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Abstract. The survey is aimed at providing detailed information about recent results
in the problem of the boundedness in general Morrey-type spaces of various impor-
tant operators of real analysis, namely of the maximal operator, fractional maximal
operator, Riesz potential, singular integral operator, Hardy operator. The main fo-
cus is on the results which contain, for a certain range of the numerical parameters,
necessary and sufficient conditions on the functional parameters characterizing general
Morrey-type spaces, ensuring the boundedness of the aforementioned operators from
one general Morrey-type space to another one. The major part of the survey is dedi-
cated to the results obtained by the author jointly with his co-authores A. Gogatishvili,
M.L. Goldman, D.K. Darbayeva, H.V. Guliyev, V.S. Guliyev, P. Jain, R. Mustafaev,
E.D. Nursultanov, R. Oinarov, A. Serbetci, T.V. Tararykova. In Part I of the survey
under discussion were the definition and basic properties of the local and global gen-
eral Morrey-type spaces, embedding theorems, and the boundedness properties of the
maximal operator. Part II of the survey contains discussion of boundedness properties
of the fractional maximal operator, Riesz potential, singular integral operator, Hardy
operator. All definitions and notation! in Part II are the same as in Part 1.

7 Riesz potential

Let f € L'¢. The Riesz potential I, is defined by

Iaf(x):/RM 0<a<n.

nlz =yl

! Local Morrey-type spaces LM .4y, weak local Morrey-type spaces W LMy .,y (0 < p,0 <
oo,w € (Qy); global Morrey-type spaces GM,g.,(.), weak global Morrey-type spaces WGM,yg (.
(0 <p,0 <oo,w € Q).

Various applications of Morrey-type spaces are discussed in detail in the survey papers [36], [44],
[46], [47]. Properties of the commutators of singular integrals in Morrey-type spaces are discussed in
[32]. Interpolation theorems in Morrey-type spaces are studied in [9]. Complementary Morrey-type
spaces are considered in [14], [3], [29].
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Let 1 < p; < py < o0. The classical Hardy-Littlewood-Sobolev result states that
I, is bounded from L,, to L,, if and only if

1 1
1 <p; <py<oo and 04:77,(———). (7.1)
v P2
Also I,, is bounded from L, to WL, if and only if
1
1 <py <oo and azn(l——). (7.2)
D2

The boundedness of I, in Morrey spaces was investigated by S. Spanne, J. Peetre,
and D. Adams. We start with the case o = n(pi1 - p%) In [43] the next result is referred
as Spanne’s result.

Theorem 7.1. ([43])
Let conditions (7.1) be satisfied. Then 1, is bounded from M];\I to Mz;\z for all 0 <
A< 2
p2
Let conditions (7.2) be satisfied. Then I, is bounded from M; to I/V]\/[I;\2 for all
0< A< &,
- p2

If A = 0 then the statement of this theorem reduces to the aforementioned result
by Hardy-Littlewood-Sobolev.

The boundedness of I, in Morrey spaces for a < n(pil — p%) was investigated by D.

Adams.
Theorem 7.2. ([1]) Let 1 < py <p2§oo,0<a<n,0§)\1<p11,0§)\2<p12, and
A1p1 = Agp2 (7.3)

(hence Ay < Ay or Ay = Ay = 0).
If py > 1 then the operator I, is bounded from le‘ll to M;‘QZ if and only if

1 1
a:>\2—>\1+n(———). (7.4)
P1 D2
If p1 = 1 then the operator 1, is bounded from ]\41’\1 to WM;; if and only if condition
(7.4) is satisfied with p; = 1.
If a = n(pi1 — p%) condition (7.4) implies that \; = Ay which by (7.3) can only
happen only in the case Ay = Ay = 0 in which M) = L, and M) = Ly,
T. Mizuhara, E. Nakai, and V.S. Guliyev generalized Theorem 7.1 and obtained for
the case a = n(pil — p%) sufficient conditions for the boundedness of I, from G M), « w, ()

to GMPZOO’WQ(.).

Theorem 7.3. ([30]) Let 1 < p; < ps < 00 and a = n<
functions wy € Qpoo, wa € Qoo satisfy the condition

i) . Moreover, let

1 _
p1 p2

n

Swyt(t)t v

_n_q

it (r) 7

(7.5)

HLl(t,oo)

uniformly in t € (0, 00).
Then for py > 1 1, is bounded from GMy, oo, () 10 GM pyoo sy and for py =1 I,
is bounded from G Moo, () 10 WGM pyoo () -
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In the [38], [40] this statement was proved under the following additional assump-
tions: it was assumed that w; = ws = w and that w was a positive non-increasing
function satisfying the pointwise doubling condition, namely that for some ¢ > 0

clw(r) <w(t) < cw(r)

for all ¢, » > 0 such that 0 < r <t < 2r.. In [30] it was proved without these additional
assumptions. (See also [33], [34], [31].)

Next the most general case will be considered. We start with necessary conditions
on the numerical parameters.

Lemma 7.1. ([15], [16]) Let 1 < p; <00, 0 <py <00, 0<a<mn, 0<b,0, < oo,
wy € Qy,, and we € Qy,. Then the conditions

n
pr<oo and a< —
4

are necessary for the boundedness of 1, from LMy g, () to LMy,0, ws()-

Lemma 7.2. ([15], [16]) Let 1 <p; <00, 0 <ps <00, 0<a< -, 0. < 6,6, < oo,
wy € Qg,, and wy € Qp,. Moreover, let wy € Ly, (0,00). Then the condition >

)
azn|———
pr D2/

is necessary for the boundedness of I, from LMy g, w, () 10 LMp,0, w,(.)-

Remark 4. Without the assumption wy € Ly, (0,00) this condition is not necessary.

In particular in Theorem 7.2 o < n(pi1 — p%) excluding the case A\; = Ay = 0.

The application of the known results about necessary and sufficient conditions for
the boundedness of the operator I, in weighted Lebesgue spaces and the relation-
ship between general Morrey-type spaces and weighted Lebesgue spaces, described in
Section 5 of Part I of the survey, immediately imply the following statement for the
case of local Morrey-type spaces, including necessary and sufficient conditions for the
boundedness of I, from LM, ,, w, () 10 LMp,p, ws()-

Theorem 7.4. Let 0 < a <n, 1 <pi < ps <00,0< 60,60, < 00, wi €y, wp € Q.
If p1 = 61, p2 < 03 and

30 NWallay, ey | o=yl Wh0) 7 050, < (7.6)
and
S W ey ey I =1 o)y, o) < 0 (7.7)
where py = pf’il and
Wi(@) = [willig, Geioeys  Wal@) = [[wa]l gy (e 00); (7.8)

2For a € R, ay is the positive part of a (a4 = max{0,a}).
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for all x € R", then the operator I, is bounded from LMy g, w, () 0 LMp,0,u,() and
from GMy 9, w, () to GMp,g, wyy- (In the latter case it is assumed that wy € Qp4,,
Wy € QPQQQ.)

If py < 01 and py > 05, then conditions (7.6)—(7.7) are necessary for the boundedness
of I, from LM, 6, w, () to LM p,0, ws()-

In particular, if 61 = p1 and 0 = po, then conditions (7.6)—(7.7) are necessary and
sufficient for the boundedness of 1, from LMy, w, () t0 LMp,p, 0.

The following theorem contains necessary and sufficient for the boundedness of I,
from LM,y 9, w, () t0 LM,,0, w,() Without the assumptions p; = 6, and py; = 0.

Theorem 7.5. ([15], [16], [11])
1. ]flSpl<OO,O<p2§OO,0<Oé<1%,0<91,92§OO,U}16991 and
wy € (Qy,, then the condition

*l‘i’ i { - 7£} ree
O py T TG, )min{n_a,#} S ||w1||L91(t,oo)’

wa(r)

(t+r Ly, (0,00)

uniformly in t € (0,00) is necessary for the boundedness of 1, from LM, g, w, () to
LM, 0, s -
2. If condition (7.1) or the condition

1 1
1<p <00, 0<py<oo and n(———) <a< (7.9)
b1 P2/ +

is satisfied, 0 < 6 < 0y < 00, wy € g, and wy € §y,, then the condition

7 P2

wz(ﬂm

S Nwnllgy, iy -
Le, (0,00)

uniformly in t € (0,00) is sufficient for the boundedness of I, from LM, g, w, () to
LM,,0, () and from GMy, g, w, .y 10 GMp,0, .0,y (In the latter case it is assumed that
wy € QP1917 we € Qp292')

3. In particular, if condition (7.1) is satisfied, 0 < 61 < 0y < 00, wy € Qp,, and
wy € $Qy,, then the condition

wa(r) (t i 7“) "

uniformly in t € (0,00) is necessary and sufficient for the boundedness of I, from
LMp191,w1(~) to LMPQQZMQ(,).
4. Let

S ol gy (710
Le, (0,00)

11 ,
I<pr<p2<oc, a=n|———], (1)
pP1 P2

0 <0 <0y <00, w €8y, and wy € y,, then condition (7.10) is necessary and
sufficient for the boundedness of 1, from LMy g, w,(y t0 W LMp,0, 1) -
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Remark 5. In [15], [16] this statement is proved under the additional assumptions:
either 6; < 1 or, if w, satisfies certain regularity conditions, 6; < p;. In [11] it is proved
without additional assumptions on #; by using a different method.

The next theorem contains sufficient conditions on wy, ws ensuring the boundedness
of I, from LMy 9, w, () t0 LMpy0, . for all values of the parameters satisfying (7.1)
or (7.9), which are close to necessary ones and are necessary ones if p; = 1.

Theorem 7.6. ([11]) Let condition (7.1) or (7.9) be satisfied. Moreover, let 0 <
01, 92 S o0, Wy € le, Wo € Q92.
1. The operator I, is bounded from LM,y g, w () to LMp,6,.w,) if, and in the case

p1 =1 only if,
(a) if 1 < 01 <0y < 00, then

Bl = sup (/too wg2(r>r92(“‘"(zi‘é))dr)eg </too wfl(r)dr>_91 <00, (7.11)

t>0

and

1

t v N[ (e

By = sup </ ng(T)rozpzdr) 2 / wr' (r)r ordr < 00}
>0 \Jo t ([T wi(p)dp)

(b) if 0 <60, <1,0<0; <60y < o0, then B} < oo and

1 1
n t n 23 o0 o
B2 :=supt™ # (/ ng(r)rez’mdr) ’ (/ wfl(r)dr) < 0] (7.12)
t>0 0 t

(c)if 1 <) <00, 0<by <0 <oo,byF#1, then

01—02

oo oo 02 92(a—n(i—i))d 919%92 0102
Bi= / v (}1: i )dl 2 ng(t)t‘g?(“‘”(ﬁ‘%))dt < 00,
0 . wy'(r)dr
and
0105
92-17 5, -6,
- o ” T 1(a p1> ”2
B} = / ( / Wl () dr) : / w? (r);“l i )
e (7wl (p)dp)
( ) 01—09
o ()P 1%
wloo( )9 7 + < o
(ft wy( )dp)
(d) ifl =0, <0, < 00, then
01—1
oo 0 a—n(%-i) 0,1 o 01
B = / ) wzf(;)r . ); Jar) UG a | < s
0 . wi(r)dr
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and
o0 a,n(L,L> ot " ;-1
B4 - /oo L wg(T’)T 1P/ dr +¢ m fO w2(r)rp2dr y
2 =
0 [ wi (r)dr
a—2 ! n dt\ "
Xt P1 (/ w2(r)rp2 dr> _> < 00
0 t
(e) if 0 < by <6y =1, then
1-09
09 -
00 oo fo 92((1—71(%—%)) 1—60y
B = / ft o2 <T)Z; dr wgz(t)tez(“‘"(ﬁ‘é))dt < 00,
0 [ wi(r)dr
and
b2 09
(9] t p 0,1 1—6y o 00 BT
BS = / (/ ws? (r)r 2P2d7’) ( inf se1 / U)l(ﬂ)dp) %
0 0 t<s<oo s
1-0,

(f) if 0 < 6y < 6, < 1, then B} < oo and

o0 5(0‘_%> "t t g, 70
BS = / sup 7 (/ w2 (r)r 2P2dr) X
0 t<s<oo (J“OO w?l (p)dp) 91 —0o 0

(g) f 0 <6y <1, 0, =00, then
t)tvs
B” := ess sup ~ ws(t)t72 — < 00;
0<t<s<oo gp; ~ & (fsoo wih (’I“)d?“) o1

(h) if 1 < 6, < 00, O = 00, then

Q:
)_.\‘b—‘

e )
B® := ess sup wy(t)tr2 / L - 1 ar < 005
>0 b ([Tuwli(s)ds) T

(i) if 01 = 00, 0 < By < 00, then

. . 0 Sa—ﬁ—lds 02
B .= / tf’l_a/ X
0 t €8S Sups<y<oo wy (y)

1

><w§2(t)t92(a_"(;1_vlz>)dt) " < oo
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(j) if 61 = 05 = 0, then

0o -1
n P
B := ess sup wy(t)tr2 / G ds < 0. (7.13)
>0 t  ©S8 SUDPsycoo W1 (y)

Moreover, in case (a)

1 1
H]a||LMplel,wl(.)—>LMp292,w2(.) f§ Bl + B2
uniformly in wy € Qg, and in wy € Qy,, where the sign < should be replaced by =~ if
p1 = 1, and similar inequalities and equivalencies hold in cases (b)-(j).

2. [fp1:1,0<p2<ooandn<1—pi2> <a<norl < p < oo and
Jr

a=n (1 - pi>, then I, is bounded from LMg, () to W LM,,g, .y if and only if

2
conditions (a)-(j) are satisfied.
Moreover, in case (a)
~ B} + B,

HallLtyg, oy =W LM, 6, o

uniformly in wy € Qy, and in we € Qp,, and similar equivalencies hold in cases (b)-(j).

Remark 6. Note that two conditions (7.11) and (7.12) are equivalent to one condition
(7.5).

Remark 7. Statement (j) of Theorem 7.6 is stronger than that of Theorem 7.5: first

of all it holds for a wider range of the parameters, but even for the same range of

the parameters as in Theorem 7.3, i. e. for 1 < p; < py < o0 and o = n(pi1 —

piz), condition (7.13) is weaker than condition (7.5). It is obvious that if condition

(7.5) holds, then condition (7.13) holds too. Moreover for non-increasing continuous
functions w; conditions (7.5) and (7.13) coincide. However, in general, condition (7.13)

does not imply condition (7.5). For example, the functions

_ n
wl(r) = X(Loo) (T)T Bv w?(t) = m, 0< ﬁ < p_l —

satisfy condition (7.13) but do not satisfy condition (7.5).

Remark 8. Note that under the assumptions on the parameters of the second part of
Theorem 7.6

) ~ ||]Ot||LM191,wl(-)_’WLMm@QVWﬂ') :

||]Oé ||LM161,w1(»)_’LMp2@2,w2

Corollary 7.1. If

1 1
1<pr <py<oo, 0<by < oo, azn(———), and wy € g, ,
pP1 D2

or

1 1 n
1§p1<oo,0<p2<oo,92:oo,n(———) <a< —, and wy € Q,
pl p2 + p]_
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then the condition
1 1
wg(r)ra_n<a_5) € Ly, (0, 00) (7.14)

is necessary and sufficient for the boundedness of I, from Ly, to LMy,g, () and from
Ly, to GMp,0, (- (In the case of the spaces G Mp,p, w,(.) it is assumed that wa € e, .)

Further information on the properties of the Riesz potential can be found in survey
papers [41], [35].

8 Fractional maximal operator

Let f € L'°¢. The fractional maximal operator M, is defined by

Maf () =sup B0 [ \r(w)ldy,
t>0 B(z,t)

where 0 < a < n. If a =0, then M = M, is the maximal operator.
Note that, for 0 < o < n,

Mo f(z) <o ' L) (@), (8.1)

where v,, is the volume of the unit ball in R™, hence the boundedness of the Riesz
potential also implies the boundedness of the fractional maximal operator M,.

Therefore Theorems 7.1, 7.2 and 7.3 are also valid for the fractional maximal op-
erator. Moreover, they are valid for a wider range of the parameter py, namely for
p1 < po < 00, which, in the limiting cases p; = ps and py = 00, follows by theorems for
the maximal operator formulated in Section 6 of Part I.

There are minor distinctions in necessary conditions on the parameters compared
with the case of the Riesz potential.

Lemma 8.1. Let 1 <p; <00, 0<py <00, 0<a<n,0<6b,0, <oo, w €y,
and wy € Qp,. Then the condition

a <

n
4
is necessary for the boundedness of My from LM, g, w, () t0 LMp,0, ws()-

Lemma 8.2. LetlgplSoo,0<p2Soo,Ogozgpﬂl,oz<n,0<81,62§oo,
wy € Qy,, and wy € Qy,. Moreover, let wy € Ly, (0,00). Then the condition

G3)
a>n|———
bt P2/ 4

is necessary for the boundedness of M, from LMy g, w, () to LMp,0, we (-
Remark 9. If wy ¢ Ly, (0,00) then this condition is not necessary. See Remark 4.

An analogue of Theorem 7.4 takes a different form. The known results on the
boundedness of the fractional maximal operator in general weighted Lebesgue spaces
(see [45], [26], |25], [28]) and the relationship between general Morrey-type spaces and
weighted Lebesgue spaces, described in Section 5 of Part I of the survey, imply the
following statement.
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Theorem 8.1. Let 0 < a<n, 1 <p; <py <00, 0<bp,0, <00, wy € Qy,, wa € y,.
If 01 < p1 and pr < 6> and

nol ~ -1 n—1 -~

sup R*7™ |[t »r Wy (t) ’ t v Wg(t)’ < 0. (8.2)

R>0 L, (0,R) Lp,(0,R)

1
or equivalently
Pl 1

|t (o) s|wm| 83)

LpQ,WQ (B) LP1 (B)

uniformly in balls B C R™, where WI,WQ are the same as in Theorem 7.4 (formula
(7.8)) and

Wi(t) = [Jwillz,, t,00) Wa(t) = [lwa| 14, (t,00)

Jorallt > 0, then M, is bounded from LMy 6, u, () t0 LMp,0, () and from GM, g, w, ()
to GMp,0,.w,()- (In the latter case it is assumed that wy € g, Wo € Uy, 0,).

If p1 < 01 and py > 0, then condition (8.2), or equivalently (8.3), is necessary for
the boundedness of My from LMy 6, w, () 10 LMp,0, (.-

In particular, if 01 = p1 and O = po, then condition (8.2), or equivalently (8.3), is
necessary and sufficient for the boundedness of My from LMy, p, v, () 10 LMp,p, ws(-

The following theorem contains necessary and sufficient for the boundedness of M,
from LM,y 9, w, () t0 LM,,0, w,() Without the assumptions p; = 6 and p; = 0,.

Theorem 8.2. ([12], [13], [10]) 1. If

1 1 "
l<pi<py<oo,a=n|——— (1)
P1 P2
0 <0 <6y <oo, w € Qy, and wy € Qyp,, then condition (7.10) is necessary and
sufficient for the boundedness of M, from LMy g, w, () t0 LMp,0, ws(.)-

2. If

11
1§p1Sp2<oo,oz=n(———) (1)
P1 P2

0 <6 <0y <00, w € Qy, and wy € Qy,, then condition (7.10) is necessary and
sufficient for the boundedness of My from LMy g, vy t0 W LMy,0, w,(.)-

Remark 10. In [12], [13] this statement is proved under the additional assumption
01 < p1, in [10] without this assumption by using a different method.

The next theorem contains sufficient conditions on wy, ws ensuring the boundedness
of M, from LMy, g, w, () t0 LMy, . for all values of the parameters satisfying (7.1)
or (7.9), which are close to necessary ones and are necessary ones if p; = 1.

Theorem 8.3. Let1§p1<oo,0<p2<oo,n(pil—pi2> §a<pﬂlifp1>1, and
+

n(l—pi2> <a<nifp =1. Let also 0 < 01,05 < 00, wy € Qy,, and wy € Qp,.
_l’_

Then the operator M, is bounded from LMy g, u, () L0 LMp,0, ) tf, and in the
case py = 1 only if,
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(i) if 01 < 6y and 6, < oo, then

sup
>0

wa(r) ||w1||2611(t700) < 005

L92 (O’OO)

(t+ 7)o °

(i) if 02 < 01 < 00, then

(1 (1) P2 -
Hw2(t)t()é n(pl p2) HU}2<7’)Ta n(Pl 112) ||219;(9t2700)||w1”[/0911(;79020) < (0. @]
L, (0,00)
and
n n _0 n 2] 6,19
wa(t)17% Jun(r)r | sup (1 172 )" < oo
r>t Lo, (0,00)
(iii) of 0, = oo, then
ng(t)tpnz sup (r”_ﬁﬂwlﬂzolo(wo)) < 0.
r>t L92(0,oo)

Corollary 8.1. Let 1 <p; <py<00,0< 0, <, <00, a=n (pil — p%), we € Qp,,

and

n

wa(r) (t :; r) i

for allt > 0. Moreover, if 03 = oo and 0, < oo it is also assumed that

r P2
wg('r’) <t -+ 7‘)
Then

1) M, is bounded from LMy, g, = to LMy, w,, where wi is a non-increasing con-
tinuous function on (0,00) defined by

() (tj;r)n/pz

2) If wy € Qg, and M, is bounded from LMy, w, to LMp,0,.4,, then

< 00 (8.4)
Lg, (0,00)

lim

t—o00

=0. (8.5)

Lo (0,00)

[t g, (t.00) = ;e (0,00). (8.6)

L02 (0,00)

LMp191 an C LMp191 s -

(Hence LMy, g, = is the mazimal among spaces LMy, g, w, for which M, is bounded
from LM, 0, vy, to LM,,0, w,-)
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Note that equality (8.6), under the assumptions (8.4) and (if #; = oo and 0; < o)
(8.5), defines a non-increasing continuous function wj uniquely. In particular, if ; =

oo, then
n/p2
r
wQ(r) <t + 7“)

We also note that Corollary 8.1 holds for all 1 < p; < ps < oo if the space
LMy,0, ., 18 replaced by the space LW M0, wy()- S0 LMy, w:() is the maximal
among spaces LM, g, () for which M, is bounded from LM, g, u, () to LW M0, w,(.)-

: t € (0,00).
Ly, (0,00)

wi(t) =

Corollary 8.2. If

1 1
l<pr<pa<o0, 0<bOy; <00, a=n|———|, and wy € Qy,,
P P2
or
1 1 n
1<pi<oo, 0<py<o0, fp=0c0n|——— <a< —, and wsy € Q,
pr P2/ 4 P1

then condition (7.14) is necessary and sufficient for the boundedness of M, from Ly,
to LMp,0, w,(y and from Ly, to GMp,e, wy(y- (In the case of the spaces GMp,g, w,(.) we
assume that wy € Qpyp,.)

9 Anisotropic fractional maximal operator

Let d = (dy,...,d,), d; > 1,i=1,...,n, |d = > d; and t'z = (t1ay,..., tiz,).
By [5, 27|, the function F(z,p) = Y."_, x?p~2% considered for any fixed z € R", is a
decreasing one with respect to p > 0 and the equation F'(x, p) = 1 is uniquely solvable.
This unique solution will be denoted by p(x). It is a simple matter to check that
p(x —y) defines a distance between any two points z, y € R™. Thus R", endowed with
the metric p, defines a homogeneous metric space (|5, 6, 27]). The balls with respect
to p, centered at x of radius r, are just the ellipsoids

_ 2 _ 2
gd@r):{yeRn:M+...+M<l},

r2d1 r2dn

with the Lebesgue measure |E(z,7)| = v,r4. If d =1 = (1,..., 1), then clearly p(z) =
|z| and & (z,r) = B(x,r). Note that in the standard parabolic case d = (1,...,1,2)

SU/2—|— LU,4+4.CU2
mm=¢" M )

Let 0 < « < |d| and f € L!¢. The anisotropic fractional maximal function MAf is
defined by

Mﬂ@wwwwmeHﬁ/ FW)ldy.
t>0

Eq(x,t)
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If @« = 0, then M? = M is the anisotropic maximal operator. If d = 1, then
M, = M} is the fractional maximal operator and M = M is the Hardy-Littlewood
maximal operator.

In order to investigate the boundedness properties of the anisotropic fractional
maximal function M¢? it is natural to consider anisotropic local and global Morrey-
type spaces.

Definition 6. Let 0 < p, 0 < oo and let w be a non-negative measurable function on
(0,00). We denote by LM,p ()4, GMpg ()4, the anisotropic local Morrey-type spaces,
the global Morrey-type spaces respectively, the spaces of all functions f measurable on
R™ with finite quasi-norms

”fHLMpe’w(A),d = HfHLMpg,w(A),d(Rn) - Hw(r)HfHLp(gd(O:"'))HL@(O,OO) ’

e = 5P 15+ Ming
respectively.

Note that GMp97w71 = GMpgﬂu, LMp97w71 = LMpgﬂu and

1 lay o= W llgar 0 = 11l

Furthermore, GM,, . ,~a/p g = Mpxra, 0 < A < d].

poo,r

Lemma 9.1. Let 0 < p,0 < oo and let w be a non-negative measurable function on
(0, 00).

1. If for allt >0

[w(r)l[ Lo (t.00) = 00,

then LMy, (.y,a = GMpow(y,a = ©, where © is the set of all functions equivalent to 0
on R™.

2. If for allt >0

[w(r)r 2] 1y 0,0 = o0,

then for all functions f € LMpg ()4, continuous at 0, f(0) =0, and for 0 < p < oo
GMpyp ()0 = ©, where © is the set of all functions equivalent to 0 on R™.

Definition 7. Let 0 < p, 0 < oo. We denote by €2y the set of all functions w which are
non-negative, measurable on (0,00), not equivalent to 0 and such that for some ¢ > 0

[w ()2 (t,00) < 00

Moreover, we denote by €2, 4 the set of all functions w which are non-negative, mea-
surable on (0, 00), not equivalent to 0 and such that for some ¢ > 0

lw(r)lyro0) < 00, and [w(r)r P10 < 0.

Keeping in mind Lemma 9.1, when considering the spaces LMy ., 4 we always as-
sume that w € €y, and when considering the spaces G M., 4 We always assume that
w € Qp@,d-
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Lemma 9.2. Let 1 < p; < 00,0 <py <00, 0 < a<]|d,0<6b,0, <oo, w € Qy,,
and wy € Qp,. Then the condition

04<M

b1
is necessary for the boundedness of M from LMy, 0, wi(y.a 10 LMp,0, ws().d-

For the isotropic case d = 1 Lemma 9.2 reduces to Lemma 8.1.

Theorem 9.1. Let 1 < p; < 00, 0 < py < 00, |d <pi1—i> §a<L%| if pr > 1, and
+

P2
|d| (1 - p%) <a<|d ifpr=1. Let also 0 < 01,05 < 00, wy € Qy,, and wy € §y,.
+

Then the operator M¢ is bounded from LM, g, w(ya t0 LMp,0,.ws().a f: and in the
case py = 1 only if,
(i) if 01 < 05 and 0, < oo, then

_ldl 14| L -1
stup <ta P1 || wy(r)re2 HLGQ(Ovt) + |Jwa (r)r® \ \(m Pz) ||L92 too)) ||w1||L@ (too) < OO
>0

(ii) if 02 < 0 < o0, then

01
1 1
ng(t)tawl(mpz>||wg(r)ra (75 - >||01 ’ ooyl 1||L:1(t8020) <00
L92(07OO)
and
1d| ld| 01— 92 < C“** %
wa(t)tr2 [fwa(r)rez |7 Gy S llwnlz) o) ()77 < 00
Lg, (0,00)
(ili) of 01 = o0, then
| 5 (ol
otz 5 (= iz ) @], <o
95 (0,00

Theorem 9.1 contains necessary and sufficient conditions if p; = 1. If p; > 1
it contains sufficient conditions. However for #; < 0y and the limiting case a =

|d| <— — p—2) Theorem 9.1 together with the appropriate necessity condition imply

the following necessary and sufficient conditions.

Theorem 9.2. 1. Let
1 1
l<p<pp<oo, a=[d|———],
b1 P2
0<6; <0y <oo, wy €y, and wy € Qy,, then the condition

ld]

wa(r) (t —: r) :

S llwill Lz, (t.00) (9.1)
L, (0,00)
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uniformly in t € (0,00) is necessary and sufficient for the boundedness of M2 from
LMplgl’wl(.),d to LMPQQQ,MQ(.)@.

2. Let
1 1
1§p1§p2<00704:’d| N )
b1 P2

0 <6 <0y <oo, w € Qy,, and wy € Qy,, then condition (9.1) is necessary and
sufficient for the boundedness of MZ from LMy, 0, w,().d 10 W LMpy0, ws().d-

Corollary 9.1. Let 1 < p; < py < 00, 0 < 0 < 0y < 00, a = |d| (p% — p%), and
Wy € 992.

Then the statement of Corollary 8.1 holds under the assumption that n is re-
placed by |d| and LMy 6, w, (), LMp,6, (), LMpyoyuwn() are replaced by LMy 6, w,().d;
LMy, 6, w3 ()ds LMooy y(),a TESPECEiVELY.

The same refers to the comments related to Corillary 8.1.

Remark 11. The assumption made at the beginning of this sectiond; > 1,7 =1,...,n,

is not essential. One may assume that d; > 0, « = 1,...,n. However, under this
assumption the function p(z —y), =,y € R", is in general a quasi-distance, which does
note cause any problem. The results for arbitrary d; > 0, i = 1,...,n can be derived

from the results for the case d; > 1,7 = 1,...,n by using the following equality: for
any v > 0

IMEF |, MY fI vy LM -

va— LM, : :
p101,wy(p¥)p Y1 ,vd pobo,wa(p¥)p Y2 ,vd

101,w1(p), 209, wa(p)vd H

(See [4], Section 7.)

10 Singular integrals

Let T be a Calderon-Zygmund operator, i.e. a linear operator taking C§° into LY,
bounded on L, and represented by

Tf@)= | K@yf)dy ae on B'\suppf

for every function f € L*(R™) with compact support. Here K(z,y) is a continuous
function away from the diagonal and satisfies the standard estimates: for some ¢; > 0
and 0 < e <1

[ K (2, y)] < cle—y[™",

for all x,y € R",xz # y and
|K(z,y) = K(2',y)| + |K(y, 2) — K(y,2')]
|[L’ — II| ) -n
S G |z —y|
[z =y
whenever 2|x — 2'| < |z — y| for some constants ¢ > 0, € €]0, 1]. This class of operators
was introduced by R. Coifman and I. Meyers [22].
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The classical results for Calderon-Zygmund operators state that if 1 < p < oo then
T is bounded from L,(R") to L,(R™), and if p =1 then T is bounded from L;(R") to
WLy (R") (see, for example, [48], [22]).

J. Peetre [42] studied the boundedness of singular integral operators in Morrey

spaces, and his results imply the following statement for Calderon-Zygmund operators
T.

Theorem 10.1. Let 1 < p < o0, 0 < A < %. Then Calderon-Zygmund operators T
are bounded from M) to M.

If A = 0, the statement of Theorem 10.1 reduces to the aforementioned result for
L,.
In [17], [18] the class of genuine Calderon-Zygmund operators was introduced: an
operator T' belongs to this class if it is a Calderon-Zygmund operator and for n > 2
there exists ci,co > 0 n > 2 and a rotation R such that

C1
K(z,y) > —=
(@) |z =y
for all x € R™ and y € C, where
C, =2+ R(C)

and

C={y=T ) eR" :yn >y, yeR" '},

If n = 1 then it is assumed that there exists ¢; > 0 such that

&1

K(z,y) >
(:9) lz -y

for all x € R and for all y > z or for all x € R and for all y < z.
The Hilbert transform in which case K(x,y) = x—iy and an operator of the form

where € is a continuous function on the unit sphere homogeneous of order zero
whose modulus of continuity satisfies the Dini condition and such that 2 # 0 and
| gn—1 2(n)dn = 0, are examples of genuine Calderon-Zygmund operators.

Theorem 10.2. ([17], [18]) Let 1 < p < 00, 0 < 0y, O3 < 00, wy € Qp, and wy € Qy,.
1. If T is a genuine Calderon-Zygmund operator, then the condition

wa(r) <t —: r)n/p

uniformly in t € (0,00) is necessary for the boundedness of T from LMpg, ., () to
L Mg, 1,y -

S ol gy (10.1
Le, (0,00)
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2. If T is a Calderon-Zygmund operator, 6, < 6y and 61 < 1, then condition
(10.1) s sufficient for the boundedness of T from LMpg, () to LMpg, w,() and from
G Mg, 1) 10 GMpp, oy (In the latter case we assume that wy € Qpg, and wy € g, )

3. In particular, if T is a genuine Calderon-Zygmund operator, 01 < 0y and 6; <
1, then condition (10.1) is necessary and sufficient for the boundedness of T from
LMoy w1 () 0 LMpg, (-

4. If T 1s a genuwine Calderon-Zygmund operator, 1 < p < oo, #; < 0y and 0, <
1, then condition (10.1) is necessary and sufficient for the boundedness of T from
LMP91,w1(') to WLMPGQ,wz(')‘

Remark 12. If wy has certain regularity, namely if

n

st S ws ()t

~Y
Lo, (0,t)

uniformly in ¢ € (0, 00), then the assumption ¢; < 1 in Theorem 10.2 can be replaced
by 6 < p.

Remark 13. Recall that for 1 < p < oo, 0 < 0y, 0 < oo condition (10.1) is necessary
and sufficient for the boundedness of the maximal operator M from LMy, ., () to
LMy, (), and for 1 < p < 0o, 0 < 0y, 0 < 00 it is necessary and sufficient for the
boundedness of M from LMyg, w, () to W LMy, () (Section 7 in Part I of the survey).

11 Hardy operator

We consider, for —oo < a < 00, the Hardy operator H, = H, , defined for f € Ll¢(R")
by
1

H.f)(x) = ——— dy, xeR".
(ol ) = o i /B R

This operator has certain relationship with the fractional maximal operator M, defined
for0 <a<n.
One can easily verify that

(Mo f)(x) = sup (Ha(|f(- +2))(2), = €R",

z€R™

and
(Hao(| D)) < 2°7(Ma(f))(z), = €R". (11.1)

However the latter estimate is rather rough. It may easily happen that (M, f)(z) = +o0
for all x € R™ whilst (H,(|f|)(z) < +oo for all x € R™. (For example, this happens if
f(x) =0 for |z| <1 and f(x) = |x|® for |z| > 1 where 3 > —a.) The reason for that
is that, for a fixed € R", the definition of (M, f)(z) takes into account the values of
f(y) for all y € R™ while the definition of (H,f)(x) takes into account the values of
f(y) only for y € B(0, |x]).
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Let, for 1 < py,ps < oo and for functions wuy,us of one variable measurable on
(07 00)7 f0r3 P1 S D2

-1

_ppn=l n-l
I us) = |[fuslr)r ™5y a7 L 0

Lo (0,00)

and for ps < pq

a—n—l—”—_l
I(ur,ug) = H HU2(7')7' P2 HLPQ(t,oo)A<t)’ L(0:00)]
where /
A(t) = Hu (1) 17'ﬁ % U (t)_%tn;1
! L/ (0,t) !

and s is defined by

1 1

S D2 p1.

Direct application of the results of [49], [51], [37], where necessary and sufficient
conditions ensuring the boundedness of the Hardy operator from one Lebesgue space
to another one were obtained and the relationship between general Morrey-type spaces
and weighted Lebesgue spaces, described in Section 5 of Part I of the survey, imply the
following statement for the case of local Morrey-type spaces.

Theorem 11.1. Let 1 < py,py < 00, 0 < 01,05 < 00, wy € Qp,, and ws € (y,.
If p1 > 01 and ps < 05, then the condition

1(lw1)12,, (000 1211,y 00 ) < 00 (11.2)

is sufficient for the boundedness of Hy from LMy o, w, () t0 LMpy0, 0(.)-

If p1 < 0y and py > 05, then this condition is necessary for the boundedness of H,,
fmm LMp191,w1(-) to LMPQQQMQ(.).

In particular, if 01 = p1 and Oy = ps, then this condition is necessary and sufficient
for the boundedness of Hy from LMy ) w, () t0 LMpyp, o (.)-

Under certain regularity assumptions on w; or wy necessary and sufficient conditions
ensuring the boundedness of the Hardy operator from LM, g, w, () t0 LM,,0, w.() can
be simplified. (See [19] for details.)

Corollary 11.1. If p1 > 01, ps < by, a < p% for py < 00, and a < n for py = 0o, then
the condition

p(L o1y 1
Hta n(m pz) s

-1
leLgl (t,OO) ||w2||L92(t,OO) | Ls(0700) < OO7 (113)

31f p1 = 1, then the factor |jui (7)™ should be replaced by u;(t)~! and if py = oo,

n—1
T P1 ||Lp,1 (O’t)
should be replaced by us(¢)t*~".
P

2 should be omitted.
Lp,l (0,t)

then the factor ||us ()7 """ T HLm(t,oo)

41f py = 1, then the factor ||ui(7)~'7 *1
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is sufficient for the boundedness of H, from LM, g, w, () t0 LMp,0, us(.)-
If py < 61 and py > 65, then for any p > 1 both conditions

i

oo,

1
leLGl(i’oo) ||w2||L92(t,oo) ‘ L(0,00) <

and
1

_ 1N 1
#2777

< 00

-1
u}1||L91 (t,00) H?“UQHLQ2 (ut,00) | L4(0,00)

are necessary for the boundedness of Hy from LM, 6, w, () 10 LMp,0, w,(.)-
In particular, if 01 = p1, 05 = pa, a < p% for py < 00, a < n for ps = oo and, for
some p > 1, one of the conditions

[willz,, too) S Nwillz,, oy 08  NwillL,, (o) S lwallL,, (ut.00)

uniformly in t € (0,00) is satisfied, then condition (11.3) is necessary and sufficient
for the boundedness of Hy from LM, w, () 10 LMpyp, ()

Lemma 11.1. Let a € R, 1 < p; < 00,0 < po, 0,605 < 00.
If wy € Qp, and wy € Qy,, then the condition: for allt > 0

lwa(r)r™ 72 |1, (100) < 00 (11.4)

is necessary for the boundedness of H, from LM, 6, w,() t0 LMp,0, w,(.)-
If wy € Qp0, and wy € Q,,0,, then this condition is also necessary for the bounded-
ness of Hy from GM,, 6, w, () 10 GMp,9, 100(.)-

Remark 14. For wy € €, condition (11.4) implies that |[ws]|z,, (1,00) < 00 not only
for some t > 0 (which is the meaning of the condition wy € §2y,) but also for all £ > 0.

Lemma 11.2. Let o € R, 1 < p; < 00,0 < po, 01,05 <00, wy € Qpp,, and wy € yy0,.
Then the condition n
a< —
Y41

is necessary for the boundedness of Hy from GM,, 6, w, () 10 GMpyg, 10 (.)-

Moreover, if in addition ||w2(T)T%||L92(O7OO) = 00, then the condition

n
a < —
P1

is necessary for the boundedness of Hy from GM,, 6, w, () 10 GMpyg, ()

In [19] the investigation of the boundedness of H, in local and global Morrey-type
spaces was carried out under the following assumptions on the parameters:

cz>n<___> if 1<pi<py<oo or p=1andp;,=o00 (11.5)
and
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Theorem 11.2. Let 1 < p; < 00, 0 < py, 01,05 < 00, and conditions (11.5), (11.6) be
satisfied.

1. Assume that wy € Qy,, wy € Qp, and condition (11.4) is satisfied. Then for
0, < Oy the condition ®

1

a—n(L-L —
[ L P P e L (11.7)

and for 6, < 61 < oo the condition

01

a—n(Lt-L Y 9
a5 ool yun 0 F [, <00 (118)
where o is defined by
111
o a 92 61 ’

are sufficient for the boundedness of H, from LM, o, w, () t0 LMp,0, (.-

2. Assume that wy € Qp0,, wWa € Qpy,, condition (11.4) is satisfied, the function
wg(T’)T% is almost increasing, ® a < -, and a < 2t if ||w2(7“)r%||L92(0700) = 00.
Then conditions (11.7) and (11.8) are sufficient for the boundedness of H, also from
GM,,0, 0, 10 GMpy9, 0.

Remark 15. In contrast to the operators M, and I,, the operator H, does not possess
property

(Hao(f(- + 1)) = (Haf)(x + D), z,heR™
This is the reason why in the second part of this theorem there are additional assump-
tions on ws which allow passing from the case of local Morrey-type spaces to the case
of global Morrey-type spaces.

Theorem 11.3. Let 1 < p; < 00, 0 < py < 00,0 < 6 < 6y < o0, and conditions
(11.5), (11.6) be satisfied.

1. Assume that wy € Qp,, wy € Qy, and condition (11.4) is satisfied. If for p; = 1,
for some v > 1,

a—n(pi

_1 (L _ L
lwa(r)r 5752 1, o0y S Nlwa(r)r® o752 |y, L (11.9)

uniformly in t € (0,00) or for py > 1, for some e > 0,7 > 1,

1 1

_ 11
HMQ(’I“)Ta ™My p2)||L92(t,oo) 5 t€||w2(7")7“

a=n(pr =g

(11.10)

) EHLGQ(w,oo)
uniformly int € (0,00), then condition (11.7) is necessary and sufficient for the bound-
edness of Hy from LM, 6, w, () t0 LMp,0, w(.)-

2. Assume that wy € Qp 0., wWa € Qpy,, condition (11.4) is satisfied, the function
wg(T’)T% is almost increasing, a < 2*, and a < - if ||w2(r)r%||L02(0,oo) =o00. If, in
addition to (11.9) and (11.10)

vl (r)rellzy, o S lwi(r)le, oo (11.11)

uniformly in t € (0,00), then condition (11.7) is also necessary and sufficient for the
boundedness of H, from GM, 6, w,() t0 GMp,0, w,(.)-

Ifa= n(pi1 - p%), then it coincides with condition (11.3).
6. e., for some ¢ > 1, w(r)rvz < cw(p)o?z for all 0 < r < o < co.
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Remark 16. Let us compare the necessary and sufficient conditions ensuring the
boundedness of the operators H,, M,, and I, in general local Morrey-type spaces.
This can be done if

1 1
1<p <py<oo, 0<6b; <6, <o, azn(———>,
P D2

wy € Q,, we € Qy, and conditions (11.4), (11.10) are satisfied, when the necessary and

sufficient conditions for all three operators H,, M,, and I, are known.
Under these assumptions by Theorem 11.3 H, n(— 1) is bounded from LM, 4, w. ()

to LMp,0, ., if and only if
~1
51 131,10 121 . < 0

by Theorem 8.2 M, 1 _ 1 is bounded from LM, g, w, () t0 LM;0, u,( it and only if

p1 P2

sup (772 lwa(r)r7z |2, 0.) + w2l e, too) 1n I, 1) < 00
and by Theorem 7.5 this condition is also necessary and sufficient for the boundedness
of I n(E-1) from LMy 9, w, () 10 LMp,0, ws (-

Moreover, if

1
pr=1 0<py<oo, 0<b <6 <o0o, n(l——) <a<n,
P2/ +

wy € Q,, wy € Qy, and conditions (11.4), (11 9) are satisfied, then by Theorem 11.3
H, is bounded from LMy, 4,y to LM,,6, w,() if and only if

oa— nl——
sup ||wa(r)r ( HL92

tOO)HwIHLG (tooo) < OO
>0

and by Theorem 8.3 M, is bounded from LM, ., () to LMy,p, w,() if and only if

sup (17" | ()77 |, e0) + ()™
t>

1-4) _
||L92 too))leHLell(tpo) <oo. (11.12)

If 0 < 6, <1, then condition (11.12) is also necessary and sufficient for the bound-
edness of I, from LMg, () to LMp,0,w,)- If 01 > 1, then I, is bounded from
LMig, w, () t0 LMp,0, () if and only if apart from COHdlthn (11.12) also

w?l 1(7’)7“ -n
_— < 0.
Lg/1 (t,00)

n
sup [lw(r)r?2 || L, (0.

(See Theorem 7.6.)

Clearly the conditions for the boundedness of H, are in general weaker than for
M, and the conditions for the boundedness of M, are in general weaker than for I,
which conforms with inequalities (8.1) and (11.1), though sometimes they coincide.
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In [21] further necessary and sufficient conditions are obtained ensuring the bound-
edness of H, from LM, 6, u, () to LMp,g, .,y for the case 6; = p;. Recall that
LMPlPl,wl(-) = Lphul(') where

uy(z) = [Jwi ]|z, (1e],00)

so in this case the problem under consideration is a problem of boundedness of the
operator H, from a weighted space Ly, ,,() with a radially symmetric non-negative
non-increasing weight wu; to a local Morrey-type space LM, w.,(.)-

In [21] this problem is considered for a more general multi-dimensional Hardy op-
erator Hy( defined for all functions f € L by

(Hoof) (@) = (2] / f(y)dy, = e R,

Bo,|zl)

where ¢ is a fixed non-negative measurable function on (0, c0) which is not equivalent to
0, and for radially symmetric non-negative weights u, not necessarily non-increasing.
Clearly H\B(o,|x\)|%*1 =H,.

Lemma 11.3. Let 1 < p <00, 0 < pq,0 < 00, w € Qp, u(zx) =v(|z|), z € R, where
v is a non-negative measurable function on (0,00), and ¢; > 0.
The inequality

[ Hoy fllen, e < allfllz,,

or all functions f € L,, 4 1S equivalent to the inequalit
P1,u(-) Y

o0 T 6 1
Py )
( / w"<r>( / <H¢g)p2dt> dr> < oz, om0
0 0

for all non-negative functions g € Ly, 4.)(0,00), where

(Hpg(t) = o(t /9
0
~ 2 g et )
@(t) - @(t)t P2, U(t) = U(t)t L, co=cC10n ! s
and o, = nv, is the surface area of the unit sphere S*! in R".

Theorem 11.4. Let 1 < p; <p2<9<ooor1<p1<9<p2<oo and let u,w be as
in Lemma 11.3. Then the operator H,y is bounded from Ly, ) to LMy,g .y if and

only if

00 T 6 8 i/
gy ([ fora) o) (foom)en

Moreover,

=

Py
n

1 1 1
P2 Py P2
B, < ||H50(')||Lp1’u(.>—>LM 20,0() < 4o, B.
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Remark 17. Since the functions w and ¢ are not equivalent to 0 on (0, 00) it follows
from (11.13) that @ € L,(0,8) for all 3 > 0.

Theorem 11.5. Let0<p2<p1<6<oo p1>1, and a7 € Ly(0,3) for all 3 >0
or py > 1. Then the operator Hy(.y is bounded from Ly, .y to LMy, .y if and only if
max{ B, By} < 00, where

p2(p1—1) P1—P2

00 1 B B P2 t
_ pP1—P2 _ oy P1—P2 P1P2
By = sup (/ ) </ (/(pmdr> gpr(t)</up1dr> dt) :
8>0 ) )

t

Moreover,
HHS@(')HLpl_yu(A)HLMPQGM(_) ~ maX{Bl, BQ}

uniformly in u and w.
Theorem 11.6. Let0<p2<«9<p1<oo,9>1 and 4P € Ly(0,3) for all > 0

or ps > 1. Then the operator Hy.y is bounded from Ly, .y to LM,,0.() if and only if
max{ B3, B4} < 0o, where

o oo r 0 3 pO=D) P10
= ([ ([ [ ae)™ (Jsa) ™ o) ™
0 8 8 0
7T ey e
Bi= ([ [uro)™ sotis) "
0 B
and
roq e SN
AB) = ( / ( / 6(3)d5) ( / a—p’ld7> dt) .
0 t 0
Moreover,
[ Ho()l1 Ly, = LMy, A max{Bs, Bi},

uniformly in u and w.
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