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Abstract. In the paper, the Lorentz space L, (T™) of periodic functions of several variables,
the Nikol’skii-Besov class ST oB and the associated class W“l” for 1 < ¢, 7 < o0, 1 <6< 0 are
considered. Estimates are estabhshed for the best M-term trlgonometrlc approximations of functions
of the classes W;Tbl’" and S7 . ,B in the norm of the space L, .,(T™) for different relations between
the parameters q, 7, p, 7, a, 0. The proofs of the theorems are based on the constructive method

developed by V.N. Temlyakov.
DOI: https://doi.org/10.32523/2077-9879-2024-15-2-08-32

1 Introduction

Let N, Z, R— be the sets of all natural, integer, real numbers, respectively, and Z, = N U {0},
R™—m-dimensional Euclidean point space T = (x1,...,x,,) with real coordinates; T™ = [0, 27)™
and I = [0,1)™ — m-dimensional cube.

L, (T™) will denote the Lorentz space of all real-valued Lebesgue-measurable functions f that
have a 2m-period in each variable and for which the quantity

1

T

1fllp.r =

Sl

1
/(f*(t)T_ldt , l<p<oo,1 <7< o0,
0

is finite, where f*(¢) is the non-increasing rearrangement of the function |f(277)|, T € I"™ (see [34],
pp. 213 216).

In the case 7 = p, the Lorentz space L, ,(T™) coincides with the Lebesgue space L,(T™) with
the norm (see for example, [26, Chapter 1, Section 1.1, p. 11])

2 2 P
I fll, = [/ / |f(z1, ..., xp)|Pdey..dxy, |, 1< p < o0.
0 0

We will introduce the notation az( f)-Fourier coefficients of the function f € L; (T™) by system
{eim’i) brezm and (Y, %) = >_ y;a;:
j=1
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where B
={k=(ki,..km) €Z™: 257" < |kj| <2%,5=1,...,m},

[a] is the integer part of a real number a, 5 = (s1, ..., Sm),S; € Z.

For a given p € [1,00), a numerical sequence {az};.;~ belongs to the space I, if

1
P
Harbnesel, = [z \am] .
negzm

Further, for a vector ¥ = (r1,...,7,) and the zero vector 0 = (0,...,0), the inequality ¥ > 0
means that r; > 0 for all j = 1,2,...,m. Let 1 < 0 < oco. We will consider an analogue of the
Nikol’skii-Besov class

<1;.
lg

In the case 7 = p, the class S} B coincides with the well-known Nikol’skii-Besov class S} ,B in
the space L,(T™) (see for example (8], [23|). Currently, there are various generalizations of the
Nikol’skii-Besov spaces and their further applications in the theory of approximation of functions,
harmonic analysis and in other branches of mathematics (see, for example, [9], [15], [16], [18], [36],
[40)). ) )

For a given vector 7 = (rq,...,r,) > 0= (0,...,0) put ¥ = - and

SELT

%sz{fezﬁwm:W%WW&umw}

Q7(‘7) = U(gy7><n p(g) )

Sggﬁ( [,7) = ZEGQW) az(f)e'™® will denote a partial sum of the Fourier series of a function f.
Let k) € Z™. The quantity

em = 1nf Hf Zb i+ 7)

is called the best M ~term trigonometric approximation of a function f € L, .(T™), M € N, E(j) ezm.
If F C L,.(T™) is some functional class, then we put

eM(F)p,T = sup eM(f)p,T
fEF

In the case 7 = p instead of ey (F),, we will write ey (F),.

The best M—term approximation of a function f € Ly[0,1] by polynomials via an orthonormal
system was first defined by S.B. Stechkin [33] who established a criterion for the absolute convergence
of the Fourier series via this system. Further, important results on estimating M-term approximations
of functions for various classes of Sobolev, Nikol’skii-Besov, Lizorkin—Triebel were obtained by R.S.
Ismagilov [21], Yu. Makovoz [25], V.E. Mayorov [24], E.S. Belinsky [12] — [14], B.S. Kashin [22], R.
DeVore [16], V. N. Temlyakov [35] — [39], A.S. Romanyuk [27], [28], Dinh Dung [17], Wang Heping
and Sun Yongsheng [41], M. Hansen and W.Sickel [19], [20] , S.A. Stasyuk [30] — [32], A.L. Shidlich
[29].

To estimate M—term approximations of functions of the Nikol’skii-Besov class S; oD in the space
L,(T™) two methods were used: non-constructive and constructive. The first method is based on
Lemma 2.3 [14] (also see [25], [24]) which is proved by probabilistic reasoning. The second method was
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developed by V.N. Temlyakov [37], [38] and is based on greedy algorithms (see [36], [39]). Further, a
constructive method of n—term approximations for the trigonometric system was developed by D.B.
Bazarkhanov and V.N. Temlyakov in [10] and in [11]. A survey of the results on this theory can be
found in [18]. Estimates for n—term approximations of functions of the Nikol’skii-Besov class in the
Lorentz space are investigated in [1] — [3].

For a constructive method for estimating n - term approximations of functions of the Nikol’skii—
Besov class S; B V.N. Temlyakov [37], [38] introduced the class W™, In this article, we will
consider an analogue of this class in the Lorentz space.

For a function f € L;(T™) put

@ = > &(fT), L€y,
I<(EF)<I+1

where ¥ = (y1,. ., )y = =% <Y1 S Sy =2, >0, 5 =1,...,m
We will consider the following class defined in [37], [38]

WLt = {f € Li(T™) : |l firlla <270 ™",
where [y = max{1,l}, | € Z, and

irla= 323 lanls

I<(5,7)<l+17mep(s)

We also define the class
Wet™ = {f € Lu(T™) : |l fusllar <2715},

where a > 0, b € R, [y = max{1,[}.
We will introduce the following notation

a1—(v—=1)b
||f||1/v(;1£vF = sup ||fl,?||q,721 lo( ) 1 <q,7 < o0.
’ l€Zy
In the case 7 = ¢, the class W™ is defined by V.N. Temlyakov [37], [38] and in this case, instead of
WebT we will write W,
For the class Wb we put

en(W;ﬁr)p,n = Sup en(f)p,'rz’ L< q,p, T, To < OQ.
fewgbr
In the case 7 = ¢, the order-sharp estimates for the best n-th trigonometric approximations of
functions belonging to the class W;’b’? in the space L,(T™), 1 < ¢ < p < 0o were established by V.N.
Temlyakov [37], [38]. In particular, he proved
Theorem 1.1 ([38, Theorem 3.2]). Let 1 < ¢ <2 < p < oo and (l — %)p/ <a<?i p =- then

en(W;’bT) e Gt )(log, )@~ +ar-1)- (g=3)p)

Here and in what follows, the notation A,, < B, means that there exist positive numbers C, Cs
independent of n € N such that C1A,, < B, < C54,, for n € N.

In [38], the problem of finding order-sharp estimates for e, (Wg*"), by the constructive method,
1nthecase0fa——<a<(q——)p 1 < ¢ <2< p< oo remains open.

We will consider the problem of estimating the best M—term trigonometric approximations for
the Lorentz space. The main results of the article are formulated and proved in the third section
(see Theorem 3.1 and Theorem 3.2). In the second section, we formulate some auxiliary assertions
required for proving the main results. In the fourth section, as an application of Theorem 3.1, we
establish an upper bound for the best M - term approximations of functions of the Nikol’skii-Besov
class in the Lorentz space (see Theorem 4.1).
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2 Auxiliary statements
Theorem 2.1. (see [5]). Let 1 <g< A< o0, 1< 7,60 <o0. If a function f € L,.(T™), then
e > (X T2 o sut15,)
s€Z 1=1

where C' > 0 s independent of f.
Theorem 2.2. (see [5]). Let 1 <p < g < oo, 1< 1,7 <oo. If the function f € L, ., (T™) satisfies
the condition

> HQW YD 65()l7s, <

sez j=1

then f € Ly, (T™) and the following inequality holds

1/7’2
1fllg < C(Z [ 2= o5 f )|pn> :

EEZT”] 1
where C' > 0 s independent of f.

Let A(T™) be the space f € L(T™) with absolutely converging Fourier series with the norm (see

[11], [37], [38])
1flla =D lag(f)

kezm

As a corollary of Theorem 1.1 [38], the following statement is true, which we will often use in the
proofs of theorems.

Lemma 2.1. Let 2 < p < o0 and 1 < 7 < oo. There exist constructive approximation methods
Gu(f) based on greedy type algorithms that lead to M —term polynomials with respect the system
{e!R@ Y. with the following property:

If = Gr()llpr < CM72p2 | £,
for all f € A(T™), where C' > 0 is independent of M € N and of f.
Proof. . We will choose a number py € (p,00). It is known that L, (T™) C L,,(T™) and ||g||,r <

Cllgllp, for a function g € L, (T™) (see |34, Theorem 3.11|). Now, according to Theorem 1.1 38| or
Theorem 2.6 [37], it is easy to verify that the assertion of Lemma 2.1 is true. O]

3 Main results

Theorem 3.1. Let 0 <1 = ... =1, <11 < ...y, 1 < ¢ <2< p<oo, 1 <1,7 <00,
1_1 1_ 1, 1 1N\ / _ _m
e <a<(;—3to5 ) = andbeR.

11 1N\

[f§—5<a<(q——+p—n—q72)72,7'2 21,th€’l’b

exr(Web™) = M550 (log, M)~Y8, M > 1.

q,T1
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ent(Wyi)pr < C

q,T1

for M > 4, where C > 0 is independent of M and f.

Proof. For a natural number M, there is a number n € N such that M =< 2"n*~ 1.
Let v > 2 be a natural number. We put

1 1
ny = gn—p(§ — 7_—2)(1/— 1)logn,
ng = gn~|— 25(1/ — 1) logn.

We will introduce the notation
laT (v—1)br (51 2V T 1/
Si= (2o mm 3T o 8(H)1IZ )
1<(5,7)<l+1

and

/ !

ml:[ T oo F w03 ]+1 leZ.,

where (5,1) = Y s, p = z% and [y is an integer part of the number y.
j=1

By G(I) we denote the set of indices 5, I < (5,%) < [+ 1, with the largest ||d5(f)|2 and m; =

is the number of elements in the set G(1).
Let us consider the functions

> h@),

n<d<ng

Z Z 5§(f7 f)’

n1<l<ns 5¢G(l)

= 2 2 &),

n1<l<ng 5€G(l)

|G (D]

We will estimate ||Fi]|4. Applying Holder’s inequality for the sum and Parseval’s equality, we have

ni—1

1Ela=> > > lag(f)

l=n 1<(57)<l+1 kep(s)

1)

Il

N
I\D‘S

[\
Gim

|

Q|

&

A

\/

[\3—
cnl
=

Q=

(3.1)
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Now, to the inner sum on the right side of inequality (3.1), applying Hélder’s inequality to the inner

sumforT—11+%:1and1<7'1<oo,weget
1

ny—1 ’ ’

/T s 7\71 /1
Il 230 30 e Damsnl) (Y 290 )T ey

I<(s7)<l+1 I<(zy)y<i+1

We will choose numbers d; such that §; = for j=1,...,vand 1 <§; <~ forj=v+1,...,m
Then, by Lemma G [35], we have

_ T Ti 1/T{
3 2<571>7) <C2il (3.3)
where C' > 0 is independent of [. According to Theorem 2.1, for 1 < g < 2 and A = § = 2, we have

(X 2imsgip) <o X

I<(zy)<l+1 I<(zy)<l+1

, (3.4)

where here and in the rest of the proof C' denotes a positive number which depends only on numerical
parameters, and may be different on different occurrences.

Now, taking into account that the function f € W;Tl’l T é —a > 0, from inequalities (3.2), (3.3)
and (3.4), we obtain

ni—1 ~ 1
IFilla < czzq (ST 2N s )
I<(5,7)<l+1
ni—1 . ,
< C 25[(1’—1)/7'1 5§
Sawr| 5 a0,
=n I<(5,3)<l+1
ni-l T (1) b+ )
(v-1)(0+ 2 .
<0 26 T < 02y, .
l=n
Thus,
o (i—a) (v=1)(0+-)
R4 < €216 p, 1 (3.5)

for a function f € Wab™ and c—a>0,1<g<2and 1 <7 <oo. By Lemma 2.1 for the function

q,71
F, using a constructive method one can find an M—term trigonometric polynomial Gy, (F;,Z) such

that
| Fy = Gar(FV)|lpry < CM 7YV Fy 4, 2 < p < 0. (3.6)

Now, taking into account the definition of the number n; and the condition a < (% — % +-L — )7,
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from estimates (3.5) and (3.6) we obtain

v 1
_ ~1/29n1(1—a) ( 1)(b+fi)
171 — Gy (Fy)|lpr, < CM /72",y

_ OM 1/22np(*—a)n_(’/_l)p(%_l)(%_a)nl 1

< CM—1/2(anu—l)g(%—a)n('ffl)p(lf%)(aﬁ) Z

—CM~ 1/2(211 v— 1)5(% )n(ll—l)( (a—*)-‘r ) (1/ 1)b

—CM~ 1/2(271 v— 1)5(%* )n(yil)( ;(a 72(%7%+%7$))n(u—1)b

< CM 5 =) (log M), (3.7)
inthecaseaé(%—%%—p%l q12)7'2, l<g<2<p<oo,1<T7,mn<o0.
Let us estimate ||Fb||pr. By Theorem 2.2, for p = 7 = 2 and replacing ¢ by p, taking into
account that

[65(f)]2 < TIQ faj(vr=1)bg=15~ 517

for 5 ¢ G(1), for o — 7 > 0 we have

no—1 1
IO DI S i 0T
I=n1 I<(57)<I+1,5¢G(1)
ng—1 _7 1/ms
—o(X X 2ERRGE T IsOIR)
I=n1 I<(57)<I+1,5¢G(1)
= -+ 11 To—T1\ 1/72
< C(Z Z 2( *—7)72“5 ( )||72'1 (ml T1 2_lal(y_1)b2_l(§_5)51> )
l=n1 1<(5,5)<1+1,5¢G(l)
na—l T2-7]

_C<Z< laly 1)b2 (%*%)>T27Tlml_ 71 SZTQ—Tl

l=n1

5,1 )T T 1/72
x 3 2Rz ) L (3)
1<(5,7)<14+1,5¢G(1)
Since 1 < g < 2 < p, then (% — %)7'2 — (% — %)7’1 > 0. Therefore, taking into account that 1 < ~;, j =
1,...,m, it is easy to verify that

3 2EDNG-m |5 (f) |7 < 2GHDG- P G-n
1<(3,7)<l4+1,5¢G(l)

X Z 2< *_*)TIHC; ( )”21 < 2(l+1)(2 p)Tz (*—5)71( —lal(u—l)b>ﬁslq—1.
1<(5,7)<l4+1,5¢G(l)

Therefore,

SZTQ—Tl Z 2<§T 7—2H5( )H < l+1 p)Tz (3- (11)71 (27lal(z/—1)b) 1SlT2'

1<(5,7)<14+1,5¢G(1)
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Hence, from inequality (3.8) we obtain

el T —T
HF2||p,7-2 < C(Z <2—lal(l/—1)b2fl(%,% >T2—Tlml_ 271 1 2(l+1)((2 p)7—2 (777)71)

l=n1

n2—1 T9=T)

T 1/ To  — a1y 1/
% (2—lal(V—1)b> 15«;’2) 2 — C(Z (2—lal(u—1)b> le T 2l(.r11 .,-12) ZSZT > 2

l=n1

Now, substituting the values of the numbers my, from here we get

no—1 / / To—T1

Bl < O3 2ot (5% gpon o0%) T )

l=n1

1/12

TQ—T1 no— 1 ]./T2
_C<2n7n(u 1) %) e (Z o-la= (G =3+ 5h — g )2 v “’”S“) - (3.9)

l=n1

Further using inequality (3.4) and taking into account that the function f € W™ and a < (

q,T1
1
1 _|_ p_T1 — qTQ)TQ we have
na—1
Z 2—l(a 7_7+E—B)72)7'2l v—1) szSTl
l=n1
na—1 ’ i
< c 9 —l(a— (57;+57E)T2)T2l(1/—1)b7'2 <2lal—(l/—1)bH 6§ )
> 2 Wl
= I<(5,7)<l+1
ng—1

<C Z 2—l(a 5_5+E_072)72)72l v—1)bra <02 nz(a— (E_E %—%)72)7271&1/71)&'2' (310)

l=n1

It is easy to verify that if a = (% - Il) + piﬁ - q%)Té, then
n2—1 (v—1)br :
~a—(2=24L— Ly o1 o n logn, if (v—1)br+1+#0,
> 2 b1 7)) 72 C{ L )bt 10 (3.11)

l=n1

If a < (% - % + L - q%)Té, then from (3.9) and (3.10) we obtain

pT1

2ol 1 1 1 1

[ F2]lp, < 0(2" FpDF ) e 2%2(af(TEJrﬁfﬁ)T;)ngy_l)b.
Now, by the definition of the number n, and taking into account that M = 2"n*~!, from this
formula, we obtain that

/ _To-T]

ol ry < O (28 n00F) T (0BGt ey
= 020 D) BT Db < o TEEH D (1og MDY (3.12)

: b7 11 1 1y,
for the function f € W " in the case of a < (5 — ot o - E)TQ, 1 <q¢g<2<p< o,
1< <7 <oo.
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Ifa= (% - % + 1%1 - q%)Té, then from (3.9) and (3.11) we obtain that

_ToT2-T) e 1
1|l < C<2nn(y—l)) 3 { n@=V(logn)2, if (v —1)bry 4+ 1 #0, (3.13)

1, if (v — )b +1=0.
Next, we estimate ||F3||4. By applying Holder’s inequality for the sum and Parseval’s equality,
we have

no—1

1Eslla =D > > lag(f)

l=n1 I<(37)<l+1,3€G(1) kep(s)

M\S

2 S s

<{(5,7)<l+1,5€G(1)

Z 2% N 2NGED e (3.14)

1<(5,7)<l+1,5€G(1)

M\S

Now, to the inner sum on the right side of inequality (3.14) applying Hélder’s inequality for ~+- = 1
1

and 1 < 71 < o0, we get

no—1
Bl 51)(
> 2 ST 28VED sl
l=n1 I<(5,7)<l+1,5€G(1)
no—1 ’
251 s (A—Lyr A\ /T 1/
< Z 2% ( Z o157 1H(5§(f)H21> < Z 1)
l=ny 1<(59)<l+1,5€G(l) 1<(5,7)<l+1,5eG(l)
no—1 ~ ,
<Y o( X ey e
I=ny 1<(5,7)<l+1,5€G(1)

Further, substituting the values of the numbers m;, from this formula, we obtain that

no—1
+1 5.1 1_1
doze Y 25ETs(h)]
l=n1 I<(3,7)<l+1,5€G(I)
na—1 - S 1( 1/7 ! ’ é 1/7‘{
<2 Y 2ENEImap) T (2 F s el % 1)
I=n1 1<(5,7)<l+1,35€G()
n2—1 ! 1/
= Y o (a1 Pt 1)
l=n1
n2—1 1/7’
{22 aff (v— 1)bs< ST12n— (v—1) ) 1 22 l(aff (v— 1b5}
l=ny l=n;
: (1/—1);;, e —l(a—+ ,) 1)b - = -1 1)b
20{2 2y 27122 Py lu 551+Z2 (a l(V )Sl} (315)
l=n1 l=n1
Since

’ 7'1

1 1 1 -
(= ——), SIS = 5],
Py q pTy q7'2
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then

WZl? b EA o (L))

+ - l(aT(ll
q pTllV 1b551_22 2q72 P lz/ leT1 (316)

l=n1 l=ny

Now, by using inequality (3.4) and taking into account that the function f € T/an’b’F in the case

a— 7'5((112 pTI) < 0 from equality (3.16), we obtain

ng—1 1 - 7}
Syt g
l=n1

T (b)) m

<cY 2 b o (e ‘ > | )

I=ny l§(§;7><l+1 on

nz—1 A 1
—7)) —na(a—ry (L =L))o,
<C Z R L o) B A e Gt LA E B

l=n1

and if a — 72(L — 1) =0, then according to (3.11)

a7 pTy
na—1 1 , 7} v—1)b 3
q+pT b o an n! logn, if (v—1)b+1#0,
S e gt cof WY BOTRTIZE e

Since a — l < 0, then again using Theorem 2. 1 for A = § = 2 and taking into account that the
function f E WabT we get

q,T1 )
no—1 ) no—1 )
9-lla=) -5, < o—la=3) (v=1)b (Qlalf(ufl)b ‘ 5 >
2 <3 > )|
=n1 =nq < <$ ’y><l+1

no—1
< C Z 2*““*%)[@—1)1) < 02*712(0*%)”5”_1)1)' (319)

l=n1

Now from inequalities (3.15), (3.17) and (3.19), it follows that

na—1
1 57
> 2 > 260G |I65( )]z
l=n, 1<(5,7)<l+1,5€G(1)
nT—;, v—1 —l —na(a—7y, (L —-L
gc{2 e g P P o v mﬂ)n( Db | genale—i) - 1)b}’ (3.20)

. ’
in the case a — 7, (= —

qTy

1%) < 0. By the definition of the number ny, we have
1
2—n2(a—%)ng/fl)b: (Qngn(yq)g) (a—f) (1/ 1)b<0(2n v— 1) £(a—1) =10

and

/ !

—na(a=ry (L)) = —Bla=my (L —-1))

T2
(2nnu—l) 27 9 ary pr — (anu—l) 27 <2nn(u—1)) ary 7,
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Now, taking into account that £(a — TQ(ql — ﬁ)) — 27—2, = Bla— %) according to these relations from
T2 T1 1
formula (3.20), we obtain
2l +1 Tyl 1
2D D Ol
l=n1 I<(5,7)<l+1,5€G(1)

< C«(anu—l)fg(af%)n(u—l)b

Y

for a < (% - % + L - Ly = Té(q—l, — ﬁ), b € R. Therefore, inequality (3.14) implies that

p11 qT2 Ty T
|1Falla < C(@nr 1)~ Blemdn-1p (3.21)
fora<(————|—p—ﬁ—q72)72,b€R
Since a — 5 < 0, then from mequalities (3.13), (3.18) and (3.19) it follows that inequality (3.21)
is also true in the case a = (— - + L Ly,

pT1 qT2

By Lemma 2.1 for the functlon Fj there exists an M-term polynomial G/ (F3,T) such that
1Fs = G (F)[lp.ry < CM 2| Fyl .

Therefore, according to inequality (3.21) from this formula, we obtain that
|Bs = Gaa(Fy) .y < CM 22007~ ) 7500000 < M5 =D (log M) (3.22)

in the case a < (— + L Lyp,

pT1 qT2

We represent the functlon fe Wq“fl’" as a sum

f@) =Sq..(f,7) + A@) + B@) + @) + > 6(f. 7).

<‘§7’y> 2n2

Therefore, from estimates (3.7), (3.12), (3.22), it follows that

If = (Sq@.~(f) + Gu(F1) + Gu(F3))pm
< [Fy— GM(Fl)”p,Tz + 1F3 — Gar(F3) |l piry + (| F2lpyr

+ H Z 3y <OMTECD(log M) 4 || ST s(f)]| L (3.23)
p,72 __ D,72
>TL2 <87’Y>>n2
in the case a < (% — ]lj an — q%)Té, b € R. Since 1 < ¢ < p < 0o, then by Theorem 2.2, inequality

(3.4) and the definition of the class W¢:>™ and taking into account such that a + % - é > 0 and
1 <7 <1 < o0, we have

o = HZ Z 5§<f)

(8,7)=n2 I=n2 I<(3,7)<l+1

e(foe

l=ny I<(

b2

> C(Z o~ lat ;= )py(v— 1)bp>
q,T1

,’7/><l+1 l=n>

g 02—1’1,2(044-%—%)”51/71)17 g CM_%((H_%_%)(IOg M)(I/fl)b' (324)

[l
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Now from inequalities (3.23) and (3.24), it follows that

1

em(flpr < IIf — (SQn;,(f> + Gu(Fy) + Gu(Fs) |lpm < C’M‘g(a*’;—%)(log M)(z/—l)b

i a,b,T _1 T o
for a function f € Wjr fora p<a<(q S+ o qTQ)Tz,bERandl<q<2<p<ooand
v =2
_(1_1_ 1 1/
Ifa—(a—g—i—p—ﬁ—qz)@,then

N3
—_
[—
S
—
| —
|
| —
SN—

Therefore, in the case a = (% - zla + p%l - q%)Té and (v —1)bms + 1 # 0 from inequalities (3.13), (3.22)
and (3.7), we obtain

/

1f = (S@u: (F) + Gar(Fy) + Gt (F3))llpry < M 25077 (log M)© =D (log log M)/™.

Hence ,
ext(f)pr < OM ™7 G772 (log M)# = (loglog M)/™
for the function f € W™ 1 <¢<2<p<oo,a= <E_%+ —(1%)7'2 and (v — 1)bp +1 # 0,

v = 2.
' lfa=(;— >+~ q%)Tz and (v —1)bry + 1 = 0, then from inequalities (3.7), (3.13) and (3.21),
it follows that

for a function f € W™ 1 < g <2< p < 0.

q,71
Let v=11ie r <r,; <...<1ry. For M < 2" there is a natural number n such that M = 2™,
In this case, put n; = n% and consider the function
ni—1

T) =Y (@
l=n

Now, repeating the arguments in the proof of inequality (3.5) for the function f € W7 we obtain

q,T1 )
I1F |4 < 021G, (3.25)
in the case % —a >0, for a function f € W™, Hence, from inequalities (3.25) and (3.6), we obtain
1F = Grr(FL) |l < CMTY2|| R4 < CMY22MG) < oM it =) (3.26)

for a function f € W;flr, in the case of l — a > 0. By the property of the norm and according to
(3.26), we have

1 = (Saus(F) + Grt(Fi)lps < 1P = Gas(F)l + || 32 65(1)

(8,7) 2
con i 3 s

(53)>n

p,T2
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for a function f € W**" in the case of a < 2. Further, repeating the proof of inequality (3.24) with

q,71
ny replaced by nq, we have

| X o)

( 77 >n1

< o2l < oMTE ), (3.28)

for a function f € Wab™ 1nthecaseof1—a<a,1<q<p<oo,1<7'1<72<oo.

q,T1 ?

Now from inequalities (3.27) and (3.28), it follows that

1f = (Sgus(f) + Grr(F))lpry < CM™E573),

for a function f € Wb in the case * —%<a<%,1<q<2<p<oo,1<7’1<7'2<oo. Hence

q,T1 ?

(Wa br)pﬂ_2 < CM—%(CH—%—%),

q,71

inthecaseuzlandl—1 <a<%,1<q<2<p<oo,1<71<72<oo.

Lower bound for eM(Wq“fl”)p,TQ. Let M € Nand N = [£log, M] is an integer part of the number
Plog, M.

Let 5= (s1,...,5m) € Z] such that []7", 2% = 2". Consider the function

kep(s)

= H Z 5§(f0)

I<(5,7)<i+1

for [ # N. If | = N, then by virtue of the estimate for the norm of the Dirichlet kernel in the Lorentz
space (see [5, p. 13]), we have

Then
=0

q,T1

| foillgr = | follgn < C27NeN®1E,

Thus, the function fo € W™ 1 < g< o0, 1< 7,79 <00,a>0,bER.

q,71 -
Let Kj be an arbitrary set of M harmonics k = (ki,...,ky) € Z7' and T(Ky) is the set of
trigonometric polynomials with harmonics from Kj;. Consider an additional function

h@ = Y eFo
k€p(3\K s

Then, by the property of the norm, the estimate for the norm of the Dirichlet kernel, and Parseval’s
equality, we have

N
12y oy < lolly o+ oo = Bl o < llgolly - + Cllgo — hlla < C{25 + VMY < CoV/A,

where ¢o(Z) = 72 b 2 < p<ool<m<oo, f = ﬁ% Therefore, for any polynomial
kep(s)
T € T(Ky), due to Holder’s inequality in the Lorentz space, we have

/(fo(f) ~ T@N@)AT < [|fo = Tllpmllllly o < CVMI fo = Tllprs (3.29)

Tm
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for2<p<oo,1<m<o0.
On the other hand, taking into account the orthogonality of the trigonometric system, we have

/(fo(f)— 7)dT = /fo T)dz = 27 Ny Ney Db N7

Tm keﬂ( )
9~ (17*)2—NQN(V 1)b<|p( ) \ KM| ) > 27N(a+17%)N(y—1)b(2M . M)
_ 2_N(a+1_%)N(Vfl)b2N.

Therefore, from inequality (3.29), we obtain
1fo = Tllpry = C2NODNED0N N =3 > M550 (log M),
for any polynomial 7' € T(Kjy), 2 < p < 00, 1 < 19 < co. Hence

(V[/abr)pﬁ2 > CM72(a+777 (logM)(" 1)b

g,
: 11 11, 1 1y
mthecasea—5<a<(a—5+ﬁ—q72)72,1<q<2<p<oo,1<Tg<oo. O
Theorem 3.2. Let0<r1—...—rl,<r,,+1§...rm,2<p<oo,1<max{7'1,2}<7'2<oo,
1 1

5——<a<(———+p—n—2T2)7'2,7'2 -2 and b € R, then

err(Win s < OM 5572 logy 1) 047,

2,711

where C' > 0 1s independent of M > 1.

Proof. As in the proof of Theorem 3.1, consider the functions F}, j = 1,2,3. By formula(3.1), we
have

ny—1 _
_m 51)L
Fa=>" > > lag(f : Z > 2802055(f)]s. (3.30)
I=n I<(39)<l+1kep(s) I=n [<(37)<l+1

If 2 < 11 < o0, then according to the inequality of different metrics for trigonometric polynomials in
the Lorentz space [4] we have

m

05(F) 2 < € (D55 + D) ™ 105 o

Jj=1

where here and in the rest of the proof C' denotes a positive number which depends only on numerical
parameters, and may be different on different occurrences.
Therefore, from Lemma 1.6 [5] for p =2 and 2 < 7, < 0o we obtain

1

(Z(i D)™ Hé()!l?) (Zud ) Ol

s€Zy j=1 SEZy

According to inequality (3.31) and Hoélder’s inequality, we obtain

— T\ 1 )Tl
26D a(f)]ls < Z (Z s;+1) ) 16s(F)13"

I<(573)<l+1 <(zy)<i+1 j=1
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~
3
(SRS

3
e

=T\T1 (%_%)T
3 2<S:1>7(Z(sj+1)> S (3.32)

I<GEA)<I+1 I<(EA)<I+1 Jj=1

where 7, = 1 < < oo We will choose numbers ¢§; such that §; = «; for j = 1,...,v and
1 <6 <, for j=v+1,...,m. Then, by Lemma G [35], from mequahty (3.32) we have

ST 26D5)6(f)].

I<(57)<l+1

3
=N

’ m 1 1 /

55 7L (5*;)7'1
<c| X owsn | X 2 () ,
1<(5,7)<l+1 i) <+ j=1

(wv=1)4 1 1

<CH ds 2 A .

> (D, 2 i (3.33)
1<(37)<l+1

ab

in the case 2 < 11 < 0o. Therefore, taking into account that the function f € W.
(3.30) and (3.33) we get

"and a < % from

[ O I . " L (r=D0+T) 1
T S L L

inthecase =2 <p<o00,2< 7 <00, a< % Since 2 < p < oo, then by Lemma 2.1 for the

function Fj there exists a M-term polynomial G, (F;, @) such that
[Py = Gt (F)pn < CM 2| Fy

Therefore, according to inequality (3.34) and taking into account the definition of the number n
and the relation M =< 2"n*~! from this formula, we obtain that

Iy — Gas(F) |y < CM 5573 (log M)#V(log M)2 71, (3.35)

in the case q =2 <p<o0,2<m <00, 1<T2<OO,CZ<%.
For the estimate || F3||4 by applying Holder’s inequality for the sum and Parseval’s equality, we
obtain

no—1 no—1
_m 5.1 1
IBlla=22 > dlaNl<2 ) 3 20
l=n1 1<(5,7)<l4+1,5€G(1) kep(s) l=n1 I<(53)<l4+1,5€G(l)
ng—1 11
1_1 (#-3)
<OoY 2 +1)F 3 (Z (s; + 1 ) 6l (3.36)
l=ny I<(59)<l+1,3€G(l) j=1

Now, to the inner sum on the right side of inequality (3.36), by applying Hélder’s inequality for
%+%:1and1<ﬁ<oowewillhave
1

na—1 m

Ip<e et a0 Y ()T ) Tewr. @

l=ny I<GEy)<I+1,35eG(1) j=1
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We will put
G la (v—1)b - (% 37 - 1/
Si= (2 ST (3 s+ D) T 1SN
IS(EA)<I+1 =1
and / /
my = |G(1)] == [24*5712” n-D#F ] 41
Then from (3.37), it follows that
na—1 L]
|Fslla < C Y 27t e m G
l=n1
ng— 1 L]
<C Z g~la—g) =) b+5_751{2*l 25“2" nl= D% P4+ 1} 1
l=n1
;;/n2_1 —l(a—l-i-r—;/) 1o~ +*} n2—1 1 11 ~
< C{<2nny—1> 27 Z 9 2 pr l(Vfl)bJrQ*:S 1 4 Z 2—l(a—§)l(l/71)b+§7ﬁsl}' (338)
l=n1 l=n1
R / ,
Since 5, " =S5 and —1 + pT—TZ{ =T7y(—3 + % — an + 5), then according to (3.31), we have
no—1 1 -r; 1+l
—la—14+ T2 11~ 7 11, 1 11 ~
Z 9 ( 2+pT1)l(V—1)b+é_Tll Sl o Z —l(a 7'2(2—p pil—272))l(u—1)b+§—711 Sln
l=n1 l=n
no—1

<0 Y o em it m b (2em i tmomm

l=n1

abr

o - Since a

for a function f € W.

no—1
<C Z o~ Ha= T2(§—; ﬁ—%))l(u—l)b%—%
l=n1
—1(3 - 113 + an - ?) < 0, then taking into account the definition

of the number ny from this formula, we obtain that

!

TLQ—I 1 T 1_;'_7'1 1

—l(a—=+—2- -~ 7 —_
32 TRt g T ¢ pgmatenl—gr e, Dbt3 =y
l=n1

1,1 1 11,1 1 11
02 (a=75(5— 5+ —3m5) n—(l’—l)%(a_TQ(i—;‘*‘E—E))n(V—l)b‘i‘g—;’ (339)
b7
for a function f € 2“717“ 2 <1 <o0.

Further, according to inequality
we have

no—1

22 a—3);(v— 1b+7—ESl

l=n1

na—

no—1

<oy o

l=n1

<Cc ) ot

l=n1

<2la71l v—1)bm

abr

oo and a—5 <0

(3.31), taking into account the function f € W.

1
)l(u—l)b—i—%—%

1<(5,3)<l+1

1
(v— 1b+§*q <02 na(a—

< (2 nB3)— DB 1) - Db 3 40)



24 G. Akishev

Now from inequalities (3.38), (3.39) and (3.40), it follows that

11 1 1 11 1 1 11
1Fs)|4 < C’{ (2n v— 1) 2r{2 5la=m (3t —an) )~ (=15 a-n G-+ =) (Dbt g —

for a function f € Wi 2 <7 <00, 1 <7 <00, a— TQ(%——+]D—TI—%)<O.
Since 2(a — 75(3 — % + an - ﬁ)) — % = 2(a — 1), then it follows that
T1
|Fslla < C(mmety Byl Diear (3.41)

Since 2 < p < 0o, then by Lemma 2.1 for the function F3 by a constructive method there is a M—term
polynomial Gy, (F3,Z) such that

1
| F5 — GM(F3)HP,72 < OM™z2||F3|a.

Therefore, according to (3.41), we have

1Fs — Gar(F3)||pmy < CM 8 (2np¥ 1)~ Bla-3) (D=5

ab'r

for a function f € W. om 2 <p<00,2<T7 <00, 1< <00, a<7’2(
Let us estimate ||F|[, . In formula (3.8), the inequality is proved

N |+

no—1

(1 /
1Pl < (Y 3 2R IaIE)

l=n1 I<(5,7)<l4+1,5¢G(1)

Now, taking into account that

105(f)]l2 < m;EQ_lal(V—l)bléfﬁgl

for s ¢ G(1) and substituting the values of the numbers m;, for 7, — 77 > 0, hence we have

HF2Hp,‘rz
na—1

(51 T _% 1 )b 1_ 1 ~\T2—T1 1/7’2
<o(X X g (my e 5) )
l=n1 1<(5,9)<I+1,5¢G(1)
no—1 / ’ , o
:C(Z((Q*Z%SZ'lQn%n(V—l)?) "'12 lalu 1bSl§—%> 27

l=n,

5,1)( )T T 1/m
x Y 2GR )
1<(5,4)<l+1,5¢G(1)
/ ng—1

C(Qn v— 1 TQTEIT; <ZQ a——)(Tz T1)l(1/71)b(7-277'1)l(§—:)(Tz T1)

l=n1

5_ 7'2 T1 1/T2
x> 2ENERap)p) L (3.43)

I<(57)<l+1,5¢G(1)
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Further, taking into account that 1 < ;, j = 1,...,m and using inequality (3.31), it is easy to verify
that

> 261G 5 £) 17

1<(3,7)<l+1,5¢G(1)

m 11,
< 2DG = Gn (D (s + 1) 0l £) 7

I<(sy)<i+1 j=1
>

I<(zy)<l+1

< O my G2n (grtagm) (340

< 02(l+1) T2l (2 71)

257-1

for a function f € ;be 2< 1 <17y < o0.

Now from inequalities (3.43) and (3.44), it follows that

’
227'1

[FBollp,re < C (207717 712
no—1

(Z 2—l(a ﬁ) To— Tl)l(y—l)b(rz—n)l(é 711 (T2— 71)2(l+1)(***)7'2l (3— 71)71< —lal(l/—l)b>n)1/72

l=n,

no—1
ny pmty- R 2D ~Ins( =3 = 1)) (= 1)y (3= ) | 7
0(2 1 T1T2 (Z 2 2( p7'17' T27T1 2 [ lz 1 .
l=n1
Since /
Ty 1 1 ;1 1 1 1
— o—T1)— (z——)=a—Ty(z——+ — — —),
P717'2( ? 1> (2 p) 2<2 p PN 27’2)

then taking into account the definition of the number ns, from this formula, we get

/
1 1

1Bl r < C(20nP )2 Bt g eyt ),

forafunctionfEWQTlr for 2<p<oo,2<m <1 <00, a<7’2(%—
Now from inequalities (3.35), (3.42) and (3.45), it follows that

If = (Sq.-(f) + G (F1) + Gar(F3))l pr
<Py = Gu(F) |l + 153 — Gar(F3) llpiry + [ 2]l pm

|| X e <om e Dogan® e 4| ST o 9)

(5.7)>n2 nr (5.7)>n2 pr
forafunctlonfEWabr for2<p<o00,2<7 < <00,a<m(: —%—i—p%l—%).
Further, using inequality (3.24) for ¢ = 2 and taking into account that L > 0 from this

formula, we obtain
—2(a+i-1) (v—1)b+1--
ert(Hprs <N = (Sguy () + Gu(Fr) + Gar(F)) llpr, < CM 2772 (log M) I

forafunctionfEWQLffl’?for2<p<oo,2<7'1§72<oo a<7'2(%
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Let 1 <7 < 2. Then, by Lemma 1.5 [5], the following inequality holds

1/2
(> 6snB.,) OH (1)), (3.46)
1<(5,9)<l+1 1<(5,7)<l+1 ik
Since 1 < 7 < 2, then (see [34, p. 217, Theorem 3.11])
165(F)ll2 < Cllos(F)ll27 - (3.47)

From inequalities (3.30), (3.47) and (3.46), it follows that

ni—1

IFilla < 0225/2\\ S ()|

I<(33)<l+1

27T1

Now taking into account that the function f € Wy ff and the choice of the number ny from this

formula, we get that
(-1)(0+ 2 (a=3)
IFy]la < CM 5@ 2) (log M) w (3.48)
for a < 1/2. Further, arguing as in the proof of inequality (3.35), we obtain

1

|y = Gt (1) [y << MB35 (log M)~V (log M) 270 < B0+

l\.’)\»ﬁ

)(log M)@=Db (3.49)

inthecaseq:2<p<oo,1<71<2,1<Tg<oo,a<%.
In order to estimate || F3||4, we put

Svl — (2la7'1l v—1)bry Z H(%(f)”%) 1/2

I<(37)<l+1

and

In inequality (3.36), it was proved that

no—1

IFslla<27% ) > 2503165 f) 2

l=n1 1<(5,9)<I+1,5€G(l)

*%i W2 sl (350)

I<(57)<l+1,5€G(1)

By to the inner sum on the right side of inequality (3.50) applying Holder’s inequality and substituting
the value of the number m; := |G(1)| from (3.50), we obtain

_m el 1/2
IFlla <278 D200 3 a(nI) G
l=n1 I<(3,7)<l+1,5€G(1)
no—1 / / no—1

<2 T Y oy B G o) E 4 3 g ) (35

l=n1 l=nq
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Now, using inequalities (3.46) and (3.47) and taking into account the value of the numbers S;, we
obtain

no—1 ’ no—1 ’
Z 2—l(a—%+%)l(y—1)b§l2 < Z 2—l(a—%+%)l(u—l)b <2lal—(u—1)bH Z 5§(f) ) (352)
I=n1 I=n1 1<(5,3)<l+1 2m
Since the function f € W™ and
1 P55 S S S | 111 1
o4 24— )<a-T=—-+——-—")<0
“T2T gy R Ty ey SR T T 0

then from inequality (3.52) we have

na—1 na—1
E 2 2p (v—1) bSl C § 2 (a— T2 *—*+%—27.2 )l(l/ 1)b
l=n1 l=nq

< 02 RGT R m (3 53

Since the function f € Wy 71_)1r and a — % < 0, then arguing similarly we can prove that
ng—1
1 ~ 1 v
D 2T ihg < comalamepn{ T, (3.54)

l=ny
Now from inequalities (3.51), (3.53) and (3.54), it follows that

’

il € ey s o)
< C2n ) 5l 2)p-Db (3 55)

for a function f € ;Tblrfor2<p<oo, l<n<2and 1 <m < oo, a<7’2(———+——ﬁ) beR.
Therefore, according to Lemma 2.1 for the function Fj, by a constructive method there is a
M—term polynomial G/ (F3,T) such that

1

1Fs — Gar(Fs)lpms < COM 72| Fyl| 4. < CM 5572 (log M@= 12, (3.56)

forafunctionfGWZ‘f;bffor2<p<oo, 1<7'1<2,1<7'2<oo,a<7'é(%—
Let us estimate ||F3][,,. To do this, note that if 5 ¢ G(I), then

1 1
+p—7_1—%),b€R.

S =

18502 < iy 227010, (3.57)
and (see formula (3.8))

no—1

(1-1)r RNV
IBlhn<c(d > 250 an)z)
I=n1 I<(5,7)<I+1,5¢G(1)

no—1

—o(X X sl anR) T (58)

l=n1 1< (5,7)<+1,5¢G(0)
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Further, if 75 — 2 > 0, then using inequality (3.57) and repeating the reasoning in the proof (3.45),

we obtain »

| Ballpr, < C2mn¥ 1) BT 200l < CM 5572 (log M), (3.59)
for a function f € ;Tblrforq:2<p<oo, l<m <2< 1< o0, a<7’2(———+——2T2) beR.

Now from inequalities (3.49), (3.56), (3.59), it follows that
_P(gyl_1 v D)brl_ L
et (Dpr <1 = (Suy(F) + G (1) + Gy (F))llpry < CMTHT570 (log M) 277,
forafunctionfEWZ;l’rfor2<p<oo, 1< <2< <o, a<7'2(————|——— se),beR. O
Remark 1. In the case 1, = ¢ and 75 = p Theorem 3.1 and Theorem 3.2 complement Theorem 3.2
[38].

Remark 2. Estimates for the quantity e M(W;fl”)p -, for other values of the parameters ¢, p, 71, 7o,
a are announced in [6].

4 Conclusion

Now, using Theorem 3.1, we can obtain estimates for M—term approximations of a function in the
Nikol’skii—Besov class.

Theorem4.1.Let1<q<2<p<oo,1<71<2<7'2<ooand———<r1 =Ty < Tyy1 <
T
1 11 1 1
1. If1 <6< Tland———<7”1<7'2( — 5t on — o), then

pT1

et (Sy g Blprs < CMEOTH370),

q,71,

where C' > 0 is mdependent of M.

Proof. Let f €S _ ,B. Since 1 <7 <2 and 1 < ¢ < oo, then

1/m
1,5, sl <o 5, o)
’ 1<(

1<(5,7)<l+1 S8 <i+1

q7'1

.fi

q,T1

where C' > 0 is independent of [ and f. If 1 < 6 < 71, then according to Jensen’s inequality [26,
Lemma 3.3.3] from this formula, we obtain

1/0
" <o< S uas<f>||9,ﬂ)
m 1<(5,7)<l+1
1/6 1/6
<C2““< 2. 2<8"”>9H<5<>um) <C2 l?"l(Z?“ 6<(f ) -
I<(37)<l+1 S€Zy

Hence S;n,@B C Wt;lT’lof in the case 1 < 0 <71 < 2and 1 < g < oo. Therefore, according to
Theorem 3.1, for a = r; and b = 0, we have the estimate

(S Bl €N,
where C' > 0 is mdependent of M.
<l_x O

— )
1 qr2’ S ¢ po'”

. 11 11
in the case = — = < r ;=5
= < 1<2( + o0 qT)

Note that if 1 < 6 < 71, then TQ(l - = + =

Remark 3. If 1 <7 <0 < 1 < o0, then % — 1% Té(a — = + p—ﬁ — ng) In this case, estimates of

the quantity ex (S} ., yB)p.r, are given in [7].
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