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Abstract. An iterative scheme containing two asymptotically nonexpansive mappings
has been used in this paper to approximate common fixed points in a strictly convex
Banach space. This improves and extends some known recent results to the case of
two mappings.

1 Introduction and preliminaries

The class of asymptotically nonexpansive mappings, which is a natural generalization
of the important class of nonexpansive mappings, was introduced by Goebel and Kirk
|2|, where it was shown that, if C' is a nonempty bounded closed convex subset of a
uniformly convex Banach space X and T : C' — C is asymptotically nonexpansive,
then 7" has a fixed point. Moreover, the set F'(T") of all fixed points of 7', is closed and
convex. Recall that a mapping T : C' — C' is called asymptotically nonexpansive if
there is a sequence {k,} C [1,00) with JLIIOIO k,=1and [|[T"z — T"y|| < k, ||z — y|| for

all z,y € C and for all n € N. T is called L—Lipschitzian if | Tz — Ty|| < L ||z — y|| for
all z,y € C and some L > 0. Note that every asymptotically nonexpansive mapping
is L—Lipschitzian. The problem of existence and approximation of fixed points of
such mappings have attracted many mathematicians, see 2], [4], [5], [6] to mention
only a few. Many authors starting from Das and Debata |1] and including Takahashi
and Tamura [4] have studied the two mappings case of iterative schemes for different
types of mappings. That approximating common fixed points has its own significance is
clear from the fact that the two mappings case has a direct link with the minimization
problem, see for example [7].

In this manuscript, we intend to prove, in the context of strictly convex Banach
spaces, a strong convergence theorem to approximate common fixed points of two
asymptotically nonexpansive mappings under certain control conditions. Before we go
further, we recall the definition of a strictly convex Banach space. A Banach space X
is said to be strictly convex if for two elements z,y € X with x # y and ||z| = |ly|| = 1,
we have ||x—;”’“ < 1.
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We will need the following results in the proof of our main theorem. The lemma
below, which can be found in [3], is used to prove the existence of a certain limit in the
proof of our main theorem.

Lemma 1 ([3]|). Let {r,},{sn} and {t,} be nonnegative sequences satisfying

T'n+1 S (1 + Sn>rn + tn

for allmn > 1. If an < 00 and Zt < 00, then lim 7, exists.

n—oo

The following definition can be found, for example, in [9].

Definition. Let d denote (throughout the paper) the diameter of a nonempty bounded
conver subset of a Banach space X. The modulus of convexity of C' is denoted by §(C, €)
with 0 < e <1 and is defined as

T+
2

z

1.
3(C16) = gint {msx (o = =1, Iy = =1) -

yH a2 Cll—yl Zda}.

Next two lemmas were proved in [9].

Lemma 2. Let C' be a nonempty compact convex subset of a Banach space X with
d> 0. Let z,y,z € C and suppose that ||z — y|| > de for some ¢ with 0 < e < 1. Then,
for all X with 0 < X\ <1, we have

Az —2) + (1 =Xy = 2)| <max([|z — 2], [y — zl]) = 2A(1 = A)dd(C €).
Lemma 3. Let C' be a nonempty compact convex subset of a strictly convexr Banach

space X with d > 0. If lim 6(C,e,) =0, then lim ¢, = 0.

n—oo n—oo

2 Main theorem

We are now all set to prove our main result.

Theorem. Let X be a strictly convex Banach space and C' its compact conver subset.
Let S and T be self mappings of C satisfying

15"z = S"yll < kullz =yl and |[T"z = T"y|| < knllz -y

for all n € N where {k,} C [1,00) such that Z(k —1) < co. Let v € (0,3). Let

x1 =x € C be the starting point of the iterative scheme {z,} defined as

rn=x € C,
Tnt1 = (1 - an) Ty, + anSnyna (1)
Yo = (1 =by) x, +0,T"x,, neN

with {an}, {bn} in [y,1 —~] for alln € N.
If F(S)NF(T) # 0 then {x,} converges strongly to a common fized point of S and
T.
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Proof of Theorem. Let w € F(S)N F(T). Then from (1),

15"y — S™w]|

Fn ||y — wl|

Ko [bn (T2, — w) + (1 = by) (25 — w)| (2)
bnkrzz |20 — w| + kn(1 = by) |2, — w]|

bk [Jwn — wl| + k3 (1 = by) [l — wl]

ki e, — w])- (3)

15"y — w]]

IN

IA A

Using (2), we have

[t —w| = |lanS"yn + (1 — ap)zy — |

lan(S"yn —w) + (1 — an)(zn — w)|

an [[S"yn — w|| + (1 — ay) ||z, — w||

apkn |00 (T 2y — w) + (1 = by) (2, — w)|| + (1 — ay) ||z, — w||
anbnkz Hxn - w” + an(l - bn)kn Hxn - w” + (1 - an) Hxn - w”
1+ apbpkn(kn — 1) + an(ky — 1)] ||z, — w]|

1+ (anbpky + ay) (kn — )] ||z, — w||

[T+ {1 =)k + (1 =)}k = D] lzn — w]|

IA N CIA

IN

where k = sup k,,.
neN
Using Lemma 1 with s, = {(1—7)?k+(1—7)}(k,—1), t, =0 and r,, = ||z, — w]|,
we conclude that lim |z, — w]|| exists.
Denote €, = ||S™y,, — x,,||d~*. Then 0 < ¢, < 1 because 0 < ||S™y,, — x,,|| < d < oo.
Applying Lemma 2 and then using (3), we get

[z —wl| = flan(S"yn —w) + (1 = an)(zn — w)|
< max([}S"y, —wl], |z, = wl]) = 2an(1 = a,)dd(C, en)
< K2 |lwn — wl|| = 2a,(1 — a,)dé(C, &,).

This gives

2an (1 = a3)d6(C, €5) (kn = 1) 2w — wll + [l — wll = [|2n41 — wl]

<
< (k2= 1) + g — ] — [lanes — .

Since a, € [y,1 — 7], we have a,(1 —a,) > ~* for all v € (0,3). Let m > n, then the
above inequality can be written as

22 6(Coea) < (b DAY (= 1)+ s — ] = s — ]

n=1 n=1

(k+1)d > (kn — 1) + [l — w|| .

n=1

IN
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Let m — oo. Then > §(C,e,) < oo and hence lim §(C,e,) = 0. Now, applying

n—1 n—00

Lemma 3, we obtain that lim e, = 0. Hence

n—oo

lim ||S"y, — z,|| = 0. (4)

Next suppose that ¢, = ||T"x, — x,||d~'. Then using (2), Lemma 2 and the fact that
Tmz, —w| < ky ||z, —w]|, we obtain

[2n41 = wll = [lanS"yn + (1 = an)zn — w]|
< an [[S"yn — wl| + (1 = an) [[2n — w]|
< ankn [[[bn(T" 2 — w) + (1 = bn) (20 — w)|[] + (1 = an) l2n — w]|
< anky [max(([ T2, — wll, l2n — wl]) = 26 (1 = bn)dd(C, G)]
(1~ a) [z — w]
< ank? |2n — wl| — 2anbnkn (1 — b,)d6(C, ) + (1 — ay) |2, — w||
= ||, — w|| + an (k2 — 1) ||, — w|| — 2a,bpkn(1 — b,)dd(C, ()
< |lzp — w|| + an(k + 1) (k, — 1)d — 2a,b,k, (1 — b,)d6(C, ).

Since a,, b, € [y,1 — 7], it follows that a,b,(1 —b,) > 3. Let m > n, then the above
inequality becomes

2% " knd(C,Ca) < oy — w]| = [[@mar — w] + (1 =) (k+1)d Y (kn — 1)
n=1 n=1

By letting m — oo, we obtain E k,0(C, () < o0o. This gives hm k,0(C, () = 0. Since
lim k, = 1, we have hm 5(6’ Cn) = 0. Again applying Lemma 3, we get hm ¢, = 0.

n—oo

That is
lim ||T"z, — z,|| = 0. (5)
Further observe that
15" 20 — znll < ([S"Tn — S"ynll + 15"y — 2|
< kn Hyn - xn” + Hsnyn - xn”

= bnky ||T”xn - xn” + HSnyn - an .

Since {b,} and {k,} are both bounded, there exists a positive integer M such that
bnk, < M for all n € N. Thus

15"y — x|l < M || T2 — || + |S™Yn — | -
Now, using (4) and (5), we obtain

lim ||S"z, — x,] = 0. (6)
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Next ||z, — Tpi1]| < ap |20 — S™yy|| implies by (4) that

lim ||z, — zp41]| = 0. (7)

n—oo

Since every asymptotically nonexpansive mapping is L—Lipschitzian, it follows

|Zns1 — ST < ||90n+1 - Sn+1$n+1H + HSnHﬂﬁnH - Sl‘n+1||
< ||$n+1 - SonnHH + L||S"Zns1 — Tny1]|
< ansn =S |
L (lzn = Tpsa || + [[S" 20 — @l + |15 @040 — S"2nl])
[Zns1 = S anpa || + L{(kn + 1) |2 — 2]l + |20 — 20ll],

IN

which, in view of (6) and (7), gives that

lim || Sz, — z,|| = 0. (8)
Similarly we can prove that
lim || Tx, — x,|| = 0. 9)

Since C' is compact, there exists a subsequence {x,,} of {x,} such that x,, — ¢ (say)
in C. Continuity of S and T' gives Sz,, — Sq and T'z,, — T'q as mn; — oco. Then,
by (8) and (9),

I5g =gl =0=1Tq =4l
This yields ¢ € F(S) N F(T). As proved above, lim, . ||z, — w|| exists for all w €
F(S)N F(T), therefore {x,,} must itself converge to ¢ € F(S) N F(T). O

Remark 1. The above theorem improves the results of [4], [8] and [9] to the case of
two asymptotically nonerpansive mappings.

Recall that a self-mapping 7" on a nonempty subset C' of a Banach space X is demi-
compact (respectively, semicompact) if every bounded sequence {z,} in C such that
the sequence {||Tx, — x,||} converges (respectively, lim |7z, — z,|| = 0) contains a

n—oo
convergent subsequence. Thus the above theorem can be proved for demicompact and
semicompact mappings.

Remark 2. All the results proved above can also be proved with error terms. In this
case our scheme takes the shape:

1 =T € C,
Tp+1l = ApTp + bnSnyn + Cpln, (10)
Yp = an Xy + 0T 2, + vy, n>1,

with {u,},{v,} bounded sequences in C, {a,},{bn},{cn},{a},{b.},{c.} sequences in
0,1] such that a,, + b, + ¢, =1 = al, + b, + ¢, for all n > 1. This generalizes the
scheme due to Xu [10] to the case of two asymptotically nonerpansive mappings. The
results proved with (10) generalize several results in literature regarding approzimation
of common fized points of two asymptotically nonexpansive mappings.
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