ISSN (Print): 2077-9879
ISSN (Online): 2617-2658

Eurasian
Mathematical
Journal

2023, Volume 14, Number 4

Founded in 2010 by
the L.N. Gumilyov Eurasian National University
in cooperation with
the M.V. Lomonosov Moscow State University
the Peoples’ Friendship University of Russia (RUDN University)
the University of Padua

Starting with 2018 co-funded
by the L.N. Gumilyov Eurasian National University
and
the Peoples’ Friendship University of Russia (RUDN University)

Supported by the ISAAC
(International Society for Analysis, its Applications and Computation)
and
by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University
Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL
Editorial Board

Editors—in—Chief
V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy
Vice-Editors—in—Chief
K.N. Ospanov, T.V. Tararykova

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (Kazakhstan), O.V. Besov (Russia),
N.K. Bliev (Kazakhstan), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bourdaud
(France), A. Caetano (Portugal), M. Carro (Spain), A.D.R. Choudary (Pakistan), V.N. Chubarikov
(Russia), A.S. Dzumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia),
M.L. Goldman (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany),
A. Hasanoglu (Turkey), M. Huxley (Great Britain), P. Jain (India), T.Sh. Kalmenov (Kazakhstan),
B.E. Kangyzhin (Kazakhstan), K.K. Kenzhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin
(Great Britain), V.I. Korzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kussainova (Kazakhstan),
P.D. Lamberti (Italy), M. Lanza de Cristoforis (Italy), F. Lanzara (Italy), V.G. Maz’ya (Sweden),
K.T. Mynbayev (Kazakhstan), E.D. Nursultanov (Kazakhstan), R. Oinarov (Kazakhstan), I.N. Para-
sidis (Greece), J. Pecari¢ (Croatia), S.A. Plaksa (Ukraine), L.-E. Persson (Sweden), E.L. Presman
(Russia), M.A. Ragusa (Italy), M.D. Ramazanov (Russia), M. Reissig (Germany), M. Ruzhansky
(Great Britain), M.A. Sadybekov (Kazakhstan), S. Sagitov (Sweden), T.O. Shaposhnikova (Swe-
den), A.A. Shkalikov (Russia), V.A. Skvortsov (Poland), G. Sinnamon (Canada), E.S. Smailov (Kaza-
khstan), V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia), D. Suragan (Kazakhstan), I.A. Taimanov
(Russia), J.A. Tussupov (Kazakhstan), U.U. Umirbaev (Kazakhstan), Z.D. Usmanov (Tajikistan),
N. Vasilevski (Mexico), Dachun Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor
A.M. Temirkhanova

(© The L.N. Gumilyov Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research papers
in all areas of mathematics written by mathematicians, principally from Europe and Asia. However
papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.

The EMJ publishes 4 issues in a year.

The language of the paper must be English only.

The contents of the EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,
MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal — Matematika, Math-Net.Ru.

The EMJ is included in the list of journals recommended by the Committee for Control of
Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
the list of journals recommended by the Higher Attestation Commission (Ministry of Education and
Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted electronically in
DVI, PostScript or PDF format to the EMJ Editorial Office through the provided web interface
(www.enu.kz).

When the paper is accepted, the authors will be asked to send the tex-file of the paper to the
Editorial Office.

The author who submitted an article for publication will be considered as a corresponding author.
Authors may nominate a member of the Editorial Board whom they consider appropriate for the
article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the EMJ.
Manuscripts are accepted for review on the understanding that the same work has not been already
published (except in the form of an abstract), that it is not under consideration for publication
elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors’ names (no degrees).
It should contain the Keywords (no more than 10), the Subject Classification (AMS Mathematics
Subject Classification (2010) with primary (and secondary) subject classification codes), and the
Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduction.

References. Bibliographical references should be listed alphabetically at the end of the article.
The authors should consult the Mathematical Reviews for the standard abbreviations of journals’
names.

Authors’ data. The authors’ affiliations, addresses and e-mail addresses should be placed after
the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in the
paper being published in a later issue.

Offprints. The authors will receive offprints in electronic form.




Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publication see
http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic thesis or as
an electronic preprint, see http://www.elsevier.com /postingpolicy), that it is not under consideration
for publication elsewhere, that its publication is approved by all authors and tacitly or explicitly by
the responsible authorities where the work was carried out, and that, if accepted, it will not be
published elsewhere in the same form, in English or in any other language, including electronically
without the written consent of the copyright-holder. In particular, translations into English of papers
already published in another language are not accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsification, fraudulent
data, incorrect interpretation of other works, incorrect citations, etc. The EMJ follows the Code
of Conduct of the Committee on Publication Ethics (COPE), and follows the COPE Flowcharts
for Resolving Cases of Suspected Misconduct (http://publicationethics.org/files/u2/NewCode.pdf).
To verify originality, your article may be checked by the originality detection service CrossCheck
http://www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clarifications, retractions and apologies when needed. All authors of a paper should have significantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated confidentially. The reviewers will be
chosen in such a way that there is no conflict of interests with respect to the research, the authors
and /or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will
only accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clarifications, retractions and apologies when needed. The acceptance of
a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure

1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject to
mandatory reviewing.

1.2. The Managing Editor of the journal determines whether a paper fits to the scope of the EMJ
and satisfies the rules of writing papers for the EMJ, and directs it for a preliminary review to one
of the Editors-in-chief who checks the scientific content of the manuscript and assigns a specialist for
reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly qualified scientists and specialists of the
L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other universities of
the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at creating
conditions for the most rapid publication of the paper.

1.5. Reviewing is confidential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education and
Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES). The
author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.

1.7. A positive review is not a sufficient basis for publication of the paper.

1.8. If a reviewer overall approves the paper, but has observations, the review is confidentially
sent to the author. A revised version of the paper in which the comments of the reviewer are taken
into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is confidentially sent to the author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The final decision on publication of the paper is made by the Editorial Board and is recorded
in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor
informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial Office for three years from the date of publica-
tion and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review

2.1. In the title of a review there should be indicated the author(s) and the title of a paper.

2.2. A review should include a qualified analysis of the material of a paper, objective assessment
and reasoned recommendations.

2.3. A review should cover the following topics:

- compliance of the paper with the scope of the EMJ;

- compliance of the title of the paper to its content;

- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words and
phrases, bibliography etc.);

- a general description and assessment of the content of the paper (subject, focus, actuality of
the topic, importance and actuality of the obtained results, possible applications);

- content of the paper (the originality of the material, survey of previously published studies on
the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);



- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of biblio-
graphic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and understanding
of the presented scientific results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The final part of the review should contain an overall opinion of a reviewer on the paper
and a clear recommendation on whether the paper can be published in the Eurasian Mathematical
Journal, should be sent back to the author for revision or cannot be published.



Web-page

The web-page of the EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-page
contains all papers published in the EMJ (free access).

Subscription
Subscription index of the EMJ 76090 via KAZPOST.
E-mail

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EMJ)

The Astana Editorial Office

The L.N. Gumilyov Eurasian National University
Building no. 3

Room 306a

Tel.: +7-7172-709500 extension 33312

13 Kazhymukan St

010008 Astana, Kazakhstan

The Moscow Editorial Office

The Peoples’ Friendship University of Russia
(RUDN University)

Room 473

3 Ordzonikidze St

117198 Moscow, Russia



KHARIN STANISLAV NIKOLAYEVICH
(to the 85th birthday)

On December 4, 2023 Doctor of Physical and Mathe-
matical Sciences, Academician of the National Academy
of Sciences of the Republic of Kazakhstan, member of
the editorial board of the Furasian Mathematical Jour-
nal Stanislav Nikolaevich Kharin turned 85 years old.

Stanislav Nikolayevich Kharin was born in the vil-
lage of Kaskelen, Alma-Ata region. In 1956 he graduated
from high school in Voronezh with a gold medal. In the
same year he entered the Faculty of Physics and Mathe-
matics of the Kazakh State University and graduated in
1961, receiving a diploma with honors. After postgradu-
ate studies he entered the Sector (since 1965 Institute) of
Mathematics and Mechanics of the National Kazakhstan
Academy of Sciences, where he worked until 1998 and
progressed from a junior researcher to a deputy director of the Institute (1980). In 1968 he has de-
fended the candidate thesis “Heat phenomena in electrical contacts and associated singular integral
equations”, and in 1990 his doctoral thesis “Mathematical models of thermo-physical processes in
electrical contacts” in Novosibirsk. In 1994 S.N. Kharin was elected a corresponding member of the
National Kazakhstan Academy of Sciences, the Head of the Department of Physics and Mathematics,
and a member of the Presidium of the Kazakhstan Academy of Sciences.

In 1996 the Government of Kazakhstan appointed S.N. Kharin to be a co-chairman of the Com-
mittee for scientific and technological cooperation between the Republic of Kazakhstan and the
Islamic Republic of Pakistan. He was invited as a visiting professor in Ghulam Ishaq Khan Institute
of Engineering Sciences and Technology, where he worked until 2001. For the results obtained in
the field of mathematical modeling of thermal and electrical phenomena, he was elected a foreign
member of the National Academy of Sciences of Pakistan. In 2001 S.N. Kharin was invited to the
position of a professor at the University of the West of England (Bristol, England), where he worked
until 2003. In 2005, he returned to Kazakhstan, to the Kazakh-British Technical University, as a
professor of mathematics, where he is currently working.

Stanislav Nikolayevich paid much attention to the training of young researchers. Under his
scientific supervision 10 candidate theses and 4 PhD theses were successfully defended.

Professor S.N. Kharin has over 300 publications including 4 monographs and 10 patents. He
is recognized and appreciated by researchers as a prominent specialist in the field of mathemati-
cal modeling of phenomena in electrical contacts. For these outstanding achievements he got the
International Holm Award, which was presented to him in 2015 in San Diego (USA).

Now he very successfully continues his research as evidenced by his scientific publications in
high-ranking journals with his students in recent years.

The Editorial Board of the Eurasian Mathematical Journal, his friends and colleagues cordially
congratulate Stanislav Nikolayevich on the occasion of his 85th birthday and wish him good health,
happiness and new achievements in mathematics and mathematical education.
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tegrals of functions in weighted mixed Lebesgue spaces are proven.
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1 Introduction

It is known that the Riemann-Liouville fractional integro-differentiation is formally a fractional power
of (4)% and is invariant relative to translation [19, 20]. J. Hadamard [10] suggested a construction
of fractional integro-differentiation, which is a fractional power of the type (:c%)a. This construction
is well suited to the case of the half-axis and is invariant relative to dilation.

We consider the Hadamard and Hadamard-type fractional integro-differentiation of functions of
several variables in mixed Lebesgue spaces. Lebesgue spaces with a mixed norm were introduced and
studied in [2]. The boundedness of operators on mixed norm spaces was studied in [1, 3, 17, 23]. A
number of properties of mixed Lebesgue spaces can be found in [5]. Since the function spaces with
mixed norm have finer structures than the corresponding classical function spaces, they naturally
arise in studies of solutions of partial differential equations used to model physical processes involving
spatial and time variables, such as thermal or wave equations [9, 11, 16].

The one-dimensional Hadamard and Hadamard-type fractional integro-differentiation has been
studied by many researchers [6-8|, [12-15], [21-22], [25]. A number of properties of the Hadamard
fractional integration can be found in [20, 19]. In this paper, we extended the operation of the
Hadamard and Hadamard-type fractional integro-differentiation to the case of multivariable func-
tions, when these operators, applied to each variable or to some of them, give the so-called partial
and mixed fractional integrals and derivatives in the framework of spaces 22 with a mixed norm.

Partial and mixed Marchaud fractional derivatives in the case of two variables were considered in
[20]. In [13], [14], the conditions were obtained for the existence of unique solutions to problems of
Cauchy type for nonlinear differential equations with fractional Hadamard and Marchaud-Hadamard-
type derivatives in spaces of summable functions and for the solutions in a closed form of Cauchy
type problems for linear differential equations of fractional order.

In [4], the properties of some integro-differential operators that generalize the fractional differen-
tiation operators in the Hadamard and Hadamard-Marchaud sense in the class of harmonic functions
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were considered. As an application of the obtained properties, the solvability of nonlocal problems
for the Laplace equation in a ball was studied.

In this paper, we obtain integral representations for the Marchaud-Hadamard and Marchaud-
Hadamard-type of truncated fractional derivatives. In addition, the inversion theorems and charac-
terization of ordinary Hadamard-type fractional integrals of functions from Sg are proven.

The consideration is conducted in the framework of spaces with a mixed norm

5 (n dT
2% (R+, ?) -

p d P2 Pn dn
_ f:||f;sguz/ /|f P el

Gy (RY) =

—
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¥ _ N —n
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The paper has the following structure. In Sections 2, 3, 4, we give definitions and various aux-
iliary features of multiple integro-differentiation of Hadamard and Hadamard-type for multivariable
functions (in terms of tensor products), and the auxiliary lemmas for spaces 22 are given in Sec-
tion 5. Sections 6, 7, 8, 9 contain the proofs of basic results: the boundedness of the fractional
integration of Hadamard and Hadamard type in spaces with mixed norms is proven in Section 6;
in Section 7 we describe the integral representations of truncated mixed fractional derivatives of
Marchaud-Hadamard and Marchaud-Hadamard-type in weighted mixed Lebesgue spaces. Sections 8
and 9 contain the inversion theorem and characterization the Hadamard and Hadamard-type mixed
fractional integrals on functions from 2’;.

Notations. N,R = R! C are the sets of all positive integers, real numbers and com-
plex numbers respectively; RL = (0;+00) is the semi-axis; R" is the n-dimensional Euclidean
space of points © = (z1,%2,...,%,); R"— compactification of R™ by one infinitely remote point.
RY = {z€eR": 2y >0,22>0,...,2,>0}. Everywhere below: FE is the identity operator;
(IIsf) () = f(xod), z,6 € R is the dilation operator. Introduce mixed finite difference of
function f of vector order [ = (l1,ls,...,1,), [y € N with a "multiplicative" vector step of t € R}:

(Af) (@) = AgAE .. Ap @)= D (1" () f (xoth) (1.3)
t &Gl=6 "6 k ) .
0<|k|<L
here z o tF = (:E, . t'fl, R tﬁ”) and (2) H ( ) (l:) are the binomial coefficients, k is a
multi-index. Let us agree that the record 1 < ;T) < and p = o0, where p = (p1,,...,pPn),

(00, ...,00) means that, 1 < p; < oco,p; = o0, i = 1,n. Sg(R’jr ;"’) 1 <p < o C(R”)
{f: [ € C(Rﬁr),f(()) = f(00)},p = 0. Let w = (wq,...,wy), then p* = (pi*, ...,



On the Hadamard and Marchaud-Hadamard-types mixed fractional integro-differentiation 71

rop? = (x1-p7", o T plm), (2 p?) = (z-p7¥) = (piTl“"",fﬁ_%)' If u = (up,ug,...,u,),
a = (a1,qg,...,0p), then u} = [T ()5, (us)f = { gl ’u%<>007 We use R (a, 1) = [] R (as, 1),
i=1 9 7 . =0

R (a, ;) = [t77% (1 — e*)" dt as the normalization constant, known in the theory of fractional dif-
0

ferentiation; C§° (Rfﬁ) is the class of all infinitely continuously differentiable functions with compact
support in R’

2 Partial and mixed Hadamard and Hadamard-type fractional integrals
and derivatives

We start with defining the partial and mixed Hadamard and Hadamard-type fractional integrals and
derivatives.

Definition 1. Let z € R’}. The left and the right partial Hadamard-type fractional integrals of
order ay, € R (ay > 0) of a function ¢ with respect to the variable z;, are defined by

T

N 1 t\"* T\ k! dt
) @)= s [ () (%)™ ot §
0

1 I du
= He | n — _
F(Oék) /(; u (HU) go(atouek) w’

and .
N 1 T\ U S dt
(‘]—fﬂ#kgp) (ZE) = F(C{k> / (7) (lnx_k) Sp(xla"'7$k—17t7xk’+17"'7$n)?
Tk
17 ) d
= T(ar) /u“’“ (Inu)™ " ¢ (z o uey) ?u,
1
respectively, where e, = (0,...,0,1,0,...,0), zouer = (X1, ..., Tk 1, Tk * U, Thi1,---,Ln)-
k-1

Definition 2. Let x € R’. The left and the right partial Hadamard-type fractional derivatives of
order oy, (0 < i < 1) of a function ¢ with respect to the variable z;, are defined by

T

1—pg Mk _
a w9 [t () dt
(D5,,.0) (z) = T =) O /(xk) n ; O (X1, 1, by Ty 1y oy Tp) ;
0

1
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1

respectively.



72 M.U. Yakhshiboev

Definition 3. For a function ¢ (x), defined on R, the following integrals

Tn n a;—1
€Z; ! dtl dtl
O‘ In 2% Lt 2.
(2..0) / / My (7)) %5 23)

(T o) (z) = 7...7¢(t)ﬁr(;> (m :?) CZI Ci—tll (2.4)

are called the integrals of fractional order o (c; > 0, i = 1,n) in the sense of Hadamard (left and
right, respectively).

Definition 4. For a function ¢ (z), defined on R, the integrals

=1 tn
? i n 1 x; \ " t; ol dtq dt,,
Je = . t 7 In — R 26
= [ feollgy (5) (m2) F% es
1 Ty, nooy N A dt, dt
Qe = — — e
(‘S+ + NSD) (ZE) - / /g& (t) 1_! F(O&J (xz> (ln tz) Ty Ty ’
0 0 =
T T I z \" O\ dty dt,
oo = | ... — In — —_— . —
(S2._ ) (z) / /(p ®) le ['(a) (tl > ( ! xz) T I
xr1 Tn B

are called the mixed integrals of fractional order o (o; > 0, ¢ = 1,n) of the Hadamard type (left
and right, respectively).

Operators (2.3)-(2.6) commute with the dilation operator II,J¢ , = Jg _II,, I,J¢ . =
Jg..+ 1, and are related to the Riemann-Liouville operator I¢. . by the following equalities
JE so=Q S Qo (J 1) (1) = (Mz,Q 'S LQMyyp) (),

where  (Qp)(z) = p(e”) = o,..em), Q9 (r) = ez =
o(nzy,... Inz,), (Me,)(x) =27 .. ating (z,. .., 2,) (see [20], p. 251 and [8], p. 11).
The operators J¢ | and J¢. . , have semi-group properties:

Je T o= T8 (a>0, 820),

I st = JE 0 (20, 520).
The expressions

(D% 1) (2)

] . k o dtq dt,
lgrl_ak 6’371 / /Htu (hl_) f@t)—...—

t tn’

(D% . f) (x)
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- )" O dt, dt
= / /Htk“k pid . de
F 1 — Oék 8x1 xk t [

k=1

are called the mixed fractional derivatives of the Hadamard-type of order a = (v, ..., ay) (0 < oy <
1, k=T,n).

For ay, > 1, k = 1, n, the mixed fractional derivatives of the Hadamard-type are introduced in
the following way

n [ak]+1 K
D X
(D%t gr (Jar] +1 — ag)
Pleal+-+lan]+n [oe] —cu, dt, dt.,
X - / /Ht“k (m-) f)—.. . =, (2.7)
Al galont 131 tn
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@O&
R e T
k=1
a[al]"" +an]+n [ak]—ag dtl dt
Mk N s _n
X T el / / Htk (m xk) fO) 5= (2.8)

where ap > 0, k = 1,n and [a], k = 1,n are the integral parts of oy, k = 1,n. Substituting
ti =2 - y;, ti = x; - y; *,i = 1,7, integrals (2.5), (2.6) can be written in the following way:
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) ] 1 " Un
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Next we introduce a modification of mixed fractional integrals with a kernel “improved” at infinity:
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It is obvious that [i o = Al 1.1 . on sufficiently good functions ¢ (x), i.e. operators (2.9)-
(2.10) are obtained by applying the definition in (1.3) of the difference operators Agll’ l:n)) with a
“multiplicative” step to the operators J£ . . They have the advantage over J¢. | ¢, at [; > oy >
0, i = 1,n, as they are limited in the space L;5 (R}, %) for all 1 < p; < 00,7 > 0, i = I,n (ie,
including the case of 4, =0, i = 1,n).

At g = 0 the partial and mixed Hadamard fractional integrals and derivatives are obtained.

3 Mixed fractional integro-differentiation in terms of tensor products

It is convenient to use the concept of the tensor product of operators, introduced by the following
definition.

Definition 5. Let Ajuq, Asus,...,Ayu, be the linear operators defined on functions
uy (), ug () ,...,u, () of one variable. The tensor product of operators Aj, As, ..., A, is an
operatorAd; ® As ® ... ® A, which is defined on functions of the form

o (x1,29,..., 2y Zul x1) ul, (z,,) (3.1)

by the relation

(A ® Ag®...®An)g0(:v1,x2,...,:vn):ZAlui(xl)-...-Anu;(xn).

From Definition 5, it follows that the operators of mixed fractional integro-differentiation
JE.Lp, Ji,,,i#(p, 09 .1 @i,,,i’#f, a = (aq,...,qp) are the tensor products of the corresponding
one-dimensional operators

JE o =U @@ I, (3.2)
TSy =J @ I, ¢ (3.3)
4ol =07 ® - @D f, (3.4)
foxuf =08, © @Dy, f (3:5)

The following operators are also considered

JE oz =J8'® - ®JFQ---® I,
JE s =J3 ®... ®JF, 0 - @5,
;":ijmif:@al ® ...®©ai®...®@anf,
j:...:':..‘j: uf D¢ Qe ® @%M - @O an

with the appropriate choice of signs. The case a; = 0 for some ¢ means the absence of integro-
differentiation in (3.2) - (3.5) in the i-th variable

Jerleeny — ju g @M RERQJIM R ® S,
Jﬂ(:alét ''''' i’ll Ji ul Jizul 1 ®FE® ‘]illtlﬂ Jﬂ: sinP

gfli.’o:i—;“7an f _ @al Q- ® @Ch 1 ® E ® Diz’+1 ® - ® @inf’

,Dgtah - f Qﬂ: Hl " ® D(f,/_ﬁ 1 ®E® Qiﬁﬂ " ® gﬂ: an
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4 Mixed Marchaud-Hadamard and Marchaud-Hadamard-type fractional
differentiation

Derivatives (2.7), (2.8) can be easily reduced on sufficiently good functions f (z) to a form similar to
the fractional Marchaud derivative.

Definition 6. For a function f () defined on R, the expression

(D%..1) <9c>=lil oy / / M(ng) (@)mi g

is called the mixed fractional Marchaud-Hadamard derivative of order av = (o, ..., ), ; >0, i =
1,n.

The mixed fractional Marchaud-Hadamard derivatives D¢ | f are related to the fractional Mar-
chaud derivatives D9, f by the equalities

DY .f=Q DL LQf,

where (Qf) () = f(e™,...,e™), (Q7'f)(z) = f(Inzy,...,Inx,).
The partial fractional derivatives of the Hadamard-type (2.1)-(2.2) can be written (on sufficiently

good functions) in the Marchaud form

D2 = s [ (n7) U@ f et s @)

e}

+te
Ak —Mktf( ) -f( roe k)d
== t 4.1
e [ Ie U (i) (1.1
0
where e, = (0,...,0,1,0,...,0), rotTle, = (z1,...,Tp_1, 2k - tT1, Tpy1, ..., 2,). Hence it is easy to
——

k-1
see that for the mixed fractional derivatives of the Marchaud-Hadamard-type, instead of (4.1) we
obtain

Diaf = (D2, + 47 B) & (D2 +45°E) &0 (D +40E)

_Dilm(g) Diﬂu f+Z<Dilu1 ®Dinun>uv-Ef

+Z Z (Dilm ®Dinun>#?‘ijf+"'+21: Z (H'E® ... u"E)p iliu f
i=1 :1 “ 1= j:1
i <J <]

D WP E® @y E)py [ pE® - @y Bf,
=1

Q-1

(Dif‘“ ®®Diﬂ >u‘.’z'E - Dilm ®"'®Di,;_u71 ®/~‘?iE®Dii;;+1 ® - ®Diu )
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Dy ®--~®Dan) ’
( :l:,,LLl :tuu"n /J‘ijZ]E

= Difﬂl ®'”®Dii,/_u171 ®M?iE®ng/tj+1 ®"'®Di{;jlfl ®M?jE®Di{;;+l ® ”'®Di7un7

(DL, + 1w E) g(2) =
In particular, at n = 2
D} yf = (D3 + 15 E) ® (D%, + 157E) f

— (D3, @ D2, ) f+ (D @ 157E) £+ (1 E@ D) £+ (09 E @ u§7E) f

B o0ty //u’“um [Aigl (Aiitl f)] (IL‘) duy dus
TT(l-a)T(1- Lo o H oy Ty
ErREme g ) ()T

M?ly’g@ (Ih xQ) )

where 0 < oy, < 1, k=1,2.

Definition 7. The expression

L1 Pn

(D1, f) (z) = ;//ﬁ (m tl)lak (Agﬂf) () ‘i—’il...%,

IT N (o, k) o
k=1

0 < pi <1,i=1n,is called the “truncated” mixed fractional Marchaud-Hadamard derivative of
order a = (ay,...,0qp),0; >0, i =1,n.

In the sequel, we assume by definition that

Di---:tf = lim Di---:l:,pf<ai > 07 L= L_n)a
p—1

DY . f= lim DL , f(0<a; <1, i= 1,n),
p—1

where the limit is taken in the space 2%
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5 Auxiliary lemmas for spaces Sg

Lemma 5.1. The space C3° (Ri) 1s dense in 2’; (R:ﬁ, df) , 1 <p<oo, and in

Cra () = {7 0) =79 @), 9@ € € (12) . Jim o) = Jim g(o) =0},
for any —oo < y; < 00, i = 1,n.

This lemma is proven by standard means.

Lemma 5.2. Let ¢ € 22, 1<p<oo, v €R, i=1,n, then the following inequality is true:
Mo s €3] = € (07) - [l s 5] (5.1)

where

c(p”*)zf[c(pﬁ),c(pﬁ)z{/)E?’ L<pi<oo, (5.2)
=1

Vi . _1
pi? p_oo7,l_ 7n'

In addition, the dilation operator approrimates the unit operator in the space 22:

lim ||ILe — ¢ ; €L = 0. (5.3)

p—1-0

Proof. Equality (5.1) is proved by obvious changes of variables. Let us prove the statement (5.3).
We have

HHpSD —® SSgH < H[l — (C (pV*))_l]Hpgp+ (C (pv*))—ll—[pgo — ;Qg

where C <p7*) is the function given in (5.2). Hence, on the basis of the generalized Minkowski
inequality (see [5], p. 22), we obtain

Y

e = 2] < L= (0 (077) My <5

(GG R

By (5.1) and (1.1), we have

[T — ¢ s €2 < 1= C (p7)

o S5 + 19 — g 5 €7

, (5.4)

where g (z) := 277 (z), g(z) € £ (R7, L) at 1 <p < oo, g(z) ==z (z), g(z)€C (Rﬁ) at
p = o0. Statement (5.3) follows from inequality (5.4). O
The following lemmas relate to convolution-type operators that are invariant with respect to

dilation and to their approximation of the unities in the spaces £; 5. Consider the operators of the
form:

(&@@Z/W/K@wwmwmﬁ%w%wﬂmuwn

and . -
(Buop) (@)= [ ... | B(&,.- &) o(x - &y - &) dEy ... dE,,
[+]

where p; >0, w; >0,7=1,n.
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Lemma 5.3. Let 1<pz§oo ~vi € R,p; >0, wl>0 i=1,n.
1) If K (p7) = f f K ( yl,...,yn)|szzyldy .dy, < oo, where v}, i = 1,n- are the

—00

constants from (1.2), then the operator A, is bounded in the space 2;’, and

1450 s L5 < K (7)) [l : 5] (5.5)

2) If d(v*,w) = f f|B (&1, .., &) Hfﬁ‘widfl...dfn < oo, where v}, i = 1,n- are the
i=1
constants from (1.2), then the operator B,, is bounded in the space 2:’;1 and
[Bu s 5| < d(v,w) [|e s £

Proof. Representing A,p as

o0

:]O"'/K(y17-'-7yn)(npy90)(x)dyl---dyn

and using the generalized Minkowski inequality, we have
[Aves 2 < [ 1K )l (W) 2) 5 2 .. du

Taking into account equality (5.1) we obtain (5.5). The operator B, is considered similarly. O
Lemma 5.4. Let K (y) = k1 (v1) - kn (yn),ki (y;) € L1 (RY), k; (y;) =0 at y; <0, i = 1,n. Then
. gP : 1 . 1 . aP
1A s S50 < [lRas Lo (RY)[]- [R5 Lo (RY] - [0 5 5]
at0<p; <1, i=1n.
The proof of Lemma 5.4 follows from Lemma 5.3.

Lemma 5.5. Let K (y) = ki (y1) -+ kn (Yn), ki (i) € L1 (RY), ki (y;) = 0 at y; < 0, i = I,n and

[ oo [ K(y,...,yn)dyy...dy, = 1. Then
pE{nO}|AP¢ p; Lo =0 (5.6)

foralll1 <p;<oo, v >0,0<p; <1,i=1n.
Proof. First, note that A,p € Sg for ¢ € Sg at 0 < p; < 1, i = 1, n, according to Lemma 5.4. To
prove equality (5.6) note that since [ ... [ K (y1,...,Yn)dyi...dy, =1, then

—0o0 —0o0

o0

(Ap) (2 L/ /Kth%«mwﬂ) o (@))dy, ... dyn.

Using the generalized Minkowski inequality, we obtain

[App — 5 22|
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SO/ O/’kl o)l -V ()| - || (Wavep) (@) — 0 () 5 LE| dys ... dyn. (5.7)

Since 0 < p; < 1,4 = 1,n, then in (5.7) the passage to the limit under the sign of the integral is
possible on the basis of the majorant Lebesgue theorem. The application of the latter is substantiated
by statements (5.1), (5.3) of Lemma 5.2. O

6 On the boundedness of mixed fractional Hadamard and Hadamard type
integration in space £©

Theorem61 Let v e RY, 1 <p; < o0, a; >0 and p; € C, i = 1,n. If Rep; > —v}, , i = 1,n,

where v;, i = 1,n are the constants from (1.2), then the operator JE 4+, 18 bounded in the 22, and

175 s S < T T G +90) 2l (6.1)
=1

Proof. First consider the case 1 < p < 0. By the generalized Minkowski inequality, we have

. 7 dy  dys
(R sgu</ / o(woy): L ||H|sz |
0 0

After substitution 7; = x; - y;, ¢ = 1,n, we obtain

[e.9] o0

— n dn B
192 s < [ [T ] 22 22 e
0

0 =1

So,
1 1
d itk 1\ 'd d o _
1S ues S5 / /H T () S S 2| 22 |
=1 F 1) Yi
0 0 'z
< [ Mg @ e o)
0 =1
<1 (M ) ez 62)
At p =0 in (6.2) substitute p;, i = 1,n for 1. Then we get (6.1). O

Theorem 6.2. 1) Let ; € R' 1 <p <00, ay >0,i=1,n Ify; >0, i=1,n, then operator
J¢. 4 is bounded in the ££, and

-

[PARNTE Sp S1—[

2) Let 1 < p; <00, 1< ¢ <00, 0<a; <1, i =1,n Operators of fractional integration
JS. o and J* _¢ are bounded from £P (R’jr, df) into £7 ( ¥, d;) if and only if 1 < p; < i, ¢ =

pi — 1
T—a;p;’ ) , n.
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Proof. The first statement follows from Lemma 5.3. Then, the operators J¢. ¢ and J% _¢p are
related to the Riemann-Liouville operators I$. ¢ by the equalities
Je=Q ' Qp, ] _o=Q ' _Qp, (6.3)

where (Qp) (z) = ¢ (") = p (e™,...,e"™). By virtue of (6.3), the second statement of the theorem
follows from the well-known Hardy-Littlewood theorem for ordinary fractional integration over R”
(see [20], p. 494). O

Theorem 6.3. Operators Ji‘f{, J_ff%,jL?T 15 bounded in the space le Jor all 1 < p; < o0,y >

0,7=1,n,

where 0 < ¢; (i, 1) < Lat Rep; +v; >0, 0< 7, <1, [;>0; >0, i=1,n,

wher60<ci(7'i)<1at0<7'i§1, li>OéZ'>0, z:l,n

+oT

n

Ji?fi,Tso;SgH H (s 13) || 5 L2

a7l . ﬁ
Y el 37

gﬁ () [l 22

The proof of this theorem follows from Lemma 5.3.

7 Integral representation of the truncated mixed Marchaud-Hadamard
and Marchaud-Hadamard-type fractional derivatives

Lemma 7.1. Let f(z) = (Jg. +Mgp)( ), @ Eﬂﬁ,wherel < p <oo, v >0,pu >0, pu >
,0<a; <1,i=1,n,and 0 < p; < 1,7 = 1,n, the truncated mized fractional derivative
Dﬁ‘_ oz p) Das the followmg integral representation

DS o f= / ¢ (zop')dt, (7.1)
where
Kotu (t’ p) = K(;’_lyﬂl (tl’ pl) K(—)l‘rn Hn (tn’ pn) ’K(;: Hi ( & pz) =
: i b o
SIn QT p; 1 1 o i
r <—0zi, i In l) i = 1,n, the upper incomplete gamma function. In this case, the kernel
K3 . (i, pi)€ L (RY) is an averaging one:
/' (o pdt = LK (t pi) > 0 (7.2)

at 0 <t; <1.
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Proof. The proof is easily reduced to known facts for the one-dimensional case (|25]). Namely, we
have

T = 2 ® @ I
DY ipipf = Do ® - ® DY f -
Since f (x) = (J$., ) (z), then
Di 1 pf Dillil P1 (]il/ll DiQN2 P2 J‘?QNZ ® Din/»l«n Pn Ji;nﬂngo :

It is known, that (see [15], [25])

o o C dZL'
D+ZH PzJ-FZNg_K (T pl)ga :Ln’g:g(t) €£p (R+ t K I)

for the function of one variable and

D g = / S p) gt o) dr

Then
DY f = K5 @ K @@ K

115 p1 12 p2 tins pn P

for ¢ € Sg, 1 <p <o0,v >0, i=1,n, taking into account the density of functions of form
(3.1). This implies representation (7.1). Operator (7.1) on the right-hand side is also bounded by
Lemma 5.4. Therefore, by virtue of Lemma 5.1, identity (7.1) applies with C§° (R7) to all functions

622,1§pi<oo,%>0,i:1,_n. O

Lemma 7.2. Let f(z) = (J..¢) (x),gp;e Sg . where a; > 0, 1 < p; <00, 7 >0, i= 1,n,
or0<a; <1, 1 <p < l, v =0,1=1nand 0< p; <1, ¢ =1,n. Then the truncated mized
fractional de'rwatwe D21 ,f has the following integral representation

o0

(D% ) @ = [ [TL K)ot o )y (73

i=1

where the kernel

€ L (R}) (7.4)

V(L) T+ )y
atl > a >0,

/Klj,al(yl)dyz - 1, lz > oy > 0. (75)

The proof of Lemma 7.2 is similar to the proof of Lemma 7.1

Lemma 7.3. Let f € £, 1 <r; <o00,\ >0, i =1,n be such that its difference (A}f) (z) of
order 1 is represented by a modified mized Hadamard fractional integral (2.7) of a function from Q’;l:

ALf) (@) = (S5, 0) @ / /Al k) Wpleoy) (7.6)
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where l; > a; > 0,0 < 71, <1, 906213 1<pi<oo, 7 >0,i=1,nand0 < h; <1, i=1,n.
Then the truncated mized fractional derwatzve D%, fallows integral representation (7.3) for all
1 <p;<oo, >0, i=1n and integral representation

(DScypf) (@) = Ko (T =) @ - @ K, (112, — 03 0 (2) (7.7)
for all p; = 0o, v; =0, i = 1,n, where the operator I} is

(Hégp) () =@ (T1,. ., ie1,0,Zig1, ..., Tp)

In particular, for n = 2

(Di+ pf) (z) = K (H;tl - Hé) ® Ky (Hi? - H%) ¢ ()

1

= // b () K o (82) @ (1 - pY o - pf) diydt
/ l,01 l’l . p’i , dtl / la, OQ 0 o - p2 ) dtg + Y2 (0, O) s
0 0
for all p; = 00, v; =0, i = 1,2, where K, (t;) is kernel (7.4).

Proof. Lemma 7.3 is proven in the same way as Lemma 6.3 from [25]. Since at ~; > 0, i = 1,n the
procedure is substantiated in the proof of Lemma 7.1, it suffices to consider the case at v, =0, ¢ =
1,n for any 1 < p; < 00, oy > 0, i = 1,n. Similarly, as in the one-dimensional case, it is necessary
to substantiate the following equality

0 0 d& 00 o9 - )
— | ... [ (Ak o d
/ /Hgf J@lknGetoear
ln—1 1n% 0 0
= /.. cendr | [ a1 %
[ fetzociar | /<1a><€>i1_11€3,
0 0 ln—1 lnpin
where (ALED)(y) = AL[AR . (AYED(y), (ED)(y) = H (yl . Here the change of order of inte-

gration is substantiated by Fubini’s theorem at 1 < p; < 00, 7; = 0, i = 1,n. Next, we prove that
at 1 < p; < 0o, i = 1,n, the iterated integral converges (for almost all z, z € R™)

[e.9]

/ /}gp zoe )| dm ... / 7 ‘(Alllﬁ)(s)

0

dgl dgn
e

for all ¢ € €7 (R7,%). Changing of the variables & =s and 7 = t;In .1 = 1,n, leads to the
necessity to prove the convergence of the integral

A::0/...0/‘(p(:coht)|K*(t)dt1...dtn, (7.8)
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where K* (t) = L ["* ... [*" |(AYEL)(s)| ds. Since (ALkS)(s) € Ly (R™) (see Theorem 6.3), then

t1...tn

K*(t) < 7% at t — oo. Then it is evident that K* (t) < ct*! at t — 0 and, K* () is continuous

at t € R}. We have

K= (t) = Z kj(t), k;(t)= $2i(8) — a“(tl) ) ‘t?Ljn(tn)’

1<|j|<n
where a;, (t;) = { ai_; L0 <t'ti><11’ Then from (7.8) we obtain
Ag/.../\<p(xopt)}K*(t)dt1...dtn
0 0

and it remains to refer to Young’s theorem for spaces with mixed norm (|5, p. 25).
Substantiate the case p; = oo, i = 1,n, for p € C (R’fr) Consider the “two-sided” mixed truncated
Marchaud-Hadamard fractional derivative, i.e.

(D2 s () = 100 / / (n1) (A e, (7.9

at I; > a; > 0, where 0 < §; < p; < 1, i =1,n, then refer to the limit § — 0. From (7.6) we have

o0 o0

(Agf) (z) = (m %)a/.../(Allk;:)(y)go(xoty) dy; ... dy,, (7.10)

0 0

where 0 < t; < 1, i = 1,n. Substituting (7.10) into (7.9), we obtain

(Di~-~+,p,5f) (:E)

_1 o0 o
dt
- z/ /H(ln ) t—/ /A%* ¢ (zot!)dy, ... dy,.
Oé i 7
0 0

The changes of variables In ol & and & =15, 1= 1,n, give:

(D?r---Jr,pﬁf) (:l:)

d£1 . dén / / (AL kD) (zoe ™) drm...dm,

and the change of the order of integration leads to the equality

(Di--—i-,pﬁf) (z) =

ln—

00 0o lni lnE
= ! oe T L1+ T - —2 ¢
In = In L
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Here the change of order of integration is easily substantiated by introducing d=(01,...,0n), 0<

ln% 1 %
6 <1, i=1,n (considering that |¢| <cand [ ... d& : dé” (ALkT) )(2)| dmi...dr, <
In L n -+
P1 Pn
00). Equality (7.11) means that
(DY psf) @ (woc)
T 1 T 1
X H[—lnlfgjai <_1ni> — 1 K, (1 _)]dﬁ - dy,
i=1 pi pi 6

where K" (t;), 1 = 1,n, is kernel (7.4). Here, the integral representation can be written in terms
of tensor products, i.e.

(D31 psf) (@) = K, (H;tll - H§§1> ®- @Ky (H o Z;n) o(2), (7.12)

where
o

i _ St .
K (T M0 ) g (o) = [ KL, (0 [o (k) — g (w:57)] dts
0
(Hlt go) (x) = ¢ (xl, e ,xi_l,xipfi,xiﬂ, e ,xn) is the dilation operator. Since ¢ € C (Rﬁ) and

K, (ti) € Li(R'), i = T,n, a passage to the limit is possible at § — 0 under the sign of the
1ntegral By (7.5) from (7.12) we obtain (7.7). O

8 Inversion of mixed fractional integrals of functions belonging to 21;3

Theorem 8.1. . Let f = J5., 0. ¢ € &, where % >0, 0< a; <1, 1 <p; <00, iy >0, p; >
_P)/;<72.:17'~-,n- Then

(DY.ppf) (@)= lim (D%, f) (@) =¢(2).
p—1
(€£)

~

Proof. Convergence in norm follows from Lemmas 7.1 and 5.5. O

Theorem 8.2. Let f = J¢. +g0, (pES where either v; > 0, a; > 0,1 <p; <o0, 1 =1,...,n, or

7% =0, 0<a; <1,1<p; < Z*l ,n. Then
(D‘j‘_...+f) (z) = lim (DY f)(x)=¢(2),
p—1
(£5)

where the limit is taken both in Sg, and almost everywhere.

Proof. Convergence in norm follows from Lemmas 7.2 and 5.5. The proof of convergence almost
everywhere is obtained by using Theorem 2 ([24], p. 77-78), applying it for each variable. In this
case, equality (7.4) and the property of the kernel ‘K;;al (yl)‘ < (H)J—Haz at [; >y, y; > 1, 1=
1,...,n (see [20], p. 379) are taken into account, so, the kernel K" (y;) has a monotone summable
majorant. O
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Theorem 8.3. Let (Aif> () = J3y 00 € & where 7, 20, 1> a; >0, 1 < p; < 00, 0 <
<1, 1=1,...,n. Then

(DY f) (x)= lim (DS.. f)(x)=¢ (),
p—1

()
where the limit is taken both in Sg, and almost everywhere.

The proof of the convergence in norm follows from Lemmas 7.3 and 5.5. The convergence almost
everywhere is proven as in Theorem 8.2.

Remark 1. One can admit the case in which a; = 0 for some ¢. In particular, if f = J{ ¢, ¢ €
L5 (R, %), where a; > O0ati=1,....,k—Lk+1,...,n, =0, 1<p<Lati=1,... k-
Lk+1,...,nand 1 < p, <oo. Then

(Df.f) (&) = lim (DL 00 ) () = g ()

where the limit is taken both in £, and almost everywhere.

9 Characterization of mixed fractional integrals of functions from 21;3

Denote by J¢ . , (£?) the operator image of mixed fractional integration

_ - dx
J:?:é...:thu (Sp) = { f : f = Ji‘..idﬁpv Y e £P (Riv ?) }

defined for 0 < a; < 1, 1 < p; < %,i = 1,...,n. Actually, at1l < p; < %,i = 1,...,n, they
coincide, that is, do not depend on the sign choice, so, denote them by

JU =8 (gﬁ) =Y (Sﬁ) =-=J0 (217)

Denote similar modified operator of mixed fractional integration by Jif%.jw (£P):

J:?:(Z{:t,u (Sﬁ) = {g g = ‘]:if%~:|:,u;7'g07 NS Sﬁ }

This space is defined for [; > o; >0, 1 <p; <oo, u; >0,0< 7, <1, i=1,n.
Introduce into consideration the space

p,r,a n\ __ . T a,l - D
2{7)5 (R}) = {f fefy m D sl =0, P ELL Y,
where v; >0, \; > 0,1 <p;,r; <oo, a; >0, 1=1,...n

Lemma 9.1. The operator
h h 1 d d
t t
Bth / / Aa1]€+ (ll’l;)g&([l}ot)t—l—n (91)
0 0

where (AgkS) (y) = AZAL (AT ED() kS (y) = 1:[ (w)*
every 1 <p; < oo, a;> 07 >0, 0<h; <1, i=1,...,n, and

_ 1\ _
|Bies <4 SCH( E) e <5

=1

, 15 bounded in the space 2;’ for

where C' does not depend on h;, i =1,...,n.
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Proof. From (9.1) by the generalized Minkowski inequality, we have

”BW”“/ /A”‘l’“( D foteons et

By (5.1) we obtain

1\ o o dty dt,
e < [ ] 500 () HLote 200
i=1 n

where ~f, i =1,...,n, are constants from (1.2). The substitution ln% =& 1n

hii,izl,...,ngives

n

B n 1\ o0 _
| B £ || SH(IHE) //H|Pal (zi)] dz1 ... dzn |03 22”7 (9-2)
i=1 ! 0 o =1

where P,, (z;) =

S (=17 (%) (2 — 5% € Ly (RL) (see 20, p. 282). So, inequality (9.1)

7i=1 Ji
follows from (9.2). O

al)

Theorem 9.1. Let f € Sg’;’a (]R’}r), % >0, Ay >0,1<pj,r;<o0, aj >0, i=1,...,n. Then for
the mixzed fractional difference <Aﬁf> (), at fived h = (hy,...,hy), 0 < h; <1, i=1,...,n, the

following integral representation is true

o0

(A;';f / / %) (D2, f) (1) Ci—tll o Ci—i:“‘, (9.3)

where (A?ki) (y) = A?ll [A?; . (A?jk;r)](y)’ kF (y) = H Wy

Proof. Consider the operator

(B}C:S0>($>://(Aﬁlik;_> (111%)30(25)%%

Since (Agk[) (y) € L1 (R™), the operator By is bounded in the space Sg in virtue of Lemma 9.1.
Denote s = Dj)‘_,,,Jr,M;&f and

(Bigs) ( //Ak ) (s 0P 2

Note, that Bj' is a convolution with the summable kernel (A?kof) (y) € Ly (R™) and so the com-
position By DS | sf is (at fixed d = (01,...,0,), 0; > 0,7 = 1,n) a bounded operator in £7 at all
Ai>0,1<r;<oo, i=1,...,n. Prove presentation (9.3) first for f € C§° (Ri) We have

o0 oo

1k:+ )%...dt“
t t1 tn

(Brws) (v

[e=]
[en]
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n

/ -/ H(ln ) (&) <t>%...% (9.4)

i=1

Since (A?k:g) (y) € Ly (R™), then in (9.4) the change of the order of integration is justified by the
Fubini’s theorem. So

— 1—6n

n —Oéi—l
//H<1n) B o,
U1 Yn
0

(Byes) (x) =

i=1

[e.e]

oy <_1>k(,g)/...7(A;;ikg>( ST

0<[k|<l )

The substitution t; = x; - & - yi_k" . hfi,i =1,...,n gives

1-6,  1-6,
o o 1 - 1 —oi—l dyl dyn Ikl [
Bio0) @) = oy [ [ Il (mi) 25 ()
0 0 = 0<|k|<i
Xy/...ynn(lny—k)a_l (—1)|j|(O.é>f(xohjot)@...&.
0 0 ¢ 0<|j[<t J &1 n

Hence,

« « dgl dgn
(Bios) (o) = / / SHNICLEE
1-0n

1-6; N N
X / / H(lnl) (Ain;k;> <ln1> %%
) S\ 7 £y Un

Here, the change of the order of integration is possible on the basis of Fubini’s theorem, since

(A?k‘;r) (y) € Ly (R", %) Substituting lni s— ln—, lné =u; - In =5 6 ,1=1,...,n, we obtain

/(A%f)f(xo(l—é)“)%...%x

U Un,

X 7 ..7(&1/@;) (5)dsy - - - dsp. (9.5)

0
The equality (AYkT) (s) = (AYKL) (s1) -+ (ATESL) (s,), from (9.5), we have

o

(Brys) (x

(Bigs) (x) = / / (Ki) () (K 0,) () (B30 (o (1 =) duy - du, (96)

where K o ' is kernel (7.4). In (7.4) the right-hand side in (9.6) is an operator bounded in £% by
Lemma 5.4. Since ByDS. . sf is also an operator bounded in £, then (9.6) follows for functions
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f belonging to C§° (R’}r) Therefore, from (9.6), by passing to the limit at § — 0, identity (9.3) is
obtained. B )
Since @ = (lsirr(l] s in £, the left-hand side of (9.6) converges in norm £% due to the boundedness
%

of operator B} in the 2%. On the other hand, the right-hand side in (9.6) converges at § — 0 to
<A}C{f> (z) in norm £7 by virtue of Lemma 5.5.

Due to the identical coincidence of the left-hand and right-hand sides in (9.6), their limits at
6 — 0, although in different norms £2, £, must coincide almost everywhere. This leads to (9.3). [

Theorem 9.2. In order f (x) to be representable by a mized fractional Hadamard integral f (z) =
(JE.p9) (@), ¢ € £, where either
1)7>0,0,>0,1<p;<00,i=1,...,n,

or
2) 7 =0,0<aq; <1, 1<pi<aii,z':1,...,n,

it is necessary and sufficient that f € 2}, where N\; > 0,1 < r; <oo,i=1,...,n, in case 1) or

A=0,r = 1—1&1% in case 2) and the limit exists ¢ = (lsi_r)% Dﬁ“r,,,ﬂ;f m 22’.

Proof. The necessity of this theorem follows from Theorem 6.2 and Theorem 8.2.The sufficiency is
obtained by the scheme of the proof of Theorem 9.1. m

Theorem 9.3. In order (Aif) (x) to be representable by a mized fractional Hadamard integral
(Aif) () :Jf_i{,ﬁﬁm € Sg, where v; >0, [ >a; >0,1<p; <00, 0<7<1,i=1,...,nitis

necessary and sufficient that, (Aif) (x) € Sg, where \; > 0,1 <r;,<oo, 0<m<1,1=1,...,n

and the limit exists
o =lim DS . 9-7)

where the limit is in Sg.

Proof. The necessity of this theorem follows from Theorem 6.3 and Theorem 8.3.
Sufficiency. Let (AIT f) (z) € £ and condition (9.7) be satisfied. It is required to prove that

(A1) (@) = 2 e (98)

From (9.8) we have
Ap (ALF) (@) = Azt e (9.9)

At h = (hy,...,hy), 0<h; <1, i=1,...,n. Introduce the notation

(Bi'e) ()= (m %) ) 70 5 ]OPa () (Bl (wo by dzr . d,

where Py (2) = g5 > (=¥ ( “ ) (z— )" e L (R).

0<|j|<o0 J
Consider the expression B}C;’lgpg, w5 = D¢ sf. For functions f (x), belonging to C§° (]R?r), we
have
BIC:JSOJ = Biozé’lDi-~-+,6f = AgAiJi-~-+,6Di-~+,éf' (9.10)
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With well-known integral representation of finite differences (see [17], p. 101-102), we obtain

(ALJS D2 of) (1) =

= 7 : .7([(;1”&1) (y1) - .. (Klj;an) (Yn) <Ale> (xo(1—=0)")dy;...dyn,

where (K" ) (y:) is kernel (7.4). Then from (9.10) we have

B = 7 . 7 (K () - (K ) () (AgA’T f) (o (1—0)")dy...dyn. (9.11)

With (7.4) in mind, the right-hand side in (9.11) is an operator bounded in £5. According to
Lemma 5.4, since the composition B,?’lDﬁ‘_,,,Jrﬁf is (at fixed 6 = (1,...,0,), 0<&; <1, i=1,...,n)
an operator bounded in 2; for \; >0,1<r;<o0, i=1,...,n, then (9.11) follows for functions f
belonging to Cg° (R%). By (7.5) the right-hand side in (9.11) converges in the norm of the space &

to (AgAg f) ().
So, there exists a limit of the left-hand side
lim D2 of = (AFALT) (2).

6—0

Since ¢ = lim @5 in £2, the left-hand side of (9.11) converges in £2 due to the boundedness of the
6—0 7 v

operator B,‘i"l in Sg. Then there exists a limit
. ol Ha _ a,l 7. a o a,l
(131_1)1(1) B'DY. . sf =B, (131_121(1)(D+_,,+75f) = B, (9.12)

where ¢ = D¢, f. Since Bf:’lDS‘r,drﬁf converges both in the norm Q; and norm Eg, the limiting
functions must coincide almost everywhere. Then from (9.12), we obtain

e — (83AL7) o)

which coincides with (9.9). It should be noted that functions AL fand Jf:f%.jL,TD‘}r,_ +J have identically
coinciding mixed finite differences. Therefore, they can differ only by a polynomial (see [19], p. 103)

Alf=Jgl DY . f+P(x),
where P () is a polynomial. Then from (9.9) follows (9.8) taking into account that AL f, Jf_f,Jm(p €
£ O
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