer. Math. Soc. 355 (2003), 315-348.

X. Tolsa, Painlevé’s problem and the semiadditivity of analytic capacity, Acta Math. 190 (2003),
105-149.

X. Tolsa, The semiadditivity of continuous analytic capacity and the inner boundary conjecture,
Amer. J. Math. 126 (2004), 523-567.

X. Tolsa, Bilipschitz maps, analytic capacity, and the Cauchy integral, Ann. of Math. (2) 162
(2005), 1243-1304.

A. Volberg, B.D. Wick, Bergman-type singular operators and the characterization of Carleson
measures for Besov-Sobolev spaces on the complex ball, Amer. J. Math. 134 (2012), 949-992.

Da. Yang, Do. Yang, G. Hu, The Hardy space H' with non-doubling measures and their appli-
cations, Lecture Notes in Math. 2084, Springer-Verlag, Berlin, 2013.

Y. Zhou, Some endpoint estimates for local Littlewood-Paley operators, Beijing Shifan Daxue

Xuebao 44 (2008), 577-580 (in Chinese).

Dachun Yang, Xing Fu

School of Mathematical Sciences

Beijing Normal University

Laboratory of Mathematics and Complex Systems
Ministry of Education

Beijing 100875

People’s Republic of China

E-mails: dcyang@bnu.edu.cn, xingfu@mail.bnu.edu.cn

Dongyong Yang

School of Mathematical Sciences
Xiamen University

Xiamen 361005

People’s Republic of China
E-mail: dyyang@xmu.edu.cn

Received: 17.02.2013



EURASIAN MATHEMATICAL JOURNAL
2013 — Tom 4, Ne 2 — Acrana: EHY. — 144 c.

Tloanucamo B meuars 5.07.2013 . Tupax — 150 2x3.

Anpec pemaknuu: 010008, Acrana, yn. Mupsosina, 2,
Espasniicknit nanmonasnpubiii yausepcurer umenn JI.H. ['ymunesa,
IVIaBHBIH KOpITyC, Kab. 355
Tes.: +7-7172-709500 nobasounsiit 31313

Huzaitn: K. Bynan

Ornegarano B tunorpacdun EHY nvmenn JI.H.I'ymunera

(© Espasniickuil narmona bHbI yEEBepenTer uvenn JILH. Tymmiesa

CBuUIETEIbCTBO O TOCTAHOBKE HA yUET IIeYaTHOTO W3/TAHS
MunucreperBa KyabTyphl 1 nHdopMmariun Pecrybmukn Kazaxcran
Ne 10330 — 2K or 25.09.2009 r.



