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Abstract. A Hardy-type inequality for 0 < p < 1 with sharp constant is established
in [7], [4]. The aim of this work is to extend this inequality for the weighted Hardy
operator.

1 Introduction

Let w denote a weight function on (0, 00), i.e. a positive measurable function on (0, o).
For 0 < p < oo the weighted space L, ,,(0,00) is the space of all real valued functions
with finite quasi-norm

1

si0m = ([ 17@P wa) dz)"

The weighted Hardy operator H,, is defined by

(Hwf)(r

where 0 < W(r) = / w(x)dr < oo for all » > 0. Note that for w(x) = 1 the
operator H, is the usual Hardy operator (Hf)(z) = % fo

In [7], [4], in particular, the following statement was proved.

Theorem 1.1. Let0 <p <1, a< 1—% and M > 0. Moreover, let f be a non-negative
measurable function on (0,00) such that for all x > 0
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< %(/Ox fPly) v dy>;' (L.1)

I CH ) ()| 0.00) < Nl F ()], 0.00) (1.2)

Then
where )
1— IN—5 1-1
N=M P(1—a——> P (1.3)
p
The constant N is sharp.

Remark 1. If f is a non-negative non-increasing function on (0, 00), then inequality

(1.1) is satisfied with M = p% , hence for such functions inequality (1.2) takes the
form

N0 < (1=a =) el £ o

1
The factor (1 —a— ]17) ? in this inequality is sharp. This inequality was earlier proved
in [5, p. 90], [3].

2 Main results

Lemma 2.1. Let 0 < p <1, ¢ > 0, w be a weight function on (0,00) such that
w(z) <cw(y) for 0<y<z<oo, (2.1)

then for all 0 < x <r < o0

(/Oxw(y) yP ! dy)l_; <B xp_l;/orw(t) dt, (2.2)

rw(r)%

21 1.4
where B =cr " pr .

Proof. By (2.1) for 0 <y < x < r we have
cw(y) y*~ > w(x) y'

Integrating over (0,x) we get
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Since for 0 <t < r we have w(r) < cw(t), it follows by integration over (0,r) that

consequently

]

Lemma 2.2. Let0 <p<1,¢>0, A>0, w be a weight function on (0,00) satisfying
condition (2.1). If f is a non-negative measurable function on (0,00) such that for
almost all 0 < x < oo

so<a([wwe ) ([ roww e a) ey

Then for all r > 0

(Huwf)(r)

/ ) v i) (24)

where C' = pA*™P B.
Proof. Indeed, by (2.3) it follows that

o <a (oo a) 7 ([ e vt a)

hence

o) <4 ([t an) 7 pan) ([ P v )

:pAl—p</0$ w(y) yP! dy>1p 2P [(/O FPy)w(y) v dy)i]/,

Hence by (2.2) for0 <z <r
1oy
[ oral( [ om0
rw(r)r Jo

Integrating over (0,r), we obtain

| 1@ wia) do
< pAlP Bm T / dt / 7y ! dy)’l’].

Hence inequality (2.4) follows. O

fl@)w(z) <pA™" B




130 N. Azzouz, B. Halim, A. Senouci

Remark 2. For non-negative measurable functions equality in (6) holds if and only if

AP 1

f(z) = K(/:W(y)yp‘ldy) " LK >0,

for almost all x € (0,00). To verify it suffices to rewrite (6) with the equality sign in

the form
P [ ety =a [ pwe i,

differentiate and solve the resulting differential equation.

Theorem 2.1. Let 0 < p < 1, ¢ > 0, A > 0, w be a weight function on (0,00)
satisfying condition (2.1), and o < 1 — %. If f is a non-negative measurable function

on (0,00) satisfying (2.3), then

|7 (Hu f)(1) [ Lpw(0.00) < D [ 2% f(@)]L,,0(0,00): (2.5)
where
I
D= A" Pc"1<1 —a-— —> . (2.6)
p

Proof. Indeed

1

17 (Huw f)(1) | p00400) = (/Ooo P (Hy f)P(r)w(r) dr> P

and by (2.4) we get
1 (o)) oo < (77 0 s ([ 700 wl) 97 ) wir) i)’

:C/ rorp /fp pldy>dr>’l’

1

—c( /0 ( / 18 dr) () w(y) v dy)’

)

Since ap —p+ 1 < 0 we get

o oyt Y
7 (D)) ey < € ([ L ) w) 97 )

- [ ) wto) dy)’

(—ap+p—1
C

- T 2% f(@)l 2, 0(000)-
(—ap+p—1)r

O

Remark 3. If f is a non-increasing function on (0,00), then (2.3) holds with A = 1.

Remark 4. If in Theorem 2.1 w = 1, then inequality (2.3) takes form (1.1) with
M = Ap%. Also ¢ =1, hence D = N.
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