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Abstract. We denote by Ag(\), 8 > 0, the Lorentz space equipped with the (quasi)

1A == (/01 (f*(t)w\ G))ﬁ%)é

for a function f on [0,1] and with A positive and equipped with some additional
growth properties. Some estimates of this quantity and some corresponding sums
of Fourier coefficients are proved for the case with a general orthonormal bounded
system.

1 Introduction

Let f be a measurable function on a measure space (€2, i), where p is an additive
positive measure.

The distribution function m(e, f) and the nonincreasing rearrangement f* of a
function f are defined as follows:

m(o, f) = ple e Q:|f(z)] >0},

f(t) :==inf{o : m(o, f) < t}.

Let 1< p < 0o and 0 < ¢ < oo. The Lorentz space L,, consists of all functions f
satisfying

£l = ([ 6 0 ae) " <o )

Note that for the case p = ¢ the L, spaces coincide with the usual L, spaces equipped
with the norms || f{|z,(quasinorms for 0 < p < 1, see [7] and [6]).
Let 0 < f < oo and let A be a nonnegative function on [0, 00]. Some generalized

Lorentz spaces A4(¢), which can be obtained by replacing the function tr 7 in (1)
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by an some positive weight function ¢(t), are frequently studied in the literature. In
this paper we shall use a special case introduced by L.-E. Persson in the Ph.D thesis
from 1974 (see [10] and also [3]) in connection to Fourier series.

The generalized Lorentz space Ag(A) = Ag(N)[0, 1] consists of the functions f on
[0, 1] such that: || f[|a,n) < oo, where

1

(Js (r@aE) )" for 0< 5 <o,
[fllasy = N i -
pf (t)t)\(t) for (= oc.
0<t<1

Let the function f be periodic with period 1 and integrable on [0, 1] and let & =
{¥n} 2, be an orthonormal system on [0, 1]. The numbers

= an(f) = / f(@)on@dz, neN,

are called the Fourier coefficients of the function f with respect to the system & =
{ontnis

We also remark that there are many relations between summability of Fourier
coefficients and integrability of the corresponding functions e.g. the following two-
sided ones for the trigonometrical system:

Hf”ip[o,l] <a Z kP2 ag P, if 2<p<oo, (2)
k=1

A o = 2> K 2lanl?, i 1<p<2. (3)
k=1

The inequalities (2) and (3) are the classical ones, which can be found already in the
Hardy-Littlewood-Pdlya book [1]. These inequalities were early generalized to hold
also for Lorentz spaces by Stein [15] and for the more general Lorentz spaces Ag(\)
by L.-E. Persson(see [10] and [3]):

Theorem 1. Let 0 < 3 < 0o and ® = {e2mkt}ZiOO be a trigonometrical system.

a) If there exists a positive number § > 0 satisfying such conditions like: \(t)t=° is

an increasing function of t and /\(t)t_(%_‘s) 1s a decreasing function of t, then

(Z(@A(n»ﬁ%) < eallfnscn

n=1

b) If there exists a positive number § > 0 satisfying such conditions like: )\(t)t_%_‘; is

an increasing function of t and ()t~ is a decreasing function of t, then

o0

17 s < 2 (wan))ﬂ%) ,

n=1

where {a’} 7| is the nonincreasing rearrangement of the sequence {|ay|}r—, of Fourier
coefficients of f with respect to the system ®.
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The aim of this paper is to derive some analogues of the inequalities (2) and (3)
both in the case of bounded orthonormal systems ® = {¢,} -, and for generalized
Lorentz spaces of type Ag(A).

Conventions. The letter ¢ (1, cs, etc.) means a constant which does not dependent
on the involved functions and it can be different in different occurences. Moreover,
for C, D > 0 the notation C' ~ D means that there exist positive constants a; and as
such that a1 D < C < a9 D.

2 The main result

Let 6 > 0 and A(t) be a nonnegative function on [1,00). We define the following
classes (see also [12]):
As = {\(t) : A(t)t™° is an increasing function and

)\(t)t_@_‘s)is a decreasing function} :

Bs = {\(t) : )\(15)15_%_‘S is an increasing function and
M)t is a decreasing function} .

Then the classes A and B are defined as follows:

A = Uss0As, B = UssBs.

In the sequel we denote by ® = {p,}]° a bounded orthonormal system, i.e., |, (t)| <
M,
t €10,1], n € N. Our result reads:

Theorem 2. Let 0 < f < 0o, and assume that the orthonormal system ® = {@y},e,
s bounded.
(a) If A(t) belongs to the class A, then

1

(Z (@A)’ %) < ealflayoo (1

n=1

where {a’} " | is the nonincreasing rearrangement of the sequence {ay -, of Fourier
coefficients of f with respect to the system ®.
(b) If A(t) belongs to the class B and f = 5 °° | anpn, then

1

1Fllas00 < c2 (Z (a;A(n)” l) : (5)

n
n=1

Here the constants ¢y and co don’t depend on f.
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Proof. (a) Let A(¢) belongs to the class A. This means that there exists § > 0

such that: A(¢)t~° is an increasing function and )\(t)t*(%f‘s) is a decreasing function.
Suppose that the function f satisfies the condition:

([ (rom())'4) <~

Let f = fo + f1, where fy and f; are defined later on. By using the inequalities

”aleoo < Cl”fHL217
lallie < el fll,  and
a:,(f) Saf%](fO)_FaT%](flL n= 1727‘”7

we estimate a(f) from above as follows:
i) <aygw+ (2) (5) a0 <

1
( £ () dt+— t%ff(t)dt).

Define the functions fy and f; in the followmg way:

f s 1FO] =
{o, s o) < (b, (6)
Q) s 0>
W—{ 1@ as 1F@)] < (b, (7)

Now, by using (6) and (7) we obtain that

)
n—% i t"fl( Jdt = n1; (/jt‘éf* (%) dt+[t‘5f*(t)dt) = (9)
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0 1
< 2/ FOd+ - [ e
0 nz Ji

hence, by making a change of variables, we get that

00 a1 (" [(1\ dt
[ (e ()

1 ~Y
t—§+2

(S E () k)

In view of (10) and Minkowski’s inequality we have that
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1 1
< A N [ I e
s ;((m;f (7) ) Ly
oo n 8 \7
A(n) (1) 1 1
+ 1 f* 7. 1 -
; ( nz — k) k2t2)] n
= Cx ([1+[2) (11)
Firstly, we consider [;. Let € be such that —% —1<e<d—5—1. We use Holder’s
inequality and since —% — 1 < g, we have that

wl=

L < g A(n) (i (f* <%) >B> <k§: (kw
(S () Brot)

n
Hence, by using the fact that A(t)t~

3

N————
5
N——
-
SERS
@l

% is an increasing function, we obtain that

o0 gk 5
(S (r () ) )
k=1

n=1
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Thus, taking into account that ¢ < § — % — 1, and by using some obvious estmates

we find that
(S0 -
(@) ) -
o (SL7 () %) o (U E)

Consequently, we get that

I < e (/01 (f*(t)tA (%))6 %)é | (12)

Let us now estimate Is. Choose ¢ such that % + % <e< % + % + 0. By using Hélder’s
inequality and that % + [—13 < g, we find that

AN
o
=
3
1[]e
s | <
= 3
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3
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n=1 k=1

- * 1 —& o )\B ) 1 e—1)B-2 %
= 12 (Z (f (E>k ) Zn(;(—Z)g"(Q 5)B (e~ 1)8 ) _

k=1 n==k

1

Hence, by using the fact that )\(t)t_<5_5) is a decreasing function and taking into
account that € < % + % + ¢ we obtain that

0 B o
e (r ()2 S

k=1

3
Il
e
7
V)
SN——
|~
IN



82 A.N. Kopezhanova, L.-E. Persson

cou ([ (rn (D)) 4) 03

Thus, by combinig (11), (12) and (13) we prove (4).

(b) Let A(t) belongs to the class B. This means that there exists 6 > 0 such
that: A(¢)t727° is an increasing function and A(¢)t~'+9 is a decreasing function. Let
a={a,},_;, a=ao+ay, a={ay},2,, a1 = {a,},_, , where

. a,, when |a,| > a*[‘l]
=30, when la,| < a’[‘l], (14)
and
ay = a, —a. (15)
Then

(S () -
< <MZ: |a2}> + (MZ: |aﬂ> .

Hence, according to (14) and (15), it yields that
(] o0
FFO<SMY ay+M D> a
n=1

=[]

By using this information and Minkowski’s inequality we find that

o ([ (rom (1)) -

B

=, 1 dt

n=(}]

wl=

IN

. [4]
| [
0 n=1

S
i)
|-
@
Wl

! 1 dt ! 1\ — dt
<M tA| — * — M tA| — * — =
sl [\ () Ze) §] vt [ (n() S g

n=1 n=(3]

= M([l +[2)

We consider first ;. Choose ¢ such that —% <e< —% + 6. Since A (¢)t710 is a
decreasing function it yields that
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By now using Holder’s inequality and the fact that —% <e< —% + 6, we derive that
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k
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Hence,

L<eg <Z (A(n)a;)” 1) : (16)

Our next aim is to derive a similar estimate for I;. Choose € > 0 such that —5—%+% <

e< —%. Since )\(15)75_%_‘S is an increasing function, we obtain the following estimates:

1
B

B
! I\ = .\ dt

n=[3]
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Hence, we have that

n

I < ¢ (Z (@A)’ 1) . (17)

By combining (16) with (17), we obtain (5) and the proof is complete. O

Remark. An analogous theorem was proved in 197} by L.-E. Persson, under the
assumption that ® = {62”’“’3}2200 is a trigonometrical system and 3 < oo (see [10]

and also [3]).
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