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1 Introduction

The control problem for evolution equations is a classical problem. The controllability in finite-
dimensional linear systems can be described in terms of the rank of a matrix generated by the
coefficient matrix and the matrix of the control action.

Controlled systems described by PDEs are typically infinite-dimensional. There are many works
on controllability /observability of systems governed by PDEs. The works of Russell [16] and Lions
[15] are classical in this area. However, compared with Kalman’s classical theory, the theories on
controllability of systems governed by PDEs are not very mature. Important researches in this area
can be found in the works [6, 3, 20, 19]. For other related works in this direction, we refer to
[7,9, 18, 17, 2, 1].

The time-optimal control problem for PDFs of parabolic type was first concerned in [10]. More
detailed information on the optimal control problems for the systems governed by PDEs is given in
the monograph [11].

The decomposition method is widely used in studying control and differential game problems for
the systems in distributed parameters. This method leads us to a control problem described by an
infinite system of ordinary differential equations (see, for example, [12, 6, 8, 9, 18, 5]). The paper [4]
is devoted to the control problem for an infinite system of differential equations.

In the present paper, we study a mathematical model of thermocontrol processes. Several con-
vectors are installed on the disjoint subsets I'y of the wall 02 of a volume ) and each convector
produces a hot or cold flow with magnitude equal to p(t), which are the control functions, and on
the surface 00 \ I', I' = UI', a heat exchange occurs by the Newton law. The control functions
r(t) are subjected to an integral constraint. The problem is to find control functions to transfer the
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state of the process to a given state. We obtain a necessary and sufficient condition of solvability of
the problem. We find an equation for the optimal transfer time, and construct an optimal control
function explicitly.

2 Statement of problem

We study the following heat equation [2]
ou(z,t)

Tan Au(z,t) — p(x)u(z,t), p(z) >0,t>0, (2.1)
with the boundary conditions
0 t
uz,?) = pr(t)ar(x), zely, t>0, (2.2)
on
and 3 .
ﬁi)+mwm%w:o,xemmrht>o, (2.3)
and the initial condition
u(z,0) =0, (2.4)

where 2 is a subset of R” whose boundary 0f) is piecewise smooth, I'y are disjoint subsets of OS2
which are convectors (heaters or coolers). It is assumed that the boundaries 0T’y of I'y, are piecewise

smooth, I' = [J I'y. The functions h(z) (the thermal conductivity of the walls), ax(z) (the power

k=1
density of the k-th convector) and p(z) are given, h(x) and ai(x) are assumed to be given piecewise
smooth non-negative non-trivial functions, p(z) is a sufficiently smooth function in Q = Q U 9.
The meaning of boundary conditions (2.2) and (2.3) is that each convector produces a hot or cold
flow with magnitude of output given by a measurable real-valued function p(t), and on the surface
00\ I' a heat exchange occurs by the Newton law.
Let

p(t) = (pa(t), pa(), oo i (t)), a2 [0,00) = R™, () € Ly[0, 00). (2.5)

Definition 1. We call a function p : [0,00) — R™ with measurable coordinates p;(t), t > 0,
i =1,...,m, an admissible control if it satisfies the following integral constraint

/ ()Pt < 2 (2.6)

where p is a given positive number.

We extend the functions h(z) and a(x) to the whole boundary 02 by setting h(x) =0 for z € T
and ag(z) =0 for z € OQ\ Ty, [2].

Next, consider the following vector-functions
a(x) = (a1(x),az(x), ..., am(x)), a:00 — R™, (2.7)
Using (2.5) and (2.7) we can combine conditions (2.2) and (2.3) as follows

ou(z,t)

=+ h(@)u(z, ) = p(t) - alz), @€ 09, t>0, (2.8)
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We define a generalized solution of the initial-boundary value problem (2.1), (2.4), (2.8) as a
function u(x,t) that satisfies the equation

/ds/[Vu(x, s)Vn(z,s) + p(x)u(z, s)n(x, s)|dx

0 Q
t

—/ds/[u(x, s)%dw—l—/u(as,s)n(w, s)|dx
= /tds/[,u(s)-a(x)]n(x,s)dcr(x) —/tds/h(x)u(:v,s)n(x,s)da(m) (2.9)
0 o0 0 0

for 0 < t < T, for any number T > 0 and any function n(z,t) € W, (Q x [0,7]) (see formula (5.5)
and Theorem 5.1 in [14], IIL.5).

Next, we define generalized solution of the eigenvalue problem for the Laplace operator [2]

—Av(x) + p(x)v(x) = M(x), x€Q, (2.10)
with the boundary condition
Ov(x)
n + h(z)v(z) =0, z €0, (2.11)

as a function v(x) in the Sobolev space W, (€) which satisfies the equation

/ Vo(@)Vi(z) + pla)o(e)n(z))ds + / h(zyo(@)n(z)do(z) = A / o(z)n(z)dz (2.12)
Q o0 Q

for any function n € W3 (Q) (see [13], Sec. II1.6, formula (6.3)).

We consider this problem in the Hilbert space Ly (€2) with the inner product (u,v) = [ u(x)v(z)dz
Q

and norm ||u|| = y/(u, u). It is well known that under the above assumptions there exists a sequence
of positive eigenvalues {\;}22; such that

O<)\1§/\2§§)\1§, )\i—>OO, 17— 00,

and the corresponding eigenfunctions v;(x) form an orthonormal basis {v;}°, in Ly(2) (see, for
example, [13], Sec. IIL.6).

We will investigate the following problem: Let ug(z) € L2(2). Find a time 6 and an admissible
control pu(t), t > 0, such that the solution u(x,t) of the initial-boundary value problem (2.1), (2.4),
(2.6), (2.8) exists, is unique and satisfies the following condition

(u(z,0),v;(x)) = (uo(x),vi(x)), i=1,2,...,m. (2.13)

3 Main result

3.1 Integral equation for u(t)

We use some properties of the Green function G 2] defined by the following equation:

o0

G(z,y,t) = Ze"\itvi(x)vi(y), r,y € QUIN, t>0. (3.1)

=1
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Since h(z) > 0, x € 09, and h(x) is not identically 0. Then

G(z,y,t) >0, (x,y) € QxQ, t>0,

and the solution of boundary-value problem (2.1), (2.4), (2.8) can be represented by the Green

function as follows .

uwt) = [[ds [Glayt = s)us)- alw)do(y). 3.2)
0 a0

where a(y), y € 09, and pu(s), s > 0, are defined by (2.5) and (2.7). Since u(t) - a(z) =

> iy Hy(t)aj(z), we obtain

ula ) = Z pi)ds [ Gla.pet = s)a(y)doy). (3.3)
J=1 a0
By the condition (2.13) we have
/ (x,0)v;(x /uo r)vi(z)dr =¢, ¢ €R, i=1,2,...,m. (3.4)
Q Q

To evaluate the integral in the left-hand side of (3.4), we substitute (3.3) into (3.4) to obtain

/ u(z, O)vy(z)de = / dxi /6 1i(s / 2,y,0 — 8)a;(y)do(y) (3.5)

Q J=l7y
By (3.1)
/G(:z:, y, tyvi(z)dr = e Mu(y), y € QU (3.6)

Then equation (3.4) takes the form

i/ee ds/ i(y)aj(y)do(y) = ci, ¢>0. (3.7)

J=1 o0

Denote

/vi(y)aj(y)da(y) =a;, i,7=12,.,m. (3.8)
09
We obtain then the following equations

0
Z/ hil0=e) az]/‘LJ )dS = Gy, 7’7.] = 1?27 ooy Ty (39)
0

j=1

which can be written as

/A(H —s)u(s)ds = ¢, ' = (c1,cor.yem), p(8) = (p1(8), ..., tm(5)), (3.10)
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(see (2.5)) where

a1167>\1(‘9 S) a12€7)‘1(97's) almef)‘l(efs) 67)\1(1978)&,{
A(e ) a216_>\2(‘9 S) a22€_)‘2(0_s) alzme_)‘Q(e_s) 6_>‘2(‘9_s)ag (3 11)
—S8) = . . . = . .
amle—)\m(G—s) amQB—)\m(Q—s) amme—km(e—s) €—>\m(9—8) CL%

is a m x m matrix, where al = (a1, @i, ..., @im), i = 1,2, ...,m, are row vectors of the matrix

CLT

ay;  aiz ... Qim 1

a a a a2T
21 22 .- 2

Am1 Qm2 - Omm a%;

3.2 Important subspaces

Next, we study the problem of finding an admissible control yu(t) that satisfies equation (3.9) for some
time 0. To this end we consider the following operator L : Ly[0,00) — R™ defined by the equation

Ly = L(O)u = /A(e — $)uls)ds, p(-) € Lof0,00), (3.12)

where p(t) does not need to satisfy (2.6), and the Gram matrix

0
W =W(0) = /A(e — $)AT(0 — s)ds (3.13)

0

where AT is the transpose of A. Clearly, by (3.11)

AT(H - s) = [e”\l(e’s)al, e 0=, e”\m(e’s)am] .
We have
(,af)\l(é?fs)a’_ll1
67)\2(6?7s)ag1
A0 = 5)AT(0 - 5) = . [eMO=0)g,, e HeO=sg, . e AnO=0)g, ]
efx\m(éfs)ag
e~ M0=9)qTq, e~itr)0=s)gTg, =) 0=9)qTq
. 67()‘24’/\1)(975)0/%—‘&1 672)\2(975)0%—‘&2 - 67()\2+)\m)(975)a%1am (3 14)
e-(xm;ki)(e_s)a%al 6—()\7,,,—.0—.)\;)(0_3)&%&2 | : e_éxﬂ;(@_s)a%am
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W = /A — 5)AT (0 — 5)ds
0
_ , . ;
f 2A1(9 a a2f€—()\1+)\2)(9 S)ds a{amfe—()\l-i-)\m)(g—s)ds
0 0 0
0 0 0
a [e” (A2 +A1)(0-5) ] g alay fe*QAQ(G*S)ds agamfe*(’\ﬁ)‘m)(e*s)ds
0 0 0
a%al fe—(km+>\1)(9—s)d8 a;ﬁa2f€—(>\m+>\2)(9—s)d$ a%amfe_”\m(e_s)ds
| 0 0 0 |
Thus, W(0) is an m X m symmetric matrix.
Denote by
0
R(L)y=<( x| == /A(Q —s)u(s)ds, pu(-) € Ly[0,00) (3.16)
0
the range of the operator L, and by
RW() ={z| x=W(@n, n" = (m,n2 - 1mm) € R} (3.17)

the range of the Gram matrix W (). Since the matrix W () is symmetric, therefore R(W(0)) is a
row space as well as a column space of the matrix W (6). Note that R(L) and R(W(0)) are subspaces
of R™. We prove the following statement.

Lemma 3.1. R(L) = R(W(0)) for any 6 > 0.

Proof. 1) First, show that R(W(0)) C R(L) where 6 > 0 is any fixed number. Let x € R(W). Then
x = Wn for some 1 € R™. Choose the control

pw(t) =AY —t)y, 0<t<0. (3.18)
For this control,
0 6
L) = /A(e /A — $)AT(0 — s)pds = W(0)y = . (3.19)
0 0

Thus, z € R(L).

2) We show now that R(L) C R(W). Let x € R(L). Then there exists u(-) € L3[0,00) such that

0
T = /A(9 — s)u(s)ds. (3.20)

Assume the contrary, « ¢ R(W). Then by the fact that the subspace ker(W) = {x € R™ | Wz = 0}

is orthogonal to the row space of W and, hence, to R(W), the vector = can be represented as follows

r=x1+ T, 1 € RW), x5 € ker(W), x9#0. (3.21)
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Note that xs # 0 since otherwise z = x; € R(W) which contradicts our assumption.
Since Wxy = 0, we have I Wzy = 0, hence,

0
T2 Wy = / |23 A0 — s)|*ds = 0, (3.22)
0
and so
r7 A0 —s) =0, 0<s<0.
Consequently,
0 0
xdr = xg/A(H — s)u(s)ds = /JcQTA(H — s)u(s)ds = 0.

0 0

However,
ol cx=al -z +al - xy = |z £ 0.

Contradiction. The proof of the lemma is complete. O

Corollary 3.1. Fquation (3.10) is satisfied for some 6 and u(t), 0 <t <0, if and only if c € R(W).

Next, we denote B = [Ag, AAg, A% Ay, ..., A"t Ag] which is an m x m? matrix, where

Moo
k
Ao 0 0 , k=1,2,...,m—1. (3.23)
0 0 0 M\

The following lemma shows that the subspace R(W(6)) does not depend on 6.
Lemma 3.2. R(B) = R(W(0)) for any 6 > 0.
Proof. 1) Show that R(W(#)) C R(B). Indeed, let z € R(W(#)) for some 6. By (3.11) we have

af (1- M(0=s) | A2(0—s)2  A3(0—s)® 4

1! 2! - 3!
T A2 (0—s) A2(6—5)2 A3(6—s)3
ay (1 — + =2 — =2 + ...
A(@ N s) _ 2 1! 2! 3!

al Aat Nal NaT
|4 0 —s) | Aal (0 —s)2 | Aad (6 —s)® | Aag
- S T : LT : Y : T
I al Amal A2 al A3 al
_ _ )2 _<\3
= Ap— (elus)AlAw ¢ 218) A2A) — v 3,8) AP Ag + ... (3.24)

By the Cayley-Hamilton theorem every square matrix satisfies its characteristic equation, therefore
A for k > m, can be represented as a linear combination of the matrices I, A, A2,..., A™~!. Using
this fact and (3.24) we obtain

—_

A0 —s) =S B0 — s)AF A,
0

3

il



Time optimal control problem with integral constraint for the heat transfer process 15

for some scalar functions 3, (0 —s). By Lemma 3.1 R(W(6)) = R(L), therefore x € R(L), and, hence,
there exists p(t), 0 <t <6, such that

= / A = s)u(s)ds = AF Ay / Br(0 — s)u(s)ds

where T = [n3 ], ...,nh_,] € R™,
0

M = /ﬁk(Q —s)u(s)ds € R™, k=0,1,2,...m— 1.
0

Thus, = € R(B).

2) Show that R(B) C R(W(#)). Let z € R(B). Then x = Bn for some n € R™. We show
that + € R(W(0)). Assume the contrary, x ¢ R(W(#)) for some # > 0. Then x = x; + o with
1 € R(W(0)), 9 € ker(W(0)), where x5 # 0 since otherwise z = x; € R(W(0)). Note that

ol wg = alwg + 2l - xy = |2 #0.

From the inclusion x5 € ker(R(W(6))) we obtain W (6)zs = 0 and so
22 W (0)zy = / lzT A6 — 5)|*ds = 0.

This implies that 7 A(6—s) = 0, 0 < s < 6. Differentiating this equation k times for k = 0, 1, ...
and letting t = 6 we obtain

m—1

)

IgAO = 0, IgAAO = 0, ceey IgAm—le =0.

Thus, 2B = 0. Then, zl2 = 2IBn = 0. This contradicts the condition 2z # 0. Therefore,
xz € R(W(0)). O

It should be noted that Lemma 3.2 shows that R(W(0)), the subspace of R™, does not depend
on #. Also, this lemma implies that rank(W(0)) = rank(B).

Lemma 3.3. If rank(B) = m, then for any 0 > 0, the matriz W (0) is positive definite.
Proof. For any x € R™, x # 0, we have

0
:/xTA —sAT(Q—sde—/|AT — s)z|*ds > 0,

and if we assume that 7 W (0)z = 0 for some z # 0, then

/]xTA s)[?ds = 0,
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and so 2T A(f — s)x = 0 for all 0 < s < §. Taking derivatives of this equation with respect to s and
evaluating at s = 6 we have
tTA*Ay =0, £=0,1,2,..

This implies that 7 B = 0, and so rank(B) < m. Contradiction, since rank(B) = rank(W(0)) = m.
Thus, 27 W ()2 cannot equal to 0 for any x # 0. Hence, W (#) is positive definite. O

Further, we assume that rank(B) = m. Then det(W(t)) # 0 for any ¢ > 0 and the equation
W(0)z = c has the unique solution z = W~1(6)c.

Lemma 3.4. For any c € R™, ¢ # 0, the function g(t) = I W=(t)c, t > 0, is non-increasing and

tl—IHrIO g(t) = +oo.

Proof. We show first that g(¢), ¢ > 0, is non-increasing. Since det(W (t)) # 0, differentiating the
equation W=1(#)W (t) = I, where I is the m x m identity matrix, we obtain

d

7 (W=H()) W(t) + W—l(t)i (W (#)) = 0.

dt

Hence, the derivative of the inverse matrix is

dt
Then,
ig(t) = cTi (W' ®) e = ="W (1)
dt dt
It is not difficult to verify that

aj aje M a{a2€f()\1+>\2)t . a{amQ*(A1+Am)t
d W) - alaje=CatAt (T, e=2hat oo alape=GetAm)t
dt : : : :
al aye=Omtat T g e=Qmtd)t T g o= mtAm)t
= AWA" (), AT(t) = [e Mar, e May, ..., e ay,], (3.25)
and so ;
%g(t) = _CTW_I(t>A(t)AT<t)W_1(t)c — _lAT(t)W_l(t)C|2 <0.

Thus, ¢(t) is non-increasing.

Next, we show that tlimo g(t) = +o00. Since W (t) is symmetric, there exists an orthogonal matrix
.

Q(t) (by definition Q~*(t) = Q' (¢)) such that

vty 0 0o ... 0
W) = QupmR ), pin=| ° PO 00
0 0 0 ... vn(t)

where vy (t), ..., v (t) are eigenvalues of the matrix W (t). Since by Lemma 3.3 the matrix W (t) is
positive definite, therefore the eigenvalues of W (t) are positive, that is, v;(¢) > 0 for all i = 1,...,m.
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Recall, Q(t) as an orthogonal matrix has the following properties Q(¢)Q* (t) = QT (t)Q(t) = I, and

for any x € R™, |Q(t)z| = |QT (t)x| = |z|. Then,

Vll(t) 0 0
10

W) = QD HQW, DB =] O 70
0 0 0

Letting £(t) = QT (t)c we have |£(t)] = |QT (t)c| = |c| and

dW(t)e = "QH)DHQT (t)e =& (1) D(t)E(t)
= (&) + . + (&),

where £(t) = (&1(t), .. &n (1)), (B = & () + .. + &1, (1) = [c].

gt) = IWHe=cQ)DHH)QT (t)e
Tt &) &n(t)
= &) D (1)) = o1 (0) +...+ nl)’

For the entries w;;(t), i, € I, of the matrix W (t) we have

t
wi;(t) = aj a; / e~ it g5 5 0 as t — +0.

0

Therefore, ¢! W (t)c — 0 as t — +0, and hence by (3.26)

M(OE) + ot v (DEL(E) = 0

as t — +0. Consequently, v;(t)&(t) — 0 for all i = 1,2,...,m as t — +0.

(3.26)

(3.27)

(3.28)

Since the sphere &(t) + ... + &2,(t) = |c|* # 0 is a compact set, the sequence &(t,), n = 1,2, ...,
where ¢, — 0 as n — 00, contains a convergent subsequence. Without restriction of generality, we

assume that the sequence £(t,), n = 1,2, ..., is convergent and

E(tn) = &0 = (&105 -1 &mo)s  |&o| = |c] as n — oco.

Let &, # 0 for some 1 < s < m. We obtain then from v,(t,)2(t,) — 0 and &(t,) — £ # 0 that
Vs(t,) — 0 as n — oo. Next, letting ¢ = ¢,, in (3.27) and passing to the limit as n — oo we obtain

2 2 2
Gt | &) Gt

9(ta) = vi(tn) Vs(tn) VU (tn)

since &(t,) — &0 # 0 and 0 < v4(t,) — 0. Hence, g(t) — +o00 as t — +0.

Lemma 3.4 implies that inf g(¢) = lim ¢(¢). Let
t>0 t—o0

po = (lim g(t))l/2 = (lim CTW’l(t)c) 1/2.

t—00 t—o00

— +00
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3.3 Necessary and sufficient condition for solvability of Problem 1

Now, we turn to Problem 1, or equivalently, to the problem of finding a control p(t) and time 6 such
that

0 0
/A(@ — s)u(s)ds = c, /|p(s)|2ds < p’ (3.29)

Theorem 3.1. Let rank(B) = m. (i) If p > po, then Problem 1 is solvable; (ii) if Problem 1 is
solvable, then p > py.

Proof. (i) Let p > py. Since the function g(t) = ¢’ W~!(t)c is continuous and decreases on ¢ € (0, 00)
from +o00 to pZ, therefore, there exists a time 6 > 0 such that ¢?W=1(0)c = p?. Assume that 6 is the
first time that satisfies this equation. Set

p(t) =ATO -ty 0<t<0, n=w"0)c

Then p(t) is admissible since W~1(6) is symmetric and

0 0
[ ntoPde= [147(6 = syrds =" W(o) = W 0)e = o2 (3.30)
Also, we have
0 0
/A(9 —s)u(s)ds = /A(0 — 8)AT (0 — s)nds = W(0)n = c. (3.31)

Hence, Problem 1 is solvable.
We turn to the part (ii) of the theorem. Let Problem 1 be solvable. Then there exists a time 7

and a control p(t), 0 <t <7, such that

T

/ A(r — 8)p(s)ds = c. / u(s)[2ds < o2 (3.32)

0

We show that p > py. Clearly, for the control
po(t) = AT(r —t)ny, 0<t <7, no=W(1)c,

we have
T T

/ A(r = $)pio(s)ds = c. / o(s)Pds = T W (). (3.33)
0 0
If we show the inequality

T

/ u(s)[2ds > nT W (), (3.34)

then in view of (3.32) and (3.33) we obtain the inequality [ |uo(s)|*ds < p?.
0
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To show (3.34), we multiply by 7o the both sides of equation in (3.32) to obtain

T

/ WL A(r — s)u(s)ds = nf'e = W (r)no
0

Using the Cauchy-Schwartz inequality in the left-hand side yields

T

W () = / nEA(r — 5)u(s)ds

0

. 2 , . 1/2
/ = s)tas || [ lutoas
0

1/2

W) / uls)l2ds | (3.35)

IN

IA

This implies (3.34). Hence,

o = / o(s)Pds < / n(s)|2ds < .
0 0

Consequently, we have
py = inf g Wty < "W (7)e = ng W(T)mo < p7,

which is the desired result. O

3.4 Optimal transfer time and optimal control

Let p > po. As denoted above that ¢t = € is the minimum root of the equation
W (t)e = p*. (3.36)

Theorem 3.2. The number 0, the root of equation (3.36), is the optimal transfer time of the state
u(x,t) from the state u(z,0) = 0 to the state for which (u(z,8),v;(z)) = (up(z),vi(x)), i =1,....,m
Proof. We show that the control

pt)=ATO—tm, 0<t<0, n=W 10,

which satisfies equation (3.10), is optimal. Assume the contrary, let for some control fi(t), 0 < ¢ < 6y,

0y <0,
0o

o
/A(t —s)a(s)ds = c, / 11(s)|?ds < p°. (3.37)
0 0
Then, it is not difficult to verify that the control

po(t) = AT (0g —t)mo, 0 <t <6y, no=W"1b)c,
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satisfies the relations
) )

/A(t — $)uo(s)ds = c, / \1o(s)Pds < p*. (3.38)
0 0
Thus,
0o
P’ > / o (s)[Pds = 110 W (Bo)no = <" W™ (b)e > "W H(@)e = p*.
0
Hence,

W Hbg)e = p?,

which contradicts the fact that 6 is the smallest root of equation (3.36). Thus, # is the optimal
transfer time. N

4 Conclusions

In the present paper, we have studied a mathematical model of thermocontrol processes. The control
functions py(t) are subjected to an integral constraint. The problem is to find control functions to
transfer the state of the process to a given state. We have found a necessary and sufficient condition
for existence of a control function which transfers the state of the system to a given state. Also, we
have found an equation for the optimal transfer time, and constructed an optimal control function
that transfers the state of the system to a given state.
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