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1 Introduction. Notation. Description of main results

Consider the following system of odd-order quasilinear equations

-1
e — (=1) (a1 02w+ an03u) = (=17 01 [aggin (t, )05+ ag (¢, ) D]
j=0
l

+Z(—1)j0§;[gj(t,x,u,...,8i_1u)} = f(t,z), €N, (1.1)

=0

posed on an interval I = (0, R) (R > 0 is arbitrary). Here u = u(t,z) = (uy,...,u,)’, n € N,

is the unknown vector-function, f = (f1,...,fu)", 95 = (gj1,--.,9in)" are also vector-functions,
agi+1 = diag(aiy1yi), axn = diag(ap), @ = 1,...,n, are constant diagonal n x n matrices, a;(t,x) =
(ajim(t,:p)), t,m=1,...,n,for j=0,...,2] — 1, are n X n matrices.

In a rectangle Qr = (0,T) x I for certain T' > 0 consider an initial-boundary value problem for
system (|1.1) with the initial condition

u(0,z) = up(x), x€][0,R)], (1.2)
and the boundary conditions
Hu(t,0) = pit), j=0,....,l—1, dut,R)=wvt), j=0,...,1, te[0,T], (1.3)

where Ug = <u017 c. ,Uon)T, i = (/le, c. ,/,Ljn)T, vy = (le, . ,l/jn)T.
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Besides this direct problem consider the following inverse problem: let for any ¢« = 1,...,n the
function f; be represented in the form

filt,x) = hoi(t, z) + iFki(t)hki(t, x) (1.4)

for a certain non-negative integer number m; (if m; = 0 then f; = hy;), where the functions hy; are
given and the functions Fy; are unknown. Then problem ((1.1)—(1.3)) is supplemented with overdeter-
mination conditions in an integral form: if m; > 0 for certain ¢, then

/ui(t,x)wki(x) v = ou(t), 0T, k=1, . mi (1.5)
I
for certain given functions wy; and @g;. In particular, for certain ¢ the overdetermination conditions
on u; can be absent, but in the case of the inverse problem we always assume that

M=> m;>0. (1.6)
=1

Then the aim is to find the functions Fy; such that the corresponding solution u to problem —
satisfies conditions ([L.5]).

In the case of a single equation n = 1 equations of type (1.1) were considered in [9] (direct
problem) and [I0] (inverse problems). In particular, in these articles one can found examples of
physical models, which can be described by such equations: the Korteweg—de Vries (KdV) and
Kawahara equations with generalizations, the Kortewes—de Vries-Burgers and Benney-Lin equations,
the Kaup—Kupershmidt equation and others (see also [I], [14]). However, besides the single equations,
systems of odd-order quasilinear evolution equations also arise in real physical situations. Among
such systems on can mention the Majda—Biello system (see [17])

Ut + Uggy + VU = 07
Vg + QUzr + (u0), =0, «a >0,

and more general systems of KdV-type equations with coupled nonlinearities ([5]).
The KdV-type Boussinesq system ([6l 23] 25])

Ut + Uy + Vggr + (UU)I = Oa
Vy + Uy + Ugge + 00, =0

and the coupled system of two KdV equations, derived in [I3] and studied in [3, 4. [7, 15} 18], 19} 20,
211, 22] (also with more general nonlinearities)

Ut + Uy + Uggr + A3Vgze + A1VV; + C@(UU)x = 07
bivy + 10, + VUL 4 b203Uzrr + Vprr + baaouu, =0, by > 0,0y > 0,

are not directly written in form , but can be transformed to it by a linear change of unknown
functions (see [3] [6], 23]).

In paper [9] initial-boundary value problem f was considered in the scalar case and a
result on global well-posedness in the class of weak solutions under small input data was established.
For simplicity it was assumed there that p;(t) = v;(t) = 0 for j <1 — 1. Note that the general case
of can be reduced to the homogeneous one by the simple substitution v(¢, z) = u(t, ) — (¢, x),
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where the sufficiently smooth function ) satisfies for j <[ —1, while the form of equation ({1.1))
is invariant under the corresponding transformation.

In the present paper a result on global well-posedness of problem — itself is obtained in
the class of weak solutions under small input data. Note that in the aforementioned articles in the
case of systems such a problem was not studied. The assumptions on system are similar to the
ones in [9, [10] in the case of single equations.

The significance of integral overdermination conditions in inverse problems is discussed in [24].
The study of inverse problems for the KdV-type equation with integral overdetermination was started
in [8]. In paper [10] for problem ([L.1))-(1.3)) in the scalar case two inverse problems with one integral
overdetemination condition of type ({1.5) were considered. In the first one the right-hand side of the
equation of a type similar to (1.4)) was chosen as the control, in the second one — the boundary data
v;. Results on well-posedness either for small input data or small time interval were established. In
paper [I2] an initial-boundary value problem on a bounded interval for the higher order nonlinear
Schrodinger equation

WUy + Qg + 10UL + TUppy + MulPu + 2/6’(|u|pu)m + i7(|u|p)xu =0

(u is a complex-valued function) with initial and boundary conditions similar to (1.2)), was con-
sidered and three inverse problems were studied. The first two of them were similar to the problems
considered in [I0] with similar results. In the third problem two overdetermination conditions of
type were introduced and both the right-hand side of the equation and the boundary function
were chosen as controls. The results were similar to the first two cases.

Note that the inverse problem with two integral overdetermination conditions for the Korteweg—
de Vries type equation

Ut + Uy + wtly + (t)u = F(t)g(t)

in the periodic case, where the functions a and F were unknown, was considered in [I6] and the
existence and uniqueness results were obtained for a small time interval.
In paper [2I] an inverse problem on a bounded interval with the terminal overdetermination
condition
u(T,z) = up(z)

for a given function uz (such problems are called controllability ones) was studied for the aforemen-
tioned coupled system of two KdV equations. Results on existence of solutions under small input
data were established.

In the present paper, results on well-posedness of inverse problem f are obtained either
for small input data or small time interval. Note that since the amount of integral overdetermination
conditions is arbitrary, the result is new even in the case of one equation.

Solutions of the considered problems are constructed in the special function space (X (Qr))" of
all vector-functions u = (uy, ..., u,)’ such that such that for every i = 1,...,n

Uz‘(t7x) S X(QT) = C’([O,T]; Lz(”) M L2(07T§ HZ(I))7

endowed with the norm

n

llx@ene = 20 sup it Mlzacn + 105uillaen)-
i—1 te(0,7)

For r > 0 let X,,(Qr) denote the closed ball {u € (X(Qr))" : lull(x@r)» <7}
Introduce the notion of a weak solution of problem ({I.1))—(1.3]).
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Definition 1. Let ug € (L2(1))", pj,v; € (L2(0,7))" V4, f € (L1(Q7))", a; € (C(@T))"2 Vj
A function u € (X(Qr))" is called a weak solution of problem (LI)-(L.3) if &u(t,0) = p;(t),
du(t,R) = v;(t), j =0,...,1—1, and for all test functions ¢(t, ), such that ¢ € (L»(0,T; H(I)))",
o € (LQ(QT))H, q§|t:T =0, 8£¢’m:0 = 8£¢’x r=0,7=0,...,1-1, ai¢‘x:0 = 0, the functions
(gj(t, T,u,...,05 ), 00 ) € L1(Qr), 7=0,...,1, and the following integral identity holds:

// [(% <Z5t) - (CL21+13§;U> 8i+1¢) + (a213§;u7 af&?)
- l

+ ((a2j+1ag+1u + agjﬁgu), a:%gb) - Z(gj(t, TyUy... ,8i_1u), a% )

J J=0

T
+(f,¢>)} dxdt—i—/l(uo,gb‘to)dx—i—/o (agerv, 0| _ ) dt =0, (1.7)

—_

I
o

where (-, ) denotes the scalar product in R™.

Let f(€) = F[f)(€) and F'[f](€) be the direct and inverse Fourier transforms of a function f,
respectively . In particular, for f € S(R)

fo= [, 7AW =5 [ o

For s € R define the fractional order Sobolev space

= {f: F A+ Q)] € Lo(R)}

and for certain 7" > 0 let H*(0,7T) be the space of restrictions on (0,7") of functions from H*(R). To
describe properties of boundary functions p;, v; we use the following function spaces. Let m = [ —1
or m = [, define

(B™(0,T)) (HH /eh0,1))",

endowed with the natural norm.
The coefficients of the linear part of the system further are always assumed to verify the following
conditions:
ai+1)i > 0, a2y <0, i1=1,...,n, (18)

and forany 0<j7<[l—1,i,m=1,...n

a:fja(Qj—H)im € C(@T)a k= 07 o 7j + 17 a]aja(Qj)im € C(@T)7 k= 07 S >j‘ (19)

Let Ym = (Yms - - -, Ymn) for m =0,...,1—1. The functions g;(¢,z, o, ..., y—1) for any 0 < j <1
are always subjected to the following assumptions: for i =1,...,n

gji»grad,, g;i € C(Qr x R™), j=0,...,1—1, gu(t,z,0,...,0) =0, (1.10)

-1
‘gradykgji(t, T, Yo, - - - ,yl_l)’ <c Z (|ym|b1(j,k,m) + |ym|b2(j,k,m))’ k=0,...,1—1,
m=0

Y(t, 2,90, ..,y-1) € Qp x R, (1.11)
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where 0 < b1 (j, k,m) < ba(4, k,m), [Ym| = Y, ym) />

Regarding the functions wy; we always need the following conditions:
we HHYD, w™0)=0, m=0,....I, w™R) =0, m=0,...,1—1, (1.12)

for all wy; (where here w stands for wy;).
Now we can pass to the main results and begin with the direct problem.

Theorem 1.1. Let the coefficients aj, j = 0,...,2l + 1, satisfy conditions (1.8), (1.9)). Let the
functions g; satisfy conditions (1.10)), (1.11)), where

, 4l — 25 — 2k
ba(7, k < —

Let ug € (Lo(I))", (po, ..., pu—1) € (B=10,7))", (w,...,1n) € (B(0,T))", f € (L1(0,T; Lo(1)))"
for an arbitrary T > 0. Denote

Y j, k,m. (1.13)

@ = ooy + 1o, - o)l oy + 100 -1 oy
+ | fllzoo.1ip2yyn- (1.14)

Then there exists 0 > 0 such that under the assumption co < § there exists a unique weak solution

u € (X(QT))n of problem (1.1))—(1.3). Moreover, the map
(uo,(uo,...,ul,l),(l/o,...,ul),f) —u (1.15)

s Lipschitz continuous on the closed ball of the radius 0 in the space (LQ(I))NX(Bl_l(O,T))n X
(B1(0,7))" x (L1(0,T; Ly(I)))" into the space (X(Qr))".

Theorem 1.2. Let the hypotheses of Theorem be satisfied except inequalities (1.13|) which are
substituted by the following ones:

4l — 25 — 2k

ba(7, k

Y j, k,m. (1.16)

Let ¢q is given by formula (1.14)).
Then for a fixed arbitrary 6 > 0 there exists Ty > 0 such that if co < § and T € (0,Ty] there exists

a unique weak solution u € (X(QT))n of problem (L.1)—(1.3)). Moreover, the map (L.15|) is Lipschitz
continuous on the closed ball of the radius 6 similarly to Theorem [L.1]

For the inverse problem the results are as follows.

Theorem 1.3. Let the coefficients aj, j = 0,...,2l + 1, satisfy conditions (1.8)), (1.9) and the func-
tions g; satisfy conditions (L.10), ([T.IT), (TI3). Let uo € (L2(1))", (pos-- ., pu—1) € (B=1(0,7))",
(Yo, 1) € (B0, T))", ho = (hot, - .., hon)T € (L1(0,T; Ly(1)))" for an arbitrary T > 0. Assume
that condition holds and for anyi=1,...,n, satisfying m; > 0, for k= 1,...m; the functions
wri satisfy condition (1.12); pr; € W0, T) and

o0a(0) = /, () () (1.17)

hii € C([0,T]; Lo(1)) fork=1,...,m;. Let

wkji@) = /hjl(t7x)wkl(x) dl’, k?] = 17 <oy My, (118)
I
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and assume that

A;(t) = det(y;s(t)) #0 YV te€[0,T]. (1.19)

Denote

co = [[woll(za(ryn + (10 - - - s =)l 10,0y + (Vo5 - - s )l B0,y

+lhollzr oizamye + > D Ihill ey (1.20)

i:m; >0 k=1

Then there exists § > 0 such that under the assumption cq < § there ezist functions Fy; € L1(0,T),
1:m; >0, k=1,...,m;, and the corresponding weak solution u € (X(QT))n of problem 1}
satisfying , where the function f is given by formula . Moreover, there exists r > 0 such that
this solution u is unique in the ball X ,,(Qr) with the corresponding unique functions Fy; € L1(0,T)
and the map

(wo, (p10s - - -y pu—1), M0, - - -, 1), hoy {0 }) — (u, {Fri}) (1.21)

1s Lipschitz continuous on the closed ball of the radius § in the space ( ))nx(Bl 10, T) )
(B10,T))" x (L1(0,T; Ly(1)))" x (L1 (0, 7)™ into the space (X(Qr))" x (L:(0,T))™.

Theorem 1.4. Let the hypotheses of Theorem be satisfied except inequalities which are
substituted by inequalities . Let ¢q be given by formula . Then two assertions are valid.

1. For a fized arbitrary 6 > 0 there exists Ty > 0 such that if co < 6 and T € (0,Ty], there
exist unique functions Fy; € L1(0,T), i :m; >0, k =1,...,m;, and the corresponding unique weak
solution u € (X(QT))n of problem f satisfying , where the function [ is given by
formula .

2. For a fixed arbitrary T > 0 there exists & > 0 such that under the assumption co < 0 there
exist unique functions Fy; € L1(0,T), i :m; >0, k =1,...,m;, and the corresponding unique weak
solution u € (X(QT))n of problem f satisfying , where the function [ is given by
formula .

Moreover, map (1.21)) is Lipschitz continuous on the closed ball of the radius § similarly to The-
orem L3

Remark 1. Theorems and are valid for the aforementioned Majda—Biello system. In the case
of such a system with more general nonlinearities

Ut + Uggy + (gl(u U))a: - fla
Ut+avxxx+(92uv) = f2, a>0,

T

Theorems [L.1] and .3 are valid if
10095 w2)l < e(lmnl™ + [y2l™ + 1l + [y2l™),  k,j=1,2,
where 0 < by < by < 2, for example, if g1 (y1,y2) = cys, ga(y1,y2) = C1yys + Coy1ya.
The paper is organized as follows. Section 2 contains certain auxiliary results on the corresponding

linear initial-boundary value problem and interpolating inequalities. Section 3 is devoted to the direct
problem, Section 4 — to the inverse one.
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2 Preliminaries

Further we use the following interpolating inequality (see, for example, [2]): there exists a constant
c = c(R,1,p) such that for any ¢ € H'(I), integer m € [0,1) and p € [2, +00]

2m +1 1
m l 1-2s
1" L,y < el 17 ol T ellellm, s=slplm)= 0 a2

(2.1)

On the basis of (2.1) in [10, Lemma 3.3| the following inequality was proved: let j € [0,1],
k,m e [0,l—1], b e (0,(4l —2j — 2k)/(2m + 1)], then for any functions v, w € X(Qr)

100" 0w

||L2[/(2l—j) (0,T;L2(1))

C(T((4l—2j—2k)—(2m+1)b)/(4l) + T(2l_j)/(2l))||U||Z)J((QT)||U)||X(QT)‘ (2.2)

Besides nonlinear system (1.1]) consider its linear analogue

-1
w = (1) (ag 107w+ andiu) = Y (=17 [ag; (t, 2)0 u+ ag(t, ©)0u]

<.
Il
o

l

= f(t,z)+ Y _(—1)9iG,(t,x), (2.3)

J=0

G; = (Gj1,...,Gj,)". The notion of a weak solution to the corresponding initial-boundary value
problem is similar to Definition . In particular, the corresponding integral identity (for the same
test functions as in Definition [1|) is as follows:

// [(ua qbt) - (a21+laalcuv 8i+1¢) + (an@alcuv aigb)
-1

+ Z((agﬁlﬁgﬂu + a;00u), L) + )+ Z (t,z),0 ] dxdt

=0
T

+/<u0’¢‘t:0) daH—/ (angl/l,aquﬁ‘z:R) dt =0. (2.4)
I 0

First consider the case a; = 0 for j < 20 — 1. Then system ([2.3) is obviously splitted into the set
of separate equations and we can use the corresponding results from [I1]| and [9] for single equations.

Lemma 2.1. Let the coefficients a1 and ay satisfy condition (1.8), a; = 0 for j < 21 —1,
uy € (LQ(I))n, (toy -y 1) € (Bl_l(O,T))n, (vo,...,m) € (B(0,T))", f=G;=0Vj.
Then there exists a unique weak solution u € (X(QT))n of problem (2.3)), (1.2)), (1.3) and for any
€ (0, 7]

lelloc@or < o) {lollzamy + 10, Dl 0o + 100 ) @iy |- (25)
Proof. This assertion succeeds from [I1, Lemma 4.3]. O

Lemma 2.2. Let the coefficients a1 and ay satisfy condition (L.8)), a; = 0 for j < 21 — 1,
w =0, g =0 forj =0,...,01—1, v, =0 for j = 0,....0, f € (Li(0,T;Ls(1)))",
G € (Layy—j)(0,T; Lo(1)))", j =0,...,L.
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Then there exists a unique weak solution u € (X(QT))n of problem (2.3)), (1.2)), (1.3) and for any
te0,7)

l
Jull(x @y < e(T) [||f||(L1(o,t;L2(I)))n +> ||Gj||(Lm/(gl,j>(o,t;LQ(I)))n}; (2.6)

J=0

moreover, fori=1,....n and p(x) =1+ x
2 ! 2
/ui (t,x)p(z) dx + // (20 + Va1 — 2a@yip(e)) (Ohwi(r, )" dedr
I t
!
< 2/ fiuip daxdr + 2 Z // G uip + 50 ) dwdr.  (2.7)
Qt j=0 t

Proof. This assertion succeeds from [J, Lemma 4]. O

Theorem 2.1. Let the coefficients a; satisfy conditions (1.8]), (1.9)), uo € (LQ([))H, (toy -y p—1) €

(BROD)", () € (BO.D)', S € (MOT D))", G € (Lajera O T LoD)' 5 =

Then there exists a unique weak solution u € (X(QT))n of problem (2.3)), (1.2)), (1.3) and for any
€ (0,T]

[ullx(@oym < e(T )[HUOH Ly + || (ko - - - aﬂl—l)”(Bl—l(O,t))"

(w0, - )l sy + Il ©uzamns + HGjH(Lgl/(gl_ﬁ(o,t;Lg(I)))"]- (2.8)

=0
Proof. Denote by w

(w1 wy,)? the solution of problem (2.3), (1.2), (1.3) constructed in

Lemma [2.1] Let U(t,z) (t x) — w(t,z). Consider an initial-boundary value problem for the

function U:

~
I
—

U = (=121 077U + a03'U) = > (=1)05 [azj41 (t, 2) 057U + ag;(t, 2)0,U]

<.
Il
o

+Z 1)/ 87G,(t, x), (2.9)

where G; = Gl, while é = G, + agj 107w —|— agﬁjw for j < I, and zero initial and boundary
conditions . Note that by virtue of ( form=0orm=1,j<landi=1,.

109 ™ wil| ory < ell@bwill ZE il oy ™ + ellwil Lo
Therefore, G; € (Layyai_j)(0, T; Lo(I)))" with

Gl (Lo o1y 0.2 (1)) < NGill (Lo 020y + (D) W] (x Qi) (2.10)

In order to obtain the solution to the initial-value problem for system (12.9) we apply the con-
traction principle and first construct it on a small time interval [0, %] as the fixed point of a map
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U = AV, where for V € (X (Qto))n the function U € (X(Qy,))" is a solution to an initial-boundary
value problem for the system

~
|
—

U — (- ) (aglﬂa HT 4+ ay 821 U)= (—1)j8§; [a2j+1(t,x)8§;+lv+a2j(t,:v)8§V]

<.
Il
=)

l

T)+ > (1) G (t,x), (211)

Jj=0

with zero initial and boundary conditions ([1.2)), (1.3). Note that similarly to (2.10) the hypothesis
of Lemma is verified and such a map is defined for any tq € (0,7]. Moreover, according to (12.6))

l

Ul x (e < c(T) [Hf“(h((),to;/l?(f)))" Y NG Lty 0Ly
=0

-1
+ Z(H&%JAVH(Lzz/(zzfj)(O,to;Lz(I)))" + (||8;V||(L2l/(2l7j)(01t0§L2(I)))n)i|' (2.12)
=0

By virtue of (2.1)) if j+m <2l —1fori=1,...,n

Ha;nvi||Lzz/(2zfj)(0:to;L2(I))

(2l=j)/(21)
2m/ (21— (I—-m)/(21 21/ (21—
< o [ UV VAL + ) ar)

2—j—m)/(20) |11 71 (I=m)/L m/l 21=3)/(2)
< ctff @y e ||3ZV||L2/<Qt + eSOV ool o)

2
< (D)t Vil xa)- (213)
Therefore, it follows from ([2.12]) that

l
||U|| X(Qt))™ n < C(T) [||f||(L1(0,to;L2(I)))” + Z ||Gj||(LQZ/(Qlfj)(OytO;LQ(I)))n

=0

1/(21
+ta PNVl x @iy |- (2:14)

Similarly to (2.14) for V € (X(Qy,))", U = AV
U = Ullx @iy < (Dt NV = Vllix(@ug)e- (2.15)

Inequalities (2.14), (2.15) provide existence of a unique solution U € (X(Qy,))" to the considered

problem if, for example, c(T)t(l)/ 20 < 1/2. Then since the value of ¢, depends only on 7" step by step
this solution can be extended to the whole time segment [0, 7], moreover,

!
1Ull(x @y < e(T) [Hf [ IIGjH(Lu/@l_j)(o,t;Lzuw]- (2.16)
=0

Combining (2.5) (applied to the function w), (2.10) and (2.16)), for v = U 4+ w we complete the
proof. O]



42 0.S. Balashov, A.V. Faminskii

Introduce certain additional notation. Let
U= S(“’Oa (:u07 s 7/“71)7 (V(]? ce 7Vl)7f7 (G07 s 7Gl))

be a weak solution of problem ([2.3)), (1.2)), (1.3)) from the space (X (QT))n under the hypotheses of
Theorem 2.1l Define also
W= <u07 (MO? s 7#171)7 (V07 SRR l/l))>

SW = S(W,0,(0,...,0)), S: (Ly(I) x BH0,T) x B(0,T))" = (X(Qr))",
Sof = 5(0,(0,...,0),(0,...,0), £, (0,...,0)), S0 : (L1(0, T; Lo(I)))" = (X(Qr))",

5.6, = S(0,(0,...,0),(0,...,0),0,(0,...,Gs, ..., 0)),
S] : (LQZ/(Qlfj)(()?T; LQ(I)))n — (X<QT))na j = 07 B l.

Let W2(0,T) = {¢ € W}0,T) : ¢(0) = 0}. Obviously, the equivalent norm in this space is
19'l| 1 0.1- _
Let a function w € C'(I). On the space of functions u(t, ), lying in L, (/) for all ¢ € [0, T, define
a linear operator Q(w) by a formula (Q(w)u)(t) = q(t; u,w), where
q(t;u,w) = /u(t,x)w(x) de, te]0,7T].
I

Lemma 2.3. Let the hypotheses of Theorem be satisfied. Let the function w satisfy condition
([T12).

Then for the function u = (uy...,u,)" = S(uo, (pos .-, pi-1), (Yo, 1), [ (Go, ..., Gy)) the
functions q(-;u;,w) = Q(w)u; € WH(0,T), i=1,...,n, and for almost every t € (0,T)
q (t;us,w) = r(t;u,w) = Vli(t)a(ng)iw(l)(R)
+ li(—l)l% [vki(t) (aqrniw™ M (R) — a@yiw® "V (R))
k=0
— pki(t) (a(21+1)iw(2lfk)(0) - a(zmw(zl*k*l)((}))}
+ (1% [ (®) (@50 () — (o) S (R))
— g (1) ((a(2j+1)imw(j))(j’k)(0) _ (a(2j)z’mw(j)>(jik71)<O>)]

I

n -1
+ Z Z(_l)JH /Ium(tax) [(a(zﬂl)imw(ﬁ)(ﬁl) _ (a(Qj)imw(j)>(])j| dr
m=1 j=0

!
+/f¢(t,x)wdw—l—Z/Gji(t,x)w(j) dx, (2.17)
I par it

||q/<';uivw)|lL1(0,T) <c(T) ||U0||(L2(1))" + |I(zeo, - - - >Mz—1)H(Bl—1(o,T))n

l
+ (o, - )l oy + I fll oo + (HGJH(Lm/(gl_]-)(o,T;Lzu»)nﬂ, (2.18)
7=0

where the constant ¢ does not decrease in T'.
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Proof. For an arbitrary function ¢ € C3°(0,7T) let ¢;(t, x) = ¥ (t)w(x) for certain i, ¢p,(z) = 0 when
m # 1. This function ¢ satisfies the assumption on a test function in Definition |1} and then equality
(2.4]) after integration by parts yields that

/0 W (t)q(ts us, w) dt = — /0 D) (E: g, ) dt. (2.19)

Since r € L1(0,T) it follows from (2.19) that there exists the weak derivative ¢'(t; u;, w) = r(t; u;, w) €
L,(0,7T) and

-1

14|z 07) < C[Z 13l Loy + Z 1illoomys + 11l zao,msmam)n
j=0 7=0

+ > Gl + ||u||<L1(0,T;L2(I))>"]-
=0

Since ||u|(, 0,1;L2(n)» < Tlull(comz20)» < Tl|ull(x(@r))», application of inequality (2.8)) completes
the proof. [

3 The direct problem

Proof of the existence part of Theorem[L.1} On the space (X(QT))n consider the map ©

I
u:@UEgW—l—Sof—Zgjgj(t,x,v,...,aiflv). (3.1)
=0
Note that according to conditions ((1.10), (1.11) fori=1,....,n
-1 1-1
gt v, O ) ey Yy (070 R (o U ) | (3:2)
k=0 m=0

In particular, conditions (1.13) and inequality (2.2) yield that g;(t,z,v,...,0 ) €
L2l/(2lfj)(0a T LQ(I)), moreover,

lgi (82,0, 057 0) Loy 07322 ()
-1 1-1 2
<ec ZZZ T( (41—2§—2k)—(2m+1)b; (]km))/(4l)+T2l —3) 2l)|| Hb)gg(sm)ﬁ (3'3)
k=0 m=0 =1

In particular, Theorem ensures that the map © exists. Let
bl = mln(bl(ja kam))7 b2 = max(b2(j> k:7m))7 0< bl < b27 (34)

J,k,m J,k,m
then it follows from ({3.3]) that
ng(t’ LyUyoen ’ai_lv)”(L2l/(2l—j)(07T§L2(1)))n <T) (Hv”bﬁ_l )n + ”UHb2+1 > , (3.5)

therefore, inequality (2.8) implies that

180l cx@ry < (e +e(T) (I + 1oy ) - (36)
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Next, for any functions vy, vy € (X (QT))n

|gji<ta T,V1,y... ,(‘3i 1 ) — gji(tu T,Vg,... ,ai_lvgﬂ
-1 1-1
k=0 m:0

X 0 (vy —va)], (3.7)
therefore, similarly to ({3.5))
lg(t, @, 01, 0 or) = (82,09, - 0 02) || (L (0. Lo (1))
< (T) (Hvl\l Ym0l omyn + 101G @mn T 102l @ ) o1 — v2llx@ryyn- (3-8)
and similarly to ({3.6))
[©v1 — Ova|(x (@)
b1
< o) (Ioal ey + 2l + 11l @upn + 1021 iuoye ) I = vallcei@ryy (39)

Now, choose r > 0 such that

1
oy < 1
ot < 1o(T) (3.10)
and then 6 > 0 such that .
0 < . 1

Then it follows from (3.6) and (3.9) that on the ball X,,(Qr) the map © is a contraction. Its unique
fixed point u € (X (QT))n is the desired solution. Moreover,

[ull x@rym < elco)- (3.12)
0

Note that the above argument ensures uniqueness only in a certain ball. In order to establish
uniqueness and continuous dependence in the whole space we apply another approach. Then the rest

part of Theorem succeeds from (3.12)) and the theorem below.

Theorem 3.1. Let the assumptions on the functions a; and g; from the hypotheses of The-
orem . be satisfied.  Let wug,ug € (LQ(I))n, (toy -y pu—1), (Hoy - - - fi—1) € (Bl L0, T))

(Yo, ... 1), (Do, ..., ) € (B(0,T))", f, fe (L1(0,T; Lo(1)))" and let u,@ be two weak solutions
to corresponding problems (L1)-(L.3) in the space (X(Qr))" with ||[ull(x@z) @l x@rys < K for

a certain positive K.
Then there ezists a positive constant ¢ = ¢(T, K) such that

lu =@l (x(@mr < c¢(lluo — ol zomyr + 1o — Fos - - -+ -1 — Fu—1) |10,
+ | (vo = Do, - ..o vi = Wl sro.yyn + I = Fllzopamys ). (3.13)

Proof. Let w € (X (QT))n be a solution to the linear problem

wy, — (=1 (ay107 T w + ay0*w) = 0, (3.14)
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w(0, ) = up(x) — up(x), (3.15)

Lemma ensures that such a function exists and according to (12.5))

||w||(X(QT))" < (T )(”UO - u0||(L2(I) + (o = fos - - -5 -1 — ﬁl—l)H(Bl*l(O,T))"
+ ||(V0 — fle; N %)H(BZ(O,T))TL). (317)

Let v(t,z) = u(t,z) — u(t,z) — w(t,z), Then v € (X(Qr))" is a solution to the initial-boundary
problem in Q)7 for the system

v — (=1 (a24102 0 + and®v) = (f — )

-1

+ Y (=108 [agj1 (t, )05 (u — W) + ag; (£, 2) 0 (u — )]
=0
!
= (0¥ gt x,u, .0 ) — gi(t a0 W)] (3.18)
=0

with zero initial and boundary conditions of (1.2), (L.3) type. Similarly to (2.11)-
RI3) asjsi(t,2)0  u + agi(t,2)du € (Lay@—j(0,T; Lo(1)))", similarly to (3:2), (3.3)
g;(t,zu, ..., 0 ) € (LQl/(Ql_j)(O, T, LQ(I)))n. The same properties hold in the case of the function
u. Therefore, the hypothesis of Lemma is satisfied and for ¢ = 1,...,n according to (2.7))

/U?(t, x)pdx + // ((2[ + 1)a(21+1)i — Za(gl)ip) (8537)1-(7', x))2 dxdt
I t

< 2// fZ vip dxdTt

23y // gy 2)0 (0 01,) + 0o 2)0E 0+ 0,))

m=1 j=0

x (Dvip + jOI~ ;) dodr
-2 i // (gji(t, T,u, ..., 0 ) — gji(t,x,u, ... ,8;’117))
— ,
j X (Fvip + jOI ;) dedr.  (3.19)
Note that by virtue of uniformly in ¢ and x
(21 + 1)agit1y — 2a@yip(x) > o > 0. (3.20)

It follows from (2.1)) for p = 2 that if j <[ —1

j j (21— 1 1) 1/1
J[[ 10 vl 0t dndr < [ (100G 0l + ol o

Ss/ 0L v dxd7’+c(5)/ lv*pdzdr, (3.21)
Q¢ Q¢
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where € > 0 can be chosen arbitrarily small;

A , A _ 1/2
/ |07 w,,,| - |000;| dedr < (// (090;)? dadr // (01 w,,)? dxd7'>
Q+ t ¢

< 8/ |8iv|2dxd7+c(€)/ |v|2pdxd7'+c||w||%X(QT))n. (3.22)
Q¢ Q¢
Next, similarly to (3.7))
g;i(t, 2, .. O ) — gt @, 4, ..., 05|
-1 -1
<) D (|ogulOEm 4 g Ok g g0k o]k
k=0 m=0
x |0 (v +w)|. (3.23)
Note that, for example, for j <1, k,m <1 —1if0<b< (4l —25 —2k)/(2m + 1)

: ) 1/2
/|8¥Lu|b|0§v| 02| dx < sup \(9;"11“’(/\8§U\2dx/|8jﬁv\2dx>
I zel I I

(k+4)/(20) (20—j—k)/(21)
< csup |8;”u|b[</|8iv|2dx> </|v|2 dx) %—/|v|2 dx]
zel I

5/|8£;v|2das+c(5) [sup|8mu|2lb/(2l Ik 1 sup |0ml ] /|v|2pd$, (3.24)
I I

zel zel

where

T
/ sup ‘a;nu’ﬂb/@l—j—k) dt
0

zel
(21—2m—1)b/(4l—2j—2k) [T (2m+1)b/(41—25—2k)
< sup </|u|2dx> / </|8i.u|2dm> dt
te(0,T) NI 0 T

< (D) |ullfyiomin ™ dt; - (3.25)

also split b into two parts: b = b’ +b", where 0 <V < (21—2j)/(2m+1),0 <V’ (2l—2k)/(2m—|— 1),
then similarly to (3.24))

- / 1 - 1/2
/|8;”u|b|afw| 09| dx < sup |0 u|" TP (/|8£U|2dx/|8fw|2dx)
T zel 1 I

< 5/|8§v|2dx+c(5) [sup|8;"u|2lb//(l_j)+Sup|8;"u|2b,} /|v|2pdx
I rel 1

zel

+ c/ 0L w|? da + c[sup |02/ =R 4 sup \8?u|2b”} /|w|2 dx, (3.26)
I zel zel I
where similarly to (3.25))

T T
/ sup |/ (=9) dt/ sup [0mu) 2"/ 0 gt < (T, K). (3.27)
0

zel zel

Gathering (3.20) - we deduce from inequality (3.19) - that

/U?(t,x)ﬂd$+040 // (0yv:)* dadr < @/ |0Lv|? dwdr
I . 2n J Jo,

t t
+ / o () / (w2 dudr + 2 / 1 = Fllczaye loillacry d + (T )l (3.28)
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where |||z, 0,r) < ¢(T, K). Summing inequalities (3.28)) with respect to 7, using estimate (3.17) and
applying Gronwall lemma we complete the proof. O]

In this section it remains to prove Theorem [1.2]

Proof of Theorem[I.2. Overall, the proof repeats the proof of the existence part of Theorem [I.1] The
desired solution is constructed as a fixed point of the map © from . In comparison Wlth .
here we obtain the following estimate: let

min (4l — 25 — 2k — (2m + 1)bs(4, k, m))

j,k,m

2
o= v (3.29)

(note that o > 0 because of (1.16])), then

-1 -1 2
lg;(t, 2, v, ... 7891;1@) H(LQZ/(QZ—]')(O7T;L2( DS o(T)T° Z Z HU Q1) (3.30)
k=0 m=0 i=1
and similarly to (3.6)), (3.9)
10| x (@ < c(T)co + (T ﬂv@ﬂggﬂ +ng@)> (3.31)

|©v — Ovs||(x
< >TU (1l @y + 102 oy + 1011 iupe + 2l e )
X ||’Ul — UQH(X(QT))n. (332)
Now for a fixed 6 choose T, > 0 such that
4e(To) T ((2¢(T)8)™ + (2¢(Tp)8)™) < 1 (3.33)

(it is possible since ¢(T") does not decrease in T") and then for every 17" € (0, Tp] choose an arbitrary
r such that
r>2c¢(T), 4c(T)T°(r" +r) <1 (3.34)

(this set is not empty because of (3.33)). Then the map © is a contraction on the ball X,.,(Qr).

In order to prove uniqueness in the whole space note that for an arbitrarily large r the value of
Ty can be chosen sufficiently small such that the solution of the considered problem u € (X (Qz,)")
is the unique fixed point of the contraction © in X,,(Qr,). O

4 The inverse problem

We start with the linear case. The following lemma is the crucial part of the study.
Lemma 4.1. Let the assumptions on the functions a; from the hypotheses of Theorem be satisfied.
Let condition be valid and for any i = 1,...,n, satisfying m; > 0, for k =1,...,m; the func-
tions wy; satisfy condition (1.12)), ¢k € WB(O,T), hii € C([0,T]; La(I)) and for the corresponding
functions 1y conditions (1.19)) be satisfied.

Then there exists a unique set of M functions

F={Fut),i:m>0k=1.m}
= D{niri:m; >0,k =1,...,m;} € (L1(0,T))"
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such that for f = (fi,..., fu)t = HF, where for any i = 1,....n the function f;(t,z) is presented
by formula (L1.4), where ho; =0 (f; =0 if m; = 0), the corresponding function

u=Syf = (So0 H)F, (4.1)

satisfies all conditions (1.5). Moreover, the linear operator T' : (Wll(O,T))M — (Ll(O,T))M

bounded and its norm does not decrease in T'.

Proof. First of all note that by virtue of (1.18]), (1.19)
A1) = Ao > 0, [Prsa(t)] < tbo, €0, T]. (4.2)

On the space (Ll(O, T))M introduce M linear operators Ag; = Q(wy;) o Spo H. Let A = {Ay;}.
Then since HF € (L;(0,T; Ly(I)))" by Theorem and Lemma [2.1| the operator A acts from the
space (L1(0, T))M into the space (Wf((), T))M and is bounded.

Note that the set of equalities pp; = A F, @ : m; > 0,k = 1,...,m;, for F € (Ll(O,T))M
obviously means that the set of functions F' is the desired one.

Let for ¢ verifying m; > 0

Tt g, wy) = (1) /Ui(t7$) <a(2l+1)iwl(£l+1) — agzé«);ﬁ”) dx
I

P Yy / (t,2) | (@m0 = (a@ime) D] do, (4.3)

m=1 j=0

where u = (uy,...,u,)" = (So 0 H)F. Then from (2.17) it follows that for q(t; u;, wi;) = (AkF) (t)

q (t; uiy wii) = (L wiy whi) + Z ()i (1), (4.4)

7j=1

where the functions ;; are given by formula (1.18)). Let
Uei(t) = ¢ (B us, wis) — Tt ug, W), k=1,...,m,. (4.5)

and Ay, (t) be the determinant of the m; x m;-matrix, where in comparison with the matrix (Vrji(t))
the k-th column is substituted by the column (y1,(), . .. ,ymii(t))T. Then (4.4) implies

_ M),
Palt) = Fg k=1om: (4.6)
Let
2i(t) = @ri(t) = Tt ug, i), k=1,...,my, (4.7)

and Ag;(t) be the determinant of the m; x m;-matrix, where in comparison with Akz(t) the k-th
column (yy;(t), . . . ,ymii(t))T is substituted by the column (z1;(t),. .. ,zmii(t))T.
Introduce operators Ay; : L1(0,7) — L1(0,T) by

(A F)(t) = (4.8)

and let AF = {A,F}, A: (L(0,7)" — (L,(0,7))"
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Note that ¢g; = A F, for all o : m; > 0,k =1,...,m; if and only if AF = F.

Indeed, if pp; = A F, then ¢}, (t) = ¢'(t; u;, wy;) for the function q(; u;, wi) = (Ale) (t) and
equalities ([4.5)), yield Ay (t) = Api(t). Hence, AF = F.

Vice versa, if AF = F, then A(t) = Agi(t) and the condition A (t) # 0 implies 24 (£) = yri(t)
and so ¢}, (t) = ¢ (t; us, wii). Since g (0) = q(0; u;, wy;) = 0, we have q(t; u;, wi;) = pri(t).

Next, we show that the operator A is a contraction under the choice of a special norm in the
space (Ll(O,T))M.

Let Fy, F, € (Ll(O,T))M, Um = (So 0o H)F,,, m =1, 2, and let A}.(t) be the determinant of the
m; X m;-matrix, where in comparison with the matrix (Q/Jkﬁ(t)) the k-th column is substituted by
the column, where on the j-th line stands the element 7(¢; u1;, wj;) — 7 (t; g, wyi) = 7t w1 — ug;, wji).
Then

AL(t)
(AwiF1) (1) — (AriF2) () D) (4.9)
By ([2.8)) for t € [0,T]
lua(t, ) = ualt, Ml zamyr < () DD Mhjilleqomizam 1 Fiii = Fajill ao- (4.10)
im; >0 j=1

Let v > 0, then by virtue of (4.2)), (4.3)), (4.9) and (4.10)

e (AFT — AF)|| (1,0,

c({llwiillazs} o) (T
- ({llew; HAo ) )/ e M ua(t, ) = walt, M (zacryn dt
0

< (T, ({llwjill r2er¢ry b o, {lhilleqotszaay )

T t m;
X / B_Vt/ Z Z|F1ji(7—)_F2ji(7—)|d7_dt
0 0

im;>0 j=1

T my; T
C
— e / S S |Fii(r) — Fo(r)] / e dtdr < S (R~ Pl ayoy (41)
0 T

im; >0 j=1

It remains to choose sufficiently large ~.
As a result, for any set of functions ¢y; € (Wf(O,T))M there exists a unique set of functions
F € (L4(0, T))M satisfying AF = F', that is ¢3; = Ay F'. This means that the operator A is invertible

and so the Banach theorem implies that the inverse operator I' = A~! : (Wf((), T))M — (L1 (0, T))M
is continuous. In particular,

IT{eri}zoompyr < e(T){onit g 0.y (4.12)

For an arbitrary 77 > T extend the functions ¢y, by the constant ¢, (T") to the interval (T, 17).
Then the analogue of inequality (4.12]) on the interval (0,7}) for such a function evidently holds with
¢(T) < ¢(T). This means that the norm of the operator I' is non-decreasing in 7. O

The next result is the solution of the corresponding inverse problem for the full linear problem.

Theorem 4.1. Let the function f be given by formula (1.4) and condition (1.6) be satisfied. Let the
functions a;, uo, (po,---,i-1), Vo, 1), ho, @i, Wki, hii satisfy the hypothesis of Theorem
and the functions G; satisfy the hypothesis of Theorem .
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Then there exists a unique set of M functions
F={Fut),i:m; >0,k=1,....,m;} € (L (0, 7)™

such that the corresponding unique weak solution u € (X(QT))n of problem (2.3)), (1.2), (L.3)) satisfies

all conditions (1.5). Moreover, the functions F' and u are given by formulas

l
F= r{% — Qi) (SW + Soho + Y SjGj)i}, (4.13)
j=0
_ l
u=SW + Soho+ > _ S;G;+ (So 0 H)F. (4.14)
§=0

Proof. Set
~ l ~
v = S(Uo, (,U,o, ce 7/”—1)7 (Vo, ce Vl), ho, (Go, e ,GZ)) = SW + Soh() + Z SjGj.
=0
Lemma implies Q(wy;)v; € W(0,T). Moreover, by virtue of (1.17) Q(wg; ’Uz‘t o = ¢i(0). Set
Ohi = Pri — Q(wki)vi;

then ¢p; € /vall(O, T). In turn, Lemmaimplies that the functions F' = I'{@; } and u = v+(Spo H ) F'
provide the desired result. Uniqueness also follows from Lemma [£.1] O

Now we pass to the nonlinear equation.

Proof of Theorem[[.3] On the space (X (Qr))" consider a map ©

!
u=0v=SW+ Syhy — Z §jgj(t,x, v, ..., 05 ) + (Sp o H)F, (4.15)
=0
~ l ~
F= F{goki — Q(wki) (SW + Sohg — Z S;g;(t, v, ... ,8;‘111)%}. (4.16)
=0

Then estimate (3.5) and Theorem applied to G;(t, ) = g;(t,z,v,...,0, " v) ensure that the map
O exists.
Apply Lemmas and , then the function F' from (4.16)) is estimated as follows:

1 F (i < (T )[HUOH Lo(ryr + (o - -+ =) | =102 + [ (Vo - - )l sr0.2))m
+ ||h0||(L1(0TL2 e+ ki s oanm + 101 Gy + 101G G |3 (417)
therefore, since also
HFNworzamyr < max— ([[illogoryzam) I llz oy

Theorem provides for the map © estimate (3.6)).
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Next, for any functions vy, vy € (X (QT))n since
l ~
Ouv; — Ouy = — Z S; [gj(t, z,01, .., 05 ) — gi(t, T, 0, ,8;’102)}
§=0

+ (SO oHo F){Q(wkl)< gj [gj(t,l', Viy. .. ,853711)1) — gj(t,iC, Vo, ... ,8;’11)2)Di}, (418)

!
=0
using (3.8) we derive estimate (3.9)).
Now choose 7 > 0 and 6 > 0 as in (3.10]), (3.11). Then it follows from (3.6) and (3.9)) that on

the ball X,,(Qr) the map © is a contraction. Its unique fixed point u € (X(Qr))" is the desired
solution. Moreover, Theorem implies that the function F' in (4.16)) (for v = ) is determined in
a unique way.

Continuous dependence is obtained similarly to (3.6)), (3.9). ]

Proof of Theorem[1.4] In general, the proof repeats the previous argument. The desired solution is

constructed as a fixed point of the map © from (4.15)), (4.16). In comparison with (3.6)), (3.9 here

(also with the use of (4.18)) we obtain estimates (3.31)) and (3.32]), where o is defined in (3.29)).
The end of the proof is the same as in Theorem (with the corresponding supplements as in

Theorem |1.3]). ]

Acknowledgments

This paper was written under the financial support of the Russian Science Foundation, grant 23-21-
00101.



o2

(1]

2]

13

4]

[5]

(6]

17l

18]

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

0.S. Balashov, A.V. Faminskii

References

R.D. Akhmetkaliyeva, T.D. Mukasheva, K.N. Ospanov, Correct and coercive solvability conditions for a degen-
erate high order differential equation. Eurasian Math. J. 14 (2023), no. 4, 9-14.

0.V. Besov, V.P. II'in, S.M. Nikol’skii, Integral representation of functions and embedding theorems. J. Wiley,
1978.

E. Bisognin, V. Bisognin, G.P. Menzala, Asymptotic behavior in time of of the solutions of a coupled system of
KdV equations. Funkcialaj Ekvacioj, 40 (1997), 353-370.

E. Bisognin, V. Bisognin, G.P. Menzala, Fxponential stabilization of a coupled system of Korteweg—de Vries with
localized damping. Adv. Differential Equ., 8 (2003), 443-469.

J.L. Bona, J. Cohen, G. Wang, Global well-posedness for a system of KdV-type equations with coupled quadratic
nonlinearities. Nagoya Math. J., 215 (2014), 67-149.

J.L. Bona, Z. Gruli¢, H. Kalish, A KdV-type Boussinesq system: from the energy level to analytic spaces. Discr.
Cont. Dyn. Syst., 26 (2010), no. 4, 1121-1139.

J. Bona, G. Ponce, J.-C. Saut, M. Tom, A model system for strong interactions between internal solitary waves.
Comm. Math. Phys., 143 (1992), 287-313.

A.V. Faminskii, Controllability problems for the Korteweg—-de Vries equation with integral overdetermination.
Differential Equ., 55 (2019), no. 1, 1-12.

A.V. Faminskii, Odd-order quasilinear evolution equations with general nonlinearity on bounded intervals.
Lobachevskii J. Math., 42 (2021), no. 5, 875-888.

A.V. Faminskii, On inverse problems for odd-order quasilinear evolution equations with general nonlinearity. J.
Math. Sci., 271 (2023), no. 3, 281-299.

A.V. Faminskii, N.A. Larkin, Initial-boundary value problems for quasilinear dispersive equations posed on a
bounded interval. Electron. J. Differential Equ., 2010, no. 1, 1-20.

A.V. Faminskii, E.V. Martynov, Inverse problems for the higher order nonlinear Schrddinger equation. J. Math.
Sci., 274 (2023), no. 4, 475-492.

J.A. Gear, R. Grimshaw, Weak and strong interactions between internal solitary waves. Stud. Appl. Math., 70
(1984), no. 3, 235-238.

U.A. Hoitmetov, Integration of the loaded general Korteweg-de Vries equation in tne class of rapidly decreasing
complez-valued functions. Eurasian Math. J., 13 (2022), no. 2, 43-54.

F. Linares, M. Panthee, On the Cauchy problem for a coupled system of KdV equations. Commun. Pure Appl.
Anal.; 3 (2004), 417-431.

S. Lu, M. Chen, Q. Lui, A nonlinear inverse problem of the Korteweg—de Vries equation. Bull. Math. Sci., 9
(2019), no. 3, 1950014.

A.J. Majda, J.A. Biello, The nonlinear interaction of barotropic and equatorial baroclinic Rossby waves. J.
Atmospheric Sci., 60 (2003), 1809-1821.

J. Marshall, J. Cohen, G. Wang, On strongly interacting integral solitary waves. J. Fourier Anal. Appl., 2 (1996),
507-517.

C.P. Massarolo, A.F. Pazoto, Uniform stabilization of a coupled system of the Kortrweg—de Vries equations as
singular limit of the Kuramoto—Sivashinsky equations. Differential Integral Equ., 22 (2009), 53-68.

C.P. Massarolo, G.P. Menzala, A.F. Pazoto, A coupled system of Korteweg—de Vries equation as singular limit
of the Kuramoto—Sivashinsky equation. Adv. Differential Equ., 12 (2007), 541-572.



On direct and inverse problems for systems of odd-order quasilinear evolution equations 53

[21] S. Micu, J.H. Ortega, A.F. Pazoto, On the controllability of a coupled system of two Korteweg—de Vries equations.
Comm. Contemp. Math., 11 (2009), no. 5, 799-827.

[22] D. Nina, A.F. Pazoto, L. Rosier, Global stabilization of a coupled system of two generalized Korteweg—de Vries
equations posed on a finite domain. Math. Control Relat. Fields, 1 (2011), no. 3, 353-389.

[23] A.F. Pazoto, L. Rosier, Stabilization of a Boussinesq system of KdV-type. Systems Control Lett., 57 (2008),
595-601.

[24] A.L Prilepko, D.G. Orlovsky, I.A. Vasin, Methods for solving inverse problems in mathematical physics., Marcel
Dekker Inc., New York—Basel, 1999.

[25] J.-C. Saut, L. Xu, Long time existence for a strongly dispersive Boussinesq system. SIAM J. Math. Anal., 52
(2020), no. 3, 2803-2848.

Oleg Sergeevich Balashov, Andrei Vadimovich Faminskii
S.M. Nikol’skii Mathematical Institute

RUDN University

6 Miklukho-Maklaya St

117198 Moscow, Russian Federation

E-mails: balashovos@s1238.ru, faminskiy-av@pfur.ru

Received: 20.06.2024



	Introduction. Notation. Description of main results
	Preliminaries
	The direct problem
	The inverse problem

