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Abstract. The paper contains the description of the theory of approximate
calculation of integrals over arbitrary multi-dimensional domains. This research
branch is developed in several research centers in Russia and, in particular, in the
Ufa Mathematical Institute of the Russian Academy of Sciences. We consider the
best approximations of linear functionals on a certain semi-Banach space B by linear
combinations of the Dirac functions with supports in the nodes of a certain lattice:

(x )= [ F)s = 3 af(ixb)

kezn,
HykeQ

where Hy is an n X n matrix, such that det Hy # 0 and det Hy — 0 as N — oo
and f: R" - C, fe BC CR").

This setting of the problem was given by academician Sergei L’vovich Sobolev
in the middle of the last century.

1 Introduction

For the sake of brevity we give a simplified setting of the problem.

The Sobolev cubature formulas K,f = h" > ¢, f(hHk) allow approximate
hHEEQ

calculation of integrals If = [ f(x)dz, where Q is a domain in R™ and {hHEk| k €
Q

Z™} is a lattice of nodes. Here H is an n x n matrix and h is a small parameter. The
sharpness of the approximation is determined by the norm of the error functional
I — K : B — C, where B C C(R") is a certain semi-Banach space. A cubature
formula K} is called optimal if

17— K3
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Moreover, a cubature formula K}* is called asymptotically optimal or optimal by
order if

I_KCLS .
| ils — lash—0,

() = ot
17— K]

B*

flli—r%y(h) < oo respectively.
S.L. Sobolev gave an algorithm of calculation of the coefficients ¢, of an
asymptotically optimal formula for the case in which B is the space Lgm)(Q) with

the semi-norm

2

|
I fllm = / Z %\Daf(xﬂzdx where m > g

Q laf=m

His main investigations were carried out in the sixties-seventies of the last
century — see [11] and [12].

There is a well-known algebraic approach of constructing cubature formulas
of high precision. The parameters of the cubature formula are chosen in such
a way that the formula is exact for all polynomials of given degree. One of
examples is the Gaussian quadrature formula. The main postulate of Sobolev’s
theory is the symbiosis of an algebraic and an analytical approaches. He constructed
asymptotically optimal formulas as the sum of local formulas with the sizes of
supports of order O(h) and exact for all polynomials of degree m. He worked out and
theoretically justified the algorithm of his “Sobolev formulas”. Now these formulas are
known as RBL (Regular Boundary Layer) formulas. The words “Regular Boundary
Layer” mean that the coefficients are calculated only in O(h)-neighbourhood of the
boundary I' and for inner nodes all coefficients are equal to 1.

Let us give the exact description of the RBL algorithm. Let €2 be the domain
of integration and {hk| k € Z™} be the lattice of nodes. We define the elementary
mesh of the lattice as

hQ+ k) ={x| x =hk+ hy, y € Q},

where @ = [0,1)" is the unit cube. The elementary cubature formula is

f(a)de 2 0™ agof (hk + hs). (1)
h(Q-+k) R
The coefficients aj s are determined by the conditions of exactness for all
polynomials of degree M. If p(x,T) is the distance of x € Q to I and p(hk,T") > Lih
for some L; > 0 independent of h and k, then it is assumed that a,s = a, are
independent of £ and h. Otherwise the coefficients a s essentially depend on £, s
and h.
Later on it was proved that these RBL formulas possess the property of
asymptotic optimality not only for B = Lém)(Q) but also for some other spaces
B.
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Sobolev’s algorithm was modified in order to make it applicable for designing
practical programmes for calculation of integrals, and new BBL (Bounded Boundary
Layer) cubature formulas were constructed. The programmes using BBL formulas
work for domains of arbitrary shape and for dimensions from 2 to 10.

They are designed for multiprocessor computing systems and have high efficiency
of using processors — around 70-90%. These programmes were, in particular, applied
for solving integral equations on domains of arbitrary shapes.

Let us give the definition of BBL formulas.

We say that a cubature formula

€2
Kyf=detH Hyk N =
NS et N kzz; ceN f(Hnk), det Hy
Haked

is a BBL formula if for some Ly > 0
Yk |Ck,N‘ < Lg; p(HNk,F) > L2h = Ck,N = 1.

Among these formulas there exist some with bad approximation properties. For
example, if all coefficients ¢, y are equal to 1, the approximation is only of degree
1, O(h). So it is important to find algorithms giving high-precision BBL formulas.
We describe one of such algorithms. It produces asymptotically optimal formulas.

For the sake of simplicity we discuss only the case of cubic lattices of nodes

{hk| ke Z"}. (2)
Let 2 be an n—dimensional bounded domain:
Q={z|z R, ®(x)>0, ®cC DI(x)#0if d(z) = 0}.

The boundary I' = {z| 2z € R", ®(x) = 0} is smooth and could be locally
represented by graphs of some functions, i.e. VZ € I' 3¢(z) > 0 such that, if U; =
{z| |x — 2] < e(2)}, then

I'n, Ui = {l‘| T e U]}, E'j :j(i‘), l‘j = ’QZ)j(ZL‘l,. .. ,{L‘j_l,l‘j_H,. .. ,ZL‘n), ’QZ)]‘ c CM}
Consider a finite covering of I' with some U4y, o = 1,...,k Let Qy =
k
Q\ U U]}(a), then
a=1

p(Q,T) =¢¢ > 0. (3)

Let U° = {z| p(z,9) < 0/2}, then the set {U*}*_, is a finite covering of .
It is well known that there exists a partition of unity {p,}% , subordinated to this
covering

K
Vo g, € CYN(R™), supp go C U, Y a()|rea = 1.
a=0

Our BBL formulas are sums of local formulas for the sets w® = U* N
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K
W'Y erf(hk) =) R Y ckapa(hk) f(hE).
kezZ™, a=0 kezn,
hkeQ hkEwq

For the inner domain «°

we put ¢, o = 1.
The local formulas for all w®, o = 1, k are constructed in a similar way. So we

describe one of them. Let

wr={x| 2, > Y(x1,...,201) =), 2 €0 € R, ¥ € CM(F)).

Let us change variables: v = 2/, y, = x, — ¥(2'). In the variables y the
boundary T' N w! is a part of the coordinate hyperplane {y| y, = 0, y € 7}. We
construct auxiliary RBL cubature formulas as sums of elementary formulas (1) with
the coefficients aj s = a5 independent of k£ and h and with the additional property
as = 0 for s,, < 0. The inverse change of variables from y to = produces the cubature

formula with the curved lattice of nodes
{a®] 2 = hkj for j =T,n—1, 2V = hk, +Y(hE'), k € Z"}.

This lattice of nodes does not coincide with the cubic lattice of nodes (2). Moreover,
the distance from a node of the curved lattice to the nearest node of the cubic lattice
is the same for all nodes on any ray {z| x = (hk’,t),t > 0}. Furthermore

o s [ 242}

where [a] and {a} denote the integer and the fractional parts of the number a.
Keeping this in mind we can substitute every value of the given function on the
nodes of the curved lattice by finite linear combinations of the values of this function
on neighbouring nodes of the cubic lattice, i.e.

(v (e [#52]) + 0 {252 })
~ zsjobs(hk’)f (kb (o + 252 ) +5)

The coefficients bs(hk’) are determined by the condition of exactness of this

formula for any polynomial of degree M. The corresponding algebraic system has a
solution if S > M + 1. After changing all values f(hk', hk, + 1 (hK')) b

S ES))

we get the desired cubature formula. This formula has the BBL-property and is
asymptotically optimal on any space W)"(£2), 1 < p < oo, with m € <%, M) and on

several other spaces which are often used in numerical mathematics.
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We must note that we use some special norms of the spaces WW". For example,
if Q Cc Q=1[0,1)", then

”fHVNVg”(Q) = g‘igl:ff ”g”VNVg"(Q)’ (4)
where g(z) = > gre2™ e and
keZm
1
plr
91157 (@) = / S o1+ [f2yzezmite | -
keZm™

Q

Next we present the results of numerical experiments for the programme which
uses the BBL cubature formulas described above. This programme was designed in
the Institute of Mathematics, Ufa, by Dr. D.Y. Rakhmatullin [4].

2 Programme ,,Cubalnt*

The programme ,,Cubalnt* is designed for calculating integrals on multi-dimensional
convex bounded domains with smooth boundaries. It was tested for the following
parameters:

e dimension n from 2 to 10;

e integrand f(z) = Y1, a;a);
e domain Q = {z: ®(z) >0, (x) =1->7" ¢;(x; — 0.5)%};
e cubic lattice step h from 107! to 107°;

e smoothness parameter M from 2 to 6;

e number of processors P from 1 to 7000.

For the parameters listed below we compared calculations with the theoretical
evaluations:

a=1(2,1,2,1,..,2,1), b=(2,4,2,4...,2,4),

c = (6.25,39.0625, ...,6.25,39.0625), d = (2,4,2,4...,2,4),

We conducted a number of tests with decreasing values of the parameter h. Thus
we had a sequence of the parameters:

hi, ha, hz, ... with hy > hy > hg > ...
For them we computed the appropriate values of cubature formulas:

Ky, Kpnyy Ky, ..
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The absolute error of the calculations at the k -th step was computed as the
absolute value of the difference of the value of the cubature formulas with two

M.D. Ramazanov, D.Y. Rakhmatullin, E.L.. Bannikova

sequential values of the parameter h :

The theoretical error was considered to be the value of the error functional ||l ]|..
We represent every absolute error in the form w, - 1072 with integer number w,

and 1 < w; < 10.

Tables 1-3 demonstrate the degrees of absolute errors (numbers wy) of the results

Ak = |th - th+1|'

obtained by computer calculations and by theoretical approximations.

For example, we have the same accuracy 107 for N = 3200, N := 1/h = N'/»

and M = 4 in both the left and the right sides of Table 1.

N\M| 2| 3] 4] 5| 6 N\M |2| 3] 4| 5| 6

50 3] 3| 2| 2| 1 5014 6| 7| 911

100 4 4| 3] 2| 2 1004 6| 8|10 12

200 7| 5| 4| 5] 3 2005 711012 |14

400 8| 9|11 | 7| 7 400 | 6| 8| 11|14 |16

800 | 810|112 13|14 800 |6| 912 |15 |18

1600 | 9|11 |13 |15 16 1600 | 7|10 | 13 | 17 | 20

3200 | 10 | 12 | 15 | 16 | 17 3200 | 8 | 11| 15| 18| 22

6400 | 11 | 14 | 16 | 18 | 18 6400 | 8 | 12| 16 | 20 | 23

12800 | 12 | 15 | 17 | 18 | 17 12800 | 9 | 13| 17| 21 | 25

Tab. 1: Experimental (left) and theoretical (right) degrees of the absolute errors,
n—2

N\M |2| 3| 4| 5| 6 N\M |2| 3| 4| 5| 6

5013 31 2] 2| 1 504 6| 7| 911

1004 4 3] 3| 3 1004 6| 8|10 |12

20016 7| 5| 4] 4 2005 71012 |14

400 8| 8| 8| 8| 7 400 | 6| 8|11 |14 |16

8009 9110 9] 9 800 | 6| 9121518

1600 | 9| 10 | 11 | 11 | 10 1600 | 7|10 [ 13| 17 | 20

d

Tab. 2: Experimental (left) and theoretical (right)

n—3

The calculations are bad in two cases. First, when rounding errors are significant
(we use long double type). Secondly, when h and M are not sufficiently small which
prevents including 2M lattice nodes along the corresponding rays to the boundary

layer.

We must note that the convexity of a given domain is not necessarily required.

Let us take for example the domain (Fig. 1).

egrees of the absolute errors,

Q={z:1-6.25(z; — 0.5)* — 6.25(x2 — 0.6 + 3(z; — 0.5)*)> > 0} .
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N\M |2|3]4|5]|6 N\M |2|3] 4| 5| 6
25141313132 203|156 7] 9
50141414133 501416 7| 9|11
51414132 D416 81012

10054443 10014)16| 8|10 |12
125165444 1255 |7 91113
150 | 7|65 |54 15057 9|11 14
175 | 7(7]15]|5|4 17515 |7| 911214
2007|7655 200 5|7 |10]12]| 14

Tab. 3: Experimental (left) and theoretical (right) degrees of the absolute errors,
n—>y

1,04
09 ]
032 i
07 ]
06 ]

1 D’j_-
04 i
03 i

0.2

0.1+

T T T T T T T T T
0l 02 03 04 035 06 0OF 08 09
x
1)

Curve 1

Fig. 1: Non-convex domain

N\M[2]3]4]5]6
50 [4[3]3]3 2
100 [4|4|4[4]|4
200 | 4|4 |4]4|4
400 |55 (5|55

Tab. 4: Numeric results for non-convex domain

Numerical results are shown in the Table 4.
Let us analyze the programme speed and the quality of its parallelization. We
use the speedup and efficiency parameters:

Ty Sp

Sp =L —
Py P

where Tp is time of calculating on P processors.
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Figure 2 demonstrates both experimental (dark line) and theoretical (bright line)
speedups. B
For example, when n =2, M =3, N = 3200, P = 1200, the efficiency is 0.83.

n=3, N=1600, M=2
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Fig. 2: Experimental and theoretical speedups

The efficiency is gradually decreasing with the growth of the number of
processors. It is caused by different computational complexity in different lattice
nodes and therefore non-uniform processors load.
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3 Programme for solving integral equations

The programme was designed in the Institute of Mathematics, Ufa, by the post-
graduate E.L. Bannikova [2].

Algorithm

We consider the integral equation
u(z) — /K(%y)u(y)dy = f(z), ze€QCR2 (6)
Q

Here 2 is a two-dimensional bounded closed domain with smooth boundary,
KeCM(QxQ)and f e CMQ).

Assume that || K||ciaxq) = 6 < 1. This is sufficient for convergence of successive
approximations

wle) = £(0). (@) = f@) + [ K(pua(ody, s =1.2.....
Q

The functions us(z) are approximations of the solution u of equation (6) in the norm
of the space C(f2).

Numerical realization of this method uses BBL cubature formulas on every
iteration.

Programme

The program for numerical solution of integral equations was designed on the base
the above algorithms.

Calculations stop when the condition ||us — us—1|| < € becomes true, where
l|ul| = max |u(z)|, e — given accuracy.

The input data of the programme:

i. Integration domain Q defined implicitly: Q = {z|®(x) > 0}, ®(x) € CM(Q),
|@(2)] + [D(x)] # 0, @ C [0,1)%

ii. Function K(x1,y1, %2, y2), max |K(z,y)| < 1.
z,y

iii. Function f(z1,x2).
iv. Cubic lattice step h < 0.01.
v. Smoothness parameter M.

vi. Number of processors P.

The approximate solution of the integral equation is the function u, obtained on
the last iteration. It is displayed as the table of the values of the function us(x) in
the nodes x = hk € Q.
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Programme tests

The programme was tested on the supercomputer “MVS-100k” of the Joint
Supercomputer Center, Russian Academy of Sciences, Moscow.

We demonstrate some experimental results of solving integral equations. In order
to compare experimental results with the precise solution, we took a function that
must be a solution and calculated f(z). Numerical experiment was done with that
f(z). The precise solution was the function u(z) = (7, — z2)° .

Here is the input data:

i. K(z,y) = (0.1z1y; + 0.522y5)3.
ii. f(z) = (r1—29)%—(3.5-107 %2922 +9.9- 10 723 — 1.4- 10 5232, — 1.1-10"%23).
iii. The integration domain (convex, see Fig. 3)

Q= {x|(I>1(:Eg > 0}, )
Oy(x)=1—((r1 —0.5)/0.4)" — ((x2 — 0.5)/0.4)" | °

iv. Cubic lattice step h = 1/200, 1/300.
v. Smoothness parameter M = 2, 3.

vi. Number of processors P from from 10 to 1000 .

Fig. 3: The domain

The expected accuracy of the calculations is O((h/g¢)*), where gy estimates the
thickness of the boundary layer (see (3)).

The calculation accuracy was obtained in two ways — by comparing with the
precise solution and by the Runge rule, i.e. by stability of decimal digits in the
results with decreasing h.

Table 5 contains iterative process data with given parameters.

In Table 5 the accuracy was calculated by decimal digits stability. After
comparing last iteration result with the exact solution u(z) = (z; — x2)° we have
got the coincidence of 5 — 6 decimal digits.
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s — iteration number | h =1/200, |lus —us_1|| | b =1/300, [jus — us—1]|
1 0.0987 0.0988
2 0.000776 0.000778
3 0.0000268 0.0000269
4 0.00000310 0.00000310

Tab. 5: The achieved accuracy for the smoothness parameter M = 2

Here the influence of 1/¢g when ¢ = 0.1 is insignificant, because the domain 2,
is convex and the number of regions of the partition of the unity is small.

Table 6 shows the programme working time for different numbers of processors
quantity.

P |10 |20 |30 |40 |50 | 100
Tp | 230 | 127 | 93 7 | 63 36

Sp |10 |18 |24.7 |36 | 42.6 | 63.8
Ep |1 09 108 [0870.72]0.63

Tab. 6: Running time with different numbers of processors P, h = 1/200, M = 2.
The achieved accuracy is 107°.

The next numerical experiment was conducted with the non-convex domain (see
Fig. 4)

Qy = {z]|P2(z) > 0},
Dy(z) =1 — /8(z1 — 0.5)2 + 8(z9 — 0.5)2 + (2(x; — 0.5) (w9 — 0.5) sin(1) .
+cos(1)((z1 — 0.5)* — (x9 — 0.5)?)3)/((x1 — 0.5)* + (22 — 0.5)%)?

Fig. 4: The domain €

In view of the fact that in this test the exact solution of the equation is not known,
the accuracy of calculations is evaluated according to the stability of decimal digits.
We have got that the theoretically expected accuracy of the numerical solution of
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the integral equation (h/gy) of order 107° is achieved on the fifth iteration with
h =0.004, M = 3,¢¢ = 0.1.

Yet another test with the following data:

1. K(z,8) = (0.1z151 + 0.52952)3.

2. f(x) = (@1 + 22)>.

3. The integration domain (disconnected, see Fig. 5)

Qs = {a[®3(x) > 0},
{(1/144 — (21 — 0.5) — 1/10)2 — (((ws — 0.5) + 0.2) — 0.3)2).

O
N

Fig. 5: The domain €3

The accuracy was calculated by decimal digits stability. Table 7 shows that the
theoretically expected accuracy (h/gg)™ of order 107° is achieved on the fourth
iteration with h = 0.005, M = 3,9 = 0.3.

s—iteration number 1 2 3 4
||us — ws—1]| 0.01 | 0.0001 | 0.00001 | 0.000001

Tab. 7: The achieved accuracy

The programme running time for 1000 processors was 12 seconds.

Thus, using of BBL-formulas is good for numerical solution of integral equations.
The application of the iteration method in combination with BBL lattice cubature
formulas allows to achieve accuracy 10~° by 5-6 iterations.

We must note that this algorithm of solving integral equations allows to
parallelize well the computing programme for use on the multiprocessor computing
systems.

4 Conclusions

Here are the most important results of the theory of BBL formulas. In fact the
asymptotic optimality and the optimality by order are very close concepts for
cubature formulas with the bounded boundary layer. For simplicity, we assume
that the domain Q belongs to the unit cube @@ = [0,1)" and has the boundary
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' € CM. Let the lattice of nodes be cubical, {h -k | k € Z"}, with lattice step h,
i.e., h=1/N, N € Z,. The spaces /I/IZ:”(Q) are defined by the norms (4), (5) where
m € (n/p, M) with some natural M > .
Let
Ky: f—h"Y " ci(h)f(hk)

hke)

be any sequence of BBL formulas.

Theorem. Let 1 < p; < py < 00 and pﬂl <my < mg < M. Then the sequence { K}
is asymptotically optimal in every space of the family {W;”(Q)}me(ml,m) if and only

. . . . . pe(pl’p2)
if it is optimal by order in every of these spaces.

Remark. The number M is involved in the design of our BBL formulas described
above, ensuring optimality by order for each of the spaces W)(Q2) with m < M.
Therefore, these formulas are universally asymptotically optimal for every m &
(5 )

This is very important for the success of the programme for approximate
integration of functions with various smoothness. We name algorithms with this
property as conditionally unsaturated algorithms, trying to follow the terminology
proposed in his time by K.I. Babenko [1].

The same sequence of cubature formulas remains asymptotically optimal on some
spaces with anisotropic smoothness. Namely, let the space W3'(Q) be defined with
the help of the norm

||f||W2“(Q) = g‘iél:ff ||9||W;(Q)a g(x) = kén grerike.
1

1917700y = (f 2 \gkﬂ(%i/f)lgdﬂf> :

Q kezn

We assume that |p(€)] < C(1 + [£])™ with some m < M and the function p (that
describes smoothness) satisfies the estimate

[ D*u(E)]
(&)

This is exactly the conditions of the hypoellipticity of pseudodifferential operator

g(x) = Y grp(2mik)e™ .

keZm

Vo € Z7 < Co(14 €))7l with some p > 0.

See [3], [5] — [10] for details.
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