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Abstract. In this paper estimates of the error of a cubature formula in Besov classes
are obtained. The method of research is essentially based on the choice of a Lizorkin
system.

1 Introduction

Let F' be a normed space embedded in the space of continuons functions C[0, 1]",
Cc = {Cl, ...,CM}, t = {tl, ...,tM}, Ci € R, tk € [0, ].)n, k= ]_,2, cees M.
It is said that the quantity

M
om(Fiet) = sup fy)dy — chf(tk) :
1=t |J [0, P

is the error of the cubature formula

Z Ckf(tk)

in the class of functions F.

Note that there are many works dedicated to estimation of the error of a cubature
formula and construction of cubature formulas, which are best possible in order, in
various spaces with dominating mixed derivatives, namely in Sobolev spaces W
(N.S. Bakhvalov [1|, K.K. Frolov [2], V.N. Temlyakov [9]), in Korobov spaces E*
(N.M. Korobov [3], L.F. Sharygin [8], N.S. Bakhvalov [1]), in Nikol’skii spaces H
(V.N. Temlyakov [9], [10]).

In this paper estimates of the error of a cubature formula in Besov classes
B0, 1)* are obtained. The method of research is essentially related to the choice
of a Lizorkin system.

Such systems are ortogonal and are constructed on the basis of the trigonometric
system. They also possess the basic properties of the Haar systems, for example
the property of being an unconditional basis in the space L,. These systems were
introduced by P.I. Lizorkin [4], and new theorems on multipliers of the Fourier series
were obtained with the help of such systems.
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2 Lizorkin block bases and some of their properties

Let {e?™*}% _ he the trigonometric system. The Lizorkin block system E =
{E,(z)}>, is defined in the following way.

Let n = 2" 145 wherem =1,2,...,5s =0,....2" 1 -1, Ey(z) =1, Ey(z) = e*™*,

Eu(x) = BQY ((2),  E_n(x) = ES (2),

gm—1_1

where

1 = 21

(s) _ o
Egn=_(z) = S Z e ),
k=2m—1
We need some properties of the Lizorkin system.

Lemma 1. Let v € Z,,0 < s <2""Y, m & N. Then

0, 1<v<m,

r 1 =0
Z B (gm) =1 o o
e I oni(ast1) =t
?%1 > e mi(2s+ )2"—m, v >m.
q:2u—m—1
Here Eé,)l( y:=1ifv=0.
Proof. Note that
om_1 2v—1
d = i 1 €i27ril(2imf2‘;ﬁl) —
vm 9Qm Qu—1
r=0 [=9v—1
2v—1
F2omil =5 2541 27l 57
2m+1/ omtv—1 Z Z
—ov— 1

It is well known that

2m_1 m

Z ei?wilQLm _ {07 l#2 Q7q€Z7

p— 2m. [ =2"q.

Let v < m, then [ < 2™ ! and [ is not an integer multiple of 2™. Hence d$, = 0.
Let v > m, then 2¥~! < [ < 2¥. In this interval the of numbers of [, which are

integer multiples of 2™, is equal to 2v~17™,
Then we have
ov—m__1 Qv—m_1
m
d5 = 2 Z eﬂmamq?;—# _ 1 Z 6i2m’(2s+1)2uﬁm
vm m+v—1 v—1 :
2 1:21/777171 2 q:2u7m71
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Corollary 1. Let v € Z,,0 < s < 2°°Y, m € N. Then for numbers d5,  the
following estimation hold:

0, 1<v<m,
[yl <91 v=0,

1
om Vv >m.

Let 1 < p < 00,0 < < oo,r > 0. We consider the spaces By,([0,1] (15]),
which are the sets of all trigonometric series (which are not necessarily convergent)

f(xa y) = Z Z ak1k262m(kw+k2y)a (1)

k1€Z ko€Z
for which
o oo 1/6
1£112, 0,112 = (Z >, 2r<kl+’f2>9|r<5klk2<f>Hi,,) < o0, if 0<6 < oo

k1=0 ko=0

and
£l By o12) = sup 2725, ()], < 00, if 6 = oo,
€

where

5k1k2 <f) - Z Z Amyma e27ri(mlm+m2y) .

[2F1 71 ma [ <2k [2F2 1) ma| <2k2

Let f € C[O,l]n, m € NQ, k’l = 2m1+$1,0 < S1 < 2m —]_, k’g = 2m2+$2,0 <
89 < 2™ — 1, and

1 r1
F(kl’k2):2(m12)+(m22)/ / f(x,y)Ekle(:c,y)da:dy,
o Jo
where Ek1k2 (:L‘,y) = Ekl (x)Elw (y)

Theorem 1. The series (1) belongs to the space Bly([0, 1]?), where 7 >0, 1 < p <
00,1 < 0 < oo if and only if the quantities T'(ky, k2) satisfy the condition

;,e(f) =

A
=

_ [ Sy [ 3 S Pmem)? | | <o

k1=0 k2=0 (24171 Jma | <2F1 [262-1]<Jma|<2%2

if 1 <0< oo and

1
p
r _ (k14ko)(r—1) p
p,oo(f) = sup 2 P |T'(my, ma)| < 00
ko>0
ki >0 291 71]lma |<2F1 [2k2 - 1]<|ma| <2k2

if 0 = oo. Moreover (3, (f) is equivalent to the norm || f| 5r,.

In the case n = 1 theorem was proved by P.I. Lizorkin [4]. The proof for n = 2
is similar.
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3 Estimation of error of a cubature formula in the space
« 2
po [07 1]

Let f € C[0,1]> be a periodic function with period 1 and m € N. The following
cubature formula

2k1 1 2k2 1
T m r1+sgn ki f ™ T2
()= D om Z > (- k17 k2 )
k1+ko=m r1=0 r2=0

k1,ko>0

was introduced and studied in [6], [7]. In [7] it was shown that it is best possible in
order in Sobolev spaces Wi and in Korobov spaces E“.

Theorem 2. Let

0o 2¥1— 121/2 1

7 (z,y) Z SN TE T 451,277+ s0) - B (2) ES)E L (2)

v1=019=0 s1=0 s2=0

be an absolutely convergent series. Then

Tym (f55) = /

[0,1]2

fﬂ(x,y)dxdy’ <

V1 — 121/2 1

im i min(t —m, m) Z ZZ (27 4 51,2727 4 s9).

vitre=t 51=0 s9=0
v1,v220

Proof. We prove the statement for f*+, the other cases being similar. Note that

2m1—12m2-1

TQm - Z Z Z f 2m1 2m2

m1+m2 =m r1=0 1ro2=0
my,mg=0

2m1—12m2-1

1
_2m71 Z Z Z f 2W1L1 2m2

mi+mo=m—1 r1=0 1ro=0
mq,mg=0

Since the series is absolutely convergent, we have

0o 2¥1— 121/2 1

SIS ICIEEPEE )

v1=012=0 s1=0 s2=0

om1 2m2
1§2£m2%«wymzww%ﬁ—

m1+mo=m r1=0 ro=0

- 2 (S ) 5 3 ()| re)-

mi1+mo=m—1 r1=0 ro=0

| Tom (f*F) —
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0o 2¥1— 12112 1

S e e )

v1=019=0 s1=0 s2=0

L (1, v2) = I;—1 (v1, 1)) — T(0,0)],

where

2m
1 T r
_ } : § : (8)+ L (s) 2
[m(V17V2) o (27711 E2”1 1 (27711) . 2m2 Z EZ";[I (27”2)) .

mi1+mo=m ri=

We consider the difference I,,,(v1,v9) — I,—1(v1, 19) separately for the cases in
which (v1,15) = (0,0); (v1,12) = (0,10),v5 > 0;(v1,15) = (v1,0),7 > 0 and
(1/1, 1/2), v > 0,v9 > 0.

Let (v1,15) = (0,0). Taking into account Lemma 1 we have

L,(0,0)= Y di, d, =m+1,

mi+mo=m
mq,mgo=0

hence
1,,(0,0) — 1,,_1(0,0) = 1.

Next let (v1,15) = (0,15), 2 > 0. By Lemma 1 we get

m—1

Ln(Ova) = Y dZ,, = > di,,
mit+mo=m mo=0
m1,m9=0
Taking into account that v, > 1 and the fact that by Lemma 1 d;2,,, = 0,1, < my
we have
min(m,v2)—1
[m<07 V2) = Z dlsémg
mo=0
Then
min(m,v2) 0 for vy <m
In00) = Lua@w) = >0 =y
mo=min(m—1,v2) vam or vy zm.

Similarly, if 4 > 0 then

0 for vy <m
L (11,0) = I 1 (11, 0) = 1
a2, forv,>=m.
Finally let v; > 1,15, > 1. By Lemma 1
0 forvi + v <m,
L (v1, 1) Z dyymdyym = > dyymydyym, forvy e =m+t,t>1.

mi+mo=m mj+mo=m
mq,mg>0 my<vy,mg<vy
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Applying Corollary of Lemma 1 we obtain

Z du1m1dl/2m2 < Z 271n1 271nz -

mi+mo=m m1+mo=m
mq<vy,mo<v: mq <vi,mo<v9
1 1,M2<V2

1 min(¢, m)
aETHED DR R T
mit+mo=m
my<vi,mo<vg

thus
0 forvy + v <m

I (v, v2)| <4 s
[ (11 2)|\{w forvi+vo=m+t,t>21.

By the above estimates we get

oo 2¥1— 12u2 1

‘T2m<fii) o F<070>‘ - ‘{Z Z Z Z 21/171 + 81,21/271 + 52)-

v1=1v9=1 s1=0 s2=0

0o 2u1—1
In(v1,02) = Lma (1, 0)) + Y0 > T2 +51,0) - (L (v, 0) — Ly (1,0))+
v1=1 s1=0
o) 21/2—1
+ )0 (0,227 4 53) - (1 (0, 1) = T (0, y))} +
vo=1 s9=0

+I'(0,0)(1,,(0,0) — 1,,-1(0,0)) = I'(0,0)| =
0o 2¥1— 121/2 1
TS ST s 25 ) (Do) — a1, ))
vi=1vo=1 51=0 s2=0
o) 2u1—1
303 T+ 51,0) - (In(1,0) = L1 (v,0))+
v1i=1 s1=0
0o 2u2—1
30 3T T(0,2% 7 4 53) - (1(0,0) — Lt (0,0))| <
vo=1 s9=0
V1 — 121/2 1

< S Y Y S e 2 b s mintm)+

t=0 vitva=t+m 51=0 s9=0
vi=21l,v92>1

V1 — 1 V2 — 1
S SID DI NCIERI I+ 5 > Y02 )<
vi=m+1 s1=0 vo=m+1 s2=0

21/1—1 21/2—1

<2im i min(t — m,m) Z Z ZF(2”1+81,2”2+82)-

t=m+1 vitre=t s1=0 s2=0
v1 20,0920



Estimation of error of cubature formula in Besov space 153

Theorem 3. Let

Z Z V17V2 V1,V2('r7y)

V]=—00 V2=—00

be an absolutely convergent series. Then

o0

Tom (f) — f(:p,y)d:pdy’ < 2% Z min(t — m, m)x

[0,1]2 t=m+1

21/1—1 21/2—1

XYY T T 51,22 )| T(—20 7 = sy, =227 — sy)|

vitro=t s1=0 so=0
v; =20

21/1—1 21/2—1

03 Y S n(2 sy, 2 )| D20 sy, 22— sy))

v t+vg=t $1=0 s2=0
vi21l,vg2>1

Proof. We decompose f in the following way

F= T 2)
where ~ 50

f= Z Z T (11, 10) By 0 (2, ),

V1=—00 V2=—00
f+_ — Z Z P 7/1,7/2 V1, Vg(x7y)7

V1=—0Q Vg=—00
f7+: Z Z F V17V2 V1, l/2<x7y>7

V1=—0Q Vg=—00

Z Z F 1/1’1/2 V17V2(x7 y)7

V1 =—00 V2=—00

T'(vy, v v 20,1, 20

F++<V17V2): ( 1, 2)7 1 = 7‘2 = Y,
0, otherwise |,

FJF? (l/l, 1/2) =

I(n,1m), =11 <—1,
0, otherwise |,

F(v,ve), m<—1Lmw=>1

0, otherwise ,

(v, 1n) = {

P__( ) F(l/l, 1/2)7 12} g O, 12 < O, (l/h VQ) §£ (0, 0)
V1,Vp) = .
b 0, otherwise .
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Applying Theorem 2 to each function in decomporzition (2) we get the statement of
the theorem. O
Let m € N,v € Z2,

p(v) = {s = (s1,80) € N? :sgn (1, — 1)2"2 < || <2471, i=1,2).
The set

={rez?:(nllae |J p)I\{2D ] 225k + ke = m + 1}

vi+rve<m—+1

is called steplike hyperbolic cross of the order m.
Let f € By[0,1]* and

Ec,. (f)ng — inf Hf Z ak1k2€27ri(klm+k2y) ”Bge'

{aryky b keGm

Theorem 4. Let a > 1,1 < p < 00,1 < 0 < 00,1/0 +1/0" = 1, then for any
function f € Bg[0, 1]?

Tn($) - [ Sodedy| < o 2 o ()i

[0,1]2

where cqpo > 0 is independent of m and f.

Proof. Without loss of generality it is possible to assume that

oo o0

=) ) T(ky, ko) By (2, y).

k1=0 ko=0

By Theorem 3 we get

(1) | ]f<x,y>dxdy]<
0,12

21/1—1 21/2—1

< om D e B3 S st bal<

vy +vg=t s1=0 s29=0
V120,920

oo o1 —1 gug—1
<2% > 2(-m)- Y (Z > |F<2””+81,2”21+82>|p> -

t=m-+1 v1tvg=t s1=0 s2=0
v120,0920

B =

:Qim S 210 DG (¢ - ) x

t=m+1
1
27/1712V271 ;
—1 -1
3 (}j}jw(zw + 51,27 +52)|p) <
vitro=t 51=0 s2=0

v120,v920
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-

1 it ’ / ’
< 2_m Z 2t(1—0¢)9 (t _ m)9 Z 19 X

t=m+1 vitro=t
v; =20

1

o\ @
00 2V171 2V271 P
ta—1)0 — _
X E ota—3) § <§ E D277 4 51,27 1+82)|p> <
t=m+1 v1trvo=t s1=0 s2=0

v120,v920

% 00 2v1i—1gva—l ’
me’ 1
<o | X2 ¥ (z z|<>|) )

t=m+1 vy +vo=t $1=0 s9=0
v120,v920

where ¢; > 0 is independent of f and m.
By Theorem 1 that the last bracket in (3) is equivalent to the norm |f —
ng(f)HBge, where

_ omi(kyz+k
Sen(f) = D agpe® Tk,
k€Gm,
Thus, we have

(F)llss,: (4)

Tou(f) - f@wMM4<@m

[0,1]2

where ¢y > 0 are independent of f and m.
By Theorem 1 we have

EGm(f)Bge :{ inf Hf Z Ay ki, € 27rz kw—l—kﬂ/)”B

Oy ky b keGm

= inf ||f-Tg,llB, 2
Ay ko

SRS

2¥1—-1 2v2—1

;Qt(a_%)g D > Dsisy f-Te )P | +
t—=

vy tvg=t —[ov1—1 —[ovo—1
050 \51 [2v171] sg=[27271]

o\ o
o0 2¥1 -1 2v2 1 P
ta—21)0 . P
+ E 27w T (s1, 825 f — Ta,,)| >
t:m+1 vy tvg=t —[ov1—1 —[ovo—1
0o \51 [2v171] sp=[27271]
O\ o
2Y1—1 2v2 1 P

= C3 i gHa=3)0 Z Z Z [(s1,89; f)F P

t=m+1 vitro=t =[2¥171] so=[2v271]
v120,v920

2 cillf = S, ()l Bg,

where c3, ¢, > 0 are independent of f and m. This inequality together with (4) imply
the statement. 0J
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