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Abstract. An iterative scheme containing two asymptotically nonexpansive mappings
has been used in this paper to approximate common �xed points in a strictly convex
Banach space. This improves and extends some known recent results to the case of
two mappings.

1 Introduction and preliminaries
The class of asymptotically nonexpansive mappings, which is a natural generalization
of the important class of nonexpansive mappings, was introduced by Goebel and Kirk
[2], where it was shown that, if C is a nonempty bounded closed convex subset of a
uniformly convex Banach space X and T : C → C is asymptotically nonexpansive,
then T has a �xed point. Moreover, the set F (T ) of all �xed points of T, is closed and
convex. Recall that a mapping T : C → C is called asymptotically nonexpansive if
there is a sequence {kn} ⊂ [1,∞) with lim

n→∞
kn = 1 and ‖T nx− T ny‖ ≤ kn ‖x− y‖ for

all x, y ∈ C and for all n ∈ N. T is called L−Lipschitzian if ‖Tx− Ty‖ ≤ L ‖x− y‖ for
all x, y ∈ C and some L > 0. Note that every asymptotically nonexpansive mapping
is L−Lipschitzian. The problem of existence and approximation of �xed points of
such mappings have attracted many mathematicians, see [2], [4], [5], [6] to mention
only a few. Many authors starting from Das and Debata [1] and including Takahashi
and Tamura [4] have studied the two mappings case of iterative schemes for di�erent
types of mappings. That approximating common �xed points has its own signi�cance is
clear from the fact that the two mappings case has a direct link with the minimization
problem, see for example [7].

In this manuscript, we intend to prove, in the context of strictly convex Banach
spaces, a strong convergence theorem to approximate common �xed points of two
asymptotically nonexpansive mappings under certain control conditions. Before we go
further, we recall the de�nition of a strictly convex Banach space. A Banach space X
is said to be strictly convex if for two elements x, y ∈ X with x 6= y and ‖x‖ = ‖y‖ = 1,
we have

∥∥x+y
2

∥∥ < 1.
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We will need the following results in the proof of our main theorem. The lemma
below, which can be found in [3], is used to prove the existence of a certain limit in the
proof of our main theorem.
Lemma 1 ([3]). Let {rn}, {sn} and {tn} be nonnegative sequences satisfying

rn+1 ≤ (1 + sn)rn + tn

for all n ≥ 1. If
∞∑
n=1

sn <∞ and
∞∑
n=1

tn <∞, then lim
n→∞

rn exists.

The following de�nition can be found, for example, in [9].
De�nition. Let d denote (throughout the paper) the diameter of a nonempty bounded
convex subset of a Banach space X. The modulus of convexity of C is denoted by δ(C, ε)
with 0 ≤ ε ≤ 1 and is de�ned as

δ(C, ε) =
1

d
inf

{
max (‖x− z‖ , ‖y − z‖)−

∥∥∥∥z −
x+ y

2

∥∥∥∥ : x, y, z ∈ C, ‖x− y‖ ≥ dε

}
.

Next two lemmas were proved in [9].
Lemma 2. Let C be a nonempty compact convex subset of a Banach space X with
d > 0. Let x, y, z ∈ C and suppose that ‖x− y‖ ≥ dε for some ε with 0 ≤ ε ≤ 1. Then,
for all λ with 0 ≤ λ ≤ 1, we have

‖λ(x− z) + (1− λ)(y − z)‖ ≤ max (‖x− z‖ , ‖y − z‖)− 2λ(1− λ)dδ(C, ε).

Lemma 3. Let C be a nonempty compact convex subset of a strictly convex Banach
space X with d > 0. If lim

n→∞
δ(C, εn) = 0, then lim

n→∞
εn = 0.

2 Main theorem
We are now all set to prove our main result.
Theorem. Let X be a strictly convex Banach space and C its compact convex subset.
Let S and T be self mappings of C satisfying

‖Snx− Sny‖ ≤ kn‖x− y‖ and ‖T nx− T ny‖ ≤ kn‖x− y‖

for all n ∈ N where {kn} ⊂ [1,∞) such that
∞∑
n=1

(kn − 1) < ∞. Let γ ∈ (0, 1
2
). Let

x1 = x ∈ C be the starting point of the iterative scheme {xn} de�ned as




x1 = x ∈ C,
xn+1 = (1− an)xn + anS

nyn,

yn = (1− bn) xn + bnT
nxn, n ∈ N

(1)

with {an}, {bn} in [γ, 1− γ] for all n ∈ N.
If F (S)∩F (T ) 6= ∅ then {xn} converges strongly to a common �xed point of S and

T .
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Proof of Theorem. Let w ∈ F (S) ∩ F (T ). Then from (1),

‖Snyn − w‖ = ‖Snyn − Snw‖
≤ kn ‖yn − w‖
= kn ‖bn(T nxn − w) + (1− bn)(xn − w)‖ (2)
≤ bnk

2
n ‖xn − w‖+ kn(1− bn) ‖xn − w‖

≤ bnk
2
n ‖xn − w‖+ k2

n(1− bn) ‖xn − w‖
= k2

n ‖xn − w‖ . (3)

Using (2), we have

‖xn+1 − w‖ = ‖anSnyn + (1− an)xn − w‖
= ‖an(Snyn − w) + (1− an)(xn − w)‖
≤ an ‖Snyn − w‖+ (1− an) ‖xn − w‖
≤ ankn ‖bn(T nxn − w) + (1− bn)(xn − w)‖+ (1− an) ‖xn − w‖
≤ anbnk

2
n ‖xn − w‖+ an(1− bn)kn ‖xn − w‖+ (1− an) ‖xn − w‖

= [1 + anbnkn(kn − 1) + an(kn − 1)] ‖xn − w‖
= [1 + (anbnkn + an) (kn − 1)] ‖xn − w‖
≤ [

1 + {(1− γ)2k + (1− γ)}(kn − 1)
] ‖xn − w‖

where k = sup
n∈N

kn.

Using Lemma 1 with sn = {(1−γ)2k+(1−γ)}(kn−1), tn = 0 and rn = ‖xn − w‖ ,
we conclude that lim

n→∞
‖xn − w‖ exists.

Denote εn = ‖Snyn − xn‖ d−1. Then 0 ≤ εn ≤ 1 because 0 ≤ ‖Snyn − xn‖ ≤ d <∞.
Applying Lemma 2 and then using (3), we get

‖xn+1 − w‖ = ‖an(Snyn − w) + (1− an)(xn − w)‖
≤ max(‖Snyn − w‖ , ‖xn − w‖)− 2an(1− an)dδ(C, εn)

≤ k2
n ‖xn − w‖ − 2an(1− an)dδ(C, εn).

This gives

2an(1− an)dδ(C, εn) ≤ (k2
n − 1) ‖xn − w‖+ ‖xn − w‖ − ‖xn+1 − w‖

≤ d(k2
n − 1) + ‖xn − w‖ − ‖xn+1 − w‖ .

Since an ∈ [γ, 1 − γ], we have an(1 − an) ≥ γ2 for all γ ∈ (0, 1
2
). Let m ≥ n, then the

above inequality can be written as

2dγ2

m∑
n=1

δ(C, εn) ≤ (k + 1)d
m∑
n=1

(kn − 1) + ‖x1 − w‖ − ‖xm+1 − w‖

≤ (k + 1)d
m∑
n=1

(kn − 1) + ‖x1 − w‖ .
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Let m → ∞. Then
∞∑
n=1

δ(C, εn) < ∞ and hence lim
n→∞

δ(C, εn) = 0. Now, applying
Lemma 3, we obtain that lim

n→∞
εn = 0. Hence

lim
n→∞

‖Snyn − xn‖ = 0. (4)

Next suppose that ζn = ‖T nxn − xn‖ d−1. Then using (2), Lemma 2 and the fact that
‖T nxn − w‖ ≤ kn ‖xn − w‖ , we obtain

‖xn+1 − w‖ = ‖anSnyn + (1− an)xn − w‖
≤ an ‖Snyn − w‖+ (1− an) ‖xn − w‖
≤ ankn [‖bn(T nxn − w) + (1− bn)(xn − w)‖] + (1− an) ‖xn − w‖
≤ ankn [max(‖T nxn − w‖ , ‖xn − w‖)− 2bn(1− bn)dδ(C, ζn)]

+ (1− an) ‖xn − w‖
≤ ank

2
n ‖xn − w‖ − 2anbnkn(1− bn)dδ(C, ζn) + (1− an) ‖xn − w‖

= ‖xn − w‖+ an(k
2
n − 1) ‖xn − w‖ − 2anbnkn(1− bn)dδ(C, ζn)

≤ ‖xn − w‖+ an(k + 1)(kn − 1)d− 2anbnkn(1− bn)dδ(C, ζn).

Since an, bn ∈ [γ, 1− γ], it follows that anbn(1− bn) ≥ γ3. Let m ≥ n, then the above
inequality becomes

2γ3d

m∑
n=1

knδ(C, ζn) ≤ ‖x1 − w‖ − ‖xm+1 − w‖+ (1− γ)(k + 1)d
m∑
n=1

(kn − 1)

By lettingm→∞, we obtain
∞∑
n=1

knδ(C, ζn) <∞. This gives lim
n→∞

knδ(C, ζn) = 0. Since
lim
n→∞

kn = 1, we have lim
n→∞

δ(C, ζn) = 0. Again applying Lemma 3, we get lim
n→∞

ζn = 0.

That is
lim
n→∞

‖T nxn − xn‖ = 0. (5)

Further observe that

‖Snxn − xn‖ ≤ ‖Snxn − Snyn‖+ ‖Snyn − xn‖
≤ kn ‖yn − xn‖+ ‖Snyn − xn‖
= bnkn ‖T nxn − xn‖+ ‖Snyn − xn‖ .

Since {bn} and {kn} are both bounded, there exists a positive integer M such that
bnkn ≤M for all n ∈ N. Thus

‖Snxn − xn‖ ≤M ‖T nxn − xn‖+ ‖Snyn − xn‖ .

Now, using (4) and (5), we obtain

lim
n→∞

‖Snxn − xn‖ = 0. (6)
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Next ‖xn − xn+1‖ ≤ an ‖xn − Snyn‖ implies by (4) that

lim
n→∞

‖xn − xn+1‖ = 0. (7)

Since every asymptotically nonexpansive mapping is L−Lipschitzian, it follows
‖xn+1 − Sxn+1‖ ≤

∥∥xn+1 − Sn+1xn+1

∥∥ +
∥∥Sn+1xn+1 − Sxn+1

∥∥
≤

∥∥xn+1 − Sn+1xn+1

∥∥ + L ‖Snxn+1 − xn+1‖
≤

∥∥xn+1 − Sn+1xn+1

∥∥
+L (‖xn − xn+1‖+ ‖Snxn − xn‖+ ‖Snxn+1 − Snxn‖)

≤
∥∥xn+1 − Sn+1xn+1

∥∥ + L [(kn + 1) ‖xn − xn+1‖+ ‖Snxn − xn‖] ,
which, in view of (6) and (7), gives that

lim
n→∞

‖Sxn − xn‖ = 0. (8)

Similarly we can prove that
lim
n→∞

‖Txn − xn‖ = 0. (9)

Since C is compact, there exists a subsequence {xni
} of {xn} such that xni

→ q (say)
in C. Continuity of S and T gives Sxni

→ Sq and Txni
→ Tq as ni → ∞. Then,

by (8) and (9),
‖Sq − q‖ = 0 = ‖Tq − q‖.

This yields q ∈ F (S) ∩ F (T ). As proved above, limn→∞ ‖xn − w‖ exists for all w ∈
F (S) ∩ F (T ), therefore {xn} must itself converge to q ∈ F (S) ∩ F (T ). ¤

Remark 1. The above theorem improves the results of [4], [8] and [9] to the case of
two asymptotically nonexpansive mappings.

Recall that a self-mapping T on a nonempty subset C of a Banach space X is demi-
compact (respectively, semicompact) if every bounded sequence {xn} in C such that
the sequence {‖Txn − xn‖} converges (respectively, lim

n→∞
‖Txn − xn‖ = 0) contains a

convergent subsequence. Thus the above theorem can be proved for demicompact and
semicompact mappings.
Remark 2. All the results proved above can also be proved with error terms. In this
case our scheme takes the shape:





x1 = x ∈ C,
xn+1 = anxn + bnS

nyn + cnun,

yn = a′nxn + b′nT
nxn + c′nvn, n ≥ 1,

(10)

with {un}, {vn} bounded sequences in C, {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n} sequences in
[0, 1] such that an + bn + cn = 1 = a′n + b′n + c′n for all n ≥ 1. This generalizes the
scheme due to Xu [10] to the case of two asymptotically nonexpansive mappings. The
results proved with (10) generalize several results in literature regarding approximation
of common �xed points of two asymptotically nonexpansive mappings.
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