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Abstract. It is proved that in one of the popular definitions of general local and
global Morrey-type spaces the functional parameter which enters these definitions can
be replaced, without essential loss of generality, by another one, which has better
regularity properties.

1 Introduction

In the last three decades there is a great interest in studying general Morrey-type
spaces, operators acting in such spaces, and applications to real analysis and to the
theory of partial differential equations. See, for example, recent survey papers [1, 2, 7,
8,9, 10, 11, 12, 13].

One of popular definitions of such spaces is as follows. Let B(z,r) denote the open
ball in R™ centered at x € R™ of radius r > 0.

Definition 1. Let 0 < p,0 < oo and let w be a non-negative Lebesgue measurable

function on (0, 00). Then LM, () = LMpg()(R™) is the local Morrey-type space, the
space of all functions f Lebesgue measurable on R™ with finite quasi-norm

||fHLMp97w(.) - Hw(r>‘|fHLp(B(Ovr))HLg(O,oo) ’

Furthermore, GMpg () = G Mpp () (R™) is the global Morrey-type space, the space
of all functions f Lebesgue measurable on R™ with finite quasi-norm

£ llontyeney = SUP I (@ + )leasg i, = Sup (W) fllLuB@m ||, 0.0
r€R™ z€R™
The first natural question which arises is to find out for which functions w the spaces
LMy .y and GMyg .y are nontrivial, i. e. consist not only of functions equivalent to
0 on R™. In order to formulate the answer to this question the following definition is
required.
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Definition 2. Let 0 < p,6 < oco. Then () is the set of all functions w which are
non-negative, Lebesgue measurable on (0, 00), not equivalent to 0 on (¢,00) for any
t > 0, and such that for some ¢t > 0

[w ()l Ly (1,00) < 00 (1.1)

Furthermore, €2, is the set of all functions w which are non-negative, Lebesgue mea-
surable on (0, 00), not equivalent to 0 on (t,00) for any ¢ > 0, and such that some
t>0

Hw(r)r”/pHLe(OJ) < 00, ||w(r)||L9(t7oo) < 00, (1.2)

Jotr) ()

Note that if condition (1.2) is satisfied for some ¢ > 0, then it is also satisfied for all
t > 0. (Hence condition (1.3) is also satisfied for all ¢ > 0.) Indeed, if 0 < 7 < ¢ then ?

or, which is equivalent,

< 00. 1.3
Lg, (0,00) ( )

[w(r)reLoom < llw(r)rellLyen < o0,

(3-1),

and

[ (r)]|o(r0) < 2 (lw () Lo + ) oeoo))

(3-1),

<2 (7 [lw(r)r? oo + 1w Lywe) < 00
Also, if t < 7 < oo then

[w(r)llzo(roe) S W)l Loeoe) < 00,

(5-1),

and

[w(r)ro |y < 2 (lw()re oo + lw(r)rellz,en)

(%*1) n n
<2 (o (r)re ]l ny + 77 () |2y (t00)) < 00

Let, for a function w € €y,
a=1inf{t > 0 : [|w||1,(t,00) < 00} .

By the above it follows that if w € €, then a = 0.

Lemma. ([4], [5]) Let 0 < p,0 < oo and let w be a non-negative Lebesgue mea-
surable function on (0,00), which is not equivalent to 0 on (t,00) for any t > 0.

Then the space LMpg .y is non-trivial if and only if w € Qg, and the space G Mpyg (.
is non-trivial if and only if w € (.

Moreover, if w € y , then the space LMpg ) contains all functions f € L,(R")
such that f =0 on B(0,t) for some t > a. If w € Q, then

Lp(Rn) N LOO(RH) C GMpgw(,) .

L As usual, oy = max{a,0} for a € R.
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2 Main result

If @ > 0 then f € LMy, if and only if f € LJZDOC(R”), f is equivalent to 0 on B(0,a),
and

If w € Qy then it may happen that w is equlvalent to zero on certain subintervals of
(@, 00) which is not convenient for some applications. This drawback can be overcome if
one replaces w by a function w which is positive on (a, 00) and is such that || f|zas, .,
and || fllza,, 5, are sufficiently close. More precisely, the following statement holds.

Let Q5 and Q, be the sets of all positive on (0, 00) functions w € Qp, w € Qg
respectively.

Theorem 2.1. Let 0 < p,0 < o0
If 0 < 0o and w € Qy, then for each € > 0 there exists a function w. € QF such
that we = w on (0,00), LMy () = LMpg (), and

Jor all f € LMy ..
If 0 = 00 and w € Qu, then there exists a function w € QL such that w > w on
(0, OO), LMPOO@(.) =LM poo,w(-)s and

I My = N M (2.2)

for all f € LMy w(y. Also there exists a function w € QY such that w > w almost
everywhere on (0,00), w is non-increasing and continuous on the right on (a,o0),
LMy () = LMpoo (), and equality (2.2) holds with w replaced by w.

Moreover, a similar statement holds if everywhere Qy and QF are replaced by Qe

and QXG’ and local Morrey-type spaces LM are replaced by global Morrey-type spaces
GM.
Proof. 1. First, let w € Q. Let by =a+k — 1,k € N. We set

1 it re(0,al,
. — ! 2.3
ol P T A S 2

Furthermore, if # < oo for € > 0 we set
We = W1 e, (2.4)

where

=

w(r) = (we(r) + 5ug(r)) , T €(0,00), (2.5)

and § = (1 +¢)? — 1.
Clearly w. > w on (0, 00) and w. > 0 on (0, c0).
Moreover, for all t > a

0219 ey = Mol ey < / (dr+5 Y 2 / dr

t k: bp>t



128 T.V. Tararykova

o0 o0 [eo]

< /we(r)dr~|—(5( Z 2_"3) /we(r)dr < (1+5)/w9(r)d7",

1 k: bp>t ¢ t

therefore
1
|| Lo(t.00) < [WellLo(t,00) < (1 +8)? ][]l Lo(t,00) = (14 &) |w]| Ly (t,00) < 00

Hence w. € Q.
2. Furthermore, for all f € LM, ., taking into account that f is equivalent to 0
on B(0,a), we get

oo

[%
10 = 1oty = [ (1) o0

a

00 by

0
= [ @O0 dr+522 ( / >dr) [ Wlom)ar
a b br—1
< U, +9 327 (1118 o0 [ 000 )
k=1 by

<Hf|r%M9w()+622 (/ G

by

<M atney +0 (2 VI atyy = L+ DN,

k=1

Therefore

HfHLMpew ) < HfHLMpe we () X (1 + 5) HfHLMpe w(-) (1 ‘|‘€)HfHLM PO, w(-)"

3. If § = oo we can, in the spirit of Step 1, set
w(r) = max{w(r),us(r)}, r € (0,00),

and prove that w € QF and equality (2.2) holds. Also, clearly, w > w. However, there
is no guarantee that w is non-increasing and continuous on the rlght on (a,c0).

For this reason we shall use a different approach for constructing the functions w
and w. Let

1} if
wry — { (w1} i e (0.l 26)
HwHLoo(r,OO) if ré€(a,00).

Clearly, 0 < w(r) < oo on (0,00) and w is non-increasing on (a,o0). Also by the
properties of essential supremums it follows that w is continuous on the right on (a, co).
Moreover, for all t > a

10| Lo (t,00) = W] Lo rr00) | Lo (t,00) < W] Lo (t,00) < 00,
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hence w € Q.

Note that w(r) < w(r) for almost all » > 0. Indeed, assume to the contrary that
the Lebesgue measure |A| of the set A = {r € (a,00) : w(r) > w(r)} is positive. Let,
fore >0, A. = {r € (a,00) : w(r) > w(r) +}. Since A,, C A,, if &1 > g9 > 0 and
U.-0 Ac = A, it follows that |A.| > 0 for some € > 0. Moreover, for this ¢ there exists
r € A. such that |A. N (r,r +¢€)| > 0 for all 6 > 0. Therefore for this r for all § > 0

W(r) = ([l L(ro0) 2 1WlLac(acnrrts) = €58 SUPgea. (5w (0)

> €88 SUD e n(rrp0) (W(0) +€) = W(r+6) +¢.

Since w is continuous on the right on (a,o0), by passing to the limit as § — 01, we
arrive at a contradiction.
Therefore for any f € LMo ()

||f||LMpOO,w(-) = ||w(r)||f||LP(B(O:T))HLOO(a,oo) < }|w(T)||f||LP(B(O:T))HLoo(a,oo)

= ||f”LMpoo,u-;(-) = ||||w(g)||L00(7’700)||f||L;D(B(07T))HLoo(a,oo)
< HHw<g)||f||Lp(B(OvQ))||L<>0(7'7°°)||Loo(a,oo)

< w1 £l L, (B0.0) | Loo@oo) = L0ty s 5

hence equality (2.2) follows with w replaced by w.
Since the function w defined by

w(r) = max{w(r),w(r)}, r>0, (2.7)

is equivalent to w on (0, 00), it satisfies the requirements of the theorem.
4. Next, let w € Q9 with 6 < co. In this case a = 0. Let 7 > 0 be such that w is
not equivalent to 0 on (0, 7), let b; = max{bg, 7}, and let

k n .
vg =279 ||'LU(T‘)’I“P ||L9(07b;;71) if re (bk—lybk]a k € N. (28)
Furthermore, if < co we set for € > 0

w. = min{w; ., wa . } (2.9)

where w; . is the same as in Step 1 and

S

W (1) = (we(r) + 51}3(7‘))

Then by Step 1 for all ¢ > 0

, 1€ (0,00). (2.10)

[wellLo(t.00) < NlwrellLoto) < (14 &)[[wllLyto0) < 00
Moreover,
lwe ()7 |20,y < Ml (F)r7 (17,0

t br_1

</(w(r)7“2)9dr+5 Z Q_k/(w(r)TZ)edr

o k: by, <t
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. max{t,7}
</( (r)re dr+5(22 ) / w(r)r%)edr
max{t,7}
=(1+49) / (w(T)T%)GdT‘,

therefore

() |y < lwa(r)rllryon < (L + e)llw(r)r? || zyomaxitry < oo

Hence w. € Q.
5. If 0 = o0, € Q,5 and 7 is the same as in Step 4, we set
T { T_;Hw(Q)QEHLoo(T,QT) lf r 6 (OaT)a (211)

w = ,
[w@)Lotroey — if T € [T, 00),

where
¢ =75 [10(2)0% 172 |00 e -

Clearly, w is positive and non-increasing on (0,00). Moreover, by the properties of
essential supremums it follows that @ is continuous on the right on (0, 0o).
Similarly to Step 3

||w||Loc(TOO) ||w||L(x>(TOO) < 00.

Also

|D(r)77 || e 0.r) = € 1w(0) 07 || oo (r2m) | e 0,7) < Jw(0) 07 || Lo (0,2r) < 00

Hence w € Q.
6. By Step 2 it follows that for § < oo

HfHGMpG,w() < Hf”GMpﬁ,w5(~) g Hf”GMpQ,wl’E(J = félﬂgt Hw17€<r)”fHLp(B('T1T))HL9(0700)

<(1+¢) sup w1 Fllz, (B HLQ (0,00) =L+ &) flleMpp ) -

because the argument of Step 2 does not change if the ball B(0,r) is replaced by the
ball B(x,r). If § = oo then similarly

1fllerye iy < NflleMy o, = sup @)1 pB@m |l 000

\ SUP ||U) HfHLp (z,r) ||Loo 0,00) HfHGMpooyw(A) )

hence

1f M my = I lGA s -
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3 Applications

The meaning of Theorem 2.1 is that without essential loss of generality one may assume
that in Definition 2 the function w belongs to Q) for the case of local Morrey-type
spaces and w belongs to Q;e for the case of global Morrey-type spaces.

Clearly Theorem 2.1 allows reducing the problem of boundedness of a certain op-
erator A from one local Morrey-type space LM, g, () to another one LM,,p, () for
w; € Qy, and wy € €y, to the case in which w; € Q;rl and wy € QJQ or from one
global Morrey-type space GMp, g, w, () to another one GMp,g, () for wy € €29, and
wy € Qpyp, to the case in which w; € 9;91 and wy € 91—0292'

Indeed, assume, for example, that for a certain class F(py, 61, p2, 02) of pairs w; €
Qg and w, € Q, the inequality

AP EM 0 gy S Qs w2) [[F Ity g, (3.1)

holds, where ¢(wy, ws) > 0 is independent of f € LM, g, w, (.-

Next, let w; € Qy, and wy € (y,. Consider the functions w; . € Q;“l and wy, € Q(;Z
constructed in the proof of Theorem 2.1 for all sufficiently small € > 0. Assume that
the class F'(p1, 01, p2, 62) is such that the pairs wy ., ws - belong to it for all such . Then
by (3.1)

A,

S c(wre, o) (1 F1] gy 0,y () S (Wi wa) (14 €) [ Fll Loty 0 0, ()

) < ||Af||LMp262,w275(')

209, wa (-

hence A is bounded from LM, 6, u, () t0 LMp,0, 0 (.)-
Moreover, it may happen that hm+ c(wy e, wa ) = c¢(wy, ws) in which case we arrive
e—0

at inequality (3.1).

In many cases for a proof of inequality (3.1) or of more complicated inequalities
of such type it is not important whether w, € le, wy € Q;; or wy € €y, we €
Qp,. However, it may happen that there are difficulties in giving direct proof of such
inequalities for all wy; € Qy, and wy € Qy,. This is the case in paper [3] where the
following interpolation theorem is stated.

Theorem 3.1. Let 0 < p,qo,q1,9 < 00,q0 # q1,0 < 0 < 1,
1 1-0 0

q qo q1

Y

and w € Qf . Then

(LW LML) LM (3.2)
pgo,w 7 (-) paL,w (-)/ 6,q pgw 4 (-)
Moreover, there exist c1,co > 0 depending only on p, qo, g1 and 0 such that
allflloe , <I/I <ellflln (3.3)
pqw 9 (+) (LM 1, LM L 0,q pqw 9 (+)
pag,w 0 () pay,w L ()

forall f e LM 1 .

pg,w (-)
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The proof outlined in [3| is based on the equality

T e 00 \ 7 do(r)\ #
W huss =W = [ (Fo522) )

where 0 < 0 < 00,

a<r<oo, a= lim v(r),

r—at

Sl
v(r) =07 ||u||Lj(r7oo) :
which holds only if v € QF. (For such u the function v is positive locally absolutely
continuous and strictly increasing on (a,00) which allows changing variables in order
to obtain the above equality.)

Theorem 3.2. Theorem 3.1 holds for any w € Q. Moreover, inequality (3.3) holds
for w € Qq with the same c1,co as in Theorem 3.1.

Proof. Consider the functions ug defined by equality (2.3) for 8 = 1,¢o,¢;. Then it
follows that

Ug,, = (ul)ﬁ, m=1,2.

Let
V5<T) = U)(T) + ryul(r) y TE (Oa OO)?
where v = min{dy, 01 },0m = (1 +) —1,m = 1,2.
Hence by formulas (2.3)—(2.5) with 6 = ¢,,, and § = 0,,

1

(), = (03" (1) + 8, (g, ) ) ™

1 1 1

= (w(r) + dpmui(r))m = (w(r) + yua(r))m = (ve) o .
So

1

(ve)am < (wﬁ)a, m=1,2.

Therefore by the left-hand-side inequality in (3.3) and inequality (2.1)

1 1
pg,w 9 (-) pq,(vg) 1 (-)

€1 HfHLM 1 Sa HfHLM < Hf“(

LM 1 LM 1 >
Pao,(ve) 10 () pa1,(ve) 1 ()7 0.a

= H inf (HfOHLM 1 +tHf1HLM 1 )‘

f=fot+f pag(v2) 0 () pay,(ve) a1 () ®o.q
< ot (isolon Uil )|
f=fo+f1 PqOﬁ(w%)s(‘) pql,(wﬁ)s(‘) (I)G’q

<+ dnt (oo, +tlAil ]

F=1 pag,w 90 (-) pay,wl () 0.9

= 1+l /]l (3.4)

(LM 1, LM 1 )
pag,w 0 () pq1,w Il ()7 0.9
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Here the infimum is taken over all representations f = fy + f; where

pgo,w® (+) Pgo,w % () pao,w () Pgo,w L ()

foeLM 1+ =LM 1+ and f€eLM 1+ =LM 1

Furthermore, let § = (1 + 5)% — 1. Since ¢ lies between ¢y and ¢; we have § > ~
and by formulas (2.3)—(2.5)

[

(w7)_ = (w(r) +du(r))i = (w(r) +yu(r))7 = ()7 .

Hence by the right-hand-side inequality in (3.3) and inequality (2.1)

il < [l
(LM 1 . LM 1 ) (LM 1 . LM 1 >
pag,w 90 () pap,w Il ()7 0.q pa0,(ve) 90 () pa1,(ve) 11 ()7 0wa
S 6 Hf”LM 1 S G ||f”LM 1 < (1 + 5) C2 Hf“LM 1 (35)
Pa,(ve) 9 () pq,(wﬁ)sw pa,w ()

Since ¢; and ¢y are independent of €, by passing to the limit in (3.4) and (3.5) as
e — 01, we get inequality (3.3). O
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