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e.Mathemati
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ation: 65D32.Abstra
t. In this paper estimates of the error of a 
ubature formula in Besov 
lassesare obtained. The method of resear
h is essentially based on the 
hoi
e of a Lizorkinsystem.1 Introdu
tionLet F be a normed spa
e embedded in the spa
e of 
ontinuons fun
tions C[0, 1]n,
c = {c1, ..., cM}, t = {t1, ..., tM}, ck ∈ R, tk ∈ [0, 1)n, k = 1, 2, ...,M .It is said that the quantity

δM(F ; c, t) = sup
‖f‖F =1

∣∣∣∣∣

∫

[0,1]n
f(y)dy −

M∑

k=1

ckf(tk)

∣∣∣∣∣ ,is the error of the 
ubature formula
M∑

k=1

ckf(tk)in the 
lass of fun
tions F .Note that there are many works dedi
ated to estimation of the error of a 
ubatureformula and 
onstru
tion of 
ubature formulas, whi
h are best possible in order, invarious spa
es with dominating mixed derivatives, namely in Sobolev spa
es W α
p(N.S. Bakhvalov [1℄, K.K. Frolov [2℄, V.N. Temlyakov [9℄), in Korobov spa
es Eα(N.M. Korobov [3℄, I.F. Sharygin [8℄, N.S. Bakhvalov [1℄), in Nikol'skii spa
es Hα
p(V.N. Temlyakov [9℄, [10℄).In this paper estimates of the error of a 
ubature formula in Besov 
lasses

Bα
pθ[0, 1]2 are obtained. The method of resear
h is essentially related to the 
hoi
eof a Lizorkin system.Su
h systems are ortogonal and are 
onstru
ted on the basis of the trigonometri
system. They also possess the basi
 properties of the Haar systems, for examplethe property of being an un
onditional basis in the spa
e Lp. These systems wereintrodu
ed by P.I. Lizorkin [4℄, and new theorems on multipliers of the Fourier serieswere obtained with the help of su
h systems.



148 E.S. Smailov, N.T. Tleukhanova2 Lizorkin blo
k bases and some of their propertiesLet {e2πikx}∞n=−∞ be the trigonometri
 system. The Lizorkin blo
k system E =
{En(x)}∞n=0 is de�ned in the following way.Let n = 2m−1+s, wherem = 1, 2, ..., s = 0, ..., 2m−1−1, E0(x) = 1, E1(x) = e2πix,

En(x) = E
(s)+
2m−1−1(x), E−n(x) = E

(s)−
2m−1−1(x),where

E
(s)±
2m−1−1(x) =

1

2m−1

2m−1∑

k=2m−1

e±2πik(x− 2s+1
2m ).We need some properties of the Lizorkin system.Lemma 1. Let ν ∈ Z+, 0 6 s < 2ν−1, m ∈ N. Then

dsνm :=
1

2m

2m−1∑

r=0

E
(s)±
2ν−1−1

( r

2m

)
=





0, 1 6 ν 6 m,

1, ν = 0,

1
2ν−1

2ν−m−1∑
q=2ν−m−1

e±2πi(2s+1) q

2ν−m , ν > m.Here E(s)±
2ν−1(x) := 1 if ν = 0.Proof. Note that

dsνm =
1

2m

2m−1∑

r=0

1

2ν−1

2ν−1∑

l=2ν−1

e±2πil( r
2m − 2s+1

2ν ) =

=
1

2m+ν−1

2ν−1∑

l=2ν−1

e∓2πil 2s+1
2ν

2m−1∑

r=0

e±2πil r
2m .It is well known that

2m−1∑

r=0

e±2πil r
2m =

{
0, l 6= 2mq, q ∈ Z,

2m, l = 2mq.Let ν 6 m, then l 6 2m−1 and l is not an integer multiple of 2m. Hen
e dsνm = 0.Let ν > m, then 2ν−1 6 l < 2ν . In this interval the of numbers of l, whi
h areinteger multiples of 2m, is equal to 2ν−1−m.Then we have
dsνm =

2m

2m+ν−1

2ν−m−1∑

l=2ν−m−1

e±2πi2mq 2s+1
2ν =

1

2ν−1

2ν−m−1∑

q=2ν−m−1

e±2πi(2s+1) q

2ν−m .

�
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e 149Corollary 1. Let ν ∈ Z+, 0 6 s < 2ν−1, m ∈ N. Then for numbers dsνm thefollowing estimation hold:
|dsνm| 6





0, 1 6 ν 6 m,

1, ν = 0,
1

2m , ν > m.Let 1 < p < ∞, 0 < θ 6 ∞, r > 0. We 
onsider the spa
es Br
pθ([0, 1]2 ([5℄),whi
h are the sets of all trigonometri
 series (whi
h are not ne
essarily 
onvergent)

f(x, y) =
∑

k1∈Z

∑

k2∈Z

ak1k2e
2πi(k1x+k2y), (1)for whi
h

‖f‖Br
pθ([0,1]2) =

( ∞∑

k1=0

∞∑

k2=0

2r(k1+k2)θ‖δk1k2(f)‖θLp

)1/θ

<∞, if 0 < θ <∞and
‖f‖Br

p∞([0,1]2) = sup
ki∈N

2r(k1+k2)‖δk1k2(f)‖Lp <∞, if θ = ∞,where
δk1k2(f) =

∑

[2k1−1]6|m1|<2k1

∑

[2k2−1]6|m2|<2k2

am1m2e
2πi(m1x+m2y).Let f ∈ C[0, 1]n, m ∈ N

2, k1 = 2m1 + s1, 0 6 s1 < 2m1 − 1, k2 = 2m2 + s2, 0 6

s2 < 2m2 − 1, and
Γ(k1, k2) = 2(m1−2)+(m2−2)

∫ 1

0

∫ 1

0

f(x, y)Ek1k2(x, y)dxdy,where Ek1k2(x, y) = Ek1(x)Ek2(y).Theorem 1. The series (1) belongs to the spa
e Br
pθ([0, 1]2), where r > 0, 1 < p <

∞, 1 6 θ 6 ∞ if and only if the quantities Γ(k1, k2) satisfy the 
ondition
βrp,θ(f) =

=




∞∑

k1=0

∞∑

k2=0

2(k1+k2)(r− 1
p
)θ


 ∑

[2k1−1]6|m1|<2k1

∑

[2k2−1]6|m2|<2k2

|Γ(m1, m2)|p



θ
p




1
θ

<∞if 1 6 θ <∞ and
βrp,∞(f) = sup

k2>0

k1>0

2(k1+k2)(r− 1
p
)


 ∑

[2k1−1]6|m1|<2k1

∑

[2k2−1]6|m2|<2k2

|Γ(m1, m2)|p



1
p

<∞if θ = ∞. Moreover βrp,θ(f) is equivalent to the norm ‖f‖Br
pθ
.In the 
ase n = 1 theorem was proved by P.I. Lizorkin [4℄. The proof for n = 2is similar.



150 E.S. Smailov, N.T. Tleukhanova3 Estimation of error of a 
ubature formula in the spa
e
Bα

pθ[0, 1]2Let f ∈ C[0, 1]2 be a periodi
 fun
tion with period 1 and m ∈ N. The following
ubature formula
T2m(f) =

∑

k1+k2=m
k1,k2>0

1

2m

2k1−1∑

r1=0

2k2−1∑

r2=0

(−1)r1+sgn k1f
( r1

2k1
,
r2
2k2

)
.was introdu
ed and studied in [6℄, [7℄. In [7℄ it was shown that it is best possible inorder in Sobolev spa
es W α

p and in Korobov spa
es Eα.Theorem 2. Let
f±±(x, y) =

∞∑

ν1=0

∞∑

ν2=0

2ν1−1∑

s1=0

2ν2−1∑

s2=0

Γ(2ν1−1 + s1, 2
ν2−1 + s2) ·E(s)±

2ν1−1(x)E
(s)±
2ν2−1(x)be an absolutely 
onvergent series. Then

∣∣∣∣T2m(f±±) −
∫

[0,1]2
f±±(x, y)dxdy

∣∣∣∣ 6

6
1

2m

∞∑

t=m+1

min(t−m,m)
∑

ν1+ν2=t
ν1,ν2>0

2ν1−1∑

s1=0

2ν2−1∑

s2=0

Γ(2ν1−1 + s1, 2
ν2−1 + s2).Proof. We prove the statement for f++, the other 
ases being similar. Note that

T2m(f) =
1

2m

∑

m1+m2=m
m1,m2>0

2m1−1∑

r1=0

2m2−1∑

r2=0

f(
r1
2m1

,
r2

2m2
)−

− 1

2m−1

∑

m1+m2=m−1
m1,m2>0

2m1−1∑

r1=0

2m2−1∑

r2=0

f(
r1

2m1
,
r2

2m2
).Sin
e the series is absolutely 
onvergent, we have

∣∣T2m(f±±) − Γ(0, 0)
∣∣ =

∣∣∣∣∣

∞∑

ν1=0

∞∑

ν2=0

2ν1−1∑

s1=0

2ν2−1∑

s2=0

Γ(2ν1−1 + s1, 2
ν2−1 + s2)·

·
[

∑

m1+m2=m

(
1

2m1

2m1∑

r1=0

E
(s)±
2ν1−1

( r1
2m1

)
· 1

2m2

2m2∑

r2=0

E
(s)±
2ν2−1

( r2
2m2

))
−

−
∑

m1+m2=m−1

(
1

2m1

2m1∑

r1=0

E
(s)±
2ν1−1

( r1
2m1

)
· 1

2m2

2m2∑

r2=0

E
(s)±
2ν2−1

( r2
2m2

))]
− Γ(0, 0)

∣∣∣∣∣ =
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=

∣∣∣∣∣

∞∑

ν1=0

∞∑

ν2=0

2ν1−1∑

s1=0

2ν2−1∑

s2=0

Γ(2ν1−1 + s1, 2
ν2−1 + s2)·

· [Im(ν1, ν2) − Im−1(ν1, ν2)] − Γ(0, 0)| ,where
Im(ν1, ν2) =

∑

m1+m2=m

(
1

2m1

2m1∑

r1=0

E
(s)±
2ν1−1

( r1
2m1

)
· 1

2m2

2m2∑

r2=0

E
(s)±
2ν2−1

( r2
2m2

))
.We 
onsider the di�eren
e Im(ν1, ν2) − Im−1(ν1, ν2) separately for the 
ases inwhi
h (ν1, ν2) = (0, 0); (ν1, ν2) = (0, ν2), ν2 > 0; (ν1, ν2) = (ν1, 0), ν1 > 0 and

(ν1, ν2), ν1 > 0, ν2 > 0.Let (ν1, ν2) = (0, 0). Taking into a

ount Lemma 1 we have
Im(0, 0) =

∑

m1+m2=m
m1,m2>0

ds10m1
ds20m2

= m+ 1,hen
e
Im(0, 0) − Im−1(0, 0) = 1.Next let (ν1, ν2) = (0, ν2), ν2 > 0. By Lemma 1 we get

Im(0, ν2) =
∑

m1+m2=m
m1,m2>0

ds2ν2m2
=

m−1∑

m2=0

ds2ν2m2
.Taking into a

ount that ν2 > 1 and the fa
t that by Lemma 1 ds2ν2m2

= 0, ν2 6 m2we have
Im(0, ν2) =

min(m,ν2)−1∑

m2=0

ds2ν2m2
.Then

Im(0, ν2) − Im−1(0, ν2) =

min(m,ν2)∑

m2=min(m−1,ν2)

ds2ν2m =

{
0 for ν2 < m ,

ds2ν2m for ν2 > m .Similarly, if ν1 > 0 then
Im(ν1, 0) − Im−1(ν1, 0) =

{
0 for ν1 < m ,

ds2ν1m for ν1 > m .Finally let ν1 > 1, ν2 > 1. By Lemma 1
Im(ν1, ν2) =

∑

m1+m2=m
m1,m2>0

dν1mdν2m =





0 for ν1 + ν2 6 m ,∑
m1+m2=m
m1<ν1,m2<ν2

dν1m1dν2m2 for ν1 + ν2 = m+ t, t > 1 .



152 E.S. Smailov, N.T. TleukhanovaApplying Corollary of Lemma 1 we obtain
∣∣∣∣∣∣∣

∑

m1+m2=m
m1<ν1,m2<ν2

dν1m1dν2m2

∣∣∣∣∣∣∣
6

∑

m1+m2=m
m1<ν1,m2<ν2

1

2m1

1

2m2
=

=
1

2m

∑

m1+m2=m
m1<ν1,m2<ν2

1 6
min(t,m)

2m
,thus

|Im(ν1, ν2)| 6

{
0 for ν1 + ν2 6 m ,
min(t,m)

2m for ν1 + ν2 = m+ t, t > 1 .By the above estimates we get
∣∣T2m(f±±) − Γ(0, 0)

∣∣ =
∣∣∣∣∣

{ ∞∑

ν1=1

∞∑

ν2=1

2ν1−1∑

s1=0

2ν2−1∑

s2=0

Γ(2ν1−1 + s1, 2
ν2−1 + s2)·

(Im(ν1, ν2) − Im−1(ν1, ν2)) +

∞∑

ν1=1

2ν1−1∑

s1=0

Γ(2ν1−1 + s1, 0) · (Im(ν, 0) − Im−1(ν, 0))+

+

∞∑

ν2=1

2ν2−1∑

s2=0

Γ(0, 2ν2−1 + s2) · (Im(0, ν) − Im−1(0, ν))

}
+

+Γ(0, 0)(Im(0, 0) − Im−1(0, 0)) − Γ(0, 0)| =

=

∣∣∣∣∣

∞∑

ν1=1

∞∑

ν2=1

2ν1−1∑

s1=0

2ν2−1∑

s2=0

Γ(2ν1−1 + s1, 2
ν2−1 + s2)· (Im(ν1, ν2) − Im−1(ν1, ν2))+

+

∞∑

ν1=1

2ν1−1∑

s1=0

Γ(2ν1−1 + s1, 0) · (Im(ν, 0) − Im−1(ν, 0))+

+

∞∑

ν2=1

2ν2−1∑

s2=0

Γ(0, 2ν2−1 + s2) · (Im(0, ν) − Im−1(0, ν))

∣∣∣∣∣ 6

6
1

2m

∞∑

t=0

∑

ν1+ν2=t+m
ν1>1,ν2>1

2ν1−1∑

s1=0

2ν2−1∑

s2=0

|Γ(2ν1 + s1, 2
ν2 + s2)|min(t,m)+

+
1

2m

∞∑

ν1=m+1

2ν1−1∑

s1=0

|Γ(2ν1−1 + s1, 0)| + 1

2m

∞∑

ν2=m+1

2ν2−1∑

s2=0

|Γ(0, 2ν2−1 + s2)| 6

6
1

2m

∞∑

t=m+1

min(t−m,m)
∑

ν1+ν2=t
ν1>0,ν2>0

2ν1−1∑

s1=0

2ν2−1∑

s2=0

Γ(2ν1 + s1, 2
ν2 + s2).

�
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e 153Theorem 3. Let
f(x, y) =

∞∑

ν1=−∞

∞∑

ν2=−∞
Γ(ν1, ν2)Eν1,ν2(x, y)be an absolutely 
onvergent series. Then

∣∣∣∣T2m(f) −
∫

[0,1]2
f(x, y)dxdy

∣∣∣∣ 6
1

2m

∞∑

t=m+1

min(t−m,m)×

×



∑

ν1+ν2=t
νi>0

2ν1−1∑

s1=0

2ν2−1∑

s2=0

|Γ(2ν1−1 + s1, 2
ν2−1 + s2)| + |Γ(−2ν1−1 − s1,−2ν2−1 − s2)| +

+
∑

ν1+ν2=t
ν1>1,ν2>1

2ν1−1∑

s1=0

2ν2−1∑

s2=0

|Γ(−2ν1−1 − s1, 2
ν2−1 + s2)| + |Γ(2ν1+1 − s1,−2ν2−1 − s2)|


 .Proof. We de
ompose f in the following way

f = f++ + f+− + f−+ + f−−, (2)where
f++ =

∞∑

ν1=−∞

∞∑

ν2=−∞
Γ++(ν1, ν2)Eν1,ν2(x, y),

f+− =
∞∑

ν1=−∞

∞∑

ν2=−∞
Γ+−(ν1, ν2)Eν1,ν2(x, y),

f−+ =

∞∑

ν1=−∞

∞∑

ν2=−∞
Γ−+(ν1, ν2)Eν1,ν2(x, y),

f =
∞∑

ν1=−∞

∞∑

ν2=−∞
Γ−−(ν1, ν2)Eν1,ν2(x, y),

Γ++(ν1, ν2) =

{
Γ(ν1, ν2), ν1 > 0, ν2 > 0,

0, otherwise ,
Γ+−(ν1, ν2) =

{
Γ(ν1, ν2), ν1 > 1, ν2 6 −1,

0, otherwise ,
Γ−+(ν1, ν2) =

{
Γ(ν1, ν2), ν1 6 −1, ν2 > 1

0, otherwise ,
Γ−−(ν1, ν2) =

{
Γ(ν1, ν2), ν1 6 0, ν2 6 0, (ν1, ν2) 6= (0, 0)

0, otherwise .



154 E.S. Smailov, N.T. TleukhanovaApplying Theorem 2 to ea
h fun
tion in de
ompozition (2) we get the statement ofthe theorem. �Let m ∈ N, ν ∈ Z2
+,

ρ(ν) = {s = (s1, s2) ∈ N
2 : sgn (νi − 1)2νi−2 < |si| 6 2νi−1, i = 1, 2}.The set

Gm = {r ∈ Z
2 : (|r1|, |r2|) ∈

⋃

ν1+ν26m+1

ρ(ν)} \ {±[2k1−1],±[2k2−1], k1 + k2 = m+ 1}is 
alled steplike hyperboli
 
ross of the order m.Let f ∈ Bα
pθ[0, 1]2 and
EGm(f)Bα

pθ
= inf

{ak1k2
}
‖f −

∑

k∈Gm

ak1k2e
2πi(k1x+k2y)‖Bα

pθ
.Theorem 4. Let α > 1, 1 < p < ∞, 1 6 θ 6 ∞, 1/θ + 1/θ′ = 1, then for anyfun
tion f ∈ Bα

pθ[0, 1]2

∣∣∣∣T2m(f) −
∫

[0,1]2
f(x, y)dxdy

∣∣∣∣ 6 cα,p,θ
m

1
θ′

2mα
EGm(f)Bα

pθ
,where cα,p,θ > 0 is independent of m and f .Proof. Without loss of generality it is possible to assume that

f(x, y) =

∞∑

k1=0

∞∑

k2=0

Γ(k1, k2)Ek1k2(x, y).By Theorem 3 we get
∣∣∣∣T2m(f) −

∫

[0,1]2
f(x, y)dxdy

∣∣∣∣ 6

6
1

2m

∞∑

t=m+1

(t−m)
∑

ν1+ν2=t
ν1>0,ν2>0

2ν1−1∑

s1=0

2ν2−1∑

s2=0

|Γ(2ν1−1 + s1, 2
ν2−1 + s2)| 6

6
1

2m

∞∑

t=m+1

2
t
p′ (t−m) ·

∑

ν1+ν2=t
ν1>0,ν2>0

(
2ν1−1∑

s1=0

2ν2−1∑

s2=0

|Γ(2ν1−1 + s1, 2
ν2−1 + s2)|p

) 1
p

=

=
1

2m

∞∑

t=m+1

2t(α−
1
p
)2
t( 1

p′
−(α− 1

p
))
(t−m)×

×
∑

ν1+ν2=t
ν1>0,ν2>0

(
2ν1−1∑

s1=0

2ν2−1∑

s2=0

|Γ(2ν1−1 + s1, 2
ν2−1 + s2)|p

) 1
p

6
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6

1

2m




∞∑

t=m+1

2t(1−α)θ′(t−m)θ
′
∑

ν1+ν2=t
νi>0

1θ
′




1
θ′

×

×




∞∑

t=m+1

2t(α−
1
p
)θ

∑

ν1+ν2=t
ν1>0,ν2>0

(
2ν1−1∑

s1=0

2ν2−1∑

s2=0

|Γ(2ν1−1 + s1, 2
ν2−1 + s2)|p

) θ
p




1
θ

6

6 c1
m

1
θ′

2mα




∞∑

t=m+1

2t(α−
1
p
)θ

∑

ν1+ν2=t
ν1>0,ν2>0

(
2ν1−1∑

s1=0

2ν2−1∑

s2=0

|Γ(2ν1−1 + s1, 2
ν2−1 + s2)|p

) θ
p




1
θ

, (3)where c1 > 0 is independent of f and m.By Theorem 1 that the last bra
ket in (3) is equivalent to the norm ‖f −
SGm(f)‖Bα

pθ
, where

SGm(f) =
∑

k∈Gm

ak1k2e
2πi(k1x+k2y).Thus, we have

∣∣∣∣T2m(f) −
∫

[0,1]2
f(x, y)dxdy

∣∣∣∣ 6 c2
m

1
θ′

2mα
‖f − SGm(f)‖Bα

pθ
, (4)where c2 > 0 are independent of f and m.By Theorem 1 we have

EGm(f)Bα
pθ

= inf
{ak1k2

}
‖f −

∑

k∈Gm

ak1k2e
2πi(k1x+k2y)‖Bα

pθ
=

= inf
{ak1k2

}
‖f − TGm‖Bα

pθ
>

> c3




m∑

t=0

2t(α−
1
p
)θ

∑

ν1+ν2=t
ν1>0,ν2>0




2ν1−1∑

s1=[2ν1−1]

2ν2−1∑

s2=[2ν2−1]

|Γ(s1, s2; f − TGm)|p



θ
p

+

+

∞∑

t=m+1

2t(α−
1
p
)θ

∑

ν1+ν2=t
ν1>0,ν2>0




2ν1−1∑

s1=[2ν1−1]

2ν2−1∑

s2=[2ν2−1]

|Γ(s1, s2; f − TGm)|p



θ
p




1
θ

>

> c3




∞∑

t=m+1

2t(α−
1
p
)θ

∑

ν1+ν2=t
ν1>0,ν2>0




2ν1−1∑

s1=[2ν1−1]

2ν2−1∑

s2=[2ν2−1]

|Γ(s1, s2; f)|p



θ
p




1
θ

>

> c4‖f − SGm(f)‖Bα
pθ
,where c3, c4 > 0 are independent of f and m. This inequality together with (4) implythe statement. �
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