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Abstract. In this work an inverse problem of spectral analysis for a quadratic
pencil of operators with general nonselfadjoint nonseparated boundary conditions is
considered. Uniqueness and duality theorems are proved, an algoritm for solving the
problem is presented. Apropriate examples and counterexample are given.

1 Introduction
The inverse Sturm-Liouville problem for the equation

" +q(r)y =y = sy
with separated or nonseparated boundary conditions has been thoroughly investi-
gated (see [1] — [3], [9] — [14], [16]). Inverse problems for operator pencils with
separated boundary conditions were considered, for example, in [4] — [6], [15], [17].
However, inverse problems for operator pencils with nonseparated boundary condi-
tions and their numerical solutions were apparently not studied. In this paper, we
try to fill this gap.

2 Setting up an inverse problem

Consider the following three boundary value problems.

Problem L:
y' + (s> +isq(x) +q(x)y =0, (1)
Ui(y) = y'(0) + (a1 +isai2) y(0) (2)
+(a13 + 1 SCL14) y(ﬂ') = 0,
Ui(y) = y'(m) + (az21 + i s az)y(0) (3)

+(a23 + 1 SCL24) y(ﬂ') = 0,
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Problem L; :
y' + (WP +ipq(r) +q(z)y =0,
Vi(y) = 4/'(0) + (a1 + i pa) y(0) = 0,
Va(y) = y'(m) + (a3 + i prag) y(m) = 0,
Problem L,:

y'+ (P +iva(r) +qx)y =0,

y(0) =0,

Va(y) =y () + (ass + i s az) y(m) = 0.
Here g € L]0, 7] and ¢; € W0, 7] are complex-valued functions and a;; (i = 1,2, j =
1,2,3,4) are complex numbers such that a;o # +1, asy # +1. The conditions

aip # 1, asy # 1 exclude from consideration Redzhe type problems, which need a
special consideration (see [5]).

The inverse problem is formulated as follows.

Problem. Given the eigenvalues {sy}, {ux}, and {vx} of problems L, L, Ly re-
spectively, find the coefficients of the pencil L, i.e., the coeflicients ¢(x), ¢1(x), a;;
(i=1,2,j=1,2,3,4).

3 The duality and uniqueness theorems

Together with problem L, we consider problem L™, that differs from L in the coeffi-
cients a1z, 14, 21, A22:

Problem L
y' + (s* +isq(r) +q(x)y =0, (4)
Ui(y) = ¢'(0) + (a1 +isaw) y(0) (5)
+(—ag —isag)y(r) =0,
Ui(y) = y'(m) + (—aiz — i s aa) y(0) (6)

+(ags +isag)y(r) =0,

In what follows, problems of the types L, L™ but with different coefficients ¢, ¢; in
the equation and with different parameters a;; in the boundary forms is denoted by

L, L~ respectively. Throughout this paper, we assume that a symbol with a tilde in
problem L denotes an object similar to that in problem L.

Theorem 1. If {s;} = {5}, {w} = {s}, {vs} = {&}, then either L = L or
L = L. Thus, given three spectra, the coefficients of (1)-(3) are dually determined:
either Q(x> = q~(l’); QI(x) = E]vl(x)f Qij = 5@']’; L= 1727 ] = 17273747 or q(x) = &(.%),
Ch(I) = 61(:6), ay = ay, a1z = G2, @13 = —dgy, (14 = —dgz, dp1 = —Q13, Gz = —Q14,
U3 = (3, U4 = (4.



Inverse problem for an operator pencil with nonseparated boundary conditions 7

Proof. Corollary 1 to Theorem 1 on the uniqueness of a solution to an inverse
problem for L, and Ls in [4] implies that ¢(x) = q(x), a1 = a11, a12 = G12, a2z = dag,
A4 = Q4.

The remaining equalities a13 = 613, 14 = 614, 91 = 621, Q99 — 622 or a1z = —’C\igl,
a4 = —agg, A1 = —ai3, Qs = —ay4 are proved by using linear independence of
certain functions in the expansion of the characteristic determinant A(s) of problem
L, which is an entire function of the first order.

Let ¢(z, s) and ¢(x, s) be solutions of (1) satisfying the conditions

90(0’ ‘9) = ¢(7T75) =1, ‘/1(90) = V2(¢) =0.

Then function o) Uh)
_ 1\¥ 1
Als) = ’ Ualy) Ua(®) ‘

is the characteristic function of problem (1)—(3).
We have

Als) = ’ Vi(p) + (a3 +isaw) p(m) Vi(y) + (a1s +isais) () ‘
Va(p) + (a2 +isa)@(0) Va(v) + (a2 +isas)(0)

Va(p) + (agr +isag) -1 0+ (az +isax)(0)
By the equality Va(p) = =Vi(¥) (see [4]) it follows that

_' O+(a13+isa14)cp(7r) ‘/1(1/1)+((113+’i8a14)'1 ’

A(s) = (a3 +isars) (az + 1 sa) [p(m)P(0) — 1]
+(a1z +isayy — ag —isasn) Vi(y )+V1 (V)
= [ 2 Q14 Qo2 + 1 8 (a13 Q22 + Q14 a21 + a3 a21} fl
+ [a13 — Q91+ 18 (a14 - a22)] ( ) + f3( )a

where
fi(s) = (m,8)¥(0,5) =1, fals) = Vi(¥(x,5)), fs(s) = Vi (¥(z, 9)).
Similarly, we find that the characteristic function of problem L has the form
A(s) = [—5" Qe Qo + i 5 (Q13 Q22 + Qra a1) + Q13 a21] fi(s)

+ [a13 — Qo1 + i 5 (A1a — a22)] fos) + f3(s),

As is shown in [4]

0 explise — Q) 1] + o2

p(z,s) = exp(—isz + Q(x)) [1],

oz, s) = 1 —2(112 is explisz — Q) [1] — 1+ ap

is exp(—isz + Q(x)) [1],
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1+ ay

P(z,s) = exp(is(m —x) — Q(m) + Q(x)) [1]

2
I xp(—is(r — ) + Q(m) — Qo) 1],

14 ay

+

Uz, 5) = is exp(is(m —x) — Q(m) + Q(x)) [1]

1—0,24

isexp(—is(m—z)+ Q(r) — Q(x)) [1],

for |s| — oo uniformly in z € [0, |, where

Q=) :/O wd,  []=1+0 G)
By the above and the general theory of differential operators [8, pp. 1-27] it follows
that A(s) is an entire function of s of the first order. Hence by the and Hadamard
theorem ([7]) it follows that the function A(s) can be reconstructed from its zeros up
to the factor C'e*®, where a and C' are numbers and C' # 0.

It is known (see [8, pp. 24-27]) that the zeros of the determinant A(s) are the
eigenvalues of problem L and the multiplicity of the zero of function A(s) coincides
with the algebraic multiplicity of the corresponding eigenvalue of problem L.

Since the eigenvalues of problems L and L are identical and have the same alge-
braic multiplicity, the function A(s) of problem L and the function A(s) of problem
L satisfy the identity B

A(s) = CA(s) exp(as). (7)

Let us show that a = 0 with the help of a reducio ad absurdum proof. If a # 0
then the functions

fl(s)v Sfl(s)v 82 f1(8)7 fl(s) eas7 Sfl(s) 6a87 32 f1<8) eas7
fa(s), s fa(s), fa(s)e™, s fa(s)e™, f3(s), fs(s)e™

form a linearly independent system of functions.
Indeed,

fi(s) = o(m,s) Y (0,5) — 1 =
(1 5 exp(ism — Q(m)) [1] + ! +2a12 exp(—isT + Q(7)) [1])

1—(12

! exp(—ism + Q(r)) 1] - 1
1-— 1-— 1 1
a2 Q24 n + a2 1+ agy 1] —1
2 2 2 2

1—(112 1+&24
+( 2 2

X (1 —|—2a24 exp(ist — Q(m)) [1] +

exp(2ism — 2Q(m))+

1+CL12 1—@24

2 2

exp(—2ism + 2@(71’))) 1]



Inverse problem for an operator pencil with nonseparated boundary conditions 9

_ et =Ly L o 2am 4 20 Q) - (1 - ) [

—I—% sin (2sm+2iQ(7))) - (agq — a12) [1],
fa(s) = Vi(¥(z,5)) = vs sin((s —w)m) [1],

fs(s) = Vi (¥(z,s)) = 7* s* sin® ((s — w)m) [1],
where (see [4])

== g, v (wEeEs [T,

a 297 (1-@12)(1"‘&24)

By (7) it follows that the coefficient 72 at s? sin? ((s — w)n) [1] in the expansion
of

A(s) — A(s) exp(as +b)

equals zero.
However the equality

72 = (1 - a%ﬂ(l - a§4) =0

contrdicts to the conditions a5 # +1, agy # £1.
So a = 0.
Relation (7), together with linear independence of the functions

f1(5)7 5f1(5>> 32f1(5)7 f2(8)7 5f2(5)7 f3(3)

implies that

14 Gz = Q14 G, (8)

13 Ay + @14 g1 = G13 Ao + Q14 A1, (9)
a13 Qg1 = G13 Ao, (10)

a3 — a1 = 13 — Ao, (11)

a14 — G2 = Q14 — U2 (12)

By (8) and (12) it follows that

Q14 = 514, Q22 = 622, (13)

or
a1qg = —5227 A22 = —514- (14)

By (10) and (11) it follows that
a13 = 513, a1 = 521, (15)

or
a13 = —Q91, Q1 = —a13. (16)



10 A.M. Akhtyamov, V.A. Sadovnichy, Ya.T. Sultanaev

Thus, the following four cases are possible:

(i) the equations (13), (15),
(ii) the equations (14), (16),
(iii) the equations (14), (15),
(iv) the equations (13), (16).

Let us show that cases (iii) and (iv) are particular cases of (i) and (ii).
In case (iii) equation (9) can be reduced to the form

(a13 + a91)(a14 + ag) = 0.
Therefore a3 + asy =0 ayq + asg = 0. If a13 + ag; = 0, then
Q13 = —ag1 = —521, 21 = —a13 = —513,

i.e. we have case (ii).
If a14 + Q99 = O, then

14 = —Q22 = Q14, Ag2 = —0A14 = A2,

i.e. we have case (i).
Hence, case (iii) is particular case of (i) and (ii).
In case (iv) equation (9) can be reduced to the form

(a13 + a91)(a14 + az) = 0.
Therefore a3 + asy =0 ayq + ase = 0. If a13 + ag; = 0, then
13 = —Q21 = 513, 21 = —a13 = z1/217

i.e. we have case (i).
If a14 + Q99 = O, then

14 = —0Ag2 = —Q22, Q22 = —A14 = —Q14,

i.e. we have case (ii).
Hence, case (iv) is particular case of (i) and (ii).
Thus, only two cases (i) and (ii) are possible. O
As special cases of Theorem 1, we can obtain various uniqueness theorems. Below
are examples.

Theorem 2. If {sy} = {si}, {m} = {m}, {ve} = {W}, a1z = a3 and a1y = au,
then L = L. Thus, given three spectra, the coefficients of pencil (1)-(3) are uniquely
determined if a13 and a4 are known.

Proof. Theorem 1 implies that ¢(z) = q(z), a11 = a11, a12 = A2, Ge3 = A3, A24 = G2y
and one of the cases
(i) the equations (13), (15),
(ii) the equations (14), (16)
is possible.
By the assumptions of the theorem a3 = a13, a4 = a4, so we have only one
case (i). O
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Theorem 3. ]f {Sk} = {gk}7 {,uk} = {ﬁk}; {Vk} i {’ﬁk}7 CL14,514,6L22,622 e R
and sign ajy = Sign ayy, Sign ase = signasn, then L = L. Thus, given three spectra,
the coefficients of pencil (1)-(3) are uniquely determined if signayy and signasy are
known.

Proof. Theorem 1 implies that ¢(z) = ¢(z), an1 = @11, a1z = G2, a3 = aogs,
(94 = a4, and one of the cases:
(i) the equations (13), (15),
(ii) the equations (14), (16)
is possible.
If signs (plus or minus) of coefficients aj4 and agy are known, then only one case
of cases (i) or (ii) is possible. O

Theorem 4. If {se} = {5}, {m} = {7k 1} = (h aa = G, 0 = i
then L = L. Thus, given three spectra, the coefficients of pencil (1)-(3) are uniquely
determined if as; and asy are known.

Proof. Theorem 1 implies that ¢(x) = q(x), a1 = a1, a12 = 12, Gz = dag,
(94 = Qa4, and one of the cases
(i) the equations (13), (15),
(ii) the equations (14), (16)
is possible.
By the assumptions the theorem ag; = Go1, aze = aag, S0 we have only one case (i).
O

The question arises how, given the spectra, to find the two solutions discribedin
Theorem 1. Below, we propose a method for constructing these two solutions and
prove another (stronger) duality theorem. It differs in that it uses only five eigenvalues
instead of the entire spectrum of problem L.

4 An algorithm for solving the inverse problem

The coefficients q(z), ¢1(x), a1, a12, ass, and asy can be found from the spectra of
problems L; and Ly with the help of the method described in [4].

It remains to show how to find a3, a4, as, and ags.

Let s; be the eigenvalues of problem (1)—(3). Then they are zeros of the charac-
teristic determinant A(s), i.e., satisfy the equalities

[—si b1 + 15, ba + bs] fi(sk)

+[bs + i sk bs] fa(sk) + f3(sk) =0, (17)

where f1(s), f2(s), f3(s) are certain functions associated with linearly independent
solutions to equation (1), and

b1 = ajsa92, by = ai3a22 + aisa21, bs = ajzas,
by = a13 — ag1, bs = a4 — ago.

(18)
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If the eigenvalues s, k = 1,2,3,4,5 of problem (1)—(3) are such that the deter-
minant of the matrix

| —Sifl(sk) isefi(se) fi(sk) fa(sk) iskfa(si)l|

of system (17) is nonzero, then the system of algebraic equations with the unknowns
b1, by, b3, by, and b5 has a unique solution. The unknown coefficients a3, a4, as1,
and ago are found using by, by, bs, by, and b5 from the system of nonlinear algebraic
equations (18). This system has two solutions.

The above results in the following.

Theorem 5. If the eigenvalues sy, (k =1,2,3,4,5) of problem (1)-(3) are such that
the determinant of the matrix

| = spfi(se) isufi(se) fi(se) fa(sk) iskfo(sk)l]

of system (17) is nonzero, then the coefficients q(x), q1(x), ai1, aia, a3, and asy are
uniquely determined and the coefficients ay3, ais, as1, and ase are dually determined
by these five eigenvalues and the spectra of problems Ly and L.

5 Examples and a counterexample

Example 1. Suppose that the eigenvalues u; and vy of problems Ly, Ly respectively,
coincide with the roots of the equation

3
—2 cos u ™+ <— —i—,uk> sin pg ™ = 0,
Mk

siny,

Cos Vg T+ 3 =0,

Vi

and let five eigenvalues of problem L be
s1 = 0.9056531 + 0.0614968 7, s, = 2.0410923 + 0.0617103 %,

s3 = 2.9137034 — 0.0504283 ¢, s4 = 4.0270545 + 0.0804198 ¢,
55 = 4.9425939 — 0.0746285 1.

The coefficients q(x), ¢1(z), ai1, a12, ass, and agy are determined by the eigenvalues
e and v, of problems L; and Lo by applying the method of [4]: ¢(z) = ¢1(z) = a2 =
asy = 0, ay;; = 1, and as3 = 3. To find the coefficients a3, a4, as1, and ass system
(17) is solved by the Cramer rule. As a result, we have by = 8, by = 10, by = 3, by = 2
and bs = 2 with the accuracy 1072. Substituting these ; in system (18) and solving
the latter produces two solutions

(1) a1z = 3, a14 = 4, 91 — ]_, A9 — 2,

(11) a1z = —1, a4 = —2, a9 = —3, 99 = —4

Thus, the indicated spectra can be possessed by the two eigenvalue problems:
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Problem L.
y' + sy =0, ¥ (0)+y(0)+ (3+4is)y(r) =0,

y'(m) + (1 + 2is) y(0) + 3y(m) = 0.
Problem L.
y' + 52y =0, y(0)+y(0)+ (=1 - 2is) y(m) = 0,
y' () + (=3 — 4is) y(0) + 3y(w) = 0.

If, in addition to the spectra of L, L, and Lo, we know that a;3 = 3 and a4 = 4,
we obtain one solution (rather than two), namely, that of problem L (Theorem 2).

If two solutions coincide, then we also obtain one solution. This case is considered
in example 2.

Example 2. Suppose that the eigenvalues ;. and vy, of problems Ly, Ls respectively,
coincide with the roots of the equation

3
—2 cos p, ™+ (— +,uk) sin p ™ = 0,
M

sin v,
cosvp T+ 3

:07

Vi

and let five eigenvalues of problem L be
s1 = 1.155913754, s9 = 2.163308594, s3 = 3.144507346,

54 = 4.124456887, s5 = 5.107505070.

The coefficients ¢(x), ¢1(x), ai1, a12, ass, and agy are determined by eigenvalues
i and v, of problems L; and Lo by applying the method of [4]:

@) =q(xr) =aa=a4 =0, a3 =1, ayg=3.

To find the coefficients a3, a14, ag1, and age system (17) is solved by the Cramer rule.
As a result, we have

b1:O, bQIO, b3:0, b4:0, b5:0,

with the accuracy 107°. Substituting these b; in system (18) and solving the latter
produces one solution: a;3 =0, a4 =0, as =0, a9 =0.

Example 3 (Counterexample). In Theorem 3, the condition that the determinant
of the matrix of system (17) is nonzero cannot be omitted. A relevant example is
as follows. Suppose that the eigenvalues p; and v of problems Ly, Lo respectively,
coincide with the roots of the equation

3 .
—2cosppm+ | — 4+ pp | sinp =0,
M
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siny,
CosVE T+ 3 =0,
Vg

and let five eigenvalues of L be as follows up to 1072
sp =100, s =200, s3 =300,

sy = 400, s5 = 500.
The coefficients q(x), ¢1(z), ai1, a12, ass, and agy are determined by the eigenvalues

i and v, of problems L; and Lo by applying the method of [4]: ¢(z) = ¢1(z) = a2 =
asy =0, a;; =1, and ass = 3. To find ay3, a4, as, and asy, we solve system (17):

4—-2b4—8002b5 =0, 4—2by— 1000705 = 0.
As a result, we obtain not a unique solution but an infinite set of solutions: b; =
Cl, bg = 02, b3 = 03, b4 = 2, and b5 = 0.
Thus, it may happen that the indicated spectra are possessed not only by the two
eigenvalue problems

Problem L.
y' +57y=0, ¥ (0)+y(0)+ (3+4is)y(r) =0,
y'(m) + (14 2is) y(0) + 3y(7) =0,

Problem L.
y' +5°y =0, y'(0)+y(0)+ (-1 —2is)y(r) =0,
y'(m) + (=3 — 4is) y(0) + 3y(m) = 0,

but by an infinite set of eigenvalue problems.

The reason for this is that the five values s, were not the first five eigenvalues
but the eigenvalues that are far away from zero. In this case, s, are asymptotically
close to the numbers k. As a result, fi(si), sk fi(sk), and s f1(sy) are close to zero.
Therefore, the determinant of system (17) becomes close to zero.

6 Conclusion

The results explained in the previous sections show that the eigenvalue boundary
problem (1)—(3) for operator pencils with nonseparated boundary conditions can be
reconstructed using three spectra by the numerical methods.
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