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Abstract. In this paper, we study the interpolation properties of anisotropic net spaces Njz(M),
where p = (p1,..,Pn)s ¢ = (q1,.-,¢n). It is shown that, with respect to the multidimensional
interpolation method, the following equality holds
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1 Introduction

Let M be the set of all segments from R. For a function f(z), defined and integrable on each segment
@ of M, we define the function

feah =g o) ’/ Us

where the supremum is taken over all segments () € M, whose length is |Q| > t. The function
f(t, M) is called the averaging of the function f over the net M.
We define the net spaces N, ,(M), 0 < p, ¢ < oo as the set of all functions f, such that for ¢ < oo

Wan = ([ (70.00) %) <o

1 -
17115, = supt# (2 M) < .
>

t>0,

and for ¢ = oo

These spaces were introduced in work [18|. Net spaces are an important research tool in the
theory of Fourier series, in operator theory and in other areas [1|-[3], [19]-[23], [24], [28], [29].
It was shown in [17] that the scale of spaces N, ,(M) is closed under the real interpolation method,
i.e. for py # p; holds
(NPO,QO<M)7NP1,Q1(M)) = NP#I(M)'

If in the definition of the space N, (M) instead of f(t, M) we consider the function

1
up o /Q f(@)ldr,

QI>t

0,q
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then the corresponding space, as can be seen from [9], coincides with the Morrey space Mg, where
a= 21)— %, but for the scale of these spaces it is known that it is not closed under the real interpolation
method (see [7], [25], [26]).

We consider the following generalization of the space N, ,(M) in the n-dimensional case.

Let 7 € Z, by G, we denote the set of all segments of the form [0,27} + k7, k € Z. Let G = |G,

be the set of all dyadic segments. Let M be a set of all parallelipeds of the form

Q=Qix " xQn

where Q; € G, 1 =1,...,n. We will call M dyadic net.
For the function f(z) = f(x1,...,x,) integrable on every set Q € M we define

f( ) f(tl, n,M) = sup —‘/ f T1y.0y T dﬂ?l dl’n , t; >0,

|Qil>t;

where |@;| is the length of the segment Q);.
Let 0 <p= (p1,...,Pn) < 00,0 <q=(qu,..., qn) < 00. Denote by N;z(M) the set of all functions
f(x) = f(z1,...,x,), for which

o0 o] ﬁ ;%n _ q1 dtl 2 "
||f||N”M) — o 0. tl ...tn f(t17...,tn;M) t_ e t
0 0 1 n

here and below, when ¢ = oo, the expression ([, (¢(t))* Cff) 7 is understood as sup,- ¢(t).

As can be seen from the definition of the space N; (M), this is the space of functions that have
different characteristics for each variable. These spaces are called anisotropic net spaces.

For spaces with a mixed metric, anisotropic spaces, the real interpolation method does not work.
For the interpolation of mixed metric spaces, the interpolation method was introduced by D.L. Fer-
nandez [11]-[13] and modified in [14], [17], [20], [21]. An interpolation theorem regarding this method
for Lebesgue spaces L; with a mixed metric was obtained in [22]: let 0 < p; < oo and p} # pi, i = 0,1,

O<q§oo,0<9<1, then

S
~_—
\
AN
3

where Lz is the anisotropic Lorentz space. (see [8])

Other applications of this method can be found in [6], [22].

The purpose of this paper is to obtain an interpolation theorem for anisotropic net spaces.

Given functions F' and G, in this paper F' < G means that FF < CG and G < C'F, where C
is a positive number, depending only on numerical parameters, that may be different on different
occasions.

2 Lemmas

Let 7 = (71, ..., 7). The system of all sets G, = G, x---xG,, = {Ik = [,11 X oo X P [,i € Gn}

defines the partition of R™ into parallelepipeds, i.e. R" = U 1.

keZ
Let E = {e=(€1,....,€,) : € € {0,1}} be the vertices of the unit cube in R". For a locally

integrable function f(xy,...,2,) and a set G, we define the functions f.(x), € € E as follows:

fe(x) = . / ASf(2, o a)dey dey e L) x - x I (2.1)
n It

n .
[T 12|~
i=1
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where

ALf(2') = Ay . AT f(2),

o oo Joxh), for €=0,
A“M)‘{wxi)—ax;), for =1

Note that f(x) = > .p fe(x). These functions {f.}ccg will be called the expansion of the function
f(x), corresponding to the partition G..

Lemma 2.1. Let 7 = (1,...,7) € Z", G, be the partition of R™ into rectangles, f(x1,...,T,) be
locally integrable on R™. f = 3" _p f(x) be the decomposition corresponding to the partition G-.
Then fore; =1

1 0 =1
| fe(rr, . xp)de; = ¢ : ., kelZ.
Ll Jri fe(xy,oyxy), € =0

The proof follows from the definitions of the functions f..

Lemma 2.2. Let 7 = (11,...,7,) € Z", 7; > 0, G, be a partition of R™ into rectangles, f(x1,...,xy)
be locally integrable on R™ and {f.}.cr be the decomposition of the function f(x), corresponding to
the partition G.. Then for an arbitrary t € Z"

fo(21, .. 2 M)

21l TT min{ 27t 1} f(2hrertnli=a) | otnentmll=en): N[) - for tie; <73, i=0,n,
i=1

< (2.2)
0, otherwise,
where €] = €1 + ... + €,.
Proof. Let Q = Q1 X -+ x Q, € M, |Q;| = 2%. Let us prove the following equality
1'/f()d | [ an Av o [ Asp e ] (23)
— elr)dr| = o I ey J (T xy)dxy L oda | (2.
‘Q’ Q ’Q”’ Qn ‘anl‘ Qn—-1 ' ‘Ql, Q1 ' !

Since for s; > 7; the segment @); splits into segments from G, then if for some index 7, s; > 7;

and ¢; = 1 are satisfied, then
il
— fe(x)dx
Q| ’ Q

Therefore, we assume that if ¢, = 1, then s; < 7;. Further, in the case when ¢;, = 0 and s; < 7; we
have

= 0.

1 1 1
AG Ao —— [ A f(2, ) de L da
Qil Jo, T Qia] Jo, @] Jo, !
1 1
_ AS NS AS (), 2l)da, . dx .

Qi1 Q. @] Q

And in the case when e = 0 and s; > 7;

1 1 1
- A;Z A;i,_l L — A;l Qj'/ g eeey [L',n dI/ R dl’;
|QZ| Qi ' |Qi—1| Qi1 o |Q1| Q1 1f( ' ) 1
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1 1
= E AL —— [ A f(ah, ) da L da
\Q | J1 |Qz il Jo, 770 @il o, ' '

By the above equahtles, we have

[Ql '/ fdo)ds

Taking into account that s; > t; we get

Ql ‘/ fdz)d

We will use the classical Hardy inequalities. Let us formulate them as a lemma.

< 2k |Hm1n{27’ si 1} f(enetmza) | gsmentrallzen). Ay,

)
=1

< 2‘6‘Hmm{2ﬁ b1} f(ehatnl-a) | gtetmll=a). yr)
=1

Lemma 2.3 (Hardy’s inequality). Let 1 < ¢ < oo, a > 0, then the inequalities hold

([ o) 2 ([ eesor®)’
([ (e [ ) Y <o ([ )

3 Main result

Q=
Q=

Qe

Let us consider the interpolation method for anisotropic spaces proposed by Nursultanov E.D. [20].
This method is based on the ideas of G. Sparr [27] , D.L. Fernandez [11]-[13] and others [10], [15],
[16]. Some results related to the interpolation of anisotropic net spaces were obtained in papers [4],

[5].
Let Ag = (A%, ..., A%), Ay = (A], ..., AL) be two anisotropic spaces, E = {¢ = (e1,...,&,) : &; = 0,
oreg; =1, i=1,..,n}. For arbitrary ¢ € E we define the space A, = (AT, ..., A5*) with the norm

[ lae =1 A g Dz

Let 0 <0 =(61,...0,) <1,0<q=(q,...,qn) < 00. Via Aj; = (Ao, A1)y, denote the linear
subset Y __p A, of all elements, for which
dtn> ”
— < 00,
ln,

00 o 1 J %
Hf”Ag@ = (/0 (/(; (t t_Q"K(tl, n;f))q till)

K(t, f; Ao, A1) =inf{2tf||f€||Ag T=Sf S eAg},

eek eek

iy

where

where t* = t7'...t;".

Lemma 3.1. Leta; > 1,i=1,..n0<0=(0,...0,) <1,0<q=(q1,...,qn) < 0. Then

a 1

1£1la,, < Z...(Z (ay?* . ay Ok K (! ,...,af;n;f))‘“> =g

kn€Z ki1€Z
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Proof. From the definition of the space Aj; we have

a2 L
°° < _ L dtp\ 0 dt, \ "
1flla;, = / (/ (B0 Kt et 1)) —1> e
0 0 1 tn
1

o =

o ot i\ " dt,
= —61 —0n . @ Aty aty
= Z/C;ﬁn (Z/ailvl (tl tn K<t177tn7f)) tl ) tn

kn€Z kn€Z
If the function ®(¢;) is monotonically non-decreasing in the variable ¢; then we get

k 1
a1t

(ai—ez‘(kﬁ‘l)q)(a;&ki))qi In a; < / '

k1 )
(li (2

7

; dt; _ — g
(tfelq)(tl)>ql Zo <a4 91k1q)(ai 91(k’1+1))>q lnai.

Applying this relation and taking into account that K (ti,...,t,; f) is non-decreasing in each
variable, we obtain

Cljé,q(f) < Hf”A@(7 < 02J§,q(f)a

where
C) = Ha;ei(lnai)i‘,
i=1
and
Cy = H al(Ina;)®
i=1

Theorem 3.1. Let M be the dyadic net in R", 0 < p; = (pl,....pL) < po = (1),....p%) < oo,
0<qo,qq <00, 0<0=(0,..,6,) <1, then

(Npo.q0 (M), Ny 3 (M))g,5 = Npa(M), (3.1)

0,90

where L = =0 4+ ¢
p Po P1

Proof. Let us prove the continuous embedding
Npa(M) = (Npy,s(M), Ny, 5(M))g 4 » (3.2)

where v = (v,...,v), v = minj<;<p ;.

Let 7 = (11,...,7n) € Z", G be a partition of R", f € Njz(M), f =" . fe(x) be the decompo-
sition corresponding to the partition G, (f. is defined by the formula (2.1)).

Using Lemma 2.2, we get

1
v

1fells,, . = (z Ny (gpfl

tn€Z thWE€Z

tn v
2 f€(2t1,...,2t”;M)) )

1
v

< 9l ( Z (H Qﬁ min{27 ", 1}J?(2t161-&-71(1—61)7 .., QtnentTa(l—en). M)) )

€;t; <T; =1
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Hence for a; > 1,7 = 1,n, we have
K(a}',...al", fi Npoae € E) = > _a™ . ..a7™ | felln,..,

eeFE

el

€;ti<T; =1
and
a2 L
H qan
— —0171 —O0nTn T1 Tn a
HfH(NEO,B(M),NELE(M))&,@ = E E (a1 ...an K(al ,...,an y ))
ThEZ TIEZ
—0 _
SCE <§ <§ (agel 1)7—1”'a$L€n en)TnX
eceE \mh€Z TIEZ
1
a2
n t; v 11; « a1 "
z : € . s a3 _ _
X ( (H 2pi mln{?ﬂ tz7 1}f(2t151+7'1(1 51)7 e 2tn€n+7'n(1 €n)’ M)) ) e 5
€t <T; =1

where C' = 2”22;(;1(17%)4_‘

Let € € F, using the definition of v and the generalized Minkowski inequality, we obtain

(Z . (Z <a§€1_91)T1 . .aﬁf"‘en)m X

ThEZL TIEZ

€t <T; =1

nooq N\ " % "
% < Z (H Qﬁ min{QTrti, 1}lf_(2t161+7'1(1761)7 - 2tn€n+7’n(17€n); M)) ) -

ThEZ entn<Tn

1
1\ 49n P
tn v\ v
< E a;ﬁn*Gn)Tn ( E (2177% min{QTnit", 1}F 71(2tn€n+7'n(176n))) )

where

Fn*l(!/) = Z e <Z (a/:(lﬁlfel)Tl . agfnfen)Tn X

Th—1€Z TVEZ

q1

1
el til ) v > q1
% ( > (H 27’ min{zﬂ'fi,l}f(2t1€1+ﬁ<1“>,...,y;M)) )

Q
3

€t <T; =1

2
Let a, = 2#» »n. If ¢, = 0, then we have

™MEZ entn<Tn

1
1 an
tn v\
> | a0 ( > (2 min{2m 1}, (2ot )) )

n tfz 3 v
< n Z ai17’1 o a;nTn ( Z (H 21,? min{QTi_ti, 1}f(2t161+7’1(1—61)’ - 2tnen+'rn(1—en); M)) )

1
v

Y
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1\ dn\ g,
Oy (S — L n B v\ Y
=1 |2 bnmn (g =31 (Z (2p% min{2™ t”,l}Fn_l(T")) >
ThEZ tn€Z
T o0 : an ﬁ
—0nTn 11 n tn \ U tn 3 v v
(3 (e ne (55 CY e 3 @)
™EZ lpn=—00 tn=Tn+1
1 1
O (L _ 1 o\ an \ ™ an \
< (3 R na ) ) - (5 )]
ThEZ ThEZ
In the last relation, we used the equality pin = —1;9?" + p%.

If €, = 1, then we get

S|

tn v
5 (s (£ (@ mnt ey

™mEZ entn<Tp

1\ 4n
v

<o rre))

™TmEZ

where C>0 is independent of f. Here we have used Hardy’s inequality and the equality pi = 1;(? n +z%‘
Further, applying to F,_1(2™) the same procedure as above, after n — 1 steps we obtain the
estimate of the form

Gny —

1 an
v

— __1 tn [
Z (ZS"_G")T" ( Z (min{2Tn tn(1 p;n)’Qp;n }F _1(2tnen+7'n(l—6n)>> >

™mEZ entn<Tn

1

a2 o
q1 "

a2
™ - - ™ q1
<C Z...<Z (27 27 (27, 275 M) ) ) =l

TnEZ TIEZ

where C>0 is independent of f.

Substituting the resulting relation into (3.3) we get (3.2). Thus, taking into account that v =
min <;<, ¢;, we get the continuous embedding

Npg(M) = (Npys(M), Np, 5(M))g.7 = (Npo.go (M), Npy 0 (M)) .-
The reverse continuous embedding (Np,.g,(M), Np, 4. (M))g; < Npq(M) was proved in [20] (see
Theorem 1). O
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