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Abstract. The problem of the boundedness of the anisotropic fractional maximal op-
erator M? from anisotropic complementary Morrey-type spaces to anisotropic Morrey-
type spaces is reduced to the problem of boundedness of the dual Hardy operator in
weighted L,-spaces on the cone of non-negative non-increasing functions, which allows
obtaining sharp sufficient conditions for the boundedness of M¢.

1 Introduction

For x € R" and r > 0, let B(x,r) denote the open ball centered at x of radius r and
BB(:L’,?“) denote its complement. Let d = (di,...,d,), d; > 1,i=1,...,n,|d| =" d;
and tz = (t%ay, ..., t%z,). By [2, 9], the function F(z, p) = 31| 2?p~2%  considered
for any fixed x € R", is a decreasing one with respect to p > 0 and the equation
F(z,p) = 1 is uniquely solvable. This unique solution will be denoted by p(x). It
is a simple matter to check that p(z — y) defines a distance between any two points
x,y € R". Thus R", endowed with the metric p, defines a homogeneous metric space
(|2, 9]). The balls with respect to p, centered at z of radius r, are just the ellipsoids

— 2 _ 2
ed(:c,r)z{yeR":—(yl D)y g W= Tn) <1},

T2d1 7*2dn

with the Lebesgue measure |E;(x,7)| = v,r¥, where v, is the volume of the unit ball
in R". Let also CEd(a:,T) = R"\ &(x,r) be the complement of £(0,7). If d =1 =
(1,...,1), then clearly p(z) = |z| and & (x,r) = B(z,r). Let f € LY(R"). The
anisotropic fractional maximal operator M is defined by

t>0

(MEF) (2) = sup |& (. 1)+ / F@)ldy.
E(w,t)

where 0 < o < n and |E(z, t)| is the Lebesgue measure of the ellipsoid &(x,t). If & = 0,
then M9 = M¢ is the anisotropic Hardy-Littlewood maximal operator.
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Definition 1. Let 0 < p,0 < oo and let w be a non-negative measurable function on
(0,00). We denote by LM, 4 the local Morrey-type space, the space of all functions
[ € Ll¢(R™) with finite quasi-norm

||f||LMp97w,d = ||f||LMp97w,d(]R") = Hw(r)HfHLP(S(OvT))HL@(O,oo)'

In [1] the following statement was proved. (The isotropic case was considered in
[5])-
Lemma 1.1. Let 0 < p,60 < oo and let w be a non-negative measurable function on
(0,00). If for all t > 0
[w()l[ L (t.00) = 00,

then LMy, qa = O, where © is the set of all functions equivalent to 0 on R".

Definition 2. Let 0 < p,0 < oco. We denote by €2y the set of all functions w which are
non-negative, measurable on (0, 00), not equivalent to 0 and such that for some ¢t > 0

[w(r) | L (t.00) < 00

In the sequel, keeping in mind Lemma 1.1, when dealing with the spaces LM, ., 4
we always assume that w € (.

Various sufficient conditions for the boundedness of M¢ from LM, g, w4 t0
LM, 0,4 Were obtained in [1]. Moreover, in [1] for some values of the parameters
also necessary and sufficient conditions for the boundedness of M? were obtained. See
also survey papers [3], Section 7; [4], Section 9.

We quote the main results of [1], which generalize the results for the isotropic case
proved in |7].

Lemma 1.2. [1| Let 1 <p; <00, 0 <py <00, 0 <a<|d,0<0,60; <oo, w €Qy,
and wy € Qp,. Then the condition
a< @
n
is necessary for the boundedness of MY from LMy, g, w4 t0 LM,0, w4, in particular
from Ly, to LMp,0, wsy.4-

Theorem 1.1. [1] 1. If 1 < p; <00, 0 < py <00, 0 << |d|, 0 < 6,0, < o0,
wy € Qg and ws € Cy,, then the condition

1dl
|d| P2

B L B _o L
+* +min{|d| a’Pz}

wa(r) < flwillg,, 100 (1.1)

1d|
P2

min{|d|—a,
)

(t+r Lg, (0,00)

for all t > 0, where ¢; > 0 is independent of t, is necessary for the boundedness of M¢

from LM, 0, wy.a 0 LMpy0, 1ws.d-
2.If1<p1 <00,0<py <00,0< b <Oy <00, <py, |d|(pil—p%>+§a<pil,
wy € g, and wy € §y,, then the condition
14l
Mm#
—a

T < callwnllp,, me (1.2)
t+r)rn

L92 (0700)
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for all t > 0, where ¢y > 0 is independent of t, is sufficient for the boundedness of M2
from LMy, 9, w,a t0 LM,,0, 1054

3. In particular, if 1 < p; <py<o0,0<b; <0y <00, b <p, a=|d (p1 plz)’
wy € g, and wy € y,, then the condition
1d]
r P2
() () < e Junllyy (1)
Ly, (0,00)

for all t > 0, where c3 > 0 is independent oft is necessary and sufficient for the
boundedness of M2 from LMy, g, w,.a 10 LMyy0, 0.4

. dl . L.
Since o < ‘p—l‘ is a necessary condition for the boundedness of M ad from LM, ¢, ;.4 to

LM,,0, .4 and from Ly, to LM, ., 4, a natural question arises whether, for Lil' <a<
|d], it is possible to find a space Z such that M is bounded from Z to the same target
space LM,,p, w,.q- In this paper we show that this is possible if Z = ELMplghwl,d NLy,

where l3L]\4p191 w4 18 the local complementary Morrey-type space defined below, and
we find necessary conditions and sufﬁc1ent conditions close to necessary ones on w; and
wy ensuring that M? is bounded from LM, p101w1,d () Lpy 10 LMy, 15 4

2 Definitions and basic properties of complementary Morrey-
type spaces

Definition 3 Let 0 < p,0 < oo and let w be a non-negative measurable function on
(0,00). By LMpgwd we denote the local complementary Morrey-type space (briefly
the complementary Morrey-type or co-Morrey-type space), the space of all functions

fe Ly a (0,7)) for all r > 0 with finite quasinorm

1700 = W 0oy ey = [Ny oci0)

Along with the local Morrey-type spaces LMy, 4 it makes sense to consider the
global Morrey-type spaces G My, 4 of all functions f € LI°°(R™) with finite quasi-norm

HfHGMpg)wd = ISSRHL | f(z+ ')HLMp@,w,d = sup Hw Pl Loe@ry HL(, (0,00)

However, in the case of the complementary Morrey-type spaces EGMPQVde the corre-
sponding global variant of the spaces defined by the finiteness of the quasi-norm

||f|| CGMpeyw‘d = Iseuﬂgl HU)(T)HfHLP(ES(z,T)) ‘LQ(0,00)

is of no particular interest because this expression is equal to the product
| fllz, |w| Ly0,00)- Indeed, inequality Hf”EGMpe,w,d < |[fllz,llwl zy0,00) is obvious. On
the other hand, given R > 0, t > 0, let y = y(R,t) € R™ be such that p(y) = R+ t,
then for 0 < r < t, ‘€(y,r) D £(0, R), hence

> | £l zpe0.m) 1w () | Lo(o,0)-

HfHGGMpg’w,d = Hw(r)HfHLp(cﬁ(yﬂ‘)) )La(o,t)



10 A. Akbulut, V.S. Guliyev, Sh.A. Muradova

Since this inequality holds for all R > 0, ¢t > 0 it implies that
1Flleanr, ., 2 Il 00y

The condition f € LMygq is aimed at describing the behaviour of || f||z, 0,
for small » > 0 hence of f in a neighbourhood of the origin. If f ¢ L,, then it also
imposes some restrictions on the behaviour of f at infinity. However, if f € L, it does
not impose any further restrlctlons on the behaviour of f at infinity. In contrast to

this, the condition f € LMpaw’d is aimed at describing the behaviour of || f]|, (Ce(0.))
D NS

for large r > 0 hence of f at infinity. If f ¢ L,, then it also imposes some restrictions
on the behaviour of f in a neighbourhood of the origin. If f € L,, then it does not
impose any further restrictions on the behaviour of f in a neighbourhood of the origin.

Lemma 2.1. Let 0 < p,0 < 0o and w be a non-negative measurable function on (0,00).
If for allt >0

[w(r)|Lo(0.0) = 00, (2.1)
then ‘LM ..q = O.

Proof. Let (2.1) be satisfied and f be not equivalent to zero. Then, for some ¢, > 0,
[hai (S0 > 0 Hence

(LAY CO1 P .

JE ) P G 1 Prens

Therefore || f]| ¢ = 00. O

LMpG,w,d

Definition 4. Let 0 < § < oo. We denote by CQ@ the set of all functions w non-
negative and measurable on (0, 00) such that for some ¢ > 0

lw ()l 2o (0, < 00 (2:2)

In the sequel, keeping in mind Lemma 2.1, when dealing with the spaces BLMpgjw’d

we always assume that w € EQQ.

Note that if w(r) = 1, then LMyo1g = LMyso1.4= L.

For real-valued functions ¢, ¢ defined on a set I we shall write ¢ =< ¢ on [ if there
exist ¢, > 0 such that cp(t) < ¥(t) < dp(t) for all t € I.

Lemma 2.2. Let 0 < p, 0 < 0o and wi, wy € "Qy. Then !
C C
LMyow1.a = LMppwya == [lwrllLy00 = [[wellLy00 on (0,00).

Proof. The proof is similar to the proof of Lemma 2.4 in [7]. O

Recall that if wy, wy € Qp, then LMpguw,.a = LMppusa <= |willL,t,00) =
lwaLyt,00) 00 (0,00) (see [1, 6]).

! For quasi-normed spaces Z; and Z, the notation Z; = Z5 means that two continuous embeddings
Z1 C Zy and Zy C Zy hold.
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Corollary 2.1. Let 0 < p, 0 < 0o and wy, wy € Ly(0,00), wy, we > 0. Then
c c
LMpnglyd = LMp97w27d < ||w1||L0(07t) = ||w2||L6(0,t) on (O,to) for some to > 0.

Lemma 2.3. Let 1 <p; <00, 0 <ps <o0,0 < a< ‘dl, 0 <601,05 < o0, wy € Cle
and wy € Qp,. Then the condition

_1d
a__
P

is mecessary for the boundedness of M2 from CLMplehwhd N Ly, to LMy,0, ws,d-

Proof. Assume that a < % and M¢? is bounded from CLMplgl,whd to LMp,0, ws.d- Let
f(x) = p(z)=F if p(x) < 1, where a < 3 < L%', and f(z) =0if p(x) > 1. Then f € L,
and f € l:LMplgl,wl,d since

HfHCLMP < leuLel(O,l) ||p(x)7ﬁHLm(g(o’1)) < Q.

101,w1,d

On the other hand for all z € R”

M) 2 0 [ )y = elingtt = o,

E(z,t)\E(z,p(2)+2)

where ¢4 depends only on n, a and (3. O

3 L,-estimates on the complements of balls

In order to obtain conditions on w; and ws ensuring the boundedness of M g for other
values of the parameters and to obtain simpler conditions for the case p; = 01, ps = 05
we shall reduce the problem of the boundedness of M from the complementary Morrey-
type spaces to the local Morrey-type spaces to the problem of the boundedness of the
dual Hardy operator in weighted L,-spaces on the cone of non-negative non-increasing
functions.

Lemma 3.1. [1, 6] Let 1 < p; < 00, 0 < py < 00 and |d| ( i) <a<|d. Then
+

1
P P2
there exists c5 > 0 such that

1
; u f@r\E
HMaf||Lpz(5(07r)) < cprre (/n (p(z) + r)ld—op: dx (3.1)

for all > 0 and for all f € LP¢(R™).

Lemma 3.2. Let ¢ be a function non-negative and measurable on R™. Then for all
r >0 and for 3 >0
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<[ (L ) 5

and for all r > 0 and for 3 <0

rlﬁl/ dq;+|5]/ (/ )dx) tgfl SAH%S
< ol (rlﬂ/ dx+|6|/ (/ )dx) %)

Proof. The proof is similar to the proof of Lemma 4.3 in [7]. O

The proofs of main results in [1] were based on the following corollaries of Lemma
3.1 and the first part of Lemma 3.2.

Corollary 3.1. Let 1 < p; < oo, 0<p2<ooand|d\<——i> <oz<|;i|. Then
+ 1

p1 b2
there exists cg > 0 such that

1
la dt P
M| L, 00 < corr2 (/r (/g(o ) |f($)|p1dm> W) (3.2)

for allr >0 and for all f € LI*(R™).

Corollary 3.2. Let 1 < p; < 00, 0 < ps < 00 and |d| ( - p%) <a< ‘pil‘, then there
+
exists ¢; > 0 such that
IMEfllzysi0n < e a2 g1, (3.3)

for allr >0 and for all f € L,,.

Remark 1. Let 1 < p; < 00, 0 < py < o0 and l<a< |d|. Then for any function
non-negative and measurable on (r,00) the mequahty

d = pP1 %
1M Fllo, 0y < cslr) ( / ( / N das) w(t)dt) N

where cg(r) > 0 is independent of f, is meaningless. Indeed, if for all s > 0 [ ¢(t)dt =

oo, then
[ (/ |f(:v)|”1d:c)w(t)dt=oo,
r £(0,t)

for all f which are not equivalent to 0 on R". If f t)dt < oo, then (3.4) implies
that

M2 f1I L, 200y < cs(r </ P(t dt) ||f||Lp1
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However, this inequality cannot hold because there exists a function f € L, (R™), such
that (M2f)(x) = oo for all x € R™. For example, f(z) = ,O(x)*ﬂxcg(o 1)(x), where

ld|

< [ < «a. To prove this it suffices to notice that

o
(M2 () = v~ suprod / p(y) P dy
plz—y)<r,p(y)>1

r>0

o
> oy sup To‘_ldl/ p(y)_ﬁdy.
r>p(z) plz—y)<r,p(y)>1

Hence, since p(y) < p(z) + p(z — y) < 2r,

|
(@) = 20 s et | &y
r>p(@) plz—y)<rp(y)>1
> 270" sup @M — 1) = oo
r>p(z)

Further argument will be based on the following inequality which replaces inequality
(3.2) for Lil' < « < |d|, which follows again by Lemma 3.1 and now by the second part
of Lemma 3.2.

Corollary 3.3. Let 1 < p; < 00, 0 < py < o0 and ‘}% < «a < |d|. Then there exists
c1o > 0 such that
a—ld(L—L
M2 tyyie0ny < o (r" G 1], + (35)

+ 1o (/TOO (/Cg(o,t) ’f(@’pldﬂj) t|d|—ci1;1+1) g ) (3.6)

for allr >0 and for all f € L,,.

4 Fractional maximal operator and dual Hardy operator

Let H* be the dual Hardy operator, i.e.,

(H*g)(r) = /OO g(t)dt, 0<r < oo.

Lemma 4.1. Letl<p1<oo,0<p2<oo,M<a<|d\,0<9§oo,w€§29and

p1
_ i, ldl

w(r)r® m e € Ly(0,00). Then there exists cqy > 0 such that

1 1

1
Oc—d —_—— * 1
M sty 0 < er(Jo(r)r™ G2 M, + IR, o) (A1)

for all f € L,,, where
O = [ o) SO (42)

and 1 1 1
o(r) = (w(rem- e e T o) (4.3)
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Proof. By Corollary 3.3

1M F 20,00 = ||w(7“)HM§fHLp2(e<0m)>||L9

S 6102(% (H ldl HL0(0 OO)HfHLm

ld| 0 dt ﬁ
+ | ( / ( /( J@r dx) —t)

Note that the second summand in the brackets is equal to

0 Y

w(r)re (/rapl—cu (/35(07Tfml—l<i) |f(2)] dSC) d7'>
_1 > d| o0 % i

— (Oépl — ‘d|) P1 (/0 (w(r)rpz) <[ap1_|d h(T)dT) d?“)

— (Oépl ‘d|) pi il (/(;oo (w(papll_‘dl)ppg(apq_ld‘))Gpapll_ld‘_l (/OO h(T)dT) P1 dp) 8

1
= (apy — |d)) "7 0| H*R||}"

Lg(O,oo)) ’

1
(apy —[d])

Lg(0,00)

[un

o (0,00)"
1"

Hence inequality (4.1) follows. O

ld|

7 p1

wy € cle, wy € Qp, and wo(r)r® “MG—5) ¢ Ly, (0,00). Assume that H* is a bounded

operator from Lo, 01(0’ o0) to Le, vQ(O, oo) on the cone of all non-negative functions
p1’ p1’

Theorem 4.1. Let 1 < p; < oo, 0<p < 0 < a < |d, 0 < 0,6 < oo

non-increasing on (0,00) and satisfying tlim ©(t) =0, where

v(r) = [w1 (T”‘Pll*'d‘) p =TT 7%}171 ) (4.4)

1 1 dl , 1 1

va(r) = [W (rm) ramd(m%)ez]pl | (4.5)

Then M2 is bounded from CLMplghwl,d N Ly, to LMp,0, ws.d
Proof. Lemma 4.1 applied to LM,,, w,.4

IME 80 < 2 [ 15575

L92 (0700)

IF1L, + IH B (O,oo)),
1”2

where ¢13 > 0 is independent of f.
Since h is non-negative, non-increasing on (0,00) and tlim h(t) = 0 and H* is a

bounded operator from L, , (0,00) to Le, , (0,00) on the cone of functions containing
r1’ p1’

h, we have

d a—d|(E o
IME et < st 963 W, 1, o).
1YL

Lo, (0,00
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where ¢4 > 0 is independent of f.
Note that

1 o0 91
Kl — / v (t)rr || f 0 dt)
I “L%’UI(ODO) < 0 1) ||Lp1<08<0,tamld>>
s , o
= (apy — |d])7 / oy (o7l e 1= g dr
0 L(Cem)

= (o~ 0% ([ (0l o) dr);l

= (op1 = d) ™ || lle

1
01

p101,wy,d )

Hence

(AL
||Mgf||LMp2927w2’d = 615( HWQ(T)TQ I —5)

ey + U8l

where c¢;5 > 0 is independent of f. O

Loy (0

5 Necessary conditions and sufficient conditions
For the majority of cases the necessary and sufficient conditions for the validity of

HH*SOHL@ L, (0 < csllellg,, W (009) (5.1)
Pl

where c¢16 > 0 are independent of ¢, for all non-negative non-increasing functions ¢

are known, for detailed information see [10]. Application of any of those conditions

gives sufficient condltlons for the boundedness of the anisotropic fractional maximal

operator M from ‘LM p101,w1,d [V Lpy 80 LM 00, 15 d-

In the case 0 < 0 < 0y < 00 and 0, < p; the necessary conditions (coinciding with
the sufficient ones) for the validity of inequality (5.1) for non-increasing functions are
rather simple and can be obtained by taking ¢ = (o) with an arbitrary ¢ > 0.

Since in the proof of Theorem 4.1 inequality (5.1) is applied to the function ¢ = g,
where ¢ is given by (4.2), it is natural, when proving the necessity, to choose, as test
functions, functions f;, ¢ > 0, for which the integral [ ¢ (0. D ) | fi(y)[Prdy is equal

or close to A(t)x (0, (u), w > 0, where A(?) is independent of u. The simplest choice of
f satisfying this requirement is

FiY) = Xewaneon ), yER™, >0 (5.2)
Note that,
1fell, o (CE(0.)) =0, 2t<r<ooq,
17t 2, o) < ot 0 <1 <2t (5.3)

where ¢17 > 0 depends only on n and p;.
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Theorem 5.1. 1. If 1 < p; < o0, 0 < py < o0, % < a<|d, 0 <60 < oo,
wy € Eﬂgl and wy € Qy,, then the condition

e
t“‘%?+mmﬂﬂ—a&%}H wslrlr
(t + r)mm{|d|—oz,5}

La, (0,00) < 018(1 + leHL91 (0,t) ), (5.4)

where c¢1g > 0 is independent of t > 0, is necessary for the boundedness of MS from
c
LMP191,w17d A Lm to LMP2¢92,w2,d'

2. Let1<p1<oo,0<p2<oo,0<91,92§oo,Lil‘<oz<|d|,w1€ EQQI and
we € Qy,. If 01 > py, then the condition

a—|d|(L -1
o (r)r® 155|000 < 00,
u S (5.5)
wa(r)rez [[wi(6) ™ P ||y (reo) < 00,
L92(07OO)

where s = 0(%’;1 (if 61 = p1, then s = 00), and if 61 < min{p,, 05}, then the condition

a—ldl(L_ L

s (r)r® G752 1, 0,00y < 00,

. 1 (5.6)
s i

< cpg ||w , 0 <t < o0,

Loy0t) = ferllzy, o

where cig > 0 is independent of t, are sufficient for the boundedness of M2 from
c

LMP16’1,w1,d A Lm to LMP292,w27d'

Proof. Sufficiency. First, let 8; > p;, then the statement follows by applying Theorem
5 and the following simple sufficient condition for the validity of (5.1)

1

o) [Jos (8) 71 < o0,

Ls(r,00) ’ ’ Ly, (0,00)

which follows by applying Holder’s inequality, where v; and v, are defined by (4.4) and
(4.5), and replacing ¢ by t®”1~l4l and then r by reri=ldl,

Next, let 6 < min{p;,6}. It is known [10] that the necessary and sufficient condi-
tions for the validity of (5.1), where 0 < 0; < 6, < o0, 0; < py, for all non-negative
decreasing on (0, 00) functions ¢ has the form: for some cyy > 0

o2 (r)(t — T)”L&(O,t) < ¢ Hvl(T)HLil(O,t)
r1 P1
for all t > 0. Applying this condition to the functions v; and vy defined by (4.4) and
(4.5) and replacing r by 7°P1~l4 and then ¢ by t*”* 19 we arrive at the second inequality
in (5.6). Now it suffices to apply Theorem 4.1.
Necessity. Assume that, for some cy; > 0 and for all f € ELMplngl,d N Ly,

IME Nty ya < €21 (Il + 1Ny, ) (5.7)
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In (5.7) take f = f;, where f; is defined by (5.2). Then by (5.3) the right hand side
of (5.7) does not exceed a constant multiplied by

1d]
£ (1 oy 00 ) -

Furthermore, in the proof of the necessity in Theorem 11 in [6] it is shown that the
left-hand side of inequality (5.7) is greater than or equal to a constant multiplied by

14l
a+min{\d\—a,%} rr2

t

Wa (T) 1d|

p2

min{|d|—a,
)

(t+r Lo, (0,00)

Replacing 2t by ¢ we arrive at (5.4). O]

1

Remark 2. Condition (5.4) implies that wg(r)ra_ldl(é_w) € Ly, (0,t) for all t > 0,
because the left-hand side of (5.4) is greater than or equal to

afﬂ%»min{\d\fa m} wZ(T)Ta_| |(ﬁ_%
t m ' p2

i _o
min{|d| a,pQ}

ol
T p1 (t + T) L92 (O,t)

. |d|
< o min{ld—a.ld} HwQ(r)r“"d“i‘%)

L92 (O»t)

since L%' <a<|d.
If wi € Ly, (0,), this inequality, together with inequality (5.4), also implies that the
condition

—laE -4

||w2(r)ra P1 p2)||L92(0,oo) < 0

is a necessary one.

Remark 3. According to [1] the first part of conditions (5.5) and (5.6) is a sufficient
condition for the boundedness of M{ from Ly, to LMy, u,.4 for |d|(;-—-)+ < a < L%'.
Moreover, the second part of condition (5.5) is a sufficient condition for the boundedness

d
of M% from LM, g, w,.a 10 LMy, w,.a for |d|(pi1 - p%)+ <a< |p—1|.

6 The case of weak Morrey-type spaces

Next we consider anisotropic local weak complementary Morrey-type spaces and formu-
late the results for the boundedness of M in these space, which follow by the estimates
of the previous sections.

Definition 5. Let 0 < p,# < oo and let w be a non-negative measurable function
on (0,00). Denote by LW M, 4, the local weak Morrey-type space, the space of all
functions f € LY*(R™) with finite quasinorm

HfHLWM,,g,w,d = ||f||LWMpe,w,d(R”) = Hw(T)HfHWLp(g(Om))HLe(o,oo) )

where )
| fllwe,om) = stu%))t (meas{z € £(0,7) : |f(x)] > t})r.
>

If p=o00, then WLy = Lo, and LWM g0 = LM og,d-



18 A. Akbulut, V.S. Guliyev, Sh.A. Muradova

Below we formulate the corresponding analogue of Theorem 5.1.

Theorem 6.1. 1. [f1§p1§00,0<p2§oo,L%'<a<|d],0<91,92§oo,

wy € Gle and wy € Qy,, then the condition (5.4) is necessary for the boundedness of
M from "LMyy, a0 Ly, t0 LW My, 0y a-

2. Let1§p1<oo,0<p2<oo,0<91,92§oo,Lil‘<a<|d],w1€ Gle and
wy € Qg,. If 61 > py then condition (5.5) and if 61 < min{p, 0} then condition (5.6)
are sufficient for the boundedness of M2 from DLZWplgl,u,h,;l N Ly, to LW M,,0, ws.d-

7 Concluding remarks

The assumption made at the beginning of the paper d; > 1, ¢« = 1,...,n, is not
essential. One may assume that d; > 0, ¢ = 1,...,n. However, under this assumption
the function p(z — y), =,y € R" is in general a quasi-distance, which does note cause
any problem.

Also note that if v > 0 then for all v > 0

M2 = ML fllzyesom = 1 leyeaonmn: 171, coom = 11 e 0mimy

Lemma 7.1. Let 1 < p; < pg <00, 0 < 0,00 <00, wy €y, and wy € Qy,. Then for
v>0

d _ d
”MafH GLMPlelvwlvdanl —LMpyoywyd HMVVaf” v v—1 NLp,—LM 71 wvd’
p101,w1(PY)p 1 vd pofa, wg(p”)p
Proof.
d
IM2F| e _ sup M f N 20, g a
@ LM, Lp, —LM,
oA T [=0,fe ELMm@LdeﬂLp ||f|| Crn p161,wy,dLpy

[wa (MIMEF |2 €00 |6, 0,00
= sup
0.5 M0y iy, X AN IL N 00, 10y 0000, 111, }

[[ws (r )HMVdeLp(Sl,d(Orl/” 29, (0.00)

= sup

PRSP (1] PRy PATSER T
Y1/02=1/61 sup sz(PV) 92 HMVdeLp(gud(O,p))HL92(07°°)
F0,£€CLM, g, 1, 4Ly, THAX {le (PV)P?HJC”LP(%M(OW)) |L91(0’°°)’ HfHLP}
. d
= ||MV fHCLM vo1  NLy,—LM ve1,vd’
p101,w1(pY)p 01 wd paby,wa(p¥)p 02
O
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