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Abstract. Let Q¢ and €° be two bounded open subsets of R” containing 0. Let
G' be a (nonlinear) map from 90 x R" to R". Let a° be a map from 9Q° to the
set M,(R) of n X n matrices with real entries. Let g be a function from 9Q° to R™.
Let v be a positive valued function defined on a right neighborhood of 0 in the real
line. Let T be a map from |1 — (2/n), +00[x M, (R) to M,(R). Then we consider the
problem

div (T'(w, Du)) =0 ‘ in %\ ecl Q
—T'(w, Du(x))vgqi(x) = %G’(w/e,’y(e)e_l(log €)"%2nu(z)) Vo € €O,
T(w, Du(z))v°(x) = a®(x)u(z) + g(z) Vo € 09,

where v and v° denote the outward unit normal to €92’ and 99Q°, respectively,
and where € > 0 is a small parameter. Here (w — 1) plays the role of ratio between
the first and second Lamé constants, and T'(w,-) denotes (a constant multiple of)
the linearized Piola Kirchhoff stress tensor, and d,, denotes the Kronecker symbol.
Under the condition that v generates a very strong singularity, 7.e., the case in which
lim,_ o+ :n(—f)l exists in [0, +o0[, we prove that under suitable assumptions the above
problem has a family of solutions {u(e, -) }cejo,¢[ for € sufficiently small and we analyze
the behavior of such a family as € is close to 0 by an approach which is alternative

to those of asymptotic analysis.

1 Introduction

In [3], we have considered a linearly elastic homogeneous isotropic body with a small
hole subject to a traction on the boundary of the internal hole, which depends sin-
gularly on the singular perturbation parameter ¢ which determines the size of the
hole, and we have analyzed the cases which are ‘microscopically weakly singular’ and
‘microscopically singular’ in a sense which we illustrate below.
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In this paper, we concentrate on the ‘singular’ and ‘hypersingular’ cases.
We assume that the constitutive relations of our body are expressed by means of
the linearized tensor T'(w, -) defined by

T(w,A) = (w—1)(tr AT + (A+ A") VA€ M,(R),

where w €]1 — (2/n),4+o00[ is a parameter such that (w — 1) plays the role of ratio
between the first and second Lamé constants, M, (R) denotes the set of n x n matrices
with real entries, tr A and A’ and I denote the trace and the transpose matrix of
the matrix A and the identity matrix, respectively. We also note that the classical
linearization of the (first) Piola Kirchhoff tensor equals the second Lamé constant
times T'(w, -).

Next we introduce a problem in the case our body has no hole. We assume that
the body with no hole occupies an open bounded connected subset €2° of R™ of class
C™* for some m € N\ {0} and « €]0,1[ and such that 0 € ° and such that the
exterior of Q° is also connected. Then we assign a function a° from 9Q° to M, (R) of
class C™ 5% and a function g from 9€° to R™ of class C™ 1, and we consider the
linear boundary value problem

div (T (w, Du)) =0 in Q°, )
T(w, Du(z))v°(z) = a®(x)u(z) + g(z) Vo € 09°,

where v° denotes the outward unit normal to 9€2°. Here a°(x)u(z) + g(x) plays the
role of the reciprocal of the second Lamé constant times a field of forces applied to
the boundary of the body. We know that under certain nondegeneracy assumptions
on the function a°, the linear traction boundary value problem in (1) admits a unique
solution @ € C™(c1Q°,R™). Here clQ° denotes the closure of Q°. Next we make a
hole in the body €2°. Namely, we consider another bounded open connected subset
QF of R™ of class C™* such that 0 € Q° and such that the exterior of Qf is also
connected, and we take ¢y €]0, 1] such that ecl )’ C Q° for |¢| < €y, and we consider
the perforated domain
Qe) = Q°\ ecl Q° .

Obviously, 9Q(e) = (ed2") U 9Q°. Next we wish to define a boundary value problem
in Q(e). To do so, we assign a function G* from 9Q" x R" to R" and a function ~y
from |0, €] to ]0, +oo[, and we consider the following nonlinear problem

div (T'(w, Du)) =0 in Q°\ eclQ,
— T(w, Du(z))veqi(x) = %Gi(l‘/e, u(z)) Vo e ed), (2)
T(w, Du(z))v°(x) = a®(x)u(z) + g(z) Vo € 09°,

where v denotes the outward unit normal to 9. Here the function

%G%I/ e, u(z)) of z € €O plays the role of the reciprocal of the second Lamé

constant times a field of forces applied to the inner boundary of the body. Since we
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allow the function v to tend to 0 as € tends to 0, the presence of the factor 1/v(¢) in
the second equation of (2) determines a singularity of the problem as e tends to 0.
In [3], we have analyzed (2) under the following assumptions

Y = limy~ (e)e(log )™ =0, 7 =limy7 ()eloge)™* € R\ {0}, (3)
which we address to as the ‘microscopically weakly singular’ and ‘microscopically
singular’ cases. Here d,, denotes the Kronecker symbol defined by ¢;; = 1 if i = j,

0;j = 0if ¢ # jfor all 4,j = 1,...,n. In this paper, we shall analyze the case in
which the singularity is very strong, i.e., the case in which

YMm = limeﬂo ;(5)1 6]07 +OO[7 (4)

v = lime_ ;(5)1 =0, (5)

which we address to as the ‘singular’ and ‘hypersingular’ cases, respectively. Such
a terminology is justified by the behavior of the families of solutions which we will
consider as € tends to zero. We note however that in cases (4) and (5), we consider
a problem in which the right hand side of the second equation of (2) is replaced by

1

i -1 ~82m (o
GO le (O oge) Pru(a)

and thus we shall consider the boundary value problem

div (T'(w, Du)) =0 in Q°\ ecl
T, D) (1) = G e () (log ) ru(z) Ve € 0%, (O

T(w, Du(x))v°(z) = a®(z)u(z) + g(x) Vo € 00°.

For a discussion on such a choice, see [4]. We note that in case G'(-, -) depends linearly
upon the second variable, our problem becomes linear. Both under assumptions
(4) and (5), we shall introduce a limiting boundary value problem (see (24)), and
we shall show that under the assumption that such a problem admits a solution
satisfying certain conditions, possibly shrinking €, problem (6) has a solution u(e, -) €
C™(cl2(e), R™) which is locally unique in a sense which we shall clarify. Whereas
under condition (4), u(e, -) approaches a function related to the solution of the limiting
problem (24), under the ‘hypersingular’ case (5), u(e,-) has a singular behavior as
e — 07, and we show that by taking the limit of

we obtain again a limiting function associated to the solution of the limiting problem.
However, our main interest is focused on the description of the behavior of u(e, -) when
€ is near 0, and not only on the limiting value. Actually, we pose the following three
questions
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(j) Let x be a fixed point in c12°\ {0}. What can be said on the map € — u(e, x)
when € is close to 0 and positive?

(ji) Let x be a fixed point in R™ \ Q. What can be said on the map € — u(e, ex)
when € is close to 0 and positive?

(jij) What can be said on the energy integral

vl ) =g | K (T Dt Dautea) )o@

when € is close to 0 and positive?

Questions of this type have long been investigated for linear problems with the meth-
ods of Asymptotic Analysis and of the Calculus of the Variations. Here, we mention
Dal Maso and Murat [5], Kozlov, Maz’ya and Movchan [8], Maz’ya, Nazarov and
Plamenewskii [14], Ozawa [18], Ward and Keller [22]. We also mention the seminal
paper of Ball [1] on nonlinear elastic cavitation. For more comments, see also [2].
Here instead, we wish to represent the maps of (j)—(jjj) in terms of real analytic
maps and in terms of possibly singular at 0, but known functions of € (such as e,
loge, 1/7(¢), etc..) Our main results in this sense are Theorems 4 and 5. Theorem 4,
answers questions (j), (jj). In particular, Theorem 4 implies that for x fixed as in (j),

gn(f)l u(e, z) of the variable € equals a real analytic map of three variables

defined in a neighborhood of (0,7, 1 — da,,) in R?* computed at (e, 1) (log €)%2n)

en—1)
for € small enough and positive. Also, such a statement ensures that we can expand

gl(f)lu(e,x) into a convergent power series of €, (L% — ~,,) for n > 3, and of e,

(m

€

the function

— ), (loge)™ for n = 2. Theorem 5 instead answers question (jjj).

The paper is organized as follows. Section 2 is a section of preliminaries. In Section
3, we transform our problem (6) into a problem for integral equations, and we identify
the limiting problem (24), and we define our family of solutions {u(e, -)}ccjo, With
€ €]0,¢]. In Section 4, we prove Theorems 4 and 5. In Section 5, we prove the local
uniqueness of our family of solutions. In Section 6, we present a sufficient condition
in order that the (nonlinear) limiting boundary value problem (24) has a solution.

2 Preliminaries and Notation

We denote the norm on a (real) normed space X by | - ||x. Let X and ) be normed
spaces. We endow the product space X x Y with the norm defined by ||(z,y)||lxxy =
llz]|x + |lylly V(z,y) € X x Y, while we use the Euclidean norm for R™. For standard
definitions of Calculus in normed spaces, we refer to Prodi and Ambrosetti [20]. The
symbol N denotes the set of natural numbers including 0. Throughout the paper,

n is an element of N\ {0,1}.

The inverse function of an invertible function f is denoted f(~ as opposed to the
reciprocal of a complex-valued function g, or the inverse of a matrix A, which are
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denoted g=! and A~!, respectively. A dot ‘- denotes the inner product in R", or the
matrix product between matrices with real entries. Let D C R™. Then clID denotes
the closure of D and 0D denotes the boundary of . For all R > 0, x € R", z; denotes
the j-th coordinate of z, |z| denotes the Euclidean modulus of z in R”, and B,,(z, R)
denotes the ball {y € R" : |z — y| < R}. Let 2 be an open subset of R". The
space of m times continuously differentiable real-valued functions on 2 is denoted
by C™(Q,R), or more simply by C™(2). Let f € (C™(Q2))". The s-th component
of f is denoted fs, and Df (or Vf) denotes the gradient matrix (af ) . Let

n=m,...,nn) € N |n| =mn + - +mn, Then D"f denotes Eﬁ%. The
subspace of C™(Q) of those functions f such that f and its derivatives D" f of order
In| < m can be extended with continuity to ¢l is denoted C™(clf2). The subspace
of C™(c1Q?) whose functions have m-th order derivatives that are Hélder continuous
with exponent a €]0, 1] is denoted C™(cl(?), (cf. e.g. Gilbarg and Trudinger [6].)
The subspace of C™(cl2) of those functions f such that fic (one,0,7) € C™*(cl (2N
B,(0,R))) for all R €]0, +o0[ is denoted C})v*(c1 Q). Let D C R™. Then C™(c1Q2, D)
denotes {f € (C™(c1Q))" : f(c1Q) CD}. Now let Q be a bounded open subset
of R". Then C"™(cl(2) endowed with the norm || fllcm o) = D2, < SWPaq [D"f] is
a Banach space. If f € C%(clQ), then its Holder constant |f : |, is defined as
lf (z)—f ()|

sup { L5255

cx,y € clQ,x # y}. The space C™%(clQ), equipped with its usual
norm || flcme@a) = [[fllem@a) + 22, =m [P"f : Qa, is well-known to be a Banach
space. We say that a bounded open subset of R™ is of class C™ or of class C"™%,
if it is a manifold with boundary imbedded in R™ of class C™ or C"™“, respectively
(cf. e.g., Gilbarg and Trudinger [6, §6.2].) For standard properties of the functions
of class C"® both on a domain of R™ or on a manifold imbedded in R™ we refer to
Gilbarg and Trudinger [6] (see also [12, §2, Lem. 3.1, 4.26, Thm. 4.28|, Lanza and
Rossi [13, §2].) We retain the standard notation of LP spaces and of corresponding
norms. We note that throughout the paper ‘analytic’ means ‘real analytic’. For the
definition and properties of analytic operators, we refer to Prodi and Ambrosetti |20,
p. 89].
We denote by S,, the function of R™ \ {0} to R defined by

5.(6) = 5. log €] V¢ eRM\ {0}, ifn=2,
(2—11)% I V¢ € R™\ {0}, if n>2,

where s,, denotes the (n — 1) dimensional measure of dB,,. S, is well-known to be
the fundamental solution of the Laplace operator.

We denote by T',,(+, -) the matrix valued function from (R\ {—1}) x (R™\ {0}) to
M, (R) which takes a pair (w, &) to the matrix I';,(w, £) defined by

J _ w2 o __w 18
Fm(w,ﬁ) = 2(w T 1)57,,3871,(5) 2((4} 4 1) Sp |€’i .

As is well known, I, (w, §) is the fundamental solution of the operator

Liw] = A+ wVdiv.
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We note that the classical operator of linearized homogeneous and isotropic elasto-
statics equals L[w] times the second constant of Lamé, and that L{jw|u = div T (w, Du)
for all regular vector valued functions u, and that the classical fundamental solution
of the operator of linearized homogeneous and isotropic elastostatics equals I'y,(w, )
times the reciprocal of the second constant of Lamé. We find also convenient to set

which we think of as a column vector for all j = 1,...,n. Let a €]0,1[. Let  be
an open bounded connected subset of R™ of class C%®. We shall denote by v the
outward unit normal to 90€2. We also set

Q7 =R"\cl.

Let w €]1 — (2/n), 4o00[. Then we set

vw, p](x) /89 Ly(w, z —y)u(y) doy,

wlw, p](x)
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for all z € R™, and

Vilw, p)(z) = /a Zm(y)T(w, DTl (w, x — y))vo() do, Vo € 02,

.....

then v|w, p1] is continuous in the whole of R™, and we set

'U+[w>ﬂ] = U[wnuhdﬂ vi[wﬁL] = v[wnu]lle* .

Also if pn € C%*(9Q,R™), then wlw, p1]jo admits a unique continuous extension to cl €2,
which we denote by w*[w, u], and ww, u]jo- admits a unique continuous extension
to c1Q~, which we denote by w™[w, p].

We now shortly review some facts on the linear traction problem, which we need
in the sequel. Let a be a continuous map from 0f2 to M, (R) satisfying the following
assumptions.

The determinant det a(-) of a(-) does not vanish identically in 052, (8)
a(x)¢ >0  Vred, VEeR". (9)

For each G € C°(92xR"™,R"), we denote by F¢ the (nonlinear) composition operator
from C°(9Q, R™) to itself which maps v € C°(9Q,R") to the function Fg[v] defined
by

Fevl(t) = G(t,v(t)) Vit € 092.

In the next proposition, we transform our nonlinear boundary value problem into a
problem for integral equations (see [2, Prop. 2.3].)
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Proposition 1. Let a €]0,1], w €]1 — (2/n),+oo[. Let m € N\ {0}. Let Q be
an open bounded connected subset of R™ of class C™%. Let G be a function of class
CY9Q x R™,R™) such that Fg maps C™ 1%(9Q,R™) to itself. Then the map from
the set

{(d.m €m0 s o] = Folblowilin )} (10)
to the set
{u e C™*(clQ,R") :
div (T(w, Du)) = 0 in ©, T(w, Du)g = Flupa) on ag} |

which takes (d, p) to the function v*|w, u] + d is a bijection.

3 Formulation of the problem in terms of integral equations,
and existence of the solution u(e, -)

We now provide a formulation of problem (6) in terms of integral equations. We shall
consider the following assumptions for some « €]0, 1] and for some natural m > 1.

Let € be a bounded open connected subset of R"™ of class C™* . (11)
Let R™ \ clQ be connected. Let 0 € ().

Now let Q°, 2° be as in (11). Then there exists
€o €]0, 1] such that ecl Q' C Q°, Ve €] — €, e - (12)

A simple topological argument shows that Q(e) = Q°\ ecl 2 is connected, and that
R™ \ clQ(e€) has exactly the two connected components €Q and R™ \ c1Q°, and that
I0(€) = (ed') U 9N, for all € €] — €, €o[\{0}. For brevity, we set

V=g, v’ = vqo .
Obviously,
Vo (z) = —v'(z/e)sgn(e)  Vr € Q' (13)
vo(z) =v°(x) Ve o, (14)

for all € €] — €, €[\{0}, where sgn(e) = 1 if € > 0, sgn(e) = —1 if € < 0. Then we
consider the following assumptions

G' e C'(09 x R",R"), (15)
Fgi maps C™ (00", R™) to itself (16)
g € C™ (90 R™), a® € C™H(00°, M, (R)), (17)



38 M. Dalla Riva, M. Lanza de Cristoforis

and we set
G(t, &) = g(t) + a’(t)& V(t, &) € 09° x R™. (18)

If G' € C°(09Q x R*,R™), G° € C°(90° x R",R"), we denote by G the function from
0Q(e) x R™ to R™ defined by

G(s,&) = G°(s, &) if (s,€) € 09Q° x R™, (19)
G(s,€) = G'(s/e, &) if (5,€) € 0 x R™.

We now convert our boundary value problems (6) into a system of integral equations.
We could exploit Proposition 1. However, we note that the corresponding represen-
tation formulas include integration on the e-dependent set 0€2(e). In order to get rid
of such dependence, we introduce the following theorem in which we properly rescale
the restriction of the unknown function to €9€2*. We note that the transformation we
operate (cf. (22)) differs considerably from that we have operated for the treatment
of the nonlinear conditions on 9€2° of [2], or for the microscopically weakly singular
case of [3]. We find convenient to introduce the following notation. We set

X = C™ 100, RY) x O™ (90%, R™) |

and we introduce the map M = (Mj, My, M3) from | — €, 6g[xR? x R" x X, to
R"™ x X, o defined by

M1[67€17 €2, C?”?ﬂ] = /

nda+/ pdo, (20)
o0 200

M2 [67 €1,€2,C, 1], IO] (t)
1 - :
= 577(75) + v, fw, n)(t) 4+ / Z pi(8)T(w, DT (w, et — 8))v/'(t) do,
000 =5
52_,nw + 2

+ <7GQU[W777]()+ At w+1 Jaqi

ndo + € *eyvlw, p](et) + En_2€26)

vt € 09",
MS [67 €1,€2,C, 1], IO] (t)
1

= —ip(t) + v Jw, p(t) + /am Zm(s)T(w, DT (w,t — es))v°(t) do

n

—a"(t){/am y(w, t —es)n(s) dos + v|w, p(t) + c} —eg(t) Vte o,

for all (¢, €1, €,¢,1m,p) €] — €0, €0[XR?* x R™ X X,;, . As we shall see in the next two
statements, the map M will play an important role in the analysis of problem (6).
In the first statement, we consider case ¢ > 0. We clarify that at this stage, we
do not claim existence neither for boundary value problem (6) nor for its equivalent
counterpart (21) in terms of zeros of M.

Theorem 1. Let o €]0,1[, w €]1 — (2/n),+o0[, m € N\ {0}. Let QF, Q° be as in
(11). Let € be as in (12). Let G*, G° be as in (15), (16), (17), (18). Let v(-) be a
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map from |0, €[ to |0, +oo. Let € €]0, €. The map u.[-,-,-| from the set of solutions
(c,m,p) € R" x X, o of the following system of integral equations

M[eM (log €)™ ¢,n,p] =0 (21)
€n

to the set of solutions u € C™*(clQ(€), R™) of (6) which takes (c,n, p) to v*|w, u]+d,
where

:Enil z) if x ° z :L x/e) if x € 0
p(x) = 7(E)p( ) ifzed p(x)= 7(6)77( je) if x € ed),
dE’}/(E)C’ (22)

s a bijection.

Proof. Let € €]0, ¢[. A simple computation based on the rule of change of variables
in integrals over 92" and on (13), (14) shows that (c,7, p) solves (21) if and only if
the pair (c, 1) belongs to the set in (10) with 2 = Q(¢) and G as in (19). Thus the
statement follows by Proposition 1. O

Theorem 1 reduces the analysis of problem (6), which has been considered only for
€ €]0, €0 to that of equation M = 0. However equation M = 0, contrary to problem
(6) makes sense also for € = 0. Then we state the following Theorem which analyses
case € = (0. Once more, also in case ¢ = 0, at this stage we do not claim existence
neither for equation M = 0 nor for its equivalent counterpart in terms of boundary
value problem (24).

Theorem 2. Let the same assumptions of Theorem 1 hold. Let vy € [0, +o00[. Then

the map (u'[-,-,-],u[-,-,"]) from the set of solutions (¢,n,p) € R™ x X, of the
following system of integral equations
M[O 7M71_62,nac7777p] =0 (23)

to the set of solutions (u',u®) € C2*(R™\ QY R") x C™*(c1Q°,R™) of the ‘limiting
boundary value problem’

;

div (T (w, Du')) = 0 in R™\ el
—T(w, Du*(t))v'(t)

=G (t, (1 — da)u( (Zr" :‘jﬁ Joo: T( )% da) vt € O,
SUDcqi- |7["7 202 [ut(z)] < oo,
SUp,cqi- 2|10 | Dui(z)| < oo, (24)
div (T (w, Du®)) =0 in §°,

T(w, Du(t))v°(t) — a®(t)u°(t)
== im ([oq: Tij(w, Du')vi do) T(w, DT (w, t))v°(t)
) {To(w, 1) [50: T(w, Dul)i do} + varg(t) Vit € 09°,
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where 1/; denotes the j-th component of V' and

u(x) = u'(z) — Spnl(w, x)/ T(w, Du")v' do Vo € R*\
o0

which takes the triple (c,n, p) to

u'lle,n,p] = vlw,n in R™\ ", (25)

1S a bijection.

Proof. Let (¢,n,p) solve equation (23). Then by standard jump properties of the
elastic layer potentials, and by the boundedness of the functions

2|(Ta(w, 2 —y) = Ta(w, ), |2 (Dela(w, z —y) — DoTa(w, x))

for all (z,y) € (R?\ cIBy(0, R)) x 99 where R > 0 is such that c1Q’ C B, (0, R), and
by the equality

o 1
/ T(w, Du')v' do :/ {—n-l—v*[w,??]} do :/ ndo,
o0 o0t 2 o0

which follows by standard properties of elastic layer potentials (cf. e.g., [2, (A.7)]), the
functions u', u® defined in (25) solve problem (24) and have the required regularity
(cf. e.g., [2, Thm. A.2]).)

Next we prove that the map (u[-,-, ], u°[-,+,]) is injective. Thus we now assume
that (¢,7,p), (¢,7,p) € R" x X, », and that the corresponding pairs (u,u°) defined
in (25) coincide, and we show that (¢, 7, p) equals (¢, 1, p). To do so, we set (¢,7, p) =
(¢ —¢é,n—mn,p—p) and we show that (¢,7,p) = (0,0,0). Clearly,

v [w, ] =0 in R™\ Q, v w,pl+e=0 clQ°. (26)
Then by standard jump properties of simple elastic layer potentials, we have

%ﬁ +v,w, 7] =0 on 9N, —%ﬁ—i— Vyw,p] =0 on 0Q°. (27)
Since R™ \ ¢l €2 is connected, a classical result in potential theory implies that 77 = 0
(cf. e.g., [2, Rmk. A.8].) Thus by the first component of equation (23) applied to
(&1,p), (¢,1,p), we have [, pdo = 0. As known classically, the space of constant
functions of the form v*[w, p]jane with 7 as in the second equation of (27) and such
that [,,, pdo = 0 contains only the constant vector 0 (cf. e.g., [2, Thm. A.5 (iv)].)
Hence, the second equation in (26) implies that ¢ = 0. Then by the second equality
of (26), and by the second equation of (27) and by equality [, pdo = 0, we deduce
that p =0 (cf. e.g., [2, Thm. A.5 (ii)].)

Now we show that if (u’,u°) is as in the statement and satisfies the limiting
problem (24), then there exists a solution (¢, 7, p) € R" x X,,, o of equation (23) such
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that u’ = u'[c,n, p], u® = u°[c, n, p]. By classical properties of elastic layer potentials,

the equation

1 o
§n+v*[w’n] = T(W?Duz)yZ

has a unique solution n € C™~H(9Q", R™) (cf. e.g., [2, Rmk. A.8].) Since

/ T(w, Dv~ [w,n])V' do = ndo = / T(w, Du')v' do,
o o0 o0
both u' and v~ [w, n] satisfy the system

div (T (w, Du)) =0 in R"\ c1Q,
T(w, Du)v* = T(w, Du')v* on 9",

in the unknown wu, together with the third and fourth condition of problem (24).
Accordingly, v’ = v~ [w,n] in R" \ Q° (cf. e.g., [3, Thm. 2.3 (ii)].) Next we consider
the problem

faQO pdo = — fagi ndo,
— 3p(t) + vilw, p)(t) + (v[w, p)(t) + ©) (28)
= T'(w, Du®(t))v°(t) +u’(t) Vte 00°.

Problem (28) in the unknown (c, p) is associated to a linear traction boundary value
problem. Since the matrix-valued function a = I on 09° satisfies assumptions (8),
(9), a classical result implies that problem (28) admits a unique solution (c,p) in
R" x Xpa (cf. eg., [2, Th. 2.2 (ii)].) Then both «° and v*|w, p] + ¢ solve the
boundary value problem

div (T'(w, Du)) =0 in Q°,
T(w, Du)v° +u =T(w, Du®)v° +u® on 09Q°,

in the unknown w. Then a standard uniqueness argument implies that u® = vt |w, p|+
¢ (cf. e.g., [2, Prop. 2.1].)

By equalities u' = v~ [w,n] in R \ © and w® = v'|w,p] + ¢ in c1Q°, and by
standard jump relations for the normal derivative of the elastic simple layer potential,
and by the second and sixth equation in (24), we deduce that the second and third
components of (23) hold. By (28), the first component of (23) holds. Hence, (¢, n, p)
solves equation (23). O

Theorems 1, 2 reduce the analysis of problem (6) and of the boundary value
problem (24) to that of the analysis of the set of zeros of M. We shall now show that,
both in the singular and hypersingular case, if problem (24) has a solution (@‘, u°)
satisfying certain nondegeneracy conditions, then for e sufficiently small, problem (6)
has a solution. We shall also see that such a solution is unique in a local sense which
we clarify in section 5.
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Theorem 3. Let o €]0,1], w €]1—(2/n), +oo[, m € N\{0}. Let Q', Q° be as in (11).
Let €q be as in (12). Let v(-) be a map from |0, €[ to |0, +oo[. Let lim._q :n(—f)l = Y
exist in [0, +o0o[. Let (15)-(18) hold. Let

Fgi be real analytic in O™ 1*(9Q", R") . (29)

Let —a® satisfy conditions (8), (9) on 0Q°. Assume that the limiting boundary value
problem (24) admits a solution (a',u°) € C[*(R™\ QY R") x C™*(c1Q°,R"). Let G'

be the function from QY to M,(R) defined by

52,nw + 2

G'(t) = ~DeG (t’ =0T+ 20T fo

T(w, D)V’ da) vt € 09", (30)

If n =2, we assume that the matrix I — #% faQi G' do is invertible.

If n >3, we assume that G'(-) satisfies conditions (8), (9) on OQ'.
Let (¢,1,p) € R™ x Xy, o be the unique solution of the system of integral equations
MI0,var, 1 = 6o, ¢, 7, p] = 0 such that

(see Theorem 1.) Then there exist € €]0, €], and an open neighborhood U,,, of the
pair (Yar, 1 — 02,,) in R%, and an open neighborhood V of (¢,1,p) in R" X X, o, and
a real analytic operator (C, E, R) from | — € ,€'[xU,,, toV such that

(Zn(ez, (log e)_‘s“) eU,, Ve €]0, €[, (31)

and such that the set of zeros of M in | — €, €'[xU,,, x V coincides with the graph of
(C,E,R). In particular

(0[07 Y™, 1— 52,%]7 E[()? M, 11— 62,n]7 R[()? M, 1-— 52,n]) = (57 ﬁ7 ﬁ) .
Proof. We plan to apply the Implicit Function Theorem to equation
M[E, 61762767777p] = 0,

around (0, v, 1 —62,, ¢, 7, p). By assumption (29), and by standard properties of the
elastic potentials (cf. e.g., [2, Thm. A.2]) and by known properties of (nonsingular)
integral operators (cf. e.g., [11, Thm. 6.2]), we conclude that the map M is real
analytic. By definition of (¢, 7, p), we have M[0,var, 1 — 2., ¢, 7, p] = 0. By standard
Calculus in Banach space (see also [11, Prop. 6.3]), the differential of M at the point
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(0, var, 1 =020, ¢, 7, p) with respect to the variable (¢, 7, p) is delivered by the formula

NempyMi[0, 70,1 = 62,0, €10, (€, 77, ) = ndo—+/ pdo,
ot o0e

o 1_ _
a(&n:P)M?[Ov’YM’ 1- 52,71’ ¢, P](Cﬂ% P) = 577 + U*[wv 77]
; (Sgnw—FQ .
g - g+ 22972 [ Gaeb om0,
¢ { (- spton + 2222 [ qarf o

O Ml0, 00,1 = B .71 A1(E 7, P)(0) = —5(8) + wale, P11
+Z(/m ) T(w, DT (w, £))v°(t)

—aO(t).{rn(w,o /émiﬁda+v[w,ﬁ](t)—|—6} Vi € o0,

for all (¢,7,p) € R" x X, .. We now prove that O, M0, Var,1 — b2, ¢, 7, ] s &
linear homeomorphism of R" x X, , onto itself. As a first step, we shall show that
OtempyM[0,v1,1 — 02,0, €, 7, p] is a Fredholm operator of index 0. First we note that
the map of R™ x X, , to itself which takes (¢,7,p) to

; 52nw+2
ﬁdo—i—/ ﬁda,—gz~{—’— ﬁda},
(/@Qz a0e A7 w + 1 o0

n

> (/ag m d") T(w, DT} (w, £))1°(t) —a’(t) - {Fn(w,t) /8mﬁda +E}>

=1

is compact as a linear map with finite dimensional image. Then we note that the
operator from R” x X, , to itself which takes a triple (¢,7,7) to the triple (0, (1 —
do.n)V[w, 7], v[w, p]) is compact. Indeed, such a map has a range contained in R™ x
Ximt1,a, which is compactly imbedded in R” x X,,, , (cf. e.g., [2, Thm. A.2].) Then
the map from R™ x X,,, , to itself which takes (¢,7,p) to (0, —(1—0s,,)G" - v|w, 7], —
v[w, p]) is compact. Hence, O, »M[0, 01,1 — 2., ¢, 7, p| is a compact perturbation
of the operator A from R" x X,, , to itself defined by

1 1
A[Eaﬁvﬁ] = (07 éﬁ—i_ U*[W,ﬁ], —§ﬁ+v*[u},ﬁ]) :

Since a compact perturbation of a Fredholm operator of index 0 is a Fredholm oper-
ator of index 0, it suffices to show that A is a Fredholm operator of index 0. Since
R™ \ cl1Q is connected, a classical result of potential theory implies that the second
component of A induces a homeomorphism from C™~1*(9Q", R") onto itself (cf. e.g.,
[2, Rmk. A.8].) By classical results, the third component of A is Fredholm of index 0
in C™~12(9Q° R") (cf. e.g., [2, Thm. A.9].) Hence, we immediately deduce that A is
Fredholm of index 0. Now that we have proved that O, ) M[0, Yar, 1 — 62,5, ¢, 7, p] is
Fredholm of index 0, it suffices to show that its kernel is trivial. Thus we now assume
that (¢,7,p) € R"* x X,,, and that

a(c,n,p)M[O) Y, 1 - 52,77,7 67 77’ ﬁ] (57 m, ﬁ) =0 ) (32)
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and we prove that (¢,7,p) = 0.
If n > 3, we consider the second equation

1 )
§ﬁ+v*[w’ﬁ] -G U[wvﬁ] =0,
of (32). Since G' satisfies (8), (9), a classical result on the integral equations corre-
sponding to an exterior linear traction boundary value problem implies that 7 = 0
(cf. e.g., [3, Thm. 2.2 (v)]).

If n = 2, we consider the second equation

1 1lw+2 . .
N+ v w,n] — ——¢" ndo =0 o', 33
i+l = -0 [ =0 on (33)

of (32). By equality [, v.|w,7] do = 1 [, 7 do, which follows by classical properties
of elastic layer potentials, we obtain that

w+ 2 ; _ B
(1_47T(W+1) /amg da) </amnd0> =0

(cf. e.g., [2, (A.7)].) Then by our assumption in case n = 2, we have [, 7do = 0.
Next we go back to equality (33) and we obtain that 37+ v,[w, 7] = 0, which as above
implies that 7 = 0. Thus both in cases n > 3 and n = 2, we have = 0. Hence,
equality (32) implies that

f aq0 Pdo =10
— 35+ vfw,pl — 0 {vlw, P+ =0 on 99°,
which is an integral equation corresponding to a linear traction boundary value prob-

lem. Since —a® satisfies (8), (9), we can prove classically that 5 = 0 and ¢ = 0 (cf.
e.g., [2, Thm. 2.2 (ii)]). Then we can invoke the Implicit Function Theorem and

deduce the existence of (C, E, R) as in the statement. O
In order to simplify the notation of (31), we introduce the function =, from
10, €[ to U,,, by setting
Eunlel = (7752, (log 6)52’") Ve €]0, €[ (34)
€

Theorem 3 enables us to introduce our family of solutions.
Definition 1. Let the assumptions of Theorem 3 hold. Then we set
u(e, t) = u[Cle, Enmnlell, Ele, Enrnle]], Rle, Enrnle]]](t) Vit € clQ(e),

for all € €]0, €.
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4 A functional analytic representation Theorem for the fam-

ily {u(e,-)}ecpo,« and for its energy integral

Theorem 4. Let the assumptions of Theorem 3 hold. Then the following statements

hold.

(i)

(i)

Let Q be a bounded open subset of Q°\ {0} such that 0 ¢ c1Q. Then there exist
€g €0, €'[ and a real analytic operator Ug from | —eq, eq[xU,,, to C™*(clQ,R")
such that Q C Q(e) for all € €] — €g, €3] and such that

6n—l

——Usle, Epnlel](t) VWt e,

u(e, t)|cl§2 = ~(e)

for all € €]0,€5[. Moreover,

tim 2 e, #) = Do (w, 1) / T(w, Dit) do + () VtedQ,

o0

where (', 4°) is as in Theorem 3.

Let U™ be the real analytic map from | — €, €' |xU,,, to R" defined by
w+2

— E d

dr(w + 1) /aQ & 6l do

for all (e, €1, €3) €] — €, €[xU,,,. Let Q be a bounded open subset of R™ \ c1)'.
Then there exist e, €]0, €[, and two real analytic functions UJ’[, -, ] for j = 2,

to C™*(clQ,R") such that

Ur’l[e, €1, €] =

3 from | — €q,, €5, [ XU

YM
~ 1
QC Q) Vee]—ea, €q,[\0} (35)
and such that
u(e, et) = %{52”1[]1:1[6, Ennle]] loge + Ué’z €, Znrnle]] () (36)

+U£3[e, EM,n[e]](t)enz} Vi€ clQ,

for all € €]0, € ,.[. Moreover,

w+ 2 o
U 1 =0y, = ——— T(w, Du)v' d 37
{ y VM, 2,] 47r(w+1) /692 (w7 u)y ag, ( )
US%Q[O?'YMJl_(S?,n] = a?clf)’

U0, 1 = 83] = @°(0),
where (', 4°) is as in Theorem 3 and

lir% ﬁ(log 6)—52,nu(6, €-)
€— €
0o w =+ 2 iy, i i
= i1, T D o+ (1= 8 o),

in C™(clQ, R™).
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Proof. We first consider statement (i). Let €7 €]0,€'[ be such that Q C Qe) for
all € € [—ef, e5]. Let eq €]0,€5[ be such that ecl Q" C e for all € € [—eq, 5], By
definition of u(e, -), we have

e = [ Talent = s)Ble ) do,
+W /890 Lp(w,t — s)R[e, Eprnle]](s) dos + %0[67 Entalel],

for all ¢ € c1Q(ey) and for all € €]0, €g[. Thus it is natural to define

ek
Q

Unenr s €1, €] (1) = / Do (w,t — es)Ele, e1, e3](s) dos (38)
o0
+/ Iy (w,t — s)R[e, €1, €3](s) dos + Cle, €1, €9] vt € clQ(ef)
o0

for all (e,€1,€e) €] — €g,€5[xU,,,. Thus we are now reduced to show that the
right hand side of (38) defines a real analytic operator from | — €g,€q[xU,,, to
Cm (el 2(eg), R").  Indeed, Q C Q(ey) and thus we can take Ug equal to Un(e)
composed with the restriction operator from cl€(ez) to 1 Q. Since clQ(ef) C el e,
known regularity properties of the elastic layer potentials (cf. e.g., [2, Thm. A.2]), and
the real analyticity of R imply that the map from | — eg, €q[xU,,, to C"™*(cl Q2° R")
which takes (e, €,€2) to vTw, Re, €1, €]] is real analytic. By standard properties
of integral operators with real analytic kernel and with no singularity (see also
[11, Prop. 6.1]), the map from | — eq, eq[x L' (9", R") to C™+'(c1Q(ef), R™) which
takes (e, f) to the function [y, I'y(w,t — €s)f(s)do, of the variable t € cl€(e})
is real analytic. Since E is real analytic from | — €g, €q[xU,,, to C™ 1*(9Q" R™)
and since C™~ (90", R™) is continuously imbedded into the space L'(9Q, R™) and
C™H(clQ(ey), R™) is continuously imbedded into C™*(clQ(ef), R™), we conclude
that the function from | — eq, ea[xU,,, to C™*(cl(e;),R™) which takes a triple
(€, €1, €2) to the function

/ Cp(w,t —es)Ele, €1, €](s) do
1994

of the variable t € clQ(ey) is real analytic. Also, Theorem 3 and definition (38) imply
that

UQ(%)[Oa VM, 11— 52,71] (t) = Fn(w7 t) / ) E[Ov M 1— 52,71](5) dgs
ol

+U[w7 R[Oa VM 1— 52,n]](t) + C[Ov YM 1— 52,n]
D (w) / T(w, Di (y))/(y) doy + @(t) Vi € AQ(eh),
o0
where (a@',a°) is the solution of the limiting problem (24) of Theorem 3. Here

v[w, R[0,var,1 — 02,]] denotes the simple elastic layer potential associated to
R[O,/}/M, 1-— 52’71].
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We now prove statement (ii). Let G €]0, €[ be such that c1Q C 10 for all

€ € [—€k ]\ {0}. Since the restriction map from C™* (%le(e’i ), R”) to

Q,r’ Qr

C™*(c1Q, R") is linear and continuous, it clearly suffices to construct first U™ L )
Q ST

and then to define U 7 for j = 2, 3 to be the composition of U™ Qe ) with the
Sl'r

Q'r
restriction operator from }le(e’i ) to clQ for e ranging in a possibly smaller

C B,(0, R/2). Let €q. €0, [ be such that

interval. Let R > 0 be such tha
clB,, (0, ReQm) C Q°. Clearly,

1 - - |
—Q° CB,(0,R/2) C B,(0,R) CclB,(0,R) C —Q°
G €
for all € € [—€q ., €q,] \ {0}. By definition of u(e, -), we have

e lloge w+2
et) = o T o Pl Bl

€ n—1
+—v|w, Ele, Epnle]]](t) + v|w, Rle, Eprplell(et) + Cle, Eprnle
(e,) and for all € €] — €q ., €5,[ Then it is natural to set
G Qr
Url2 e )[6,61,62](t) = vw, Ele, €1, 6]](t),
Qr Q,r
Ur:f o )[e, €1,6](t) = vlw, R[e, €, e]|(et) + Cle, €1, €3] ,

for all ¢

(G*Q 7») and for all (e, €1, ;) €] — €Qrs EQT[XZ/[ By the real analyt-

YM *

Q,r
icity of £ and by known properties of the elastic simple layer potential (cf. e.g., [2,
Thm. A.2]), we deduce that the map UT2 Qe ) is real analytic from | —eq ., €q [ XU,
Q T T

to C™(F—cl Qe ),R"). We now prove that UT3

Qr

is real analytic. By stan-

Qe )
Qr $r

dard properties of elastic single layer potentials and by the real analyticity of R[-, -, -],
the map which takes (¢, €1, €) in | — €q ., €5, [ XUy, to v[w, R[e, €1, €]] in the space

Clpy (@ Q% R") = {u € C°(c1Q°,R") N C*(Q°,R") : L[w](u) = 0}

endowed with the sup-norm is real analytic. By an analyticity result on the compo-
sition operator which is a variant of a result due to Preciso [19] (see [3, Prop. 6.2 of
the Appendix]), the map from | — g, € [xXU,,, to the space C’g[w](cl B, (0, R), R™)
which takes (e, €1, €;) to the map vt|w, Rle, €1, €;]](et) of the variable t € 1B, (0, R)
is real analytic. By classical interior estimates for the solutions of equation L|w]u =
0, one can easily see that the restriction operator from C’g[w] (1B, (0, R),R™) to
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Cm’o‘( - CIQ(6~ ), R") is real analytic (cf. e.g., [3, Theorem 6.1 of the Appendix].)

Then the map Wthh takes a triple (e, €1, €) to the function v*|w, R[e, €1, €;]](et) of
t (€5,,) is real analytic from | — €g ., €q . [xU,, to C™ (& (e5,),R").
’ ’ ’ Q,r 1

Then By the real analyticity of C, we deduce that U Tf’

Q,r

is real analytic. By

Q( ;(2 7‘)

Theorems 2 and 3 and by equality

o 1
/ T(w, D) do :/ {—ﬁ+v*[w,ﬁ]} dU:/ ndo,
90 o0t 2 o0t

we are ready to deduce the validity of the equalities in (37). O

We now consider the energy integral of the family {u(e, -)}ccjo,e, and we prove
the following.

Theorem 5. Let the assumptions of Theorem 3 hold. Then there exist € €0, €[ and

a real analytic operator F|-,-,-| from | — €, € xU,,, to R such that

1 n

—/ tr (T(w, D,u(e, x))(Dyule, .Q?))t) dr = 26 (log €)% Fle, Emanlel],  (39)

2 Q(e) Y (6)
for all € €)0,¢€[ (cf. (34).) Moreover,

w2 R
1= by = =0p—a2 1 [ T(w, Da)id 4
FI0,var, 9.1 2 S (w0 1) /agi (w, D" )v' do (40)

1 4 .
+(1 - 627n)§/R \ IQ'tr(T(w7DﬁZ)(Dﬂl)t) dz,

where (', u°) is a solution of the limiting boundary value problem (24) satisfying the
assumptions of Theorem 3.

Proof. By the Divergence Theorem, we have
/ tr <T(w, D,u(e, x))(Dyule, x)) )
Q(e)
/ w, Daule, $))vagy (5) dos
€00
+/ u'( w, Dyu(e, s))vge(s) dog
a00

t /8 e s a(s) - ules) + g(9)} do

—i—/ u'(e, 8)a’(s)u(e, s) dog + ul( s)dos
one oNe
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for all € €]0, ¢[. Hence it suffices to take € = min {EQ(EI), E%Q(e,)”,} and to set

1

Fle, €1, 6] = 52,71—/ (U™ e, €1, €2]) ! Ge, €1, €3] do

1 )
+62§/ (Ufﬂ(e,)[e, €1, €2))'G'[€, €1, €2] do
aqi ¢

— 1 T i
+€" 2625/ (Ui;(el)[@ e1,6))'G'le, €1, 2] do
ot

1
+€n_2€2§ / (Ua(e e, €1, €)' - a” Uq(ene, €1, 2] do
a0°

_ 1
_|_6n 261625/ (UQ(G/)[E,El,EQ])tgd0—7
onNe

where G is defined by

N

G'le, €1, € (t) = G (t, Son UM e, €1, € (1)

/

—i—er;’QQ(E,)[e, €1, €2)(t) + 6”7262[]11’?2(6,)[6, €1, €] (t)> vt € 99,

€

for all (e, €1,€2) €] — € €[xU,,,. We note that Theorems 3, 4 and assumption (29)
ensure that G'[e, €1, €5] depends real analytically upon (e, €y, €3).

Then by Theorem 4, we easily compute that

F10, v, 1 — 62,0 (41)
P / T(w, Dt/ d t/ G0, ars 1 — By] d
—92ng 1\ w, Ju )V ao ) y 4 — O2n] QO
8w+ 1) \ o Qi VM .

1 ~iNt AV
+(1=020)5 /agr(“ )'GU0, var, 1 — 62, do

By the second equation of the limiting boundary value problem (24) with v = @,
u® = u° and by Theorem 4, we deduce that
G0, yar, 1 — Go,0] = —T(w, D' )v* . (42)

Now let R > 0 be such that c1Q* C B, (0, R). By applying the Divergence Theorem
to @' on B, (0, R) \ c1Q, we obtain that

/ tr <T(w, Dai)(Da")t> dx
B, (0,R)\cl Q¢

- _/ (@")'T(w, D"V da+/ (@")'T (w, D" v, (o,r) do -
o0 OB, (0,R)

Now by taking the limit as R tends to infinity and by exploiting the third and fourth
inequalities of (24), we obtain that

/ tr (T(w,Dai)(Dai)t) do = — / (@)'T(w, Di ' do  if n>3. (43)
R7\cl Q1 o

By equalities (41)—(43), we deduce immediately the validity of (40). O
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5 Local uniqueness for the family {u(e, ")}

We now show by means of the following theorem, that the family {u(e,-)}ecioe is
locally essentially unique.

Theorem 6. Let the assumptions of Theorem 3 hold. If {c;};en is a sequence of
10, e0[ converging to 0 and if {u;}jen is a sequence of functions such that

u; € C™(clQ(e;), R™),

u; solves (6) for e = ¢;,

(44)
lim;_, ’Y(*?j)g'fl(log g;) %2 (e; - )|am
_ (1 . 52771) ~z 5427:» ::Ji% fan I/ ‘do in Cmfl’a(agi,Rn) ,

then there exists jo € N such that u;(-) = u(ej, 2) for all > jo.

Proof. Since u; solves (6), Theorem 1 ensures that there exist (¢;, n;, p;) and (&,17, p)
in R" x X,, , such that

Mlej, Emmlelciomyy pi) =0, M[0, v, 1 = 02,0, 6,7, p] = 0,
and that

= ot vdy, @ =0, @ =t p+e
where

1 .
= ——0n;y/e;) if y € ;00"
/) ;

We now rewrite equation M]e, €1, €2, ¢,n, p] = 0 in the following form

Ml[ﬁ, 6176276777ap] =0, (45)

n

%n(t) + v, fw, ) (t) + "1 /890 Z p1(8)T (w, DeTL (w, et — 8))Vi(t) do

52nw—|—2
47 Cd"—l o
52nw+2

= -Gt (t, eav[w, n|(t) + praE ndo + " *equlw, p)(et) + 6”262c>

ndo + € 2eyulw, pl(et) + €~ 2620}

G0 {egv[w,m (1) + 22

52,710) + 2

G- {ew[w,m@) 1 O

e ndo + € *equlw, p)(et) + 6"2620}

vt € 99,

n

1 l o
_§p(t) + v Jw, p|(t) + /fmi ;m(s)T(w, DI, (w,t —€s))v°(t) do

—a’(t) {/69 Iy (w, t —es)n(s) dos + v|w, p|(t) + c} =eg(t)  Vte o
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Next we denote by Nle, €1, €,¢,m, p] = (Ni[€, €1, €2,¢,1, p|)i=1,23 the function of the
variable (e, €1, €, ¢, 1, p) in | — €9, €[ XR" ™ x X, o, to R" x X, , defined by Ny = M,
and such that Ny and N3 equal the left hand side of the second and the third equation
in (45), respectively. Thus equation (45) can be rewritten as

N1[E,€1,€2,Ca7770] =0 (46)

N2[67 €1, €2,C, T]’ﬂ](t)
A Oo.n, 2
:—meWWM@H-Z“+

pra ndo + € equ|w, p](et) + e"_2620)

_ Og.p W + 2 _ _
—G'(t) - { exvlw, ) (t) + === ndo + € 2equ|w, p)(et) + € 2exc
At w41 o
vt € o5Y',
Nsle, €1, €2,¢,1m, p] = €19 on 09°.

By our assumption of analyticity of Fi, we can easily verify that the Fréchet differ-
ential of Fi at a point u € C™~1*(9Q", R") is necessarily delivered by the formula

dFgilul(v) =Y Foilujyr Vo € C" 7400, R")
=1

and that Fp, ¢:[u] € CmLe(9Q! R™) for all I € {1,...,n} (see [11, Prop. 6.3], where
the scalar case has been worked out, but the proof is the same for vector valued
functions.) Hence, G' must be an element of C™ (90, M, (R)) (cf. (30).) Then
by standard properties of integral operators with a real analytic kernel and with no
singularity (see [11, Thm. 6.2]), and by standard properties of elastic layer potentials
(cf. e.g., [2, Thm. A.2]), the map N is real analytic. Next, we note that Ne, e, €a, -, -, °]
is linear for all fixed (e, €1, €2) €] —€p, €o[xR%. Accordingly, the map from | — g, €[ xR
to L(R™ X X, 0, R" X X, o) which takes (e, €1, €3) to Nle, €1, €2, -, -, -] is real analytic.
Here L(R" X Xy, 0, R™ X X,, ) denotes the space of linear and continuous operators
from R" x X, » to itself. We also note that

N[Oa’yM7 11— 52,717 R ] = 8(C,n,p)M[0’/yM7 11— 52,7176’77715](" 5 ) )

and thus that N[0,va,1 — d2.,-, -] is a linear homeomorphism (see the proof of
Theorem 3.) Since the set of linear homeomorphisms is open in the set of linear and
continuous operators, and since the map which takes a linear invertible operator to
its inverse is real analytic (cf. e.g., Hille and Phillips [7, Thms. 4.3.2 and 4.3.4]), there
exists an open neighborhood W of (0,7, 1 —0a.,) in | — €9, €9[ X R? such that the map
(e, €1,6) — Nle, €1, €2, -, -]V is real analytic from W to L(R™ x X, 0, R" X X, 0).
Clearly, there exists j; € N such that (¢;,Zp,e;]) € W for all j > j;. Since
Mle;, ZEmnlejl, ¢jimj, pjl = 0, the invertibility of Nle;, Znmnlejl, -, -, ] and equality
(46) guarantee that

<%%m:Nm£W@me”@r%mwmm%w%meWA

—G' - (v(ey)e;  (loge;) ™ u;(ej ) |oas) Zggjl)g)
J
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for all j > j;. By assumption (29), Fg:i[-] is continuous in C™~1(9Q¢ R™). Then, by
the third assumption in (44), we have

Jim —Fe: [y(e5)e7 " (log ;)" u; (e ) o] (47)
—G" - (v(gj)e;  (loge;) = u (e )| oer)

i 62 nw + 2

= —Fgi |(1 = do,,)u'(: —_—
G[< 2’)u()+47rw—|—1 o0

62,77, w+2
A w41 Joqi

T(w, D)’ da}

—G'. {(1 — Go.)U'(+) +

in C™~ 59, R™). The analyticity of (e, e, €e2) — Nle, ey, €2,-,-,-](7Y guarantees
that

T(w, D" )" da}

lim N [6]', EMJL[E]'], R '](71) = N[O,'}/M; 1-— 62,77,7 ERE) '](_1) ) (48)

Jj—o0
in LR" x X0, R" X X,,,). Since the evaluation map from L(R" x X, o, R™ x
Xima) X (R" X X;p0) to R" x X, ., which takes a pair (A4, v) to A[v] is bilinear and
continuous, the limiting relations of (47) and (48) imply that

Jim (¢, 17, ;) (49)

Jj—0o0

= lim N [g;, Epalej], - '](_1) (O, _FGi[f}/(gj)(g;l(log83’)762’”“‘]'(8‘]' )oqi]

i - - A
6" (1o o) sty V) . 22
J
- N[OafyMy 1— 52,117 RS '](71)

; 52nw—|—2 ~iv g
0, —Fi | (1= 65,3 () + 2222 [ o Dt d
(0.~Fo |1 = b)) + 22252 [ (e Dyt ao]
) ) 0oy W+ 2 L
G (1= Sy )ai() + 222 P Datyido s
g { (1= a0+ 22252 [ 1w D d | o)
in R® x X,,, 4. Since M[0,var,1 — 02,4, ¢, 7, p] = 0, the right hand side of (49) equals
¢, 1, p). Hence,

lim (Eja EM,n{gj]acﬁnjapj) = <077M7 1— 52,%76777]7:5)

Jj—00
in R"3 x Xm,o- Thus Theorem 3 implies that there exists j, € N such that
¢j=Clej, Emmlesll s, mj = Elej Bmmlesll s pj = Rlej, Emnlesl]

for all j > jo. Accordingly, u;(-) = u(e;j,-) for j > jo (see Definition 1). O

6 A sufficient condition for the existence of solutions of the
limiting boundary value problem

In Theorem 3, we have assumed that the boundary value problem (24) admits at
least a solution satisfying certain conditions. Here, we present a sufficient condition
on the data to ensure existence of such solutions.
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By Theorem 2, it suffices to show that the integral equation in (23) has a solution
(¢,7,p) € R™ x X, such that the assumptions on the matrix valued function G* of
Theorem 3 with @' = v~ [w, 7] are satisfied.

We collect in the following Theorem, some basic facts of classical potential theory.

Theorem 7. Let a €]0,1[, w €]1 — (2/n), 40|, p €]|1,400[. Let Q be a bounded
open subset of R™ of class CY®. Then the following statements hold.

i) The operator from LP(0S2,R™) to itself which takes n to tn-+wv,[w,n] is Fredholm
2
of index 0.

(i) If n € LP(OQ,R") and 30 + vw,n] € C**(9Q,R"), then n belongs to
CO (9, R™).

(i) IfR™\clQ is connected, then the operator 3 I+v,[w, -] is a linear homeomorphism

from LP(OQ, R™) onto itself and from C%*(9Q, R™) onto itself.

() If p > (n—1)/(1—«), then the operator v|w,]|aq is linear and continuous from
the space LP(O2,R") to the space C%* (9, R™).

Proof. For proof of statement (i) in case n = 2, we refer to the book of Muskhelishvili
[16, Ch. 19] (see also Kupradze [9, Ch. VIII, §§5-6].) For a proof in case n > 3, we
refer to the book of Mikhlin and Préssdorf [15, Ch. XIV, §6], who actually worked
out the proof for the case n = 3. However, the proof is the same for n > 3.

For a proof of statement (ii), we refer for example to Sevéenko [21, p. 929 of
Engl. transl.] and to Mikhlin and Préssdorf [15, Ch. XIII, Thm. 7.1]. Statement (iii)
follows by statements (i), (i) and by the known form of the kernel of 31 + v,[w, ']
(see also [2, Rmk. A.8].)

We now consider statement (iv). Let 3 €]0,1 — a[. By exploiting the definition
of I'y(w, €), we note that there exists a positive constant C' > 0 such that

C
|x J— y|n_2+52,nﬁ’
Clx — /|
[z~ g1 — gl T

|Fn(wax - y)‘ S

Cn(w, 2 —y) = Fu(w, 2" —y)|

for all z, 2",y € 0Q with x # y and 2’ # y. Then the proof of statement (iv) can be
deduced by the regularizing properties of the integral operators with a kernel of class
Gi(n — 2+ 02,03, ) with 3 €]0,1 — a — p~![ (cf,, e.g., Kupradze et al. [10, Ch. IV
Theorem 2.6]) and by a standard argument based on the existence of a partition of
unity subordinated to an atlas of 0f2. O

Lemma 1. Let o €]0, 1], p €)%=, +00[, w €]1 — (2/n), +oo[, m € N\ {0}. Let Q be

et

as in (11). Let B € C™ (00!, M,,(R)) be such that

| wt2
det (1= —“"2 [ Bao) 20 =2, (50)
47TU)+1 a0t

B satisfies (8) and (9) on 052 if n>3.
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Let Ly, Q be the linear operators in LP(0Q, R™) defined by
62 n W + 2

Qnl = (1= du)vw,nl +—= ] aginda (51)
L[ = %nJrv*[w,n]—B-Q[n]

for allp € LP(02,R™). Then the following statements hold
(i) The operator Lg induces an isomorphism from LP(0Q,R™) onto itself.

(ii) The operator Ly induces an isomorphism from CI=1%(9Q,R™) onto itself for
all j € {1,...,m}.

Proof. We first consider statement (i). By Theorem 7, Lp is a compact perturbation
of a Fredholm operator of index 0 in LP(9€2, R™). Thus it suffices to show that Lp is
injective.

We first consider case n > 3. Let n € LP(0Q,R™), Lg[n] = 0. By Theorem
7 (iv) and by our assumptions on B, we have Q[n] € C**(9Q,R") and thus 37 +
v.w,n] = B-Q[n] € C**(9Q,R™). Then by Theorem 7 (ii), we have n € C%* (99, R")
Since v~ |w, 1] solves the classical homogeneous exterior linear traction boundary value
problem associated to equation Lg[n] = 0 and B satisfies (8) and (9), we have n =0
and thus Lp is injective (cf. e.g., [3, Th. 2.2 (v)].)

We now consider case n = 2. By integrating equality Lg[n] = 0 on 052, we obtain

that w42
w
O:/L da:/ 0———/ Bda/ do .
o9 aln) aszn dtw+1 Jaq aQn

Hence, condition (50) for n = 2 implies that [,,ndo = 0 and thus Lg[n] = %77 +
vi|w,n] = 0 and accordingly n = 0 (cf. e.g., Theorem 7 (iii).)

To prove statement (i), we note that 37+ v, [w, ] is a Fredholm operator of index
0 in CV712(99Q, R") (cf. e.g., [2, Thm. A.9]) and that Q[-] is linear and continuous
from C7=1*(9Q, R™) to C?*(9Q, R™), which is compactly imbedded in C7~%* (9, R™)
(cf. e.g., [2, Thm. A.2].) Then Lp is a Fredholm operator of index 0 in CV~1*(9Q, R").
Since Lp has been proved to be injective in LP(9€2,R™), Lp is also injective on
CI712(9Q, R™), and thus statement (ii) holds. O

Theorem 8. Let a €]0,1[, w €]1 — (2/n), +oo[, m € N\ {0}. Let Q be as in (11).
Let vy € R™. Let G € C°(092 x R™, R"™) satisfy the following conditions.

Fg is continuous from C%*(9,R") to itself and maps (52)
bounded sets of C**(0Q,R™) to bounded sets of C**(99,R™),

Fg maps C7~ (02, R™) to idtself for all j € {1,...,m}. (53)
If there exist § €]0,1] and B € C™ 1*(9Q, M, (R)) such that (50) holds and such

et G(1,6) + Bl
_|_
Cap= su . < 00
“B (t,f)e@ng” (14 [£])°
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Then the integral equation

S0t vl + FelQl vl =0 on 09, (54)

has at least a solution n € C™ 1*(9Q,R") (see (51).)

Proof. By Lemma 1 (ii), equation (54) can be rewritten in the form

n =LY [Fs Q] + o] + Buy) (55)

where

G(t, &) = —G(t,6) — B(t)E  Y(t,€) € 90 x R™.

We now show that equation (55) admits at least a solution in C%*(9Q, R™). By classi-
cal results on single layer potentials, Q[-] is linear and continuous from C7~1%(9Q2, R")
to C7*(99Q, R™), which is compactly imbedded into the space C/~1*(9Q, R™) for all
je{l,...,m} (cf. e.g., [2, Thm. A.2].) Since we have assumed that Fi is continuous
in C%*(92,R") and that B belongs to C™ 1%(99Q, M, (R)), we can easily see that
the map Lgl) [F& [Q] + vo] + Buy] is continuous and maps bounded sets into sets
with a compact closure in C%*(9Q, R") (see also Lemma 1 (ii).) Then we now turn
to prove the existence for equation (55) by exploiting the Leray-Schauder degree on
a ball centered at the origin and with sufficiently large radius in the Banach space
C%*(92, R™). To do so, we need to show that there exists R > 0 such that

(Am) € [0,1] x C¥*(0Q,R™), = AL " [F& [Q[n] + vo] + Bug] = 0 (56)

= ||77||CO,D¢(89,R71) < R.

We first fix p E]%,jtoo[. By Lemma 1 (i), Lgl) is linear and continuous in

LP(09Q,R"). Then all solutions n € C%*(9Q, R™) of the equation in (56) must satisfy
the inequality

1)l ooz < LYVl ceo@a.em),Lo@aen) | Fg [Qn] + vo] + Buo|l ooz

< HL(B_I)HE(LP(BQ,R”),LP(GQ,RW))(meaS(aQ))l/p

) OG,B(l + ||QHll(LP(aQ,R”),COv“(8Q,R")) |7]||Lp(a§z,Rn))‘s + ||BU0||Co,a(aQ,Rn) ,

an inequality which implies that there exists R; > 0 such that ||9||zr9orr < Ry for
all possible solutions n € C%*(9Q, R™) of the equation in (56). Then we have

Q] + vollcoe@arny < |Q2(rr@0.rm),c00 @0, R1 + ||Vol|co.a@0,r)

for all possible solutions n € C%*(9Q, R") of the equation in (56) (see also Theorem
7 (iv).) Then assumption (52) on Fg and the linearity and continuity of Lgl) in
C%*(9Q,R") imply that there exists R > 0 such that ||1]|coe@orn) < R for all
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possible solutions n € C%*(99Q, R™) of the equation in (56). By homotopy invariance
of the Leray-Schauder Degree of T — )\Lsg_l) [F& Q] + vo] + Buy| in the ball centered
at 0 and radius R as A € [0, 1], we deduce that equation (54) has at least a solution
ne Cova(GQ,R") with ”UHCO,Q(QQRn) < R.

Next we show by finite induction that n € C7~1*(9Q,R") for all j € {1,...,m}.
We already know that such a membership holds for j = 1. We now assume that
such a membership holds for a fixed j € {1,...,m — 1} and we show that it holds
also for j + 1. By classical results on elastic layer potentials (cf. e.g., [2, Thm. A.2]),
we have Q[n] € C#*(9Q,R"). Since Fr and LY map C7(9Q,R") to itself and
Buy belongs to C™~12(9, R™) which is contained in C7*(9, R™), we deduce that
Lgl) [Fz [Q[n] + vo] + Bug] € C7*(0Q,R™). Hence, equation (55) implies that n €
CH(99Q,R™) and the proof is complete. O

We note that assumptions (52) an (53) certainly hold if G is smooth enough (see
also end of [11, App. B].)

Corollary 1. Let the assumptions of Theorem 1 hold. Let vy be in [0, +o00[. Let —a®
satisfy conditions (8), (9). Let the function G* satisfy the assumptions of Theorem 8
on G with Q = Q'. Then equation (23) admits a solution (¢,7,p) € R™ X X, 4.

If n =2 and if we further assume that

1 w+2 R ~
det | [+ ——— D:G'(t, &) d R™
€ ( +4’7Tw+]_ 50 §G< 75) Ut) 7&0 er 9

then the matriz G° of (30) with @' = v~ |w, 7| satisfies the assumptions of Theorem 3.
If n > 3 and if we further assume that

(DeG(1,6)¢" <0 V(t,€,¢) € 92 x R* x R",
there exists t € 0Q) such that det DgGi(t,g) 240 VEeR,

then the matriz G' of (30) with @' = v~ |w, 1| satisfies the assumptions of Theorem 3.

Proof. By Theorem 8 with G = G%, Q = ¢, vy = 0, the second component of
equation (23) admits a solution 77 € C™ 1*(9Q°,R™). Then by classical results
on linear integral equations associated to interior linear traction boundary value
problems, the first and third components of equation (23) admit a unique solution
(¢,p) € R™ x C™~1(9Q°,R™) (cf. e.g., [2, Thm. 2.2 (ii)].) Finally, the last part of
the statement is obvious. 0]
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