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YESMUKHANBET SAIDAKHMETOVICH SMAILOV

Doctor of physical and mathematical sciences, Professor Smailov Esmuhan-
bet Saidakhmetovich passed away on May 24, 2024, at the age of 78 years.

Esmuhanbet Saidakhmetovich was well known to the scientific community
as a high qualified specialist in science and education, and an outstanding
organizer. Fundamental scientific articles and textbooks written in various
fields of the theory of functions of several variables and functional analysis,
the theory of approximation of functions, embedding theorems, and harmonic
analysis are a significant contribution to the development of mathematics.

E.S. Smailov was born on October 18, 1946, in the village of Kyzyl Kesik,
Aksuat district, Semipalatinsk region. In 1963, he graduated from high school
with a silver medal, and in the same year he entered the Faculty of Mechanics
and Mathematics of the Kazakh State University (Almaty) named after Kirov (now named after Al-
Farabi). In 1971 he graduated from graduate school at the Institute of Mathematics and Mechanics.

He defended his PhD thesis in 1973 (supervisor was K.Zh. Nauryzbaev) and defended his doctoral
thesis “Fourier multipliers, embedding theorems and related topics” in 1997. In 1993 he was awarded
the academic title of professor.

E.S. Smailov since 1972 worked at the Karaganda State University named after E.A. Buketov as
an associate professor (1972-1978), the head of the department of mathematical analysis (1978-1986,
1990-2000), the dean of the Faculty of Mathematics (1983-1987) and was the director of the Institute
of Applied Mathematics of the Ministry of Education and Science of the Republic of Kazakhstan in
Karaganda (2004 -2018).

Professor Smailov was one of the leading experts in the theory of functions and functional analysis
and a major organizer of science in the Republic of Kazakhstan. He had a great influence on the
formation of the Mathematical Faculty of the Karaganda State University named after E.A. Buketov
and he made a significant contribution to the development of mathematics in Central Kazakhstan.
Due to the efforts of Y.S. Smailov, in Karaganda an actively operating Mathematical School on the
function theory was established, which is well known in Kazakhstan and abroad.

He published more than 150 scientific papers and 2 monographs. Under his scientific advice, 4
doctoral and 10 candidate theses were defended.

In 1999 the American Biographical Institute declared professor Smailov “Man of the Year” and
published his biography in the “Biographical encyclopedia of professional leaders of the Millennium”.

For his contribution to science and education, he was awarded the Order of “Kurmet” (=“Honour”).

The Editorial Board of the Eurasian Mathematical Journal expresses deep condolences to the
family, relatives and friends of Esmuhanbet Saidakhmetovich Smailov.
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Abstract. In this paper, we obtain order estimates for the Kolmogorov widths of anisotropic periodic
Sobolev and Nikol’skii classes, as well as anisotropic finite-dimensional balls.
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Let 1 <pi1, ..., pa <00, p=(p1, ..., pa), T = [0, 27]. The anisotropic norm | - ||;_(re is defined

by
e = ([ ([ ([ 150 a)™™ )™
T T T

for finite p;; if p; = oo for some j, the corresponding jth integral norm is replaced by an essential
suprermur.

The space Lp(T?) consists of the equivalence classes of measurable functions satisfying || f|| ) <
0.

We define the anisotropic Sobolev and Nikol’skii classes as in [30]. For different definitions of
generalized smoothness, see, e.g., [4].

Given r > 0, a € R, we set

Foz,a)=1+ 221{:_* cos(kx —an/2), z€R.
k=1

Let 7 = (ry,...,7rq), @ = (a1, ..., @), D = (P1,---,pa), 75 > 0, oy € R, 1 < p; < o0,

Definition 1. The Sobolev class Wga(Td) consists of functions f on T? such that for all j €
{1, ..., d} the integral representation

1

f(xla ey xd) = %/Soj(xh ey xj*l? Y, $j+17 ey md)F’rj(xj -y, aj) dy

T
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Let h € R, f € Ly(T?). We continue f periodically to R? and set
Ai’jf(xl, cosg) = f(x1, oo, i1, xR T, L, Xg)—

_f(xh vy i1y Ly Ljgly -y Id).

For | € N, | > 2, the operator A}’ is defined by the equality Al = A}7 o A1,
Definition 2. The Nikol'skii class HZ(T?) consists of all functions f € Lz(T?) such that
lj:’ i .
£ llzpmey <1, 1A fllppeay < |R[Y, RER, 1<j<d,
where [; = |r;| + 1.

It is well-known [30, Theorem 3.4.6] that W7 (T?) C C(7)HL(T?), where C(7) is a positive
number depending only on 7.

Definition 3. Let X be a normed space, M C X, n € Z,. The Kolmogorov n-width of M in X is
defined by
d,(M, X)= inf inf ||z — y|;
%)= bl 20 st e =9

here, £,(X) is the family of all subspaces in X of dimension at most n.

Estimates for the widths of Sobolev classes in L, on one-dimensional domains were obtained in
[19, 15, 20, 21, 5|. In |25, 26, 27, 28], the problem of estimating the widths of Sobolev and Nikol’skii
classes in L,(T¢) was studied (see Definitions 1 and 2 for p; = --- = p; = p); in |7, 8, 29|, a
similar problem was considered for periodic Sobolev and Nikol’skii classes with dominating mixed
smoothness. For details, see [11, 31, 30]. In [7], the anisotropic norms were also considered, but
only for the following cases: 1) 1 < ¢; <p; <o00,1<j<d,2)1<p; <¢q; <2, 1<j<d,3)
2<p;<q¢<00,1<5j<d4)1<p;<2<¢q <00,1<j<d, p="-=pg (Actually, from the
proof we can see that py = -+ = pg, ¢ = --- = qq in case 3).) Moreover, in cases 3), 4), estimates
of the widths were obtained only for the “large smoothness”. The case of “small smoothness” was
considered in [8] for multivariate functions and isotropic norms. In [9, 33, 34|, estimates for the
widths of intersections of Sobolev classes were obtained.

In [1, 2], estimates for the widths of Nikol’skii-Besov—Amanov classes in Lorentz spaces with
anisotropic norms were obtained; the parameters p;, ¢; satisfied the above conditions 1)-4) (see also
31)-

In the present paper, we obtain order estimates for the Kolmogorov widths of Wga(’]l‘d) and
HI(T%) in Ly(T?) for 2 < ¢; < oo, j = 1,...,d. The parameters p; € [1, +o0| are arbitrary,
except some limit cases (see the condition ;, < minje ;.3 0; in Theorem 1 below). In addition, the
estimate for the widths is obtained in the case 1 <p; < ¢; <2for1 <j <v, 1< g <p; < oo for
v+1<j<d (see Theorem 2).

For 2 <g<oo,1<p< oo, we set

0 for p > q,
Wy =4 LMD for 2 < p< (1)
D,q 1/2—1/q P =g,
1 for 1 <p<2.
Let I C {1, ..., d} be a nonempty set, p = (p1, ..., pa). We define the number (p); by the

equation ﬁ = ﬁ]%pi] We also write (p) := (P){1,...qy. For I = &, we set (p); = 1.
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Let o be a permutation of d elements such that

Wpo(1y580(1) < Wpo(2):80(2) S-S Wpo(a)do(ay (2)
The numbers u, v € {0, ..., d} are defined by the equations
Lo ={7 W ap =00 {L s vy =400 Wpan < 1) (3)
By (5), the condition j € {1, ..., u} is equivalent to the equation p,(;) > ¢o(;) for ¢,(;) > 2, and to
Po(j) > 4o(j)> TOr ¢o(jy = 2; the condition j € {1, ..., v} is equivalent to the equation p,:;) > 2.
Let
It 5) = {o(t), ot +1), ..., o(s—1), o(s)}, 1<t<s<d
For @ = (ay, ..., aq), b= (b1, ..., bg), we set @ob = (arby, ..., aghy).

Now we give notation for order equalities. Let X, Y be sets, fi, fo: X xY — R,. We write
fi(z, y) < fo(w, y) if, for each y € Y, there is c(y) > 1 such that [e(y)] ' fo(z, v) < fi(z, y) <
Yy

c(y) fa(z, y) for all x € X.

Theorem 1. Letd e N, r; >0, 0y € R, 1 <p; <o00,2<q <00, j=1,...,d. Suppose that
d— d—
I+ -—=——= K e a > 0.

<TOQ>I(M+1,d) <T0p>1(u+1,d)

We set
1 1 1
0, = <1+(d—t)< - ))
¢ 2(d—1) e e )
M, T (ToQ) (41, d) (ro Q>I(t+1,d) (ro p>1(t+l’d)

p<t<v:ifv<dandthereis j € {v+1, ..., d} such that q,;) > 2, we also write

T d— d—

9d=@(1+ =)

d 2(M) 141,y (T O D) 1(w+1,a)
Let J = {p, p+1, ..., v}U{d} ifv < d and there is j € {v+1, ..., d} such that q,;) > 2; otherwise,
we set J ={p, p+1, ..., v}. Suppose that there is j. € J such that

f;, < min 6,.
T jeniay Y
Then
dp(Wya(T?), Lg(T?)) = do(Hp(T?), Lg(T?)) =< 0%
’ p,q,7,d p,q,7,d

Theorem 2. Letr; >0, a; e R, 1 <j3<d, ve{0,....,d}, 1 <p; <gq <2forl <j<u,

1<q <pj <oo forv+1<j<d. Suppose that

Then
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In order to prove Theorems 1, 2, we obtain order estimates for the widths of finite-dimensional
balls (see Theorem 3 and Proposition 1 below). After that we apply the standard discretization
method following [30].

Given N € N, 1 < s < oo, (z;)Y, € RN, we set ||(z;)X

N 1/s
= <Z|xz|s) for s < oo,
i=1

()i iy = maxi i< || for s = oco.

Let ki, ..., k¢ € N, 1 < pi,...,pa < co. By M- we denote the space RM-Fa
{(@jy, i) 1<jo<ke1<s<d : Tj..j5, € R} with norm deﬁned by induction: for d = 1 it is || - Hlkl;
<js<ks,1<s< o
for d > 2,
k
15, jar<goshe 1<s<dll pria = [ (@51, am s, ja) 150 ke 1<5<d1 ] kl,“‘,kd,l)_d:l
P1sesPq D1y Pg_1 I l};d
d

By B;fll: ’kd we denote the unit ball of the space l’“; ;pd

For d = 1 estimates for the widths of these balls were obtained in [23, 24, 18, 19, 13, 14, 12].
The case d = 2 was studied in [9, 10, 16, 17, 22, 32, 6]; for details, see, e.g., [35].

Theorem 3. Let d € N, ky, ..., kg € N, n € Z,, n < %, 2 < g < o0, 1 < p; < oo,
j=1,...,d. Let o be a permutation of {1, ..., d} such that (5) holds. The numbers p € {0, ..., d}
and v € {0, ..., d} are defined by (5) We denote p; = max{p;, 2}, 1 < j < d. Then

dn( Byl It ai) = @k o Ky ) =

»Pd? "q1,---,9d
1% t—1
1/qo(iy—1/Po . /45— 1/P%
— H L é‘;m /Pos) mln{l, min H k ; G @)
L1 o p1<t<d a(j)
J= J=p+1

e R e R AR &

in addition, for v < d,

I
Ok, ..., ka, n) = Hkiéj;(j)il/pw) -min{ ,  min H kl/qf’m po) o

e ,u+1<t<1/. il
( —1/2]{;%?) 'kig—l)kiéf)g(t) klégr)f(d))wpa(z) Go(t) |

1/46(;)=1/Poj) n—1/2 1/2 1/2 3 1/4ow+1) 1/45(a)
H Jeyp e P A SO S xS S
Jj=p+1
The proof generalizes the arguments from [13, 32|.
Proposition 1. Let v € {0,...,d}, 1 < p; < ¢ <2 for1 <j<v,1<g; <p; < oo for
1/+1§j§d,n§L2'kd. Then

k1, kg 7k1,eka) o 1.1/ @+1—1/puta 1/qa—1/pa
d (B ~Pd? lq1: 7Qd> kVJrl "'kd :

This estimate is a simple corollary of Malykhin’s and Rjutin’s result [22, Theorem 1] on estimates
of the widths of a product of multi-dimensional octahedra.
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