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Abstract. We study the natural q-analogues of the Hermite, Laguerre, Jacobi and
Bessel D-classical forms. Their moments and their discrete measure and integral rep-
resentations are given.

1 Introduction and preliminary results

Let P be the vector space of all polynomials with coefficients in C and let P ′ be its
dual. We denote by 〈u, f〉 the action of a form u ∈ P ′ (linear functional) on f ∈ P .
In particular, we denote by (u)n := 〈u, xn〉 , n ≥ 0 the moments of u. Let {Pn}n≥0 be
a sequence of monic polynomials with degPn = n, n ≥ 0 (MPS). A (MPS) {Pn}n≥0

is called orthogonal (MOPS) if there exists a unique form u satisfying (u)0 = 1 and a
sequence of numbers {rn}n≥0 (rn 6= 0, n ≥ 0) such that

〈u, PmPn〉 = rnδn,m , n,m ≥ 0.

The form u is then called regular. The (MOPS) {Pn}n≥0 satisfies the second order
recurrence relation{

P0(x) = 1 , P1(x) = x− β0 ,
Pn+2(x) = (x− βn+1)Pn+1(x)− γn+1Pn(x) , n ≥ 0,

(1.1)

where βn =
〈u, xP 2

n〉
rn

; γn+1 =
rn+1

rn
6= 0, n ≥ 0.

The regular form u is positive definite if and only if ∀n ≥ 0, βn ∈ R, γn+1 > 0.
Also, its corresponding (MOPS) {Pn}n≥0 is symmetric if and only if βn = 0, n ≥ 0 or,
equivalently (u)2n+1 = 0, n ≥ 0.

Let us introduce some useful operations in P ′. For any form u, any polynomial g
and any (a, b, c) ∈ (C \ {0})× C2, we let Du, Hqu, gu, hau, τbu and δc, be the forms
defined by duality in the following way

〈Du, f〉 := −〈u, f ′〉 , 〈Hqu, f〉 := −〈u,Hqf〉 , 〈gu, f〉 := 〈u, gf〉 , f ∈ P ,
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〈hau, f〉 := 〈u, haf〉 , 〈τbu, f〉 := 〈u, τ−bf〉 , 〈δc, f〉 := f(c) , f ∈ P ,

where
(Hqf)(x) =

f(qx)− f(x)

(q − 1)x
, q ∈ C̃ :=

{
z ∈ C, z 6= 0, zn 6= 1, n ≥ 1

}
,

(haf)(x) = f(ax), (τ−bf)(x) = f(x+ b) [9,11]. Furthermore, the orthogonality is kept
by shifting: let {P̃n := a−n(ha◦τ−bPn)}n≥0 , a 6= 0, b ∈ C be orthogonal with respect to
ũ = ha−1 ◦ τ−bu, then the recurrence elements β̃n, γ̃n+1, n ≥ 0 of the sequence {P̃n}n≥0

are
β̃n =

βn − b

a
, γ̃n+1 =

γn+1

a2
, n ≥ 0.

Let {Pn}n≥0 be a (MPS) and O be a lowering operator on P . The sequence {Pn}n≥0

is said to be O-classical when {Pn}n≥0 is orthogonal and {OPn+1}n≥0 is also orthogonal
(the Hahn property). The concept of O-classical orthogonal polynomials was exten-
sively studied by the second author and his coworkers for O = D the derivative operator
[11,12], O = Dω the divided difference operator [1], and O = Hq the q-derivative one
[9] via the following distributional equation satisfied by the regular form u associated
with such a sequence:

O(Φ(x)u) + Ψ(x)u = 0 (1.2)

where Φ is a monic polynomial, deg Φ ≤ 2 and Ψ a polynomial deg Ψ = 1.

Now, let us recall the D-classical forms; there are four canonical situations [11,12].

1) The Hermite form H and its (MOPS) having the following properties



βn = 0 , γn+1 = n+1
2
, n ≥ 0,

D(H) + 2xH = 0,

(H)2n+1 = 0 , (H)2n = (2n)!
22nn!

, n ≥ 0,

〈H, f〉 = 1√
π

∫ +∞

−∞
exp(−x2)f(x)dx, f ∈ P .

(1.3)

2) The Laguerre form L(α) (α 6= −n− 1, n ≥ 0) and its (MOPS) satisfying



βn = 2n+ α+ 1 , γn+1 = (n+ 1)(n+ α+ 1), n ≥ 0,

D(xL(α)) + (x− 1− α)L(α) = 0,

(L(α))n = Γ(n+α+1)
Γ(α+1)

, n ≥ 0,

〈L(α), f〉 = 1
Γ(α+1)

∫ +∞

0

xα exp(−x)f(x)dx, f ∈ P , <α > −1.

(1.4)

3) The shifted Jacobi form h− 1
2
◦ τ−1J (α, β) := J̃ (α, β) (α 6= −n − 1, β 6= −n −



84 L. Khériji, P. Maroni

1, α+ β 6= −n− 2, n ≥ 0) and its (MOPS) satisfying

β̃0 = β+1
α+β+2

, β̃n+1 = 1
2
− α2−β2

2(2n+α+β+2)(2n+α+β+4)
, n ≥ 0,

γ̃n+1 = (n+1)(n+α+β+1)(n+α+1)(n+β+1)
(2n+α+β+1)(2n+α+β+2)2(2n+α+β+3)

, n ≥ 0,

D
(
x(x− 1)J̃ (α, β)

)
+
(
−(α+ β + 2)x+ β + 1

)
J̃ (α, β) = 0,

(J̃ (α, β))n = Γ(n+β+1)Γ(α+β+2)
Γ(n+α+β+2)Γ(β+1)

, n ≥ 0,

〈J̃ (α, β), f〉 = Γ(α+β+2)
Γ(α+1)Γ(β+1)

∫ +1

0

xβ(1− x)αf(x)dx, f ∈ P , <α > −1, <β > −1.

(1.5)

4) The regular Bessel form B(α) (α 6= −n
2
, n ≥ 0) and its (MOPS) having the

following properties

β0 = − 1
α

, βn+1 = 1−α
(n+α)(n+α+1)

, n ≥ 0,

γn+1 = − (n+1)(n+2α−1)
(2n+2α−1)(n+α)2(2n+2α+1)

, n ≥ 0,

D(x2B(α))− 2(αx+ 1)B(α) = 0,

(B(α))n = (−1)n2n Γ(2α)
Γ(n+2α)

, n ≥ 0,

〈B(α), f〉 = S−1
α

∫ +∞

0

1

x2

∫ +∞

x

(x
t

)2α

exp
(2
t
− 2

x

)
s(t)dt f(x) dx,

for f ∈ P , α ≥ 6( 2
π
)4

(1.6)

with

Sα =

∫ +∞

0

1

x2

∫ +∞

x

(x
t

)2α

exp
(2
t
− 2

x

)
s(t) dt dx

and s given by (1.13), see below.
Our objective is to highlight the natural q-analogues of the Hermite, Laguerre,

Jacobi and Bessel D-classical forms defined in [5, 9], to calculate their moments, and
to derive discrete measure and integral representations. In particular, when q → 1 we
recover formulas (1.3)-(1.6). In fact, the problem of defining q-analogue of orthogonal
sequences has been of interest for several authors, see [2, 3, 10, 13, 14, 15].

A form u is called Hq-classical when it is regular and there exist two polynomials
Φ and Ψ, Φ monic, deg Φ ≤ 2, deg Ψ = 1 such that [9]

Hq(Φu) + Ψu = 0 (1.7)

with Ψ′(0)− 1
2
Φ′′(0)[n]q 6= 0, n ≥ 0 where

[n]q :=
qn − 1

q − 1
, n ≥ 0. (1.8)

By using (1.7) it easy to see that the moments of u satisfy the second order q-difference
equation

Ψ′(0)(u)1 + Ψ(0) = 0,
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{
1

2
Φ′′(0)[n+ 1]q −Ψ′(0)

}
(u)n+2+

+

{
Φ′(0)[n+ 1]q −Ψ(0)

}
(u)n+1 + Φ(0)[n+ 1]q(u)n = 0 , n ≥ 0. (1.9)

Concerning integral representations via weight functions for a Hq-classical form u sat-
isfying (1.7), we look for a function U such that

〈u, f〉 =

∫ +∞

−∞
U(x)f(x)dx, f ∈ P , (1.10)

where we suppose that U is as regular as may be required. According to (1.7), we get
[9] ∫ +∞

−∞

{
q−1
(
Hq−1(ΦU)

)
(x) + Ψ(x)U(x)

}
f(x)dx = 0, f ∈ P ,

with the additional condition [9]

lim
ε→+0

∫ 1

ε

U(x)− U(−x)
x

dx exists or U is continuous at the origin. (1.11)

Therefore
q−1
(
Hq−1(ΦU)

)
(x) + Ψ(x)U(x) = λg(x), (1.12)

where λ ∈ C and g is a locally integrable function with rapid decay representing the
null form. For instance the function

s(x) =

{
0, x ≤ 0,

exp(−x 1
4 ) sinx

1
4 , x > 0,

(1.13)

which was introduced by Stieltjes, represents the null form [16]. When λ = 0, equation
(1.12) becomes

Φ(q−1x)U(q−1x) =
{
Φ(x) + (q − 1)xΨ(x)

}
U(x),

so that, if q > 1, we have

U(q−1x) =
Φ(x) + (q − 1)xΨ(x)

Φ(q−1x)
U(x), x ∈ R, (1.14)

and if 0 < q < 1, replacing x by qx, we have

U(qx) =
Φ(x)

Φ(qx) + (q − 1)qxΨ(qx)
U(x), x ∈ R. (1.15)
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2 The natural q-analogues of the Hermite, Laguerre and Jacobi
D-classical forms

First, let us recall the following standard definitions and facts [4, 9], and the following
technical lemma needed in the sequel and easy to establish:

(a; q)0 := 1 ; (a; q)n :=
n∏
k=1

(1− aqk−1) , n ≥ 1 , (2.1)

(a; q)∞ :=
+∞∏
k=0

(1− aqk) , |q| < 1 , (2.2)

(a; q)n =


(a; q)∞

(aqn; q)∞
, 0 < q < 1,

(aq−1qn; q−1)∞
(aq−1; q−1)∞

, q > 1,

(2.3)

(a; q)n = (−1)nan(a−1; q−1)nq
1
2
n(n−1) , n ≥ 0, (2.4)

q
1
2
n(n−1) =


(−1; q)∞(−q; q)∞

(−qn; q)∞(−q−n+1; q)∞
, 0 < q < 1,

(−q−n; q−1)∞(−qn−1; q−1)∞
(−1; q−1)∞(−q−1; q−1)∞

, q > 1,

(2.5)

the q-binomial theorem

+∞∑
k=0

(a; q)k
(q; q)k

zk =
(az; q)∞
(z; q)∞

, |z| < 1, |q| < 1, (2.6)

the q-analogue of the exponential function

+∞∑
k=0

q
1
2
k(k−1)

(q; q)k
zk = (−z; q)∞ , |q| < 1, (2.7)

∫ +∞

0

tx−1 (−at; q)∞
(−t; q)∞

dt = (2.8)

=


π

sin(πx)

(a; q)∞
(aq−x; q)∞

(q1−x; q)∞
(q; q)∞

, x ∈ R+ \ N, |a| < qx, 0 < q < 1,

(−q)m

1− qm
(q−1; q−1)m
(aq−1; q−1)m

ln(q−1), x = m ∈ N?, |a| < qm, 0 < q < 1.

Lemma 2.1. Let

ξγ(q) = 1 + (1 + γ)(1− q), q > 0, γ > −1, (2.9)

and
q(γ,ω) = 1 +

ω

1 + γ
, ω ∈ R. (2.10)
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We have
ξγ(q) = 1 ⇐⇒ q = 1,

ξγ(q) = 0 ⇐⇒ q = q(γ,1),

ξγ(q) = −1 ⇐⇒ q = q(γ,2),

ξγ(q) < −1 ⇐⇒ q ∈]q(γ,2),+∞[,

−1 < ξγ(q) < 0 ⇐⇒ q ∈]q(γ,1), q(γ,2)[,

0 < ξγ(q) < 1 ⇐⇒ q ∈]1, q(γ,1)[,

ξγ(q) > 1 ⇐⇒ q ∈]0, 1[.

(2.11)

2.1 The natural q-analogue of the Hermite form

The natural q-analogue of the Hermite form is the Hq-classical form H(q) defined by{
βn = 0 , γn+1 = 1

2
qn[n+ 1]q, n ≥ 0,

Hq(H(q)) + 2xH(q) = 0.

(See [9].) When q → 1, we recover the Hermite D-classical form H see (1.3).
In [9], we calculated the moments and derived integral representations for H(q):

(H(q))2n =
1

2n
(q; q2)n
(1− q)n

, (H(q))2n+1 = 0, n ≥ 0,

for f ∈ P , q > 1

〈H(q), f〉 =

√
2

π
(q − 1)1/2 (q−2; q−2)∞

(q−1; q−2)∞

∫ +∞

−∞

f(x)(
−2(q − 1)x2; q−2

)
∞
dx, (2.12)

〈H(q), f〉 = K

∫ + 1

q
√

2(1−q)

− 1

q
√

2(1−q)

(
2q2(1− q)x2; q2

)
∞f(x)dx, f ∈ P , 0 < q < 1, (2.13)

where K = 1
2

(∫ + 1

q
√

2(1−q)

0

(
2q2(1− q)x2; q2

)
∞dx

)−1

.

In [8], the authors give the following discrete measure representations of H(q):

H(q) =
1

2(q−1; q−2)∞

+∞∑
k=0

(−1)kq−k
2

(q−2; q−2)k

{
δ −iqk√

2(q−1)

+ δ iqk√
2(q−1)

}
, q > 1,

and

H(q) =
(q; q2)∞

2

+∞∑
k=0

qk

(q2; q2)k

{
δ −qk√

2(1−q)

+ δ qk√
2(1−q)

}
, 0 < q < 1.

Remarks. 1. By using the above representations of H(q) and (2.12)-(2.13), one can
write

2〈H(q), f〉 =

√
2

π
(q − 1)1/2 (q−2; q−2)∞

(q−1; q−2)∞

∫ +∞

−∞

f(x)(
−2(q − 1)x2; q−2

)
∞
dx+
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+
1

2(q−1; q−2)∞

+∞∑
k=0

(−1)kq−k
2

(q−2; q−2)k

〈
δ −iqk√

2(q−1)

+ δ iqk√
2(q−1)

, f
〉
, f ∈ P , q > 1

and

2〈H(q), f〉 = K

∫ + 1

q
√

2(1−q)

− 1

q
√

2(1−q)

(
2q2(1− q)x2; q2

)
∞f(x)dx+

+
(q; q2)∞

2

+∞∑
k=0

qk

(q2; q2)k

〈
δ −qk√

2(1−q)

+ δ qk√
2(1−q)

, f
〉
, f ∈ P , 0 < q < 1.

2. Denoting by Uq the weight function given either by (2.12) or by (2.13), we have
(see (1.3))

lim
q→1

∫ +∞

−∞
Uq(x)f(x)dx =

1√
π

∫ +∞

−∞
exp(−x2)f(x)dx = 〈H, f〉, f ∈ P .

2.2 The natural q-analogue of the Laguerre form

The natural q-analogue of the Laguerre form is the Hq-classical form L(α, q) (α 6=
−[n]q − 1, n ≥ 0) defined by

βn = qn
{
(1 + q−1)[n]q + 1 + α

}
, n ≥ 0,

γn+1 = q2n[n+ 1]q
{
[n]q + 1 + α

}
, n ≥ 0,

Hq(xL(α, q)) + (x− 1− α)L(α, q) = 0.

(2.14)

(See [5,9].) Formula (2.14) implies that the form L(α, q) is positive definite if and only
if q > 0, α > −1.

When q → 1, we recover the Laguerre D-classical form L(α) (α 6= −n− 1, n ≥ 0),
see (1.4).

By the regularity condition α 6= −[n]q − 1, n ≥ 0 of the form L(α, q) we get

ξα(q) 6= qn, n ≥ 0. (2.15)

Proposition 2.1. The form L(α, q) has the following properties.

(1) The moments of L(α, q) are: for n ≥ 0

(L(α, q))n =


q

(n−1)n
2

(α,1)

(q(α,1) − 1)n
, q = q(α,1)(

ξα(q)

1− q

)n(
(ξα(q))

−1; q
)
n

, q ∈]0,+∞[\{1, q(α,1)}.

(2) For all 0 < q < 1 and α > −1, the form L(α, q) has the following discrete measure
representation

L(α, q) =
(
(ξα(q))

−1; q
)
∞

+∞∑
k=0

(
ξα(q)

)−k
(q; q)k

δ qkξα(q)
1−q

.



Hq-classical forms 89

(3) For all q ∈]1,+∞[\{q(α,1)} and α > −1, the form L(α, q) has the following discrete
measure representation

L(α, q) =
1(

q−1(ξα(q))−1; q−1
)
∞

+∞∑
k=0

(−1)kq−
1
2
k(k+1)

(
ξα(q)

)−k
(q−1; q−1)k

δ qkξα(q)
1−q

.

(4) For q = q(α,1) and α > −1, the form L(α, q(α,1)) has the following discrete measure
representation

(−1; q−1
(α,1))∞(−q−1

(α,1); q
−1
(α,1))∞L(α, q(α,1)) =

=
+∞∑
k=0

q
− 1

2
k(k+1)

(α,1)

k∑
l=0

q
−l2+l(k−1)
(α,1)

(q−1
(α,1); q

−1
(α,1))l(q

−1
(α,1); q

−1
(α,1))k−l

δ qk−2l
(α,1)

q(α,1)−1

.

(5) For all f ∈ P , 0 < q < 1 and α > −1, the form L(α, q) has the following integral
representation

〈L(α, q), f〉 = K

∫ q−1ξα(q)
1−q

0

x−
ln ξα(q)

ln q
−1
(
(1− q)(ξα(q))

−1qx; q
)
∞f(x) dx, (2.16)

where K−1 =

∫ q−1ξα(q)
1−q

0

x−
ln ξα(q)

ln q
−1
(
(1− q)(ξα(q))

−1qx; q
)
∞ dx.

(6) For all 1 < q < q(α,1) and α > −1, the form L(α, q) has the following integral
representation

〈L(α, q), f〉 = K

∫ +∞

0

x−
ln ξα(q)

ln q
−1(

−(q − 1)(ξα(q))−1x; q−1
)
∞
f(x) dx, f ∈ P , (2.17)

where K−1 =

∫ +∞

0

t−
ln ξα(q)

ln q
−1(

−(q − 1)(ξα(q))−1t; q−1
)
∞
dt is given by (2.8).

(7) For q = q(α,1), α > −1 and for all f ∈ P, the form L(α, q(α,1)) has the following
integral representation

〈L(α, q(α,1)), f〉 =

q
− 1

8

(α,1) exp

(
− ln2(q(α,1)−1)

2 ln q(α,1)

)
√

2π(q(α,1) − 1) ln q(α,1)

×
∫ +∞

0

x
− 3

2
−

ln(q(α,1)−1)

ln q(α,1) exp

(
− ln2 x

2 ln q(α,1)

)
f(x) dx.

Proof. By (2.14) we get

Φ(x) = x ; Ψ(x) = x− 1− α. (2.18)

(1.9) becomes

(L(α, q))n+1 =
(
[n]q + 1 + α

)
(L(α, q))n , n ≥ 0 ; (L(α, q))0 = 1
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and, as a consequence,

(L(α, q))n =
n∏
k=1

(
[k − 1]q + 1 + α

)
, n ≥ 1 ; (L(α, q))0 = 1.

Replacing [k−1]q by
qk−1 − 1

q − 1
, using the definitions in (2.9) and (2.1), the above relation

yields the desired result taking into account the properties in (2.11) and (2.15).
To establish (2)-(4), by virtue of (2.3) and (2.5) we may write the moments of

L(α, q) from (1) in the following way

(L(α, q))n =



(
(ξα(q))

−1; q
)
∞

( ξα(q)
1−q

)n 1(
(ξα(q))−1qn;q

)
∞

, 0 < q < 1,

1(
(ξα(q))−1q−1;q−1

)
∞

( ξα(q)
1−q

)n (
(ξα(q))

−1qn−1; q−1
)
∞, q > 1, q 6= q(α,1),

1
(−1;q−1

(α,1)
)∞(−q−1

(α,1)
;q−1

(α,1)
)∞

(−q−n
(α,1)

;q−1
(α,1)

)∞(−qn−1
(α,1)

;q−1
(α,1)

)∞

(q(α,1)−1)n , q = q(α,1).

(2.19)
Moreover, by the q-binomial theorem (2.6), we get

1(
(ξα(q))−1qn; q

)
∞

=
+∞∑
k=0

(ξα(q))
−k

(q; q)k
qnk, 0 < q < 1, α > −1 (2.20)

since ∀n ≥ 0,
∣∣(ξα(q))−1qn

∣∣ < 1 (see the last inequality in (2.11)).
Also, by the q-analogue of the exponential function (2.7), we may write successively

for q > 1, q 6= q(α,1), α > −1

(
(ξα(q))

−1qn−1; q−1
)
∞ =

+∞∑
k=0

q−
1
2
k(k−1)

(q−1; q−1)k

(
−q−1(ξα(q))

−1qn
)k
, (2.21)

for q = q(α,1), α > −1
(−q−n(α,1); q

−1
(α,1))∞ =

+∞∑
k=0

q
− 1

2
k(k−1)

(α,1)

(q−1
(α,1); q

−1
(α,1))k

q−nk(α,1),

(−qn−1
(α,1); q

−1
(α,1))∞ =

+∞∑
k=0

q
− 1

2
k(k−1)

(α,1)

(q−1
(α,1); q

−1
(α,1))k

q
(n−1)k
(α,1) .

(2.22)

Using the Cauchy product of the two power series in (2.22) we get for q = q(α,1), α > −1

(−q−n(α,1); q
−1
(α,1))∞ (−qn−1

(α,1); q
−1
(α,1))∞

=
+∞∑
k=0

q
− 1

2
k(k+1)

(α,1)

k∑
l=0

q
−l2+l(k−1)
(α,1)

(q−1
(α,1); q

−1
(α,1))l(q

−1
(α,1); q

−1
(α,1))k−l

q
n(k−2l)
(α,1) . (2.23)

Now, replacing (2.20)-(2.21) and (2.23) in (2.19) we obtain the desired results. Thus,
parts (2)-(4) are proved.
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To establish the integral representations in (5)-(7), according to (1.10), we look for
a function U representing L(α, q). From the hypothesis of (5), we have 0 < q < 1, α >
−1. By virtue of (1.10), (2.18), (2.9) and the q-distributional equation in (2.14), the
q-difference equation (1.15) becomes

U(qx) =
(qξα(q))

−1

1− (1− q)q(ξα(q))−1x
U(x), (2.24)

with ξα(q) > 1 according to (2.11). Consequently, we look for U of the form

U(x) =


(
(1− q)q(ξα(q))

−1x; q
)
∞ V (x) , 0 < x <

q−1ξα(q)

1− q
,

0 , x ≤ 0 or x ≥ q−1ξα(q)

1− q
.

Substituting this U in (2.24) leads to the equality V (qx) = (qξα(q))
−1V (x), therefore

V (x) = Kx−
ln ξα(q)

ln q
−1.

Thus, (2.16) follows.
In part (6), we have 1 < q < q(α,1), α > −1. By virtue of (1.10), (2.18), (2.9) and

the q-distributional equation in (2.14), the q-difference equation (1.14) becomes

U(q−1x) = qξα(q)
(
1 + (q − 1)(ξα(q))

−1x
)
U(x) (2.25)

with 0 < ξα(q) < 1 according to (2.11). Consequently, we look for U of the form

U(x) =


V (x)(

−(q − 1)(ξα(q))−1x; q−1
)
∞
, x > 0,

0 , x ≤ 0.

Substituting this U in (2.25) leads to the equality V (q−1x) = qξα(q)V (x), therefore

V (x) = Kx−
ln ξα(q)

ln q
−1.

This implies (2.17).
In part (7), we have 1 < q = q(α,1), α > −1. By virtue of (1.10), (2.18), (2.9) and

the q-distributional equation in (2.14), the q-difference equation (1.14) becomes

U(q−1
(α,1)x) = q(α,1)(q(α,1) − 1)xU(x) , x > 0 (2.26)

since ξα(q(α,1)) = 0 according to (2.11). Consequently, we look for U of the form

U(x) = exp

(
− ln2 x

2 ln q(α,1)

)
V (x) , x > 0.

Substituting this U in (2.26) this leads to the equality V (q−1
(α,1)x) = q

3
2

(α,1)(q(α,1)−1)V (x),
therefore

V (x) = Kx
− 3

2
−

ln(q(α,1)−1)

lnq(α,1) .
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Let us now compute the constant K−1:

K−1 =

∫ +∞

0

x
− 3

2
−

ln(q(α,1)−1)

ln q(α,1) exp

(
− ln2 x

2 ln q(α,1)

)
dx.

By the change of variable: t = lnx√
2 ln q(α,1)

we get

K−1 =
√

2 ln q(α,1)

∫ +∞

−∞
exp

(
−

ln
(
(q(α,1) − 1)2q(α,1)

)√
2 ln q(α,1)

t− t2
)
dt.

Consequently, using the change of variable u = t+ 1
2

ln
(
(q(α,1)−1)2q(α,1)

)
√

2 ln q(α,1)

and taking into

account that
∫ +∞

−∞
exp(−u2) du =

√
π, we get

K−1 =
√

2π(q(α,1) − 1) ln q(α,1) q
1
8

(α,1) exp

(
ln2(q(α,1) − 1)

2 ln q(α,1)

)
,

whence the desired integral representation in (7).

Remarks. 1. Taking into account the representations in Proposition 2.2., we may
write successively

2〈L(α, q), f〉 = K

∫ q−1ξα(q)
1−q

0

x−
ln ξα(q)

ln q
−1
(
(1− q)(ξα(q))

−1qx; q
)
∞f(x) dx+

+
(
(ξα(q))

−1; q
)
∞

+∞∑
k=0

(
ξα(q)

)−k
(q; q)k

〈δ qkξα(q)
1−q

, f〉, f ∈ P , 0 < q < 1, α > −1,

2〈L(α, q), f〉 = K

∫ +∞

0

x−
ln ξα(q)

ln q
−1(

−(q − 1)(ξα(q))−1x; q−1
)
∞
f(x) dx+

1(
q−1(ξα(q))−1; q−1

)
∞
×

+∞∑
k=0

(−1)kq−
1
2
k(k+1)

(
ξα(q)

)−k
(q−1; q−1)k

〈δ qkξα(q)
1−q

, f〉, f ∈ P , 1 < q < q(α,1), α > −1,

and

2〈L(α, q(α,1)), f〉 =

q
− 1

8

(α,1) exp

(
− ln2(q(α,1)−1)

2 ln q(α,1)

)
√

2π(q(α,1) − 1) ln q(α,1)
×∫ +∞

0

x
− 3

2
−

ln(q(α,1)−1)

ln q(α,1) exp

(
− ln2 x

2 ln q(α,1)

)
f(x) dx+

1

(−1; q−1
(α,1))∞(−q−1

(α,1); q
−1
(α,1))∞

×

+∞∑
k=0

q
− 1

2
k(k+1)

(α,1)

k∑
l=0

q
−l2+l(k−1)
(α,1)

(q−1
(α,1); q

−1
(α,1))l(q

−1
(α,1); q

−1
(α,1))k−l

〈δ qk−2l
(α,1)

q(α,1)−1

, f〉, f ∈ P , α > −1.

2. Denoting by Uq the weight function given either by (2.16) or by (2.17), we have (see
(1.4))

lim
q→1

∫ +∞

−∞
Uq(x)f(x)dx =

1

Γ(α+ 1)

∫ +∞

0

xα exp(−x)f(x)dx = 〈L(α), f〉, f ∈ P .
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2.3 The natural q-analogue of the shifted Jacobi form J̃ (α, β)

The natural q-analogue of this shifted form is the Hq-classical one J(α, β, q) (α + β 6=
3−2q
q−1

, α + β 6= −[n]q − 2, β 6= −[n]q − 1, α + β + 2 − (β + 1)qn + [n]q 6= 0, n ≥ 0)
satisfying [5,9]

βn = qn−1 (1+q)(α+β+2+[n−1]q)(β+1+[n]q)−(β+1)(α+β+2+[2n]q)

(α+β+2+[2n−2]q)(α+β+2+[2n]q)
, n ≥ 0,

γn+1 = q2n [n+1]q(α+β+2+[n−1]q)([n]q+β+1)([n]q+(β+1)(1−qn)+α+1)

(α+β+2+[2n−1]q)(α+β+2+[2n]q)2(α+β+2+[2n+1]q)
, n ≥ 0,

Hq(x(x− 1)J(α, β, q)) + (−(α+ β + 2)x+ β + 1)J(α, β, q) = 0.

(2.27)

Formula (2.27) implies that the form J(α, β, q) is positive definite if and only if

0 < q < 1, α > −1, β > −1 ; 1 < q < q(α+β+1,1), α > −1, β > −1.

When q → 1, we recover the D-classical form J̃ (α, β), see (1.5). In fact, for the
cases of positive definiteness of J(α, β, q), according to Lemma 2.1, one may deduce
the following 

1 < q(α+β+1,1) < q(α+β+1,2) < q(β,2),

1 < q(α+β+1,1) < q(β,1) < q(β,2),

ξβ(q) 6= qn , ξα+β+1(q) 6= qn , n ≥ 0,

q 6= q(α+β+1,2),

ξβ(q) = 0 ⇐⇒ ξα+β+1(q) 6= 0.

(2.28)

Next, we will calculate the moments and derive integral representations and dis-
crete measure representations of the Hq-classical form J(α, β, q) in the cases of positive
definiteness.

Proposition 2.2. The form J(α, β, q) has the following properties.

(1) The moments of J(α, β, q) are: for n ≥ 0

(J(α, β, q))n =



q
1
2 (n−1)n

(β,1)(
−ξα+β+1(q(β,1))

)n((
ξα+β+1(q(β,1))

)−1

;q(β,1)

)
n

, q = q(β,1),(
−ξβ(q(α+β+1,1))

)n((
ξβ(q(α+β+1,1))

)−1

;q(α+β+1,1)

)
n

q
1
2 (n−1)n

(α+β+1,1)

, q = q(α+β+1,1),(
ξβ(q)

ξα+β+1(q)

)n (
(ξβ(q))−1;q

)
n(

(ξα+β+1(q))−1;q
)

n

, q ∈]0,+∞[\{1, q(α+β+1,1), q(β,1)}.

(2) For all 0 < q < 1, α > −1, β > −1, the form J(α, β, q) has the following discrete
measure representation

J(α, β, q) =
((ξβ(q))

−1; q)∞
((ξα+β+1(q))−1; q)∞

×
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+∞∑
k=0

(−1)kq
1
2
k(k−1)

(ξα+β+1(q))k

k∑
ν=0

(
−ξα+β+1(q)

qkξβ(q)

)ν
q

1
2
ν(ν+1)

(q; q)ν(q; q)k−ν
δ ξβ(q)

ξα+β+1(q)
qk
.

(3) For all q ∈]1, q(α+β+1,1)[∪]q(α+β+1,1), q(β,2)[, α > −1, β > −1, the form J(α, β, q)
has the following discrete measure representation

J(α, β, q) =
(ξβ(q); q

−1)∞
(ξα+β+1(q); q−1)∞

×

+∞∑
k=0

(−ξα+β+1(q))
kq−

1
2
k(k−1)

k∑
ν=0

(
qkξβ(q)

ξα+β+1(q)

)ν
(−1)νq−

1
2
ν(ν+1)

(q; q)ν(q; q)k−ν
δq−k .

In particular, for q = q(β,1) and for all α > −1, β > −1, the form J(α, β, q(β,1)) has
the following discrete measure representation

J(α, β, q(β,1)) =
1(

ξα+β+1(q(β,1)); q
−1
(β,1)

)
∞

+∞∑
k=0

(−ξα+β+1(q(β,1)))
kq
− 1

2
k(k−1)

(β,1)(
q−1
(β,1); q

−1
(β,1)

)
k

δq−k
(β,1)

.

(4) For q = q(α+β+1,1) and for all α > −1, β > −1, the form J(α, β, q(α+β+1,1)) has the
following discrete measure representation

J(α, β, q(α+β+1,1)) =
(
ξβ(q(α+β+1,1)); q

−1
(α+β+1,1)

)
∞×

+∞∑
k=0

(
ξβ(q(α+β+1,1))

)k(
q−1
(α+β+1,1); q

−1
(α+β+1,1)

)
k

δq−k
(α+β+1,1)

.

(5) For α ≥ 0, β > −1, q(α+β+1,−α) < q < 1 and for all f ∈ P, the form J(α, β, q) has
the following integral representation

〈J(α, β, q), f〉 = K

∫ ξβ(q)

qξα+β+1(q)

0

x−
ln ξβ(q)

ln q
−1

( qξα+β+1(q)

ξβ(q)
x; q
)
∞

(x; q)∞
f(x) dx, (2.29)

where K−1 =

∫ ξβ(q)

qξα+β+1(q)

0

x−
ln ξβ(q)

ln q
−1

( qξα+β+1(q)

ξβ(q)
x; q
)
∞

(x; q)∞
dx.

(6) For −1 < α < 0, β > −1, 0 < q < 1 and for all f ∈ P, the form J(α, β, q) has the
following integral representation

〈J(α, β, q), f〉 = K

∫ 1

0

x−
ln ξβ(q)

ln q
−1

( qξα+β+1(q)

ξβ(q)
x; q
)
∞

(x; q)∞

∣∣∣∣sin(2π
lnx

ln q

)∣∣∣∣f(x) dx, (2.30)

where K−1 =

∫ 1

0

x−
ln ξβ(q)

ln q
−1

( qξα+β+1(q)

ξβ(q)
x; q
)
∞

(x; q)∞

∣∣∣∣sin(2π
lnx

ln q

)∣∣∣∣ dx.
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(7) For α ≥ 0, β > −1, 1 < q < q(α+β+1,1) and for all f ∈ P, the form J(α, β, q) has
the following integral representation

〈J(α, β, q), f〉 = K

∫ q

0

x−
ln ξβ(q)

ln q
−1 (q−1x; q−1)∞( ξα+β+1(q)

ξβ(q)
x; q−1

)
∞

f(x) dx, (2.31)

where K−1 =

∫ q

0

x−
ln ξβ(q)

ln q
−1 (q−1x; q−1)∞( ξα+β+1(q)

ξβ(q)
x; q−1

)
∞

dx.

(8) For −1 < α < 0, β > −1, 1 < q < q(α+β+1,1) and for all f ∈ P , the form J(α, β, q)
has the following integral representation

〈J(α, β, q), f〉 = K

×
∫ ξβ(q)

ξα+β+1(q)

0

x−
ln ξβ(q)

ln q
−1 (q−1x; q−1)∞( ξα+β+1(q)

ξβ(q)
x; q−1

)
∞

∣∣∣∣sin(2π
ln
( ξα+β+1(q)

ξβ(q)
x
)

ln q−1

)∣∣∣∣ f(x) dx, (2.32)

where K−1 =

∫ 1

0

x−
ln ξβ(q)

ln q
−1 (q−1x; q−1)∞( ξα+β+1(q)

ξβ(q)
x; q−1

)
∞

∣∣∣∣sin(2π
ln
( ξα+β+1(q)

ξβ(q)
x
)

ln q−1

)∣∣∣∣ dx.
Proof. By the q-distributional equation in (2.27) we get

Φ(x) = x(x− 1) ; Ψ(x) = −
(
(α+ β + 2)x− (β + 1)

)
. (2.33)

Therefore, (1.9) becomes

(J(α, β, q))n+1 =
[n]q + β + 1

[n]q + α+ β + 1 + 2
(J(α, β, q))n , n ≥ 0 ; (J(α, β, q))0 = 1.

Consequently, we get

(J(α, β, q))n =

n∏
k=1

(
[k − 1]q + β + 1

)
n∏
k=1

(
[k − 1]q + α+ β + 1 + 2

) , n ≥ 1 ; (J(α, β, q))0 = 1.

Replacing [k − 1]q by
qk−1 − 1

q − 1
and, taking into account the definitions in (2.9) and

(2.1), the above relation yields the desired result in (1) due to the properties in (2.11)
and (2.28).

To prove the equalities in (2)-(4), according to (2.3)-(2.4) we may write the moments
in (1) as follows

(J(α, β, q))n =
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

(
(ξβ(q))

−1; q
)
∞(

(ξα+β+1(q))−1; q
)
∞

(
ξβ(q)

ξα+β+1(q)

)n ((ξα+β+1(q))
−1qn; q

)
∞(

(ξβ(q))−1qn; q
)
∞

, 0 < q < 1,(
ξβ(q); q

−1
)
∞(

ξα+β+1(q); q−1
)
∞

(
ξα+β+1(q)q

−n; q−1
)
∞(

ξβ(q)q−n; q−1
)
∞

, q > 1.

(2.34)

For the first case of (2.34), by (2.6)-(2.7) and since ∀n ≥ 0, |(ξβ(q))−1qn| < 1 (see
(2.11)); we get for all 0 < q < 1, α > −1, β > −1, n ≥ 0

(J(α, β, q))n =

(
(ξβ(q))

−1; q
)
∞(

(ξα+β+1(q))−1; q
)
∞

(
ξβ(q)

ξα+β+1(q)

)n
×

+∞∑
k=0

(ξβ(q))
−k

(q; q)k
qnk

+∞∑
k=0

(−1)kq
1
2
k(k−1)(ξα+β+1(q))

−k

(q; q)k
qnk.

Hence we get the desired discrete measure representation in (2).
For the second case of (2.34), by (2.6)-(2.7) and since ∀n ≥ 0, |(ξβ(q))−1qn| < 1

(see (2.11)); we get for all q ∈]1, q(β,2)[, α > −1, β > −1, n ≥ 0

(J(α, β, q))n =

(
ξβ(q); q

−1
)
∞(

ξα+β+1(q); q−1
)
∞
×

+∞∑
k=0

(ξβ(q))
k

(q−1; q−1)k
q−nk

+∞∑
k=0

(−1)kq−
1
2
k(k−1)(ξα+β+1(q))

k

(q−1; q−1)k
q−nk.

The Cauchy product implies the desired first representation in (3). Moreover, the
second representation in (3) is a direct corollary of the first one with q = q(β,1).

On the other hand, taking q = q(α+β+1,1) in the second equality of (2.34), it becomes

(J(α, β, q(α+β+1,1))n =

(
ξβ(q(α+β+1,1)); q

−1
(α+β+1,1)

)
∞(

ξβ(q(α+β+1,1))q
−n
(α+β+1,1); q

−1
(α+β+1,1)

)
∞

(2.35)

because ξα+β+1(q(α+β+1,1)) = 0.

According to (2.9)-(2.10) and to the fact that q(α+β+1,1) > 1, α > −1, β > −1 we
have

∀n ≥ 0,

∣∣∣∣ξβ(q(α+β+1,1))q
−n
(α+β+1,1)

∣∣∣∣ < ∣∣ξβ(q(α+β+1,1))
∣∣ =

α+ 1

α+ β + 2
< 1.

By (2.6), (2.35) becomes

(J(α, β, q(α+β+1,1))n =
(
ξβ(q(α+β+1,1)); q

−1
(α+β+1,1)

)
∞

+∞∑
k=0

(
ξβ(q(α+β+1,1))

)k
q−nk(α+β+1,1)(

q−1
(α+β+1,1); q

−1
(α+β+1,1)

)
k

from which we deduce the discrete measure representation in (4).
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To establish the integral representations in (5)-(6), taking into account (1.10), we
look for a function U representing J(α, β, q).

By virtue of (1.10), (2.33), (2.9) and the q-distributional equation in (2.27), the
q-difference equation (1.15) becomes

U(qx) = (qξβ(q))
−1 1− x

1− qξα+β+1(q)

ξβ(q)
x
U(x). (2.36)

But, taking α > −1, β > −1, 0 < q < 1 it is quite straightforward to get the following
equivalences

0 <
ξβ(q)

qξα+β+1(q)
< 1 ⇐⇒ q >

β + 2

α+ β + 2
= q(α+β+1,−α),

0 < q(α+β+1,−α) < 1 ⇐⇒ α ≥ 0, (2.37)

and
q(α+β+1,−α) > 1 ⇐⇒ α < 0. (2.38)

Consequently, if α ≥ 0, β > −1, q(α+β+1,−α) < q < 1, we look for U of the form

U(x) =


xη

(
qξα+β+1(q)

ξβ(q)
x;q
)
∞

(x;q)∞
, 0 < x <

ξβ(q)

qξα+β+1(q)
,

0 , x ≤ 0 or x ≥ ξβ(q)

qξα+β+1(q)
.

Substituting this U in (2.36) leads to the equality η = − ln ξβ(q)

ln q
− 1, and we get the

result in (2.29).
Also, if −1 < α < 0, β > −1, 0 < q < 1, we look for U of the form

U(x) =

 x−
ln ξβ(q)

ln q
−1

(
qξα+β+1(q)

ξβ(q)
x;q
)
∞

(x;q)∞
V (x) , 0 < x < 1,

0 , x ≤ 0 or x ≥ 1.

(2.39)

Substituting this U in (2.36) leads to the equality V (qx) = V (x). Taking into account
(2.39), we may choose

V (x) = K

∣∣∣∣sin(2π
lnx

ln q

)∣∣∣∣.
Thus (2.30) follows.

From the hypotheses of (7)-(8), we have α > −1, β > −1, 1 < q < q(α+β+1,1). By
virtue of (1.10), (2.33), (2.9) and the q-distributional equation in (2.27), the q-difference
equation (1.14) becomes

U(q−1x) = qξβ(q)
1− ξα+β+1(q)

ξβ(q)
x

1− q−1x
U(x). (2.40)
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According to (2.11), (2.28) and (2.37)-(2.38), we have

0 < ξα+β+1(q) < ξβ(q) < 1 , 1 < q < q(α+β+1,1),

ξβ(q)

ξα+β+1(q)
> q ⇐⇒ q > q(α+β+1,−α).

Therefore, if α ≥ 0, β > −1, 1 < q < q(α+β+1,1) we get

U(x) =


Kx−

ln ξβ(q)

ln q
−1 (q−1x;q−1)∞(

ξα+β+1(q)

ξβ(q)
x;q−1

)
∞

, 0 < x < q,

0 , x ≤ 0 or x ≥ q,

from which we obtain the result in (2.31).
Finally, if −1 < α < 0, β > −1, 1 < q < min

(
q(α+β+1,1), q(α+β+1,−α)

)
= q(α+β+1,1), we

look for U of the form

U(x) =


x−

ln ξβ(q)

ln q
−1

(
q−1x; q−1

)
∞( ξα+β+1(q)

ξβ(q)
x; q−1

)
∞

V (x) , 0 < x <
ξβ(q)

ξα+β+1(q)
,

0 , x ≤ 0 or x ≥ ξβ(q)

ξα+β+1(q)
.

(2.41)

Substituting this U in (2.40) leads to the equality V (qx) = V (x). Taking into account
(2.41), we may choose

V (x) = K

∣∣∣∣sin(2π
ln
( ξα+β+1(q)

ξβ(q)
x
)

ln q−1

)∣∣∣∣.
Thus (2.32) follows.

Remark. Denoting by Uq the weight function given either by (2.29) or by (2.31), we
have for all f ∈ P (see (1.5))

lim
q→1

∫ +∞

−∞
Uq(x)f(x)dx =

Γ(α+ β + 2)

Γ(α+ 1)Γ(β + 1)

∫ 1

0

xβ(1− x)αf(x)dx = 〈J̃ (α, β), f〉.

3 The natural q-analogue of the Bessel D-classical form

The natural q-analogue of the Bessel form is the Hq-classical form B(α, q) (α 6= 1
2
(q −

1)−1, α 6= −1
2
[n]q, n ≥ 0) satisfying [5,9]

βn = −2qn 2α+(1+q−1)[n−1]q−q−1[2n]q
(2α+[2n−2]q)(2α+[2n]q)

, n ≥ 0,

γn+1 = −4q3n [n+1]q(2α+[n−1]q)

(2α+[2n−1]q)(2α+[2n]q)2(2α+[2n+1]q)
, n ≥ 0,

Hq(x
2B(α, q))− 2(αx+ 1)B(α, q) = 0.

(3.1)

By (3.1), the form B(α, q) is not positive definite for any value of its parameter α.
When q → 1, we recover the Bessel D-classical form B(α) in (1.6).
Due to the regularity conditions α 6= 1

2
(q − 1)−1, α 6= −1

2
[n]q, n ≥ 0 we get

ξ2α−1(q) 6= 0 ; ξ2α−1(q) 6= qn , n ≥ 0. (3.2)
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Proposition 3.1. The form B(α, q) has the following properties.
(1) The moments of B(α, q) are: for n ≥ 0

(B(α, q))n =

(
2(q − 1)

ξ2α−1(q)

)n
1(

(ξ2α−1(q))−1; q
)
n

.

(2) For all 0 < q < 1, α 6= 1
2
(q − 1)−1, α 6= −1

2
[n]q, n ≥ 0, the form B(α, q) has

the following discrete measure representation

B(α, q) =
1(

(ξ2α−1(q))−1; q
)
∞

+∞∑
k=0

(−1)kq
1
2
k(k−1)(ξ2α−1(q))

−k

(q; q)k
δ 2(q−1)

ξ2α−1(q)
qk .

Proof. For (1), it is seen from the q-distributional equation in (3.1) that

Φ(x) = x2 ; Ψ(x) = −2(αx+ 1). (3.3)

Therefore, system (1.9) takes the form

(B(α, q))n+1 =
−2

[n]q + 2α
(B(α, q))n , n ≥ 0 ; (B(α, q))0 = 1.

Consequently, we get

(B(α, q))n =
(−2)n

n∏
k=1

(
[k − 1]q + 2α

) , n ≥ 1 ; (B(α, q))0 = 1.

Replacing [k − 1]q by
qk−1 − 1

q − 1
, taking into account the definitions in (2.9) and (2.1),

the above relation yields the desired result due to the properties in (2.11) and (3.2).
To establish (2), let 0 < q < 1, α 6= 1

2
(q − 1)−1, α 6= −1

2
[n]q, n ≥ 0. According to

(2.3) and (3.2) the equality in (1) takes the form

(B(α, q))n =

(
2(q − 1)

ξ2α−1(q)

)n ((ξ2α−1(q))
−1qn; q

)
∞(

(ξ2α−1(q))−1; q
)
∞

, n ≥ 0.

By virtue of (2.7), the above expression gives for all n ≥ 0

(B(α, q))n =

(
2(q − 1)

ξ2α−1(q)

)n
1(

(ξ2α−1(q))−1; q
)
∞

+∞∑
k=0

(−1)kq
1
2
k(k−1)(ξ2α−1(q))

−k

(q; q)k
qnk.

Thus the discrete measure representation in (2).

In [12], the second author proposed an integral representation for the non-positive
definite Bessel form B(α) (α 6= −n

2
, n ≥ 0) as a consequence of its D-classical charac-

ter; see (1.6). In what follows, our goal is to determine an integral representation for
the Hq-classical form B(α, q) when q > 1.
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For the convenience of the reader, we provide in this paragraph a summary of
definitions used in the sequel. Throughout this summary, we will fix q ∈]0, 1[.

The q-Jackson integrals from 0 to b and from 0 to +∞ of a function f are defined
in [6] by ∫ b

0

f(t) dqt := (1− q)b
+∞∑
n=0

f(bqn)qn (3.4)

and ∫ +∞

0

f(t) dqt := (1− q)
+∞∑

n=−∞

f(qn)qn, (3.5)

provided the sums converge absolutely.
The q-Jackson integral of a function f in a generic interval [a, b] is given in [6] by∫ b

a

f(t) dqt =

∫ b

0

f(t) dqt−
∫ a

0

f(t) dqt. (3.6)

We recall that for any function f , we have

Hq

(∫ x

a

f(t) dqt

)
= f(x). (3.7)

(See [7].) It is clear by (3.4)-(3.5) that the q-integral is an infinite Riemann sum with
the nodes forming a geometric progression. We would then expect that∫ b

a

f(t) dqt −→
q→1−

∫ b

a

f(t) dt

for continuous functions.
For the rest of the paper, let

α > 0 and 1 < q < q(2α−1,1). (3.8)

We define the following sequence of numbers

xk(q) =
2(q − 1)

ξ2α−1(q)
q−k, k ∈ N. (3.9)

Taking into account (3.8) and (2.11) we have

∀k ∈ N, 0 < xk+1(q) < xk(q) < x0(q) =
2(q − 1)

ξ2α−1(q)
; xk(q) −→

k→+∞
0. (3.10)

According to (1.10) and (3.8), we look for a function U representing B(α, q) and sat-
isfying the additional condition ∫ +∞

−∞
U(x) dx 6= 0. (3.11)
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By virtue of (1.10), (3.3), (2.9), (3.8)-(3.10) and by the q-distributional equation in
(3.1), the q-difference equation (1.12) becomes

U(q−1x)− q2ξ2α−1(q)

(
1− x0(q) x

−1

)
U(x) = λ(1− q)q2x−1s

(
q(x− x0(q))

)
, (3.12)

where λ 6= 0 and s is the Stieltjes function given by (1.13).
For α > 0, 1 < q < q(2α−1,1) and x > 0, x ≥ x0(q) denoting

[qx,+∞[q−1 :=

{
xqn, n ≥ 1

}
we obtain the definition of the following q−1-integral∫ +∞

qx

t
ln ξ2α−1(q)

ln q

(x0(q)t−1; q−1)∞
s
(
q(t− x0(q))

)
dq−1t

:= (1− q−1) qx
+∞∑
k=1

qk
ln ξ2α−1(q)

ln q x
ln ξ2α−1(q)

ln q s
(
q(qk x− x0(q))

)
(xk(q)x−1; q−1)∞

qk

= (q − 1) x1+
ln ξ2α−1(q)

ln q

+∞∑
k=1

qk (1+
ln ξ2α−1(q)

ln q
) s
(
qk+1(x− xk(q))

)
(xk(q)x−1; q−1)∞

. (3.13)

It is straightforward to prove by the d’Alembert test and by using (1.13) and (3.9)-
(3.10), that the sum in (3.13) converges absolutely for α > 0, 1 < q < q(2α−1,1) and
x ≥ x0(q).

Consequently, a possible solution of the q-difference equation (3.12) is

U(x) =



−λ
ξ2α−1(q)

(
x1(q)x−1 ; q−1

)
∞

x
2+

ln ξ2α−1(q)

ln q

×∫ +∞

qx

t
ln ξ2α−1(q)

ln q

(x0(q)t−1; q−1)∞
s
(
q(t− x0(q)

)
dq−1t , x ≥ x0(q).

0 , x < x0(q).

(3.14)

On one hand, we have by (3.13)-(3.14) and (1.13) the following expression of U for
x > x0(q)

U(x) =
λ(1− q)

ξ2α−1(q)

(
x0(q)x

−1; q−1
)
∞

x− x0(q)
×

+∞∑
k=1

qk (1+
ln ξ2α−1(q)

ln q
) exp(−q k+1

4 (x− xk(q))
1
4 ) sin(q

k+1
4 (x− xk(q))

1
4 )

(xk(q)x−1 ; q−1)∞
.

Taking into account (3.9)-(3.10) and the d’Alembert test one more time, this yields

|U(x)| ≤ |λ|(q − 1)

ξ2α−1(q)

exp(−1
2
(x− x0(q))

1
4 )

x− x0(q)
×
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+∞∑
k=1

qk (1+
ln ξ2α−1(q)

ln q
) exp

(
−1

2
q

k+1
4 (a− x0(q))

1
4

)
, x ≥ a, ∀a > x0(q) ,

= o

(
exp
(
−1

2
(x− x0(q))

1
4

))
, x −→ +∞.

On the other hand, the function in (3.14) is a possible representation of the form
B(α, q) when α > 0 and 1 < q < q(2α−1,1). Condition (3.11) now becomes∫ +∞

x0(q)

U(x) dx = − λ

ξ2α−1(q)
Sα(q) 6= 0

where

Sα(q) =

∫ +∞

x0(q)

(
x1(q)x

−1 ; q−1
)
∞

x2+
ln ξ2α−1(q)

ln q

(∫ +∞

qx

t
ln ξ2α−1(q)

ln q

(x0(q)t−1; q−1)∞
s
(
q(t− x0(q)

)
dq−1t

)
dx.

Furthermore,∫ +∞

qx

t
ln ξ2α−1(q)

ln q

(x0(q)t−1; q−1)∞
s
(
q(t− x0(q)

)
dq−1t −→

q→1+

∫ +∞

x

t−2α exp
(2
t

)
s(t) dt

since t 7−→ t
ln ξ2α−1(q)

ln q

(x0(q)t−1; q−1)∞
s
(
q(t − x0(q)

)
is continuous in [qx,+∞[ which implies

that
Sα(q) −→

q→1+
Sα

and Sα 6= 0 for α ≥ 6 ( 2
π
)4 [12] (see also (1.6)). Thus we get

∀α ≥ 6

(
2

π

)4

, ∃qα > 1, ∀ 1 < q < min(qα, q(2α−1,1)), Sα(q) 6= 0.

Consequently, for all α ≥ 6( 2
π
)4, 1 < q < min(qα, q(2α−1,1)) and f ∈ P , the form B(α, q)

has the following integral representation
〈B(α, q), f〉 = (Sα(q))

−1×∫ +∞

x0(q)

(x1(q)x
−1; q−1

)
∞

x2+
ln ξ2α−1(q)

ln q

(∫ +∞

qx

t
ln ξ2α−1(q)

ln q

(x0(q)t−1; q−1)∞
s
(
q(t− x0(q)

)
dq−1t

)
f(x) dx. (3.15)
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