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this paper, we state analogues of these inequalities in peridoic Morrey spaces.
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1 Introduction

Definition 1. Let n € N, pu € Ny. Let SJTZ(R”) denote the set all real valued trigonometric polynomials of
order less than or equal to u:

Ty () =Tu(x1,...,2n) = Z ck],em'x (1.1)
—p<k;<p
Jj=l...n
= Z - Z ckl7”.7kn€i(k1x1+...kznazn)_
—u<ki1<p —pu<kn<p
where 1,...,2, € R, ¢k, . 1, € C are constant coefficients such that c_j, = ¢, (hence T,,(z) € R for any

r € R").
Let hereafter 0 < p < co. A function f € Ly if it is 2m-periodic Lebesgue measurable and
£z, = Il @o.m) < oo (1.2)
where Q(z,r) ={y e R" : |z; —y;| <r,j=1,...,n}.

In book [9] the following inequalities are proven for trigonometric polynomials 7}, € My, (R™), where the
space M}, ,(R™) is M (R™) equiped with the quasinorm || - Hzp :

1. (Bernstein’s inequality) Let 1 < p < oo, then for any trigonometric polynomial 7,, € M, (R™)

*

or,
8iL‘j

< Tl G=1,0m. (1.3)
LP
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2. (Inequality of different metrics) Let 1 < p < ¢ < oo, then for any trigonometric polynomials 7}, €

My p(R")
IT,ll7, < 3"u™ ||T,, IZ,- (1.4)
3. (Inequality of different dimensions) Let 1 <p < oo ,1<m <n,z = (u,v), u=(T1,...,Tm) €
R™, v = (Tm+1,...,2n) € R"™™, then for any trigonometric polynomial 7, € M}, ,(R")
P S e [ (1.5
L
in particular,
T, O)[7, < 3" | Tl (1.6)

The purpose of this work is to present similar inequalities in which the space Lj is replaced by the
periodic Morrey space (Mz;\)*

Note also that Bernstein’s inequality, inequalities of different metrics and different dimensions for entire
functions of exponential type for the spaces L,(R"™) were proved by S.M. Nikolsky [9], and for the Morrey
spaces in the works [2], [3]

2 Morrey spaces

The spaces M;‘(R”), now called Morrey spaces, were first considered by Charles Morrey [8] in connection
with the study of the regularity of solutions of partial differential equations.

Definition 2. Let 0 <p <ocoand 0 <A< 2, then f € MI;\(R”), if fe Léoc(]R") and
1Fllary@ny = sup  supr™ £l 1, (BGr) < o0, (2.1)
zeR™  r>0
where B(z,7) ={y e R" : |z —y| < r}.

Periodic analogues (M;)*(R™) of the Morrey space were considered in [10]

Definition 3. Let 0 < p < 0o and 0 < A < 2, then f € (MZ;\)*(]R”), if it has period 2, is Lebesgue
measurable on R™ and

* -
1Al = oy S IF1 L, (@em) < oo (2:2)

We note some properties of these spaces.
1. It is immediately clear from the definition that for A =0

10 = 1AL,

2. ForA\=2
P

A o =11z

M
P
3. If A <0or A>T, then the spaces (Mg‘)*(R") consist only of functions equivalent to 0 on Q(0, 7).
4. Note that the space (Mg‘)*(R”) has the property of monotonicity with respect to the parameter A:

(M) C (M), 0<p< A<

p 0<p<oo (2.3)

SRS
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and

113y < 7 HIF 3y (2.4)
In particular, for gy =0
(Mp)"(R™) C (Lp)*(R")

and

IFIZ, < 7 Fl3- (2.5)

5. In [4] it is proven that for any f € (M))*

/134y = 1£137, = sup sup r ML, @) (2.6)

6. (Shift invariance) For any f € (M))*

£+l = 1@y ¥h e R (27)

3 Inequalities for trigonometric polynomials in periodic Morrey spaces

3.1 Bernstein’s inequality

In the one-dimensional case, the interpolation formula for an arbitrary trigonometric polynomial 7}, of order
p > 0 has the form (see [9]):

2p
1 Z 1
M= sin” 5

where ) are the zeros of the polynomial cos(nx).
If T),(x) = sin(pux) and « = 0, then we get

(3.2)

1 &

-

k=1

Theorem 3.1. Let Z* be a normed space of 2m-periodic functions in each variable, and let || - ||%, be a shift
mwvariant norm, i.e. for any function f € Z*

T
2

If(z+ M)z =Ifllz VheR" (3:3)

Then for any trigonometric polynomials T, € Z*(R™)

o,
0

The proof is based on representation (3.1).

Z

Corollary 3.1. Let 1 <p<o0,0< A< %, then for any trigonometric polynomial T), € (M)

SHlTlge G=1en (3.5)
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3.2 Inequality of different metrics

Definition 4. Let 1 <p<o0,0< A < %,r>0, w, N € N Tueimzp(RN) and

(1)) 3

N N-1
-

= sup sup r —

= () 2 X

ki=—N kn

p> 1/p

Lemma 3.1. Let1 <p<oo,n,u, NN, 0 <A< %, then for any trigonometric polynomial T, € im;’lp(R”)

T r
Tu(z‘l + Nkl,. . .,l‘n—{— Nkn>

™ *
ITulligy < (T, < (L 2" [Tl

(3.6)

n

Lemma 3.2. Let 1 < p < g < oon,u,N € N, 0< A<
Tuef)ﬁ;p(R”)

T then for any trigonometric polynomial
* n(l l) *
(D))" s r o1y SN2 (T)) - (3.7)
Mq,N P q p,N
Theorem 3.2. Let1 < p < g < oo, n(}%—%) <A< %, then for any trigonometric polynomial T), € M, (R™)
* n n(l—l) *
1Tl s a1y S (L 4m) e T (3.8)
Mq rp q p
Consider the convolution of functions ¢, g € L1(Q(0,7)) 2r— periodic in each variable
(pxg)(z) = / e(z —y)g(y)dy, v € R". (3.9)
Q(0,m)
Recall that Vk € Z™
ce(p* g) = (2m)"ck(p)cr(g)- (3.10)
If cx(¢) = (2m)™™ then

cr(g) = cr(p * g)-

(3.11)
Lemma 3.3. Letn € N, p € N,p € L1(Q(0,7)) be a 2mw-periodic trigonometric polynomial in each variable.
In order for any trigonometric polynomial T, of order p to satisfy the equality

T, =¢xT,, (3.12)
it 1s necessary and sufficient condition that
() =2m) " VEeZ" : |kj| <p, j=1,...,n. (3.13)
Definition 5. (Dirichlet kernel) Let
Lo w1 v sin(p + 3)z
k=—p k=1
and )
D,(x) = ;Du(x). (3.15)
Note that
~ 2u+1
1Dullz, =

o (3.16)

95
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and 2%+ 1
o H
D _ . 317
1Bl = 24 .17

From equalities (3.16) and (3.17) it follows that for any 2 < p < oo

1
2u+1\'""»
pt ) " (3.18)

D5 <

1B, < (257

A special case of equality (3.12) is the well-known equality
Tyu(x) = Dy(x) * Ty(x).

Remark 1. If ¢ is a trigonometric polynomial of order p in each variable, then equality (3.12) holds for any
trigonometric polynomials T}, of order p in each variable if and only if

Remark 2. Let a,n € N

Au(j) = {k € Z", |kj| < o}

and
Ay =An((1) x -+ x Ay(n).

If ¢ is a trigonometric polynomial of order v > p in each variable, then equality (3.12) holds for any
trigonometric polynomials T}, of order p in each variable if and only if

o(x) = Z et = Hﬁu(a}]) + Z cpett e, (3.19)
j=1

keA, keANA,

<In particular, for n =1 p(z) = f)u(x) + ( ’;i:i + ZZ:MH )ckeik'x)

Definition 6. Let, for u € N, J denote the set of all 2m-periodic functions ¢ € L;(Q(0,)), satisfying
condition (3.13) (hence, having form (3.19) for some v € N, v > pu).

According to Lemma 3.3 for such functions ¢ equality (3.12) holds.

Definition 7. (see [10]) Let u,v € N and v > p. The Vallee Poussin kernels are defined as follows:
v—1
V() = (v —p) 'Y Di(x),  €R, (3.20)
I=p

in particular,
Vu(x) =Vuou(r), p>1, Yo(zr)=1, zeR (3.21)

Remark 3. For v > i we represent the Dirichlet kernel as

1
D,(x) = g Teosz o+ cospa + (cos(p + 1)x + - -+ + cosvx) (3.22)
=D,(x) 4+ Dyu(x), (3.23)
where ,
D,.,(z) = Z coslz. (3.24)

I=p+1
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Then for v > pu+1

v—1
W, () = Dy(z) + Viu S D).

l=p+1
Let us put
- - 1
V(@) = —Bpp(x), Dpy(x) = —Dyu(x),
then )
by
By (@) = D) + —— D Dyy(a)
Ml pt1
in particular,
1 2u—1
Vyu(w) = Dy(@) +— > Dyula).
K l=p+1

A special case of equality (3.12) is the equality

Ty(x) =Bpp(x) * Ty(x),
in particular,

Remark 4. Note that

Dy(x), Byp, v >p, By € J,

Theorem 3.3 (see, for example, [10]). Let p € N, 1 < p < oo, then

Y o|* n, n(l1-1/p)
1Dz, < 3" :
Theorem 3.4. (Corollary of the Young-type inequality for periodic Morrey spaces, see [4] )

Let
n 1 1 1
0<A<—,1<nrp<g<oo, 14=-=—-+-,
p q r p

f1 € L.(R™) and f; € (M;‘)* Then

P
q

£ 2ol xS WAl (12l (1201,

Q

Theorem 3.5. Let 1 < r,p < q < oo, n,uENO§A§%71+

S =

+ Then

1 1
q p’

ya
q

* * x \1-2
[Tl or < Ul Tullap) N Tullz,) ¢
M1 P

q
for any T,, € (M))*, where
= c(u,r) = inf ||l
¢ =c(pr) ;gjﬁllwllb

Corollary 3.2. Let 1 <p<q<oo,n,ue€NO<A<2, then for any T}, € (M;)*

2
q

1_1 1—-2
1Tl on <3772 (I Tl) o (ITllz,)
M,

q

97

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

Inequality (3.35) follows from inequalities (3.31) and (3.33) since U, € Jy, and in (3.33) ¢ < H{fiqur
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Corollary 3.3. If 1 <p <2, q¢> 5=, then for any T, € L,
. 2%+ 1\"G ) » 1z
ITull™ oy < I Tullagy) = (Nl (3.36)
2
qu s
in particular, for 0 < X\ < 5
2 +1Y 2 1
k < * * .
L e K ATRE (3.37)
and .
TS A
Tl < (250 ) Il (3.38)

Inequality (3.38) follows from inequalities (3.31), (3.33) and (3.16) since 5“ € J;, andin (3.33) ¢ < HZA)/“H*L2
In the last inequality the constant is sharp, the equality is attained for T,(x) = [, ﬁu(:cl). Regarding
generalizations, see [7].

Corollary 3.4. By inequality (2.5) inequalities (3.33)-(3.36) imply that

* A(1-2 *
1Tl o < eI Tl (3.39)
Mq
* A1=2 1_1 %
1Tl <370, (3.40)
M(I
1 1
2u+1\""a) A1-2)
T < () TP, (3.41)
q

Remark 5. Inequality (3.35) is a periodic analogue of the inequality of different metrics for entire functions
of exponential type (see [2],[3]).

Remark 6. Note that inequailies (2.4) and (3.40) imply that

by 1 1
< 7G| T s, <3 ()" www (3.42)

ITull” s

1_1
P q
My, M,

So, inequality (3.40) has a better exponent % compared with the exponent \ — n(% - %) in (3.8). However,

for some values of A, p, ¢ the constant (1 + 7)™ in (3.8) is better than the constant 3 =9 iy (3.40).

3.3 Inequality of different dimensions

Definition 8. Let
0<p1,p2 <00, mip,mg€ N
0<h <2 0<a <22
p1 P2
Let us define the space
(M2 )™ (R)™ x (Mp2)* (R™2) (3.43)

with a mixed quasinorm as the set of all measurable functions f on R™ ™2 for which

ITully, SL(RM)x Mp2 (R™2) = [T (ul’UQ)HM (1Rm1)||1\4p2 2 1y (R72)
— —A2 —A1
= sup sup p 2|  sup sup r~ T, (ul,ug . . L, . ) (3.44)
YEQum, (0,m) 0<p<r 2€Qm, (0,m) O<r<r : P Q) L ()

where Qp,, (0,7) = {ur € R™ :|uyj| <m,j=1,...,m1} and Qm,(0,7) is defined similarly.
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Let us note some properties of these spaces.

Lemma 3.4. Let0 < p < 00, mi,mp € N,0 <A <L 0< X\ < 72, fy € (Mp1)*(R™) fa € (Mp2)*(R™2)
fi~0onR™ fo~0 onR™, then

Hflf2”j\4;\1(Rm1)XM;2(Rm2 Hf1|| Al(Rm1)||f2H* RmQ) (345)
Lemma 3.5. Let 0 < p < oo, mi,mo €N, 0 <)\ < %, 0< < %. Then
(M) (R™) x (Mp2)*(R™2) C (Mp2)* (R™F72), (3.46)
and
HfH )‘1+)‘2(Rm1+m2 — HfH le)XMZ??(RmQ) (347)
for any f € (M1)*(R™) x (M2)*(R™=).
IfO<Ai+X< W, then inclusion (3.46) is strict.
Theorem 3.6. Let 1 <p<oo, myneN, m<n, 0< AL %, then
in particular, if v = (u,v), u=(T1...Tm), V= (Tmt1,.-.,Tn), then
T30t O3 oy < ety (3.49)
Remark 7. If A =0, then it is obvious that
Ly(R"™™) x (MIE))*(R’") = L,(R"™™) x Ly(R™) = L,(R") (3.50)
however, for 0 < A < % according to Lemma 3.5
Ly(R™™™) x (Mp)*(R™) C (M)*(R™), (3.51)
but
Ly (R™™) x (Mp)*(R™) # (Mp)*(R™). (3.52)
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