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1 Introduction

In this paper, we consider estimates for decreasing rearrangements of convolutions. The books by
S.G. Krein, Yu.l. Petunin and E.M. Semenov [12], C. Bennett and R. Sharpley [3] contain main
definitions and basic facts related to this topic. The properties of the classical Bessel and Riesz
potentials are described in the books by V.G. Maz’ya [13], S.M. Nikol’skii [14], E.M. Stein [17].

In Section 2 of the paper, we obtain two-sided estimates for convolutions for some classes of radial
symmetrical functions. The case of functions that are positive on R™ is considered here. In Section 3
we consider the case, where one of the convolved function has support contained in the finite ball
Br = {x € R" : |z| < R} for some R € (0,00). Such consideration will be useful for application of
these results to generalized Bessel potentials. In that case the kernel of the convolution is splitted
into two parts, and one part is supported in Bg.

We apply these estimates in Section 4 to obtaining two-sided estimates for symmetrical and
decreasing rearrangements of convolutions. These estimates give, in particular, a reversal of the well-
known inequality for convolutions proved by R. O’Neil [16]. They develop and refine the estimates
obtained in our papers [5]-[6], [8]-[10]. We will use these results to justify pointwise and integral
coverings for cones of decreasing rearrangements for generalized Bessel-Riesz potentials. As a result,
exact descriptions of equivalent cones for cones of decreasing rearrangements of potentials will be
obtained. They develop the results of our works [9], [10]. Note that E. Nursultanov and S. Tikhonov
[15] obtained some further developments of O’Neil’s results. For researches related to the topic, see
2, @, 7).

In Section 5 we prove a lemma which may be useful in many considerations related to the subject
of this paper. The proof of this lemma is related to the proofs of Theorems in Sections 2—4.
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2 Two-sided estimates for convolutions. The case R = oo

Let a € (1,00), R € (0, 0].

Definition 1. As J,(0c0) we denote the class of all measurable functions F' : (0,00) — (0, 00), such
that for all £ € (0, 00)

7€ [€,26] implies o 'F(§) < F(r) < aF(§). (2.1)
Remark 1. Let a € (1,00), F' € J,(00), m € N, £ € (0,00). Then, the following estimate holds
n€[§,2"E] = o MF(§) < F(n) < o™ F(E). (2.2)

Proof. Let us use the method of induction.

For m =1 estimate for F' € J,(o0) follows from the definition.

Assumption of induction: assume that estimate holds for all numbers from 1 to m. Step of
induction: let us prove that then it is true for the number m + 1.

For n € [£,2mT¢] = [€,2m¢]J[2m¢, 2mF1E] we have on [€,27¢] estimate (2.2), and for n €
[2m¢ 2mT1¢] the estimate holds for F' € J,(00)

a ' F(27€) < F(n) < aF(27¢).
For n = 2™¢, according to (2.2), a ™ F(§) < F(2™¢) < a™F(£), so that we obtain
a”MIPE) < F() <a™IPE), e 27,27,
Recall that o > 1, so that implies, in particular, that
a” V() < F(n) < o™ VF(6), 5 e [g,27g).
These estimates give the desired inequality:
a”MIEE) < F(y) <a™IPE), e g2
O

Definition 2. As J,(R) with R € (0, c0) we denote the class of all measurable functions F' : (0, 00) —
[0,00), such that FI(§) >0, ¢ € (0,R], F(§) =0 for { > R and

¢ € (0,R), 7 € [§,min {26, R} = o ' F(§) < F(r) < aF(§).
For a function F € J,(R), R € (0,00) we have an analogue of (2.2)):
€€ (0,R),7 € [¢,min{2™¢ R} = a ™F(§) < F(1) < a™F(§). (2.3)

The following remark shows the link of two-sided estimates for the left and the right ends of the
segment [£, 2"€].

Remark 2. 1. Let a € (1,00). From (2.2) it follows easily that for 8 = o?
T € [§,27¢] = fTTF(2ME) < F(7) < pTF(279). (2.4)

2. Let 8 € (1,00). From (2.2)) it follows easily that for a = 32

TE[5,27¢ = a7 "F(§) < F(r) < a™F(§). (2.5)
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The next remark shows the link of two-sided estimates for any two points of the segment [¢, 2™¢].

Remark 3. Let a € (1,00), m € N, F' € J,(00), so that estimate (2.2)) holds. Then, it follows easily
that for any two points ¢, 7 € [¢,2™¢] the following estimate holds:

aPME(t) < F(1) < o™ F(t).

Remark 4. Let a € (1,00), m € N, R € (0,00), F' € J,(R), so that estimate (2.3 holds. Then, it
follows easily that for any ¢, 7 € [, min {2™¢, R}] the following estimate holds:

aPME(t) < F(1) < o®™F(t).

Theorem 2.1. Let a, 3 € (1,00); F € Jo(00), G € Js(0), z € R* = {z € R*, z # 0},

f(z) = F(|z]), g(x) = G(|z]); (2.6)
u() = (f % g)(x) = / F )9 — y)dy: 27)
() = / (F(NG (2] + 7) + Flz] + 7)G(r)] 7 dr. (2.8)

0

Then, there exist constants ¢; = ¢;(a, f,n), i = 1,2, such that 0 < ¢; < ¢3 < 00 and
au(z) < a(z) < cou(z), = eR™ (2.9)

Proof. 1. Let S" ! = {w € R" : |w| = 1} be the unit sphere in R", C,, = [ dw = 27"/*T'(n/2)"*
Sn—1
be the integral over all angles in S™~!.

For 2 € R" we introduce the spherical system of coordinates with the center at the point 0 and
the polar axis Ly such that x € Ly. In the spherical coordinates for y € R" we have

y=(r,w), 7=yl >0,we S

and we obtain that

JE(yDG(|2| + |y)dy = fF G(|lz| +7) (Sf dw) ldr

Rn n—1

=C, [ F(1)G(|z| + )" dr. (2.10)

Let Q = B(x,|z|/2) be the ball with the center x and the radius r = |z|/2. Tt follows from

and that

u(z) :/F(\y[)G(\x—y\)dy:h—i-[g, r € R, (2.11)

R~
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where

I = / F(y)G(lx — y))dy, L = / F(ly)) Gl — yl)dy. (2.12)

For y € R™\ Q we have |z| < 2|z — g, so
yl=ly —z+a[ <|y—=z|+|z| <3y -l
Then,
v —y| < o] + |yl <5le —yl <2l —yl, yeR"\Q,
and for G € Jz(o0) it follows from (2.2)) with m = 3, a = [ that

A7 <Gzl + ly))/Gllz —yl) < 8%, yeR"\ Q.

It means that
571 [ PGl + ly)dy < P11 (2.13)
R7\Q

The left-hand-side inequality in (2.13]) shows that

1< g / F(y)G(lx] + lyl)dy.

R~

Therefore, analogously to (2.10) we obtain in the spherical coordinates

I < Bgc’n/F(T)G(]a:\ +7)" T (2.14)

0

Moreover, let Kq be a minimal cone with the cone apex at the origin, such that 2 C Kq.
Denote

Zgz{wesnlzwgéf(g},an:/dw;

Za

AQ:{wES"_lszKQ},én:/dw.
Aq

Our construction is such that the sets Kq, Yq, Aq are the same for all x € Ly, they depend
only on dimension n. Moreover, g N Aq = {0}, Yg U Aq = S* 1. Then, 0 < 0,,0,,
op+ 0, = f dw = C,, so that, in particular, 0 < o, < C,.

Sn—l

Note that Q C Kq = R™\ Ko C R™\ Q. Thus, the right-hand—side estimate in (2.13)) implies

L>p" / F(y)G(lz] + ly)dy > 5~ / F(y))G(J] + ly])dy.

Rn\ﬂ R”\KQ

Like in ([2.10]), we obtain in the spherical coordinates that
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| PGl + by = [ F@G(al +7) ( [ do| 7 ar
R™\Kq 0 i
/F G(lz| + )"~ Ldr.
0
As a result,

0
Estimates (2.14]) and (2.15)) give the two—sided inequality:

B30 < /F G(|z|+ )" tdr < BPo;, (2.16)
0

. We move on to the estimates for I, = fF lyG(|z — y|)dy. For y € £ we have

< o .
yeQ— |y|_|w3|+|y frr|,1
Blyl > 5lz| = |x| + 5lz| > [=| + |y — z].

Thus, y € @ = 27%(Ja| + |y — 2[) < |y| <[] + |y — 2.
For F' € J,(00) it follows from here and from Remark [2| (see (2.4))) that

Pz +y —zl) < F(lyl) < o®F(l2[+ ]y —2]), ye.

Therefore,

a?l, < /F(|x! +y —2))G(ly — z|)dy < ®Is.
)

We introduce the spherical system of coordinates with the center at the point x and the spherical
radius A = |y — z|. Then,

yEQyFrey—r=0w),0<A=ly—a| < ol/20e5,

and we obtain the following equality with C,, = [ dw = 27"/?T'(n/2)~"
Sn—1

|=|/2

/ Flz] + |y — 2)G(ly — zl)dy = C, / F(lz] + NG 1A,

[en]

SO
|| /2

020, < / Fllz| + NGO 1dA < 201D, (2.17)

n

[e=]
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3. For the further consideration it is convenient to use the following notation: let
A(x), B(x),C(z), D(x), E(x) > 0, x € R". We write D(z) = E(x) if there exist constants
¢; = ¢i(a, B,n), i =1,2, such that 0 < ¢; < ¢y < 00 and

e D(z) < E(z) < e;D(z), x € R™. (2.18)
Let us note that if .
0 <C(x) < c3A(x),z € R", (2.19)
with 0 < ¢3 = e3(a, B,n) < 00, then
A(x) + B(z) 2 A(z) + B(z) + C(z),2 € R™. (2.20)

Indeed, according to ([2.19)
A(w) + B(z) < A(z) + B(z) + C(x) < (1 + ¢3)(A(x) + B(x)),z € R™.
Let here (see estimates (2.16]), (2.17)

Alx) =1 = /F(T)G(|x| + 1) dr,

Bla) =L = / F(j2] + 7)G(r)rdr,

() = / F(lz] + 7)G(r)r Ydr.
(/2
For 7 > |x|/2 we have |z| < 27, so that

T <|z|+7 <31 = |z|+ 7€ [r,2%7].
Therefore, for F' € J,(00), G € Jg(co) we have estimates like in ([2.2):
F(lz|+7) < a®F(r), G(r) < B*G(lz] +7),

so that
0<Cw) < a3 [ F@G(lal + 17 dr < @2 [ F)G(al + )5,
(/2 0
that is |
0 <C(x) < c3A(x),z € R"™. (2.21)

Let us consider

() = / [F(T)G(|z| +7) + F(|z| + 7)G(1)] 7" tdr = A(x) + B(z) + C(x).

Estimates (2.19) -(2.21)) show that here
A(x) + B(z) + C(x) = A(z) + B(x).

Therefore,
u(x) = A(z) + B(x) = 11 + Iy = u(zx).

This completes the proof of estimate (2.9)).
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Corollary 2.1. Under the assumptions of Theorem [2.1] the following two-sided estimate holds:

|| || 0o

ule) = F(el) [ G tar + Gllal) [ F@yrtdr - [ PG ar

0 0 |z]
with positive constants depending only on o, B,n (as in (2.18])).

Proof. Indeed, for functions F' € J,(o0), G € Jz(00) we have

F(lz[ +7) = F(z]), G(lz]+7) = G([z]), 7€ (0, ]z[];

F(lz|+7) = F(r), G(lz|+7)=G(r), 7> |zf;
and estimate (2.9) implies ([2.22)).

(2.22)

O

Remark 5. Under notation (2.6))- (2.8)) let functions ' and G be nonnegative and decreasing. Then,

u(z) > 27 Crii(z),x € R",  Cy = 27"T'(n/2)7".

Proof. For decreasing functions F' and GG we have:

ly— 2| < lz| + |yl = Fly —z) = Flz| + [y]), G(ly —z[) = G(|=] + [y]).

Then,

ulz) = / F(ly)G Jy — )y > / F(lyDG (] + lyl)dy.

Rn R™

Thus, in the spherical coordinates we have
u(z) > C’n/F(T)G(|:L'| + 1) 7" T
0

Butu=f*xg=g¢gxf,so

u(z) = / Flz — y)G(lyl)dy > / Flz] + [5)C(ly))dy.

R™ R7
In the spherical coordinates we have

u(z) > Cn/F(|x| +7)G(T)r" tdr.

0

We add estimates (2.24)), (2.25)) and obtain that

() > C,, / (F(HG (2| + ) + F(la| + 7)G()] 7 'dr = Crii(x).

This implies estimate ([2.23)).

(2.23)

(2.24)

(2.25)

(2.26)
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Corollary 2.2. Under the assumptions of Remark[p| the following estimate holds for the symmetrical
rearrangement of convolution

o

u?(p) > 2_1Cn/ [F(T)G(p+7)+ F(p+71)G(7)] 7" dr, p € (0,00). (2.27)

0
Indeed, estimate ([2.23]) implies the related estimate for symmetrical rearrangements:
u(p) > 271Ca* (p), p € (0, 00).

But, under the assumptions of Remark , function @ ([2.8) is nonnegative, radial symmetrical and
decreasing as the function of p = |z|. Therefore, its symmetrical rearrangement u# coincides with

the integral in the right-hand side of (2.27)).

3 Two-sided estimates for convolutions. The case R < oo

First, we formulate a useful technical result.

Lemma 3.1. 1. Let G € Jz(0), € € (0,00). Then,
£/2 ¢ £/2
/G()\))\"_ld)\ < /G()\))\”_ld)\ <(1 +2nﬁs)/G()\))\”_1d)\. (3.1)
0 0 0

2. Let F € J,(R), £ € (0,R]. Then,

£/2 3 £/2
/ F)A" 1l < / FO)N" 1\ < (1 +2"a?) / F(A)A" L. (3.2)
0 0

0

Proof. We will prove (3.1]) (for (3.2)) the proof is analogous). For G € Jg(co) we have

£/2 3
G(\) > 0= /G(/\)A”‘ld)\ < /G(/\))\"_ld/\. (3.3)

0

Thus, the left part in estimate (3.1]) holds. Let us prove the right part in estimate (3.1). Note that
for G € Jg(0), € € (0,00) we have inequalities

BTIG(E/2) < G(N) < BG(E/2), A € [€/2,€].

Therefore,
3 9 9
B_lG(f/Q)/)\"_ld)\ < /G()\))\"_ld)\ < 5G(§/2)/)\”_1d)\,
£/2 £/2 £/2

and we obtain by calculation of integrals

¢
BinTH(1-27ME"G(E/2) < /G(A)X‘_lcﬂ < BT (1 =278 G(E/2). (3.4)
§/2
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Moreover, by application of Remark [3| we have for G € Jz(o0)

BTG(E/2) < G(N) < BG(E/2), A€ [€/4,€/2],

and, therefore,

£/2 £/2
/G()\))\nld)\ 2 572 /)\nld)\ G(5/2) — 672n7127n(1 _ 27n>5nG(£/2)
£/4 §/4
Thus,
£/2 £/2
/ G dA > / GN"HN > 271271 — 27")E"G(£/2).
0 £/4

Together with the right estimate in (3.4) this shows that

3 £/2
/ GOIA1dN < 278 / GOON1d),
£ 0

and we obtain

€ £/2 ¢ £/2
/G()\))\"_ld)\: /G()\))\"_ld)\—{—/G()\)/\”_ld)\ < (1+2”63)/G()\))\n—1d>\‘
0 0 &/2 0
Thus, we arrive at the right estimate in (3.1)). -

Corollary 3.1. Let 0 < p < 1, m € N be such that 27™ < p < 2™ Then, the following estimates
hold.

1. For1 < f < oo, G € Jzg(0), £ € (0,00) we have

pE 9 pE
/G()\))\"ld)\ < /G(A)A”ld)\ <(1+ 2”53)m/G()\))\"1dA. (3.5)
0 0 0

2. Forl<a<oo,0<R<oo, FelJy,(R), €€ (0,R] we have
pE £ P
/ FOOMd\ < / FOON LA < (1 +270%)" / FO)Ad. (3.6)
0 0 0

Proof. We will prove (3.5)) (for (3.6) the proof is analogous). The left estimate in (3.5 is evident.
By induction we can easily prove that for m € N the following estimate holds

27me

3
/ G)N"HA < (14 278%)" / G(A)A"HdA. (3.7)
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Indeed, for m = 1 it coincides with . Assumption of induction is that it holds for all numbers
from 1 to m. Then, for the number m + 1 we have by application of with 27™¢ instead of
€ €(0,00):

o—m¢ 2—(m+1)¢

/ G d) < (1 + 2”53) / G(MA" A

0 0
Therefore, application of shows that

13 2—(m+1)§
/ GO 1dA < (14278%)" / G(A)A" L.
0 0
Thus, (3.7) holds for any m € N. Therefore, for 27™ < p < 27! we have
9 2mmg 123
/G(A)/\"ld)\ < (142"%)" / G HdA < (142"6%)" / G(A)A" A
0 0

0

This is the right estimate in ((3.5]). O]
Theorem 3.1. Let
a,f€(l,00), Re (0,00), F € Ju(R), G € Jz(0); (3.8)
f(x) = F(lz]), 9(x) = G(|z|),z € R, (3.9)
ule) = (£9)() = [ 1o =gy = [ F@)gle~ y)dy, z € B (3.10)
R’!L RTL

For x € R™ we define u(z) by the following formulas:

1. If |z| < 2R/3, then
R—|z| R
ii(z) = / Fllz] + N)GO)A™1dA + / FOVG(|2] + MAm1d), (3.11)
0

0

2. If 2R/3 < |z| <4R/3, then
a(z) = F(R) / GM)A" 1A\ + G(R) / F(A)A" 1. (3.12)

3. IfAR/3 < |z| < oo, then

a(z) = G(lz]) [ FINA" A, (3.13)

St~

Then, there exist constants ¢; = ¢;(a, f,n), 1 =1,2, 0 < ¢; < ¢ < 00, such that

au(z) < a(z) < cou(x), & € R™, (3.14)
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Proof. 1. We_consider the case |z| < 2R/3. In this case the proof is similar to the proof of
Theorem Let Q = B(z, |z[/2) be the ball with the center x € R" and the radius r = |z[/2.
Note that for 0 < |z| < 2R/3 we have 2 C Br = B(0, R). Let Bg = B(0, R) \ {0}.

We will take into account that F'(Jy|) = 0 for |y| > R and obtain

u(z) = /F(|y|)G(|a: Dy = w4 s, x € R, (3.15)
where R
uyp = / F(ly)G(Jx —yl)dy, up = /F(|y|)G(|93 —y|)dy. (3.16)
BRr\Q Q

For y € Bg \ Q we have |z| < 2|z — ], so

yl=ly—z+a| <|y—a|+z] <3y -2l
Then, )

[z —yl < el + [yl <5z —yl, yeBr\,

that is
[z —yl/ (2| +yl) € [57',1] € [27°,1],

and for G € Js(c0), y € B \ Q we obtain from (2.2) (with m = 3, £ = 27?) that

e =yl (] + ) € [6.2°€] = 67 < Gz — /Gl + W) < B (3.17)
It follows from that
55, < /zwmm¢w+MMysﬁm. (3.18)
Br\Q

The left—-hand-side inequality in (3.18]) shows that

msm/mmmmwwwy

Br

For 2 € R" we introduce the spherical system of coordinates with the center at the point 0 and
the polar axis Ly such that x € Ly. In the spherical coordinates for y € Br we have

y=(r,w),0<7=|y <R wes"

Analogously to (2.10]), we obtain that
R
uy < Bgcn/F(T)Gﬂxl + 1) T (3.19)
0

Here C,, = 27"/?T'(n/2)~". As in Theorem [2.1] we introduce the minimal cone Kq with the
cone apex at the origin, such that Q C K, and define

EQ:{WGSH_13W¢K9},Jn=/dw; AQ:{wGS"_I:weKQ},én:/dw'

ZQ AQ
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We have y = |y|lw € Br \ Kq for w € ¥ and for any 0 < |y| < R. Note that our construction
is such that the cone K and o, §, do not depend on = € Ly with 0 < |z| < 2R/3,they depend
only on the dimension n. Moreover, g N Aq = {0}, ¥q U Aq = S" L. Then, 0 < o,, dy;

Op + 0, = f dw = C,, so that, in particular, 0 < §,, < C,,. The right—hand-side estimate in
Sn—l

(3.18]) shows that
w > / F(y)G(lz] + lyl)dy.

Br\Kq

As in (2.10)) we obtain in the spherical coordinates that

R
[ FUGel + by = o [ FIG(Gal + 77
Br\Kaq 0
As a result,
R
uy > B3Jn/F(7)G(\xl + 7). (3.20)
0
Estimates (3.19)) and (3.20) give the two-sided inequality:
R
B2C Ty < /F(T)G(|x| + )" e < B M. (3.21)

0

We move on to the estimates for uy = [ F(|y|)G(|z — y|)dy. Note that
Q

< —yl < 23lz| < R:
yeQ— |y|_|fr;|+|fc y|_12|x|_ ;
Blyl > 3lz| = [x| + 5lz] > [2| + |z — yl.

Therefore, for y € {2 we have

ly| < |z] + |z — y| < min {2°|y|, R} .

For F' € J,(R) it follows from here and from ({2.3)) with m = 2 that
a?F(lz) + [z —yl) < F(ly) < *F(la| + |z —y]), ye.

Therefore,
o %uy < /F(|x! + |z — y|)G(|z — y|)dy < ous.
Q

In 2 we introduce the spherical system of coordinates with the center at the point z and the
spherical radius A\ = |y — z|. Then,

yGQ,y#m@)y—x:(A,w),)\:|y—x|:|x—y|E(O,|x|/2],w€5”_1,

and we obtain the equality
|z|/2
[ Fsl +Jo = )G~ wdy = Cu [ Flal + )GOINar
@ 0
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n—1

with C, = ( i dw) = 27"/2T'(n/2)~!. These estimates show that
s

|| /2
a 20ty < / F(lz| + M)GA)N"HdX < o 20 s, (3.22)

0

For the further con51derat10n let us recall the notation and properties - We

consider here (see estimates - (2:21)))

R
%/F Gllz] + NAm1d), (3.23)
|z] /2
- N/F|m|+/\ ()A1a), (3.24)
0
R—|z|
Clz) = / Flle] + NG)A™dA, (3.25)
/2

For |z|/2 < A < R — |z| we have |z| < 2\, so that
A < |z] + X < min{3X, R} < min {2°), R}.
Now, for F' € J,(R), o € (1,00) we can apply estimate with £ = A, m = 2. Then
F(|lz|+ A\) < a?F()).

For G € Jz(o0), B € (1,00) we will apply analogue of Remark [3[ with £ = A\, m = 2 and 3
instead of «, and obtain:
G(A) < B'G(|z] + ).

Therefore,

R—|z|

0<C(z) <a2B' [ FNG(|z| + \)Am1dA
/2
< 2Bt f FONG(|z] + NAN1dA < esA(z). (3.26)

Let us consider @(z) defined in We see from (3.23)) -(3.25) that
t(x) = A(x) + B(z) + C(x).

Estimates (3.20]) —(3.21]), (3.26]) show that here
A(z) + B(z) + C(z) = A(z) + B(z).

Therefore,
u(z) =2 A(z) + B(z) = ug + us = u(x).

This completes the proof of estimate (3.14) in the case |z| < 2R/3.



Order-sharp estimates for decreasing rearrangments of convolutions 21

2. Now we consider the case 2R/3 < |z| < 4R/3. Introduce the ball Qy = B(z/2,|x|/4) with the
center x/2 and the radius r = |z|/4. Note that Qy C Br = B(0,R). As in (3.15)), (3.16) we
have

u(r) = /F(|y|)G(!$ —yl)dy = wo(x) +uzo(x), weR, (3.27)

where

wole) = [ PG~ ybdy. wao(w) = [ Fu)Gl — sl

Br\Qo Qo
For y € Bgr \ Qo we have |z| < 4|z —y|, |y| < |z|+ |z — y| < 5|z — y|; so
[z =yl < 2| + |yl < 4z —y[ + 5]z —y| =9z —yl.
For G € Jg(oo) this implies that
Gllz —y) = Gzl +1yl), y € Br\Q,

and, therefore,

wrole) / F(luDC (2] + [ul)dy.

Br\Qo
As in (3.16) - (3.21) we obtain from here that
R
wio = / F(r)G(|z| + 7). (3.28)

0

But, for 2R/3 < |z| <4R/3,0 < 7 < R we have 2R/3 < |z| + 7 < TR/3 < 2%(2R/3), and for
G € Jsz(o0) according to the analogue of Remark |3| with £ = 2R/3, m = 2 and /S instead of «
we obtain G(|z| + 7) = G(R). Therefore,

wo(7) = G(R) / F(r)rldr. (3.29)

For y € Qg we have |z/2—y| < r = |z|/4, so that |y| < |z|/2+r = 3|z|/4 < R, |y| > |z|/2—7 =
|z| /4. Thus, we have
|z]/4 < |y| < 3|z[/4; 2R/3 <|[z[ <4R/3.

For F' € J,(R) it implies that
F(ly)) = F(lz|/4) = F(R), y € Qo.
Therefore,
waola) 2 F(R) [ Gl ~ yl)dy

Qo

In Qg we introduce the spherical system of coordinates with the center at the point z/2 and
the spherical radius A = |x — y|. Then,

|| /4
wro(z) = F(R) / GOONLdN, (3.30)
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For 2R/3 < |z| < 4R/3 we apply several times estimate (3.5)) with related choose of £ € R,
and obtain that
|| /4 R
/ GAMN"Hd) = /G()\)A”_ld)\. (3.31)
0 0

The constants in estimate (3.31)) depend only on 5, n (estimates of such type were proved in
Lemma [3.1). Together with (3.27) and (3.29)) this gives desired estimates (3.12), (3.14).

Remark 6. Under the assumptions of Theorem let 2R/3 < |z| < R. Then, we have the
equivalence
|z |z
u(x) = F(]x\)/G()\))\”ld)\—l— G(]x\)/F()\))\”ld)\. (3.32)
0 0
To show this let us note that for 2R/3 < |x| < R and for functions F' € Jo(R), G € Jz(o0)
we have F(R) = F(|z|), G(R) = G(|z]). Moreover, an application of Corollary of Lemma[3.]]

girves
|z |z

R
/G MAT TN =2 /G M)A, / M)A 1d)\%“/F M)A
0

0
This means that estimates (3.12), 4)) imply estimate (3.32]).

. Consider the case |z| > 4R/3. We have the equality

uw%=/Fﬂmxmx—MMy

Br

Note that |y| < R, |z| > 4R/3 = |z|/4 < |z —y| < 7|z|/4, and for G € Jz(o0) we obtain
G(|x —y|) = G(|z]), y € Bgr. Therefore,

R

wwgamw/ mmw—cauy/F )l

Br 0

4 Two—sided estimates for decreasing rearrangements of convolutions

4.1 Estimates for decreasing and symmetrical rearrangements

Here we consider estimates for decreasing and symmetrical rearrangements of convolutions. The
books by S.G. Krein, Yu.l. Petunin and E.M. Semenov [12], C. Bennett and R. Sharpley [3] contain
the main definitions and basic facts related to this topic. We recall some formulas.

Let h: R® — R be a Lebesgue measurable function such that its distribution function

M(y) = i {o € R < h(@)] >y}, € [0,0),

is not identically equal to infinity. Then, 0 < A,(y) | on [0,00). The decreasing rearrangement of
the function A is defined by the formula

h*(t) =inf{y € [0,00) : \p(y) < 7},7 € (0,00). (4.1)



Order-sharp estimates for decreasing rearrangments of convolutions 23

Note that 0 < h* | on (0,00). The symmetrical rearrangement h¥ is a radially symmetrical
function related to the decreasing rearrangement by the formulas

W (p) = " (Vup™),  1*(1) = ¥ ((r/Va)/"); p,7 € (0, 00). (4.2)

Here V,, is the volume of the unit ball in R™.
Moreover,
h(x) = H(|z]), 0 < H | on (0,00) = h¥(p) = H(p), p € (0,0). (4.3)

Theorem 4.1. Under the assumptions of Theorem let additionally F,G be decreasing. Then,
there exist constants ¢; = ¢;(a, B,n), i = 1,2, such that 0 < ¢; < ¢3 < oo and for the symmetrical
rearrangement of convolution (2.7) the following estimates hold

cyu® / (p+7)G(T) + F(1)G(p+ 1) 7" tdr < cou™(p), p € (0,00). (4.4)
Moreover,
>~ F(p) / G(r)™ tdr + G(p) /F(T)T"_ldT + /F(T)G’(T)T"_ldT (4.5)

with understanding = as in (2.18]).
Proof. From ([2.9)) it follows that

cru(p) < @ (p) < cou(p), p € (0,00).

Note that the function @ defined by ({2.8)) is radially symmetrical and decreases as a function of
p = |z|. Thus, according to (4.3) it coincides with its symmetrical rearrangement, and we can apply

definition (2.8]) with p = |z|. By Theorem [2.1] this proves estimate (4.4)).
Let us deduce (4.5)) from (4.4). We have

00 P 0o

/ F(p+7)G(r)r™ dr = / F(p+7)G(r)r™ dr + / Fp + 7)G(r)r" dr.

0 0 p
For 7 € [0, p] we have p+ 7 € [p, 2p], so that for the function F' € J,(0c0) there is the estimate:
a'F(p+71) < Flp) <aF(p+7).

Therefore,

p

! /F(p +7)G(r)m" " dr < Fp) /G(T)Tn_ldT < a/F(p +7)G(r)r" .

0 0

For 7 > p we have p+ 7 € [1,27], so that for the function F' € J,(00) there is the estimate:

a 'F(p+71) < F(r) <aF(p+7).
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Therefore,
ot [ Plo4nGinetar < [ FoGmmtar <a [ Flos 6t
P P p

So, we have the two—sided estimate

[e.9]

/F(p +7)G(T)r" Y = F(p) /p G(r)r" tdr + /F(T)G(T)TnldT.

0

[e.9]

p

Analogously, for G € Jz(00), we obtain

oo

/ F(r)G(p + 7)™ dr = G(p) /p F(r)yrtdr + / F(r)G(r)dr.

0

[e.9]

p

As a result,
ZO[F(p +7)G(r) + F(r)G(p+ 7)) " \dr
~ F(p) Opran—ldT +Gl(p) 0pr<7)¢“—1€1¢ ] F(r)G(r)rtdr.
P
We put this estimate into (4.4) and obtain (4.5). O

Remark 7. Note that the right-hand-side inequality in (4.4) follows immediately from Remark
and Corollary (see estimate (2.27))) without restrictions F' € J,, G € Js.

Corollary 4.1. Under the assumptions of Theorem [£.1] we define
p(A) = F (MV)Y"), o(A) = G (A Va)"), A € (0, 00). (4.6)

Then, the following estimate holds for the decreasing rearrangement of the convolution w:

t 00

W () = (1) / GOV + (1) / p(N)dA + / S(NE(N)A, £ € (0,00). (4.7)

0 ¢
with understanding = as in (2.18]).
Proof. We introduce the new variable A = V,,7" for integrals in (4.5). Then,

7= (\/V)Y", " = d)\/(nV},),
and we obtain from (4.5))—(4.6])

u*(p) = F(p) / B(NAA + G(p) / p(N)dA + / S(\B(A)A.

We put here p = (t/V,,)"/" and take into account notation (4.6) and the equality: u# ((t/V,)"/")
u*(t) (see (4.2))). Thus, we come to (4.7)).

CIol
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Corollary 4.2. Under the assumptions of Theorem[4.1] the following estimate holds for the decreasing
rearrangement of the convolution:

CO=r0 [eWeg 0 [ FRas [ Foeeiee s, @)

with understanding = as in (2.18)).
Proof. Indeed, formula (4.8) follows from (4.7) and from the equalities

flx) = F(lz]), 0 < F U= f#(p) = Flp) = f*(t) = F ((t/Vi)"") = (t),

g(x) = G(jz]), 0 < G L= g7(p) = Gp) = g*(t) = G ((t/Va)'/") = ¥ ().

[l
Remark 8. Note that under the assumptions of Theorem
2_nt1 <ty <t = f*(tl) < f*(tg) < (X2f*(t1). (49)

Indeed,

1/n 1/n 1/n
AT
2\ Va “\Wa —\W

and for F' € J,(0c0) we have by application of Remark

e ((@)7) < () ) < (()7)

Moreover, the function F' decreases and for t, < t; in the left-hand—side of this estimate we can
1/n
replace a2 < 1 by 1. Therefore, for the function f*(t) = F ((%ﬂ) ) we obtain (4.9).

Analogously,
27 <ty <t = gt (k) < g7 (t) < BP9 (t). (4.10)

Corollary 4.3. Under the assumptions of Theoremf0r£ € (0,00) the following estimates hold
for the decreasing rearrangement of a function f (see (2.7)):

£<n<26= [1(26) < fH(n) < @ f7(28); (4.11)
§<n <2 = g'(2) < g"(n) < Bg7(26); (4.12)
Proof. Indeed, we put t; = 2¢ in (4.9) and obtain
E<n<2 627 <n<t =27 <<t = (28 < ff(n) < 2 fF(20).
Analogously, we obtain from . m

Corollary 4.4. Under the assumptions of Theorem[4.1]| the following estimate holds for the decreasing
rearrangement of the convolution w:

o0

u(t) = / [+ Ng"(N) + fF(N)g (t+ N)]dA, t € (0,00), (4.13)

0

with understanding = as in (2.18]).
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Proof. We must show that estimate (4.13)) is equivalent to (4.8). We have the equality

t o]

/ “(t+ g )+f*(>\)g*(t+)\)]d/\:/[...]dA+/[...]d/\.

0 t
Note that, according to (4.11)), (4.12)), the following estimates hold:
O<A<t=t<t+A<2t= f"(t+N)=Zf(t); g"(t+ ) =g (t);
A>t=2A<t+A<2A= 4+ N = FF(N); g7 (t+N) = g"(N).
Therefore,

t t t

/ 5+ Ng" () + gt + V] dh = F() / SN+ g () / Fr ()N

0 0

/ S+ X)g" (A + [F(N)g (E+ M) dr = /f*(A)g*(A)dA-

/g YA+ g*(t / d)\+/f

0
Now, we apply (4.8) and obtain (4.13)).

This shows that

4.2 Estimates for integral mean values of rearrangements

We move on to estimating the integral mean value for the decreasing rearrangement of the convolu-

tion. Let

0<v(r), 7€ (0,00); 0< V(1) : /V(T)dT < 00, t € (0,00);

W) = ﬁ / () (F)dr, ¢ € (0, 50).

Such variant of the mean value for the decreasing rearrangement was introduced in [IJ.

Theorem 4.2. Under the assumptions of Theorem [4.1] the following estimate holds

wr(t) = I(t) + I(t) + I5(t), t € (0,00);

n(t) = V(1) / /() / WA+ g' () [ F x| vir)dr

0

2 [ rWg e n = [ £t

(4.14)

(4.15)

(4.16)

(4.17)
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Proof. By (4.13) we have

W) 2 () + Lo(t) + L(#), t € (0,00); (4.18)

fyt) = V(! / / P+ Mg V) + Vg (- N\ | v(r)dr.

t

Let us recall inequalities (4.11)), (4.12)). Thus, we have estimates
0<A<ST=27<74+A<L2r= f"(7+ )2 [ (1), g"(T+ N) Zg"(1);

A>T ASTEAS 2= T+ = (V)i g7+ 0) =g ().
Therefore, for ¢t € (0, 00)

2y / { /g YA+ g*( )/Tf*(A)d)\] v(r)dr = I (1):
L(t) = V(t)l/t /f A v(r)dr = V(t)1/tf*()\)g*()\)/)\u(r)drd)\ = Iy(t);
I3(t) = V(t)_lj /f M ov(r)dr = V()™ 7f*()\)g*()\)d)\/t1/(7)d7' = I3(t).
Thus, (4.18) implies (£.15)) - (4.17). O

In some special cases we can simplify the general answer.

Remark 9. Under the assumptions of Theorem we assume additionally that there exists a
constant ¢y € (0, 00), such that

v(T)T > oV (1), 7 € (0,00). (4.19)
Then,
w () =2 L(t) + I3(t), t € (0, 00). (4.20)

Moreover, here

I(t) > 2V (t) /f (7)dr. (4.21)
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Proof. We put estimate (4.19)) into (4.16)) and obtain
t T T

Lo 220V [ |10 [0+ @) [ 0| Vi

0 0 0

Functions f*, g* decrease, so that we have inequalities

1/Tg(A)dA>g /f )X > f5 (7).

T
0

Therefore,
t

Ii(t) > 2cV (1) / [f (1) g* (D) V(1)dT = 2¢015(t).

This means that in the right—hand side of (4.15]) the second term is covered by the first one, and we

come to estimates (4.20)), (4.21)).

Note that inequality (4.19)) holds with the constant ¢y = 1 in the case of the increasing weight
V. 0

Remark 10. The non-weighted case, where v(7) = 1, is of special interest. Thus,

t

v(it)=1= V() =7=u(t) =u™(t) = %/u*(T)dT, t € (0,00). (4.22)
0
In this case we have the estimate
u(t) = tl/f*()\)d)\/g*()\)d)\ + /f*(A)g*(A)dA. (4.23)
0 0 t

Indeed, in the non—-weighted case we have

t T

L(t) =t / £5(7) / g* (N + g*(7) / F* A | dr

_t—l/ /f d)\/g YaX| dr =t /f / A)dA. (4.24)

0

We put this equality into (4.20)), take into account equality (4.17)) for I5(¢) and obtain (4.23]).

5 One useful lemma

The following lemma may be useful in many considerations related to the subject of this paper. The
proof of this lemma is related to the proofs of Theorems in Sections 2—4.
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Lemma 5.1. Let functions F,G > 0 be measurable on (0,00), let
G e Jﬁ(OO),

Re (0,00, F € Jo(R),

Denote

Dm@%=/UWﬂ+ﬂGﬁ%+FUMXﬂ+ﬂH”%hPE(&m%
Dr(p) = / F(p+ T)G(T)T"’ldT + /F(T)G(p + T)T"’ldT, R < o0, p € (0, R];

R
Dg(p) = /F(T)G(,o+ )" ldr, R < o0, p > R.
0

1. Then, for R = oo we have the estimate:

p

Do (p) gF(p)/G(T)Tn_ldT+G(p)/F(T)Tn_ldT+/F(T)G(T>Tn_1d7', p€(0,00).

0

[e.e]

p
2. For R < oo we have the estimates:

(a) if p € (0,R/2], then

R
Da(e) = F(p) [ Gy lar +Glp) [ Fryrtar

(c) if p> R, then

Dmm%am/me*w
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(5.4)

(5.5)

(5.9)

In these formulas A = B means that for each formula there exist constants 0 < d; < dy < 00,

depending only on «, B, such that di < A/B < d,.

Proof. 1. For R = oo we have
Deo(p) = Ar(p) + Aa(p);

o0

Ai(p) = /F(p+T)G(T)Tn_1dT+/F(p—l—T)G(T)Tn_ldT,

0 p

(5.10)
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F(T)G(p+7)r" dr.

\8

As(p) = / F(r)Glp + r)r"dr +

For 0 <7 <pwehave p+7 € [p,2p] = a 'F(p) < Flp+71) < aF(p).

7) < aF (1), (see (5.2)). Therefore,

+ o=

For p <7 we have p+ 7 € [1,27] = o 'F(7) < F(p

p)/pG(T>Tn1dT+

Analogously, for 0 < 7 < p we have 7'G(p) < G(p + 1) < BG(p); for p < 7 we have

B7'G(1) < G(p+7) < BG(7), (see (5.1)). Thus,

F(r)G(r)m" dr.

b\g

p oo

As(p) = G(p)/F(T)Tn_ldT + /F(T)G(T)Tn_ld’i'.

0 p

As a result, we come to estimate ([5.6)).

. Let R < o0, p€(0,R/2]. Then, p < R— p and

Dr(p) = Bi(p) + Ba2(p);

R—
Bi(p) = /F(p+T)G(T)T"_1dT+ / F(p+7)G(T)r" dr,

/F Glp+ )" 1dT+/F(T)G(,0+T)’7'n_1dT.
0 p

As in Step 1 we have
Flp+71)=F(p), Glp+7)=G(p), 0<7<p;

Fp+r)=F(r)for p<7<R—p, G(p+71)=G(1) for T > p,

so that
Bi(p) = F(p) /G(T)TnldT + / F(r)G(r)r" dr; (5.11)
p R
Bsy(p) = G(p) /F(T)Tn_ldT + /F(T)G(T)Tn_ldT. (5.12)

We take into account that the second term in (5.11f) is majored by the second term in ([5.12))
and obtain

p p R

Da(p)=Balp) + Balp) = F(p) [G(r)r" Y + Glo) [F(r)r Yy + [F(r)G(ryrtar.

0 0 p

It gives estimate (5.7)).
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3. Now, let R € (0,00), p € (R/2,R]. Then, R —p < R/2 < p, and

Dr(p) = Ei(p) + Ex(p),

/F p+17)G(T)T" T, Ey(p) = /RF(T)G(p—l-T)Tn_ldT.

For0<7<R—-—pwehave p<p+7 < R <2p, so that

—p —p

R R
Flp+r)= F(p) = / F(p+r)G(r)r™ dr = F(p) / G(r)rdr.
0 0
ForO<r7<Rwehave p<p+7<p+ R <p+2p=3p,so that
R R
Glp+1)=2G(p) = /F G(p+7)r" tdr = G(p)/F(T)TnldT.
0 0

As a result,

p

R— R
DR</0) = El( ) + E2 / G T ldT + G /F n_ldT.
0 0

4. It remains to consider the case R € (0,00), p > R. Then, G(p+ 1) = G(p) for 0 <7 < R, so

that (see (5.5)))
Dg(p) = /F(T)G(p+ )" ldr & G(p)/F(T)Tn_ldT.

This estimate coincides with (5.9).
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