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2y

dx2
+ q(x)y withDirihlet boundary onditions y(0) = y(π) = 0 in the spae L2[0, π]. We assumethat the potential has the form q(x) = u′(x), where u ∈ W θ

2 [0, π] with 0 < θ <
1/2. Here W θ

2 [0, π] = [L2,W
1
2 ]θ is the Sobolev spae. We onsider the problem ofequionvergene in W θ

2 [0, π]�norm of two expansions of a funtion f ∈ L2[0, π].The �rst one is onstruted using the system of the eigenfuntions and assoiatedfuntions of the operator L. The seond one is the Fourier expansion in the seriesof sines. We show that the equionvergene holds for any funtion f in the spae
L2[0, π].1 IntrodutionIn this paper we deal with the Sturm�Liouville operator

Ly = l(y) = −d
2y

dx2
+ q(x)y, (1)with Dirihlet boundary onditions y(0) = y(π) = 0 in the spae L2[0, π]. Weassume that the potential q is omplex-valued and has the form q(x) = u′(x),where u ∈ W θ

2 [0, π] with 0 < θ < 1/2. Here the derivative is treated in thedistributional sense, and W θ
2 [0, π] = [L2,W

1
2 ]θ is the Sobolev spae with frationalorder of smoothness de�ned by interpolation. This lass of operators was de�ned inthe papers of A.M. Savhuk and A.A. Shkalikov [7℄�[9℄. In partiular, it was shownthere that L is bounded from below and has purely disrete spetrum.We onsider the problem of equionvergene in W θ

2 [0, π]�norm of two expansionof a funtion f ∈ L2[0, π]. The �rst one is onstruted using the system of theeigenfuntions and assoiated funtions of the operator L, while the seond one isthe Fourier expansion in the series of sines.



138 I.V. SadovnihayaThe problem of uniform equionvergene (i.e. in the norm of the spae C[0, π]) iswell studied in the lassial theory of Sturm�Liouville operators for regular potentials
q ∈ L1(0, π). In the monograph of V.A. Marhenko [4℄ the uniform equionvergenewas proved for any funtion f ∈ L2[0, π]. In 1991 V.A. Il'in [2℄ proved this result forany f ∈ L1[0, π]. V.A. Vinokurov and V.A. Sadovnihii [10℄ proved a theorem onthe equionvergene for Sturm�Liouville operators whose potential is the derivativeof a funtion of bounded variation (and also for any f ∈ L1[0, π]).The problem of the rate of equionvergene (for regular potentials) was studiedin the paper of A.M. Gomilko and G.V. Radzievskii [1℄. In the author's paper [5℄results were obtained in the ase in whih q = u′, u ∈ W θ

2 [0, π] with 0 < θ < 1/2.It was shown that for any f ∈ L2[0, π] one an estimate the rate of equionvergeneuniformly over the ball u ∈ Bθ,R = {v ∈ W θ
2 [0, π] : ‖v‖W θ

2
6 R}. This result is neweven in the lassial ase q ∈ L2[0, π].In this paper we prove equionvergene and obtain a similar estimate of the rateof equionvergene in the norm of the spae W θ

2 [0, π] with 0 < θ < 1/2.2 Preliminary resultsWe begin with the following results about operator (1).Let us reall that the operator L is bounded from below and has purely disretespetrum. Let {λn}∞1 be the sequene of all eigenvalues of the operator L. We shallenumerate the eigenvalues in suh a way that |λ1| 6 |λ2| 6 . . . , and we assume thateah eigenvalue is repeated as many times as its algebrai multipliity. By {yn}∞1we denote the system of the eigenfuntions and assoiated funtions. We assumethat the funtion yn orresponds to the eigenvalue λn and ‖yn‖L2 = 1 if yn is aneigenfuntion.Statement 1 (A.M. Savhuk, A.A. Shkalikov). Let u ∈ L2[0, π]. Then the system
{yn}∞1 of the eigenfuntions and assoiated funtions of the operator L forms a Rieszbasis in the spae L2[0, π].By the above there exists the biorthogonal system {wn}∞1 , i.e. (yn, wm) = δnmwhere (f, g) =

π∫
0

f(x)g(x)dx. For more details see [5℄.Let
lθ2 =



x = {xn}∞n=1 :

( ∞∑

n=1

|xn|2n2θ

)1/2

= ‖{xn}‖lθ2 <∞



 .We reall that for any u ∈W θ

2 [0, π] with 0 < θ < 1/2

C1‖{un}‖lθ2 6 ‖u‖W θ
2

6 C2‖{un}‖lθ2where un =

√
2

π
(u(x), sinnx) and C1, C2 > 0 are independent of u.



Equionvergene theorems for Sturm�Liouville operators. . . 139Statement 2 (A.M. Savhuk, A.A. Shkalikov). Let R > 0, 0 < θ < 1/2, and
u ∈ Bθ,R. Then there exists a natural number 2 N = Nθ,R suh that for all n > Nthe eigenvalues λn of the operator L are simple,

yn(x) =
√

2
π

sin nx+ ϕn(x), wn(x) =
√

2
π

sin nx+ ψn(x),

y′n(x) = n
(√

2
π

cos nx+ ηn(x)
)

+ u(x)
(√

2
π

sinnx+ ϕn(x)
)
,

(2)where the funtions ϕn, ψn and ηn are suh that the sequene {γn}∞n=N =
{‖ϕn(x)‖C + ‖ψn(x)‖C + ‖ηn(x)‖C}∞n=N ∈ lθ2 and its norm in this spae is boundedby a quantity depending only on θ and R. Moreover for n > N

ψn(x) = ψn,0(x) + ψn,1(x),where
ψn,0(x) = αn sin nx+ βnx cos nx−

√
2

π

x∫

0

u(t) sinn(x− 2t)dt, (3)and the numbers αn, βn and the funtions ψn,1 are suh that the norm of the sequene
{|αn| + |βn|}∞n=N in the spae lθ2 is bounded by a quantity depending only on θ and
R, and the sequene {‖ψn,1(x)‖C}∞n=N belongs to the spae lτ1 for any τ < 2θ.Statement 3. Let R > 0, 0 < θ < 1/2 and u ∈ Bθ,R. Then there exists a naturalnumber N = Nθ,R suh that for all n > N the operator

Pn(u) : L2[0, π] →W 1
2 [0, π], Pn(u) : f 7→

n∑

k=1

(f, wk)yk,is ontinuous on Bθ,R, i.e. for any u0 ∈ Bθ,R

‖Pn(u) − Pn(u0)‖L2→W 1
2
→ 0 as ‖u− u0‖W θ

2
→ 0, u ∈ Bθ,R.This statement follows from the results of the paper [8℄ (Theorem 1.9) andlassial theorems (see [3, Theorems IV.2.23 and IV.3.16℄). For detailed proof see[6℄.3 Main theoremTheorem. Let R > 0, 0 < θ < 1/2. Consider operator (1) ating in the spaeL2[0, π]with the homogeneous Dirihlet boundary onditions. Suppose that the omplex-valued potential q(x) = u′(x), where u(x) ∈ Bθ,R.Let {yn(x)}∞n=1 be the system of the eigenfuntions and assoiated funtions ofthe operator L and {wn(x)}∞n=1 be the biorthogonal system.2Here and in the sequel when we write Nθ,R, Cθ,R et we mean that these quantities dependonly on θ and R.



140 I.V. SadovnihayaFor an arbitrary funtion f ∈ L2[0, π] denote
cn := (f(x), wn(x)), cn,0 :=

√
2/π(f(x), sinnx).Then there exist a natural number M = Mθ,R and a positive number C = Cθ,R suhthat for all m > M and for all f ∈ L2[0, π]

∥∥∥∥∥

m∑

n=1

cnyn(x) −
m∑

n=1

√
2

π
cn,0 sinnx

∥∥∥∥∥
W θ

2

6 C



√ ∑

n>m1−θ

|cn,0|2 +
‖f‖L2

mθ(1−θ)


 . (4)Proof.Step 1 (operators Bm,N and Bm).For given integers m, m > N , we introdue the operator Bm,N : L2[0, π] →

W θ
2 [0, π] de�ned by

Bm,Nf(x) :=

m∑

n=N

cnyn(x) −
m∑

n=N

√
2

π
cn,0 sin nxand denote Bm,1 =: Bm. Then for any funtion f ∈ L2[0, π] the following equalityholds:

Bm,Nf(x) =

m∑

n=N

√
2

π
(f(t), ψn(t)) sinnx+

+
m∑

n=N

√
2

π
(f(t), sinnt)ϕn(x) +

m∑

n=N

(f(t), ψn(t))ϕn(x). (5)Let N = Nθ,R be the maximal of the positive integers de�ned in Statements 2and 3.Step 2 (estimation of the norm of the operator Bm,N).There exists a positive number Cθ,R suh that for all natural m satisfying m > N

‖Bm,N(u)‖L2→W θ
2

6 Cθ,R. (6)Let us estimate eah term of the right-hand side in (5) separately. By asymptotiformulae (2) we have:
∥∥∥∥∥

m∑

n=N

(f(t), ψn(t)) sinnx

∥∥∥∥∥
W θ

2

6 C1

(
m∑

n=N

|(f(t), ψn(t))|2n2θ

)1/2

6

6 C1

(
m∑

n=N

‖f‖2
L2
‖ψn‖2

L2
n2θ

)1/2

6 C2‖f‖L2 ,where C1, C2 > 0 are independent of f . Consider the seond and the third terms.We will show that {‖ϕn‖W θ
2
}∞n=N ∈ l2 provided that 0 < θ < 1/2. Asymptotis (2)imply the estimate

‖ϕn‖W θ
2

6 C3‖ϕn‖1−θ
L2

‖ϕn‖θW 1
2

6 C4‖ϕn‖1−θ
L2

‖ϕ′
n‖θL2

6



Equionvergene theorems for Sturm�Liouville operators. . . 141
6 C4‖ϕn‖1−θ

L2


‖ηn‖θL2

nθ +

(√
2

π

)θ

‖u‖θL2
+ ‖uϕn‖θL2




6 C5‖ϕn‖1−θ
L2

(
‖ηn‖θL2

nθ + 1
)

=

= C5

(
‖ϕn‖L2n

θ
)1−θ (

(‖ηn‖L2n
θ)θ + (nθ−1)θ

)
, (7)where C3, C4, C5 > 0 are independent of n. Here we used the inequality ‖f‖W 1

2
6√

π2 + 1‖f ′‖L2 ful�lled for all f ∈W 1
2 [0, π] satisfying f(0) = 0. Next we use H�older'sinequality

m∑

n=N

(a1−θ
n bθn)

2 =

m∑

n=N

(a2
n)

1−θ(b2n)
θ 6

(
m∑

n=N

a2
n

)1−θ( m∑

n=N

b2n

)θand note that the sequenes {‖ϕn‖L2n
θ}∞n=N , {‖ηn‖L2n

θ}∞n=N , and {nθ−1}∞n=1 belongto l2 spae for any 0 < θ < 1/2. Therefore (7) implies the inequality
m∑

n=N

‖ϕn‖2
W θ

2
6 C6, (8)where C6 > 0 is independent of m and N . Then

∥∥∥∥∥

m∑

n=N

(f(t), sinnt)ϕn(x)

∥∥∥∥∥
W θ

2

6

m∑

n=N

|fn|‖ϕn‖W θ
2

6 C7‖f‖L2, (9)where fn = (f(t), sinnt) and C7 =
√
C6.For the last term of the right-hand side in (5) we have:

∥∥∥∥∥

m∑

n=N

(f(t), ψn(t))ϕn(x)

∥∥∥∥∥
W θ

2

6

m∑

n=N

‖f‖L2‖ψn‖L2‖ϕn‖W θ
2

6

6 ‖f‖L2

(
m∑

n=N

‖ψn‖2
L2

)1/2( m∑

n=N

‖ϕn‖2
L2

)1/2

6 C8‖f‖L2, (10)where C8 > 0 is independent of m and N , beause the onditions of our theoremimply that {‖ψn‖L2}∞n=N ∈ l2.We proved inequality (6). Step 2 is ompleted.Step 3 (estimation of the norm of the operator Bm).There exists a positive number Cθ,R suh that for all natural m satisfying m > N

‖Bm(u)‖L2→W θ
2

6 Cθ,R. (11)Obviously the operator Bm(u) an be represented as the sum:
Bm(u) = BN−1(u) +Bm,N(u) = PN−1(u) − PN−1(0) +Bm,N(u),



142 I.V. Sadovnihayawhere Pn(u) is the operator de�ned in statement 3. Hene
‖Bm(u)‖L2→W θ

2
6 2 sup

v∈Bθ,R

‖PN−1(v)‖L2→W θ
2

+ ‖Bm,N(u)‖L2→W θ
2

6

6 2 sup
v∈Bθ,R

‖PN−1(v)‖L2→W 1
2

+ ‖Bm,N(u)‖L2→W θ
2
.Let 0 < θ1 < θ, say θ1 = θ

2
. By statement 3 the funtion ‖PN−1(v)‖L2→W 1

2
: Bθ1,R →

R is ontinuous on Bθ1,R. It is known that the ball Bθ,R is a ompat subset of
Bθ1,R. Therefore the funtion ‖PN−1(v)‖L2→W 1

2
is bounded on Bθ,R by a onstantdepending only on θ and R. This, together with inequality (6), imply (11). Step 3is ompleted.Step 4 (proof of the equionvergene).Let f ∈ L2[0, π]. Then

lim
m→∞

‖Bmf‖W θ
2

= 0. (12)First let us hek that the system {yk}∞1 of the eigenfuntions and assoiatedfuntions is minimal in the spae W θ
2 [0, π]. Assume the onverse. Then yn ∈

span{yk}k 6=n (here the losure is taken subjet to W θ
2 [0, π] norm) for some naturalnumber n. Therefore yn ∈ span{yk}k 6=n, where the losure is taken subjet to

L2[0, π] norm. It means that the system {yk}∞1 is not minimal in the spae L2[0, π]� ontradition with statement 1. Next, we proved (see (8)) that the system
{yk}∞1 is lose to the orthogonal basis {

√
2/π sin kx}∞1 in the spae W θ

2 [0, π]. Letus now onsider the orthonormal basis {√ 2
π
(1 + k2)−θ/2 sin kx

}∞

1
and the system

{(1 + k2)−θ/2yk}∞1 in W θ
2 [0, π]. We see that these two systems are also lose in thespae W θ

2 [0, π]. It an be easily proved that the system {(1+k2)−θ/2yk}∞1 is minimalin the spae W θ
2 [0, π]. Hene, this system forms the Bari basis in the spae W θ

2 [0, π]and onsequently the system {yk}∞1 is total in this spae.Let us onsider the image of the funtion yk under the map Bm:
(Bmyk)(x) =

m∑

n=1

(yk(x), wn(x))yn(x) −
2

π

m∑

n=1

(yk(x), sinnx) sin nx.The �rst term of the right-hand side in the last equality is equal to 0 for m < k andis equal to yk(x) for m > k. The seond one is the partial sum of the Fourier seriesfor the funtion yk. Reall that the funtion yk ∈ W 1
2 . This implies that its Fourierseries onverges to yk in W 1

2 �norm. Consequently this series onverges to yk in thespae W θ
2 . This yields that (12) holds for any funtion f ∈ span{yk}. To onludethe proof of the Step 4, it remains to apply ompleteness of the system {yk} andinequality (11).Now let us prove inequality (4). Let gk(x) =

k∑
n=1

cnyn(x), where k > N . It is learthat for any funtion f ∈ L2[0, π] and any natural number m
‖Bmf‖W θ

2
6 ‖Bm(f − gk)‖W θ

2
+ ‖Bmgk‖W θ

2
. (13)



Equionvergene theorems for Sturm�Liouville operators. . . 143Step 5 (estimation of the norm of Bm(f − gk) in the spae W θ
2 [0, π]).There exists a positive number Cθ,R suh that for all natural k, m satisfying

k,m > N and for all f ∈ L2[0, π]

‖Bm(f − gk)‖W θ
2

6 Cθ,R



( ∞∑

n=k+1

|cn,0|2
)1/2

+
‖f‖L2

kθ


 . (14)By asymptoti formula (2) we have:

‖f(x) − gk(x)‖L2 =

∥∥∥∥∥

∞∑

n=k+1

cnyn(x)

∥∥∥∥∥ 6

6

∥∥∥∥∥

∞∑

n=k+1

2

π
(f(x), sinnx) sinnx

∥∥∥∥∥
L2

+

∥∥∥∥∥

∞∑

n=k+1

√
2

π
(f(x), ψn(x)) sinnx

∥∥∥∥∥
L2

+

+

∥∥∥∥∥

∞∑

n=k+1

√
2

π
(f(x), sinnx)ϕn(x)

∥∥∥∥∥
L2

+

∥∥∥∥∥

∞∑

n=k+1

(f(x), ψn(x))ϕn(x)

∥∥∥∥∥
L2

6

6



( ∞∑

n=k+1

|cn,0|2
)1/2

+

( ∞∑

n=k+1

|(f(x), ψn(x))|2
)1/2


×

×


1 +

( ∞∑

n=k+1

‖ϕn‖2
L2

)1/2

 6

6



( ∞∑

n=k+1

|cn,0|2
)1/2

+
‖f‖L2

kθ



(

1 +
Cθ,R
kθ

)
. (15)Now inequality (14) follows from (15) and (11). Step 5 is ompleted.Next we estimate the seond term in (13). For a given natural m, m > k, weintrodue the operator Sm : W 1

2 [0, π] →W θ
2 [0, π] de�ned by

Smh(x) = 2/π

∞∑

n=m+1

(h(t), sin nt) sinnx .Note that
Bmgk(x) = gk(x) −

2

π

m∑

n=1

(gk(t), sinnt) sinnx = Smgk(x) .(The expression Smgk(x) is well de�ned, sine all eigenfuntions and assoiatedfuntions of the operator L belong to the spae W 1
2 [0, π].) Therefore

‖Bmgk‖W θ
2

6 ‖Sm(gk − gN)‖W θ
2

+ ‖SmgN‖W θ
2
. (16)



144 I.V. SadovnihayaStep 6 (estimation of the norm of Sm(gk − gN) in the spae W θ
2 [0, π]).There exists a positive number Cθ,R suh that for all natural k,m satisfying m >

k > N and for all f ∈ L2[0, π]

‖Sm(gk − gN)‖W θ
2

6 Cθ,R‖f‖L2m
θ−1k1−θ. (17)First let us reall that yn(x) =

√
2/π sinnx + ϕn(x) (see (2)) and represent theleft-hand side of inequality (17) as follows:

‖Sm(gk(x) − gN(x))‖W θ
2

=

∥∥∥∥∥

k∑

n=N+1

cnSmyn(x)

∥∥∥∥∥
W θ

2

=

∥∥∥∥∥

k∑

n=N+1

cnSmϕn(x)

∥∥∥∥∥
W θ

2

.Note that 3
k∑

n=N+1

|cn|2 6

∞∑

n=N+1

|cn|2 6

6 2

(
2

π

∞∑

n=N+1

|(f(x), sinnx)|2 +

∞∑

n=N+1

|(f(x), ψn(x))|2
)

6 C
(1)
θ,R ‖f‖2

L2
,Therefore

∥∥∥∥∥

k∑

n=N+1

cnSmϕn(x)

∥∥∥∥∥
W θ

2

6

(
k∑

n=N+1

|cn|2
)1/2( k∑

n=N+1

‖Smϕn(x)‖2
W θ

2

)1/2

6

6

√
C

(1)
θ,R ‖f‖L2

(
k∑

n=N+1

‖Smϕn(x)‖2
W θ

2

)1/2

.Furthermore
‖Smϕn(x)‖W θ

2
6 C

(2)
θ,R

( ∞∑

j=m+1

(j2θ + 1)|(ϕn(x), sin jx)|2
)1/2

=

= C
(2)
θ,R

( ∞∑

j=m+1

j2θ + 1

j2
|(ϕ′

n(x), cos jx)|2
)1/2

6 C
(2)
θ,Rm

θ−1‖ϕn(x)‖W 1
2
. (18)Here we applied integration by parts and boundary onditions ϕn(0) = ϕn(π) =

0. By asymptoti formulae (2) we obtain ϕ′
n(x) = nηn(x) + u(x)yn(x), where

{‖ηn(x)‖L2 + nθ−1} ∈ lθ2. Consequently
‖ϕ′

n(x)‖L2 6 (n‖ηn(x)‖L2 + ‖u(x)yn(x)‖L2) = n1−θτn,3 Here C
(1)
θ,R and in the sequel C

(j)
θ,R with j = 2, 3... are some positive quantities depending onlyon θ and R.



Equionvergene theorems for Sturm�Liouville operators. . . 145where ‖{τn}‖l2 6 C
(3)
θ,R. Therefore,

‖Smϕn(x)‖W θ
2

6 C
(4)
θ,Rm

θ−1n1−θτn.This implies that the �rst term in (16) satis�es the following inequality:
‖Sm(gk − gN)‖W θ

2
6 C

(5)
θ,R ‖f‖L2

(
k∑

n=1

m2θ−2n2−2θτ 2
n

)1/2

6 C
(6)
θ,R ‖f‖L2m

θ−1k1−θ.Step 6 is ompleted.Step 7 (estimation of the norm of SmgN in the spae W θ
2 [0, π]).Finally we onsider the seond term in (16). We shall estimate the norm ‖SmgN‖Cin the same way as in (18):

‖SmgN(x)‖C 6 C
(7)
θ,Rm

θ−1‖g′N(x)‖L2 6 C
(7)
θ,Rm

θ−1‖gN‖W 1
2
.Sine ‖PN(u)‖L2→W 1

2
6 Cθ,R (see Step 3) and gN = PNf we have ‖gN‖W 1

2
6

Cθ,R‖f‖L2. Therefore,
‖SmgN‖C 6 C

(8)
θ,R ‖f‖L2 m

θ−1. (19)Hene inequalities (16), (17) and (19) imply that
‖Bmgk‖C 6 C

(9)
θ,R ‖f‖L2 m

θ−1k1−θ. (20)Let us put k = [m1−θ] + 1 for any natural number m > N2. Inequalities (13), (14)and (20) imply inequality (4). �
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